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Abstract
Consider the 2 x 2 first order system due to Zakharov-Shabat,

L 1 0 / 0 ¢1 —
LY.—Z(O _1>Y+<¢2 0 >Y_)\Y

with 11, 19 being complex valued functions of period one in the weighted
Sobolev space H" = H. Denote by spec(v1,v2) the set of peri-
odic eigenvalues of L(1)1,19) with respect to the interval [0, 2] and by
specpir(11,12) the set of Dirichlet eigenvalues of L(1)1,2) when con-
sidered on the interval [0,1]. It is well known that spec(1)1,1)2) and
specpir (11, 12) are discrete.

Theorem Assume that w is a weight such that, for some § > 0,
w_s(k) = (1 + |k|)"Pw(k) is a weight as well. Then for any bounded
subset B of 1-periodic elements in H* x HY there exist N > 1 and M >
1 so that for any |k| > N, and (11,12) € B, the set spec(i1,12)N{\ €
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C | |A = kn| < w/2} contains exactly one isolated pair of eigenvalues
{N ALY and specpir(Y1,12) N{X € C | A — kn| < 5} contains a
single Dirichlet eigenvalue .. These eigenvalues satisfy the following
estimates

(1) Yoy w2k N = A P < M;

.. AF4ar
(i) Yoy w(2k)? B 2 <

Furthermore spec(@bl,zbg)\{)\f,|k| > N} and specpi- (1, v2)\{uk |
|k| > N} are contained in {\ € C | |\| < Nm—7/2} and its cardinality
18 4N — 2, respectively 2N — 1.

When vy = 1, (respectively 12 = —;), L(1b1,1)2) is one of the op-
erators in the Lax pair for the defocusing (resp. focusing) nonlinear
Schrédinger equation.
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1 Introduction

1.1 Results
Consider the Zakharov-Shabat operator (see [ZS])

d
L(t1, 1) 3:i<(1) _01>%+<£2 %1)
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where 11, 15 are 1-periodic elements in the weighted Sobolev space H" = HY

of 2-periodic functions
H" = {f(x) =) f(k)e™ [ [|f]l < o0}
with

| fllw = (22w(k)2|f(]€)‘2)1/2

keZ

and w = (w(k))rez a weight, i.e. a sequence of positive numbers with w(k) >

1, w(—k) = w(k) (Vk € Z) and the following submultiplicative property

w(k) < w(k—jw(j) Vk j e
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As an example of such a weight we mention the Sobolev weights sy =
(8n(k))rez, sn (k) := (k)Y where, for convenience,

(k) =1+ [k[,
or more generally, the Abel-Sobolev weight w,, = (wa(k))kez
Wwa (k) = (k)%™ (a >0;b>0).

An element ¢ € H"+* is a complex valued function f(z) = ZkeZ flk)eihe,
which admits an analytic extension f(z + iy) to the strip |y| < £ such that
f(z+i2) and f(z —i2) are both in the Sobolev space HE = H*(S";C). De-
note by spec(1, 1) the periodic spectrum of L(v,15) when considered on
the interval [0, 2] and by specp;- (11, 12) the Dirichlet spectrum of L(tq,1)2)
when considered on [0,1]. It is well known that both, spec(i1,1,) and

specpir (11, 19) are discrete.
The main purpose of this paper is to study the asymptotics of the large (in

absolute value) eigenvalues in spec(11, 1) and specp;, (1)1, 1) for 1-periodic
functions ¢y, in HY. To formulate our first result we need to introduce
some more notation: we say that w is a d-weight for § > 0 if

w, (k) := (k) w(k)
is a weight as well. Notice that the Abel-Sobolev weight w,, is a /-weight iff

0<d<a. Let
0 ::5/\% (: inf(5,%)).

P = ((&2(271) + 63 (n)) (1 (—2n) + 60_(n)>)1/2

with an arbitrary, but fixed choice of the square root and

Further let

2 e o
di(—k —n ¢2(lf+J) iom
k;ﬂ G —n)m wl( J )

The first result concerns the periodic eigenvalues (cf. section 2).



Theorem 1.1 Let M > 1,0 > 0 and w a d-weight. Then there exist con-
stants 1 < C' < oo and 1 < N < oo so that the following statements hold:
For any |n| > N and any 1-periodic functions 11,1, € H" with ||¢;]l. < M,
the set spec(Y1,v2) N{X € C | [A —nm| < §} contains ezactly one isolated
pair of eigenvalues {\;, \; }. These eigenvalues satisfy

(i) ¥ on w(2R)NE = A; 2 < O
(i8) o ()5 w0(20)? min [(AF — A7) £ 20,2 < C;

(1i) spec(tr, va)\{A5 | |n| > N} is contained in {\ € C | |\| < Nm — 3}
and its cardinality is 4N — 2.

Theorem 1.2 Let M > 1,0 > 0 and w be a d-weight. Then there exist
constants 1 < C < oo and N < N’ < oo (with N given by Theorem 1.1) so
that the following statements hold:

For any |n| > N' and any 1-periodic functions 11,19, € H" with ||¢;|le <
M, the set specpi(11,2) N{X € C | |]X —nx| < T} contains exactly one
eigenvalue denoted by u,. These eigenvalues satisfy:

(ii) specpir(V¥1, Vo) \{pin | In| > N'} is contained in {\ € C | |A\| < N'm — T}
and its cardinality is 2N' — 1.

Statement (iii) in Theorem 1.1 and (ii) in Theorem 1.2 are obtained in a
standard way. For the convenience of the reader we prove it in Appendix A.
In section 3, we consider the Riesz spaces FE,, i.e. the images of the Riesz
projectors associated to L(1)1, 1) for a small circle around nr with |n| suf-
ficiently large. We analyze the restriction of L — A} to E, and study the
asymptotic properties of eigenfunctions in F, for |n| — oo.

1.2 Comments

Operator L(1y,15): The Zakharov-Shabat operator occurs in the Lax pair

representation di\ff = [My, Ay] of the focusing (NLS_) and defocusing

(NLS,) nonlinear Schrodinger equation

iOyp = =02 £ 2|,

b}



M+ = L(@v@) ) M_ = L(QO, _¢>
(whereas the operators Ay are rather complicated third order operators,
given in [FT]). One can show that spec L(p,P) respectively spec L(p, —p)
is a complete set of conserved quantities for VLS, respectively NLS_. We
mention that L(v1,19) is unitarily equivalent to the AK NS operator (see

[AKNS], [MA])
LAKNS3:((1) _01)%+<_pq Z)

Yri=—q+ip; o= —q—1ip.
Hence the selfadjoint operator M, corresponds to an operator Laxyg with
the functions ¢, p being real valued.

where

Selfadjoint case: We emphasize that Theorem 1.1 and Theorem 1.2 do not
require L(v, 1) be selfadjoint. However, in the selfadjoint case, the decay
rate of the asymptotics in Theorem 1.1 (ii) can be improved from 34, to 44,,

> () w(2n)® min | (X — A7) £ 20, > < M.

n
In|>N

(This is proved in section 2.9).

L*-case: Theorem 1.1 (i) and Theorem 1.2 (i) no longer hold for H* = L?
(i.e. w(k) =1VEk € Z) as the number N in Theorem 1.1 cannot be chosen
uniformly for 1-periodc functions 1,1, € L? in a L?-bounded set. This
can be easily deduced from the examples considered by Li - McLaughlin
[LM] : Assume that Theorem 1.1 (i) holds for L?. Given M > 0, choose
N as in Theorem 1.1 and vy, ¢y € L? with ||¢;]| = |[¢j]|r2 = M. Define

(Y1, Y2p) = (27 0hy, e 00hy) (k€ Z). Then |[¢lle = [[¢5lle (V)
and, forn > N,k >0

Ar (W, o) = A (Y1, 109) + kT

which leads for appropriate choices of 11, ¥ to a contradiction. For L selfad-
joint, a local version of Theorem 1.1 and Theorem 1.2 have been established,
using different methods, in [GG]. Most likely, the analysis presented in this
paper can be used to obtain a local version of Theorem 1.1 (i) and Theo-
rem 1.2 (i) for L arbitrary.



Submultiplicative property of weights: Notice that the requirement
of a weight to be submultiplicative excludes weights of super-exponential
growth exp(alk|®) with o > 1. Most likely, the conclusions of Theorem 1.1
and Theorem 1.2 do not hold for such weights (cf. [KM] for the case of
Schrodinger operators).

Boundary conditions: Similarly as in [KM] the method for proving Theo-
rem 1.2 can be applied to a whole class of boundary conditions (cf. section 4
in LKM] where this class has been described for the Schrodinger operator
d
-5+ V).
dz?

Smoothness vs. decay of gap length: For selfadjoint Zakharov-Shabat
operators L(1, 1)), Theorem 1.1 has a partial inverse. In this case, the eigen-
values (AF),ez = spec L(1),1)) are real and can be ordered such that

SN N SN <AL < AR =nr+o(l).
Given a weight w and K > 0, denote by wx the weight wx(n) := (n)%w(n).
Proposition 1.3 Let w be a d-weight for some 6 > 0, K > 0 and ¢ € H".
Then p € HYK iff
> wr(2n)?|Af = AP < o0

nez
where \X = \E(p, ).

In the non selfadjoint case, the smoothness is not characterized by proper-
ties of the periodic spectrum alone (cf. [ST] for an analysis in the case of
Schrodinger operators).

1.3 Method of proof

Typically, asymptotic estimates on the gap’s lengths (A} — A\ )xez of
spec(L(1)1,19)) are obtained from asymptotic expansions of the eigenvalues
Af = kr+ %2+ ... (cf. eg. [Ma]). This approach, however does not
allow to obtain the results of Theorem 1.1 and Theorem 1.2 for weights
with exponential decay such as the Abel-Sobolev weight. The new feature
in the proof of our results is to use as in [KM] a Lyapunov-Schmidt type
decomposition described in detail in section 2.1.



1.4 Related work

Similar results as the ones presented here for the Zakharov-Shabat opera-
tor L(11,15) have been obtained previously for the Schrodinger operator
—% + V in [KM]. In this paper we document that the same methods, with
adjustments, can be applied to L. At first sight this is astonishing, as, un-
like in the case of the Schrodinger operator, the distance between adjacent
pairs of eigenvalues (A, A;) and (A4, A, ;) does not get unbounded for
In| — o0, a fact which was used in an essential way in [KM]. We explain in
section 2.1 how this problem for L can be overcome.

A weaker version of Theorem 1.1 has been reported in [GKM] (cf. also [GK]).
For Sobolev weights, the asymptotics of the eigenvalues \¥ and hence of
the gap length v, := AT — A have been obtained in the selfadjoint case by
Marchenko [Ma] (cf. also [GG]|, [Gre], [Mis], [LS]). In the non selfadjoint

case only a few results have been known so far (see [LM], [Tal], [Ta2]).

2 Periodic eigenvalues

2.1 Lyapunov-Schmidt decomposition

Consider the Zakharov-Shabat operator

d
L(t1, 1) 3:i<(1) _01>%+<£2 %1)

where ¢, and 1y are in H*. For ¢; = 1y = 0, the periodic eigenvalues are
given by {\J, A\ | k € Z} with \j = A\ = k7 and an orthonormal basis of
corresponding eigenfunctions in L?[0,2] x L?[0, 2] are given by

ef () = % ( ; ) o () = % < : ) emikmr. (2.1)

Considering the multiplication operator < 5 %1 ) as a perturbation of the
2
Dirac operator ¢ ( (1) _01 ) % we will see that for k sufficiently large L has a



pair of eigenvalues near km, isolated from the remaining part of the spectrum
of L. Our aim is to obtain an estimate for the distance between the two
eigenvalues and to compare the eigenvalues and corresponding eigenfunctions
(or root vectors) with the corresponding ones for 1; = 1y = 0.

We express the eigenvalue equation

LF = \F (2.2)
in the basis e}, e, (k € Z) defined in (2.1): Given F in the Sobolev space H',
write R R
F(a) =Y Fy(k)ef (2) + Fi(=k)e; (x) (2.3)
kez
and

Ui(z) = Zﬁzl(k‘)eikm s a(z) = Z%(lf)eikm- (2.4)

keZ kEZ
Substituting (2.3) - (2.4) into (2.2) leads to

LE(z) = kr (Fz(k)e;;(x) v Fl(—k)e;(x))

+ Z 1&1(—75 —j)ﬁé(j)e,;(:c) + 1&2(747 +j)F1(_j)e;($)-

Hence A is a periodic eigenvalue of L(v1, 1), when considered on the interval
[0, 2], iff there exists (Fy, Fy) € €% x % with (Fy, Fy) # (0,0) such that, for
all k € Z,

(km — N Fy(k) + Z@(k +§)Fi(—j) =0 (2.6)
(km — N Ey (k) + ZW"“ — j)Ex(j) = 0. (2.7)

Here (? = (*(Z; C) denotes the Hilbert space of complex valued ¢2-sequences
(a(k))kez- In order to solve equations (2.6) - (2.7) we consider a Lyapunov-
Schmidt type decomposition. For n € Z fixed, we look for eigenvalues near
nm, A = nm + z, with |z| < 7. The linear system (2.6) - (2.7) is then decom-
posed into a two dimensional system consisting of (2.6) - (2.7) with k£ = n,
referred to as the Q-equation, and an infinite dimensional system consisting
of (2.6) - (2.7) with k € Z\{n}, referred to as the P-equation.
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First we introduce some more notation. For K € Z and a weight w denote
by (2 (K) the complex Hilbert space ¢2 (K) = (2 (K, C),

Co(K) = {(a(k))rex | llall < oo}

where ||a||, = (a,a)y/* and, for a,b € (2,

(a,0) ==Y w(k)*a(k)b(k).

keK

Most frequently, we will use for K the set Z or Z\n = Z\{n}. If necessary
for clarity, we write ar for a sequence (a(k))rex € 2 (K).

For a linear operator A : (2 (K;) — (2 (K3) we denote by A(k, j) its matrix
elements,

(Aa)(k) := Y A(k,ja(j) (k€ K>).

JEK
Further we introduce the shift operator S and an involution operator J
S (7 — (*(Z), (Sa)(k) :==a(k+1) VkeZ
J: X2 — 1*3(Z), (Ta)(k) :=a(—k) Vk€EZ.

The restriction of S to £2(K) with values in ¢%,,(K) is again denoted by S
and S" := S o...0.S denotes the n'th iterate of S. Notice that

15"l ey = 3wk +n)lalk+n)f* < [all% .
keK

For (Fy, F}) € (% x 2, write
By = (2", ), 2¥ = Fy(n);  Fy = (Fa(k))rez\n
= @y" JR), y" = Fi(-n); Fi = (Fi(k)kezn-

Using the above introduced notation, the equations (2.6) - (2.7) read as
follows:

—za" 4+ 4y (2n) Yy + (S, JEY) =0 (2.8)
1&1(—2n)xF —2yf + <S"J@El, Fg) =0 (2.9)

yF (S™)2) 2 . B\
< 2P (S0 ) + (4 —2) ( IF ) = 0. (2.10)

and
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The equations (2.8) - (2.9) together form the Q-equation and (2.10) is the
P-equation. The operator A, is given by

((k = n)mok;)1 seznn (1&2(747 + J))
(7 + )

k,jEZ\n

ez (BT sen

and (-,-) = (-, -)z\» is defined by (no complex conjugation)

(5 ) (0 )= S @tbe® b w6,

keZ\n

For ¢y = 9, = 0 and 2| < F, the operator (z — A,) is invertible as (kr —
(nm — 2)) # 0 for k # n. By a perturbation argument we will show that

(z — A,) can be inverted for |z| < 7 and |n| sufficiently large which then

allows to solve the P-equation (2.10) for (Fg, JFl) for any 2%, y* € C. This
solution is substituted into (2.8) - (2.9) which leads to a homogeneous linear
system of two equations for % and y* with coefficients which depend on the
parameter z. Hence A = nm + z is a periodic eigenvalue of L(t)q,1)9) iff the
corresponding determinant is equal to 0. The nature of the latter equation
allows to obtain asymptotics for the difference A7 — A without having to
compute the asymptotics of AT and A, (cf. section 2.6 - 2.7).

2.2 P-equation

Let us first introduce some more notation. Denote by A,, the diagonal part
of A,

D, 0
A, = < 0 D, ) ; D= ((k— n)7r5kj)mez\n

and set
B, = A, — A,.

Notice that for |z| < Z,(z — A,)"! is invertible. Hence we may introduce

_ 0 RP
T,=T,.:=B,(z—A,) ' = < PR ) (2.11)

11



where RY) = RY) : (2(Z\n) — (*(Z\n) are defined by
RW(a) := J(@ * (z — Dp) Na; RP(a) := )y * J(z — D) e (2.12)
RY and RY? have the following matrix representations

@21(4?—]') . @2(’?+j)

(1) i e\ v J)
R (ks 5) - z—(j—n)m z—(j—n)m

(k,j € Z\n). (2.13)

Formally, for any z', y¥" € C, the P-equation (2.10) can be solved
B\ Zamay (U5
JF, ¥ S™ iy

(z—A) ' =(z—A)Id—-T,)" (2.14)

To justify the formal considerations above it is to show that (Id — T},) is
invertible. Unfortunately, the norm ||7,|| of T,, in L({%.,) (with (%,, =
0%,.,(Z\n;C?)) does not become small as |n| — oco. However, it turns out
that, assuming an additional condition on the weight, the norm of 72 is small
for |n| — oco. The invertibility of (Id — T,,) then follows from the identity

with

Id= (Id—T,)o (Id+T,)(Id—T?)~". (2.15)

Given ¢ € HY, denote by @, the operator in L(¢?) (with ¢ = (*(Z;C))
defined by (n € Z;a € (*(Z;C))
p(k+7) .
(®pa)k) == PELI) iy (ke z),
oz =)

where (k) =1+ |k|.

Recall that a weight w is called a d-weight (6 > 0) if w_s(k) := (k) w(k)
is a weight. For convenience we denote the weight w_s by w,. The two key
lemmas for proving that lim,, . || 72|| = 0 are the following ones:

Lemma 2.1 Let w be a d-weight with 0 < § < % and n € Z. Then there
exists C'= C(J) such that

1Pulleee 2., < Cllolw.
S *

Ny Snw

12



Proof Fora € (%, andb € (3,

|(b (Dna)snw| <

< Z (k +n)[b(k)|w. (G — n)la(i)wk + )6k + 5)]
w(k +n) 4

wi(j —n)w(k+j) (n—j)

Using that w is submultiplicative, one gets

w(k+n) < w(n —j)
wi(j —n)w(k+7j) = w.(j —n)

. 1 1
= (j—n)’ < (In—j+ )’ < 2n—ji+ o
and hence, by the Cauchy-Schwartz inequality

|(b7 <I>na)5”w| S

1/2
4o(k + J)Pw(k + 5)?
< [|b][ e[|l e, <§ I v

o

<C|b

srwllalls—rw. |l

1/2
with C = C(9) := (Zk 225) <ocoasd< 3. M

Lemma 2.2 Letd > 0,w be a d-weight and n € Z. Then there exists C' > 0,
independent of §, such that

Nl

1®allee, ez, ) < ()t

where as usual 6 A1 =min(1,4).

Proof For a € (%,, and b € (%

(0, B) 5| <
< 3wl = ol + o5+ )10+ )

w*(k—n) 4
w(j +n)wi(k+j) (n—j)

13



As w, submultiplicative and symmetric,
wi(k —n) <w(k+ j)w(j+n)

which leads to (use definition of w,)

|(b; Prna)s-rnu.| < [|b]ls-nu. @

Sn

1/2
. 4 4
" (Z Grm® G —n>2> |

The claimed estimate then follows from the following elementary estimate

1/2
1 1 1
(Z T n>2> = O

for some C, independent of 5. l

As an application of Lemma 2.1 and 2.2 we obtain estimates for the norms
of RY), T, and T2. By definition

2
— ( 0 R? ) - ( RPRY 0 2.16)
"R o ) "\ o RVRY '

and it is useful to introduce the operators
P,:=RPRWD. @Q,:= RORX, (2.17)
To make notation easier we write ¢2 Giny, fOr both, 02 winy (Z\n; C) and 02 Gingy

(Z\n; C?).

Corollary 2.3 Let 6 > 0,M > 1 and w be a d-weight. Then, for any 1-
periodic functions ¥y, € H with ||[¢;ll, < M (j = 1,2), the following
statements hold:

(i) Ifo<o< % there exists C' = C(0) > 0 so that for 1 < j <2, n € Z,

and |z| < 5
| RY ||c ) < CM,
||Tn||£(8237nw 2, ) S CM.

14



(ii) Ifo0 >0, there exists C' > 0 such that for1 < j <2,n € Z, and |2| < 7,

. cM

() —_—

| 1)} ||L(Z§nw,€§,nw*) = (n)ont
CM

||Tn||£(zgnw,£25,nw*) < (n)ont”

(iii) If0 < 0 < 1, then there exists C = C(0) so that forn € Z and |z| < Z,

CM? CM?
HPnHE(f?snw) < W§ HQnHz(zﬂsnw) < W ;
CM? CM?
||Pn||c(zzsww*) < W; HQ"HE(ZZSWM) < o

Proof The claimed estimates for RY )(j = 1,2) follow from Lemma 2.1 and

0 RY
RY 0
for T,,. The estimates in (iii) are obtained by combining the estimates in (i)
and (ii) for RY. m

Lemma 2.2. As T, = , these estimates then imply the ones

Under the assumptions of Corollary 2.3 define, for 0 < § < % and M > 1,
Ny = No(6, M, w) := max (1, (20M?*)'/°) (2.18)

with C' given as in Corollary 2.3 (iii).

Proposition 2.4 Let 0 < < %, M > 1 and w be a §-weight. Then, for any
1-periodic functions ¢,y € HY with ||¢;|lw < M,|n| > Ny and |z] < 7/2,

(i)

1Poallzeez,,,) <

s 1Qnllze, ) <

STw ’

N =
N —

(il) (Id— P,) and (Id — Q,) are invertible and

I(Zd = P) M leez,,) <20 1UTd=@Qn) Mg, <2

15



(iii) Id —T? is invertible and

D= T) e, < 2

N —

HTsz(zﬂsnw) <

(iv) Statements (i) - (iii) remain true if one replaces the weight S™w by
S™w,.

Proof (i) By Corollary 2.3 (iii) P, satisfies the estimate (as 0 < < 1)

CM?
[ Pollzez,, ) < Ty

Hence for |n| > N
CM?
(No)® —

DN | —

1Pl zeez,,,) <

Similarly, one obtains [|Qnl[zw2, ) < 3
(i) follows immediately from (13 and (iii) follows from (i) - (ii) and the identity

T2 = < P;" C(Q) ) Finally, statements (i) - (iii) for the weight S™"w, are

proved in a similar way as for S"w. B
Summarizing the results obtained in this section, we obtain, with || - || =
I ez, @wez):

Snw

Corollary 2.5 Let0 < d < %, M > 1 and w be a 6-weight. Then there exists
C > 0 such that, for any 1-periodic functions 1,1 € HY with ||¢;]l, < M
(.] = 172)7 |n| > NO and ‘Z| < 7T/2

(1) [Tull <C;
(ii) (Id—T,) is invertible in L((3.,,(Z\n;C?)) and ||(Id —T,) || < C;
(iii) (z — A,) is invertible in L(0%.,(Z\n;C?)) and ||(z — A,) || < C.

0 RY
RY 0

timates, there exists an absolute constant C' > 0 so that for n € Z and
2] < 7/2, [[Yille < M

Proof (i) Recall that T = By standard convolution es-

1T, < OM.

Therefore (ii) and (iii) follow immediately from (2.14) - (2.15) and Proposi-
tion 2.4. A
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2.3 (@-equation

Using the notations introduced in section 2.2, we have for |n| > Ny and
|z| < 7/2

(z—A )—1 _ (Z—Dn)_l([d—Pn)_l (z_Dn)_le)(Id—Qn)_l
n (z — Dn)—lel)(Id _ Pn)—l (Z . Dn)_l(ld _ Qn)_l .

Hence the P-equation (2.10) leads to the following formulas

By =y (2= D,) " '(Id — P,)~' 5™, (2.19)
+ 28 (2 = D) 'RO(Id — Q,) ' S" T4y
JF, = y"(z = D) "RW(Id — P,)~' 5™, (2.20)
+ 27 (z = D) (Id — Q) S Juy.

These solutions are substituted into the Q-equation (2.8) - (2.9) to obtain
for |2| < 7, |n| > ng the following homogeneous system

(—z +at(n, 2))z" + (Pa(2n) + BF(n, 2))y" =0 (2.21)
(b1 (—=2n) + B~ (n, 2))a" + (—z + o~ (n, 2))y" =0, (2.22)

where
at(n,z) == (S, (z — D)~ (Id — Q)" S™ Juhy) 2.23

n, z) = (2.23)
n,z) 1= (8", (2 = Do) 'R (Id = P,) ™' S™ ) (2.24)
n,z) = (S"Jiy, (z — D,)"H(Id — P,) 15, (2.25)
n,z) = (ST, (2 = Do) RO (Id — Qu) ' S"J). (2.26)
Notice that a*(n, z) and *(n, z) are analytic for |z| < I as RY, P, and Q,

are analytic for [z] < . An important simplification of the equations (2.21)
- (2.22) results from the following observation

Lemma 2.6 For |z| < T and |n| > Ny,

at(n,z) =a (n,z).

17



Proof In view of (2.23) and (2.25) it is to show that
(2= D) Y(Id— Q) = (Id — P)™) (2 = D)} (2.27)
where A! denotes the transpose of A,
(AY(k,7) == A(j,k) (no complex conjugation).

The equation (2.27) can be reformulated,

1

((Id = Qu)(z = D)™ = (= = D)(Id — FL) ™.

which holds iff
Qn(z — D,) = (P.(z — D))" (2.28)

The identity (2.28) follows easily from

(Qn(z = Du))(G k) = (RPYRE) (4, k) (z — (k — n)m)
o G0
_;z—(ﬂ—n)ﬂ Vol + k)
and
(Pu(z = Dy))' (5, k) = (Pu(z — Dy)) (k, )
= (RPRV)(k, j)(z — (j — n)m)
B Dok +0) - ,
= %: m@bl(—g —J)-
[ |
In view of Lemma 2.6 we write
a(n,z) =at(n,z) (=a (n,2)). (2.29)

In subsequent sections we estimate the coefficients «(n, z), 7 (n, z) and 5~ (n, 2).

18



2.4 Estimates for a(n, z)

Lemma 2.7 Let 0 < § < %, M > 1 and w be a d-weight. Then, for any

L-periodic functions 1, € H* with ||¢;l, < M, |n| > No (No = No(0, M)
given by (2.18)) and |z| < §

la(n, 2)| < HER

Proof Write al(n, z) = (S™)s, (z — D)~ ta) with a := (Id — Q,,)"15"Ji, €
(%, By Proposition 2.4,

allsnew < 2[|81 ]l < 2M.

Hence
20 > -
(n)*la(n,2)| <) gy P2k + mlla(k)]
k#n
n\2

< 3 S talk + wllath)

[k+n[<|n|
n)2 .

+ ) ﬁw(k +n)[da(k + n)|w(k +n)la(k)|

|[k+n|>|n|

< 2/l lallsm

where we used that 26 < 1 and w(k +n) = w.(k + n){(k +n)° > (n)° for
k+n|>n|. B

2.5 Estimates for 5% (n, 2)

In this section we provide estimates for 3*(n, z). The 3% (n, 2) - they turn out
to be quite small - determine the asymptotics of the sequence of gap lengths
given in Theorem 1.1. As 7 (n, z) (cf (2.24)) and 37 (n, z) (cf. (2.26)) are
analyzed in a similar fashion we focus on the estimate for 57 (n, z). Writing
(Id—P,)™' =332, P¥ we obtain for 37 (n, z) the following convergent series

B n,2) = Biln,2). (2.30)
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where R R

Br(n, z) := (S™ba, (2 — Dy) "R PES™py). (2.31)
The convergence of series (2.30) follows from HPnHE(géi ) < 3 (In] = Ny,
Proposition 2.4). We begin by analyzing ((n, z). ’
With RS defined by (cf (2.12))

(J¥1)(j + Oa(?)

z—(l—n)m

(RYa)(j) = T+ (z = D) "'a)(j) = )

l#n

and infp, <z [z — (£ —n)7| > (0 — n) (for any ¢ # n) we get

(RVa)G) <23 ‘ﬁfg(jﬂmwn

n)

which leads to

n, 9] <4 3 IS OOl sty . (22
J 4

Given three nonnegative sequences (i.e. sequences of nonnegative numbers),
a,b,d in (*(Z) we define, for any n € Z, the sequence ¥,, = U, (a, b, d) by

U, (k+n):= Z alk +) Z 49 +€)d(€+n).
¢

(4 —n) (£ —mn)

J

Then ¥, is a nonnegative sequence in £%(Z) and can be used to rewrite (2.32):
Introduce, for [n| > Np and |z < 7,

M0 = 40 ([4da, | T [2]) (2.33)

and, for k > 0, . R
Nkr1 = 4V ([tha], [ J1], M) (2.34)

where, for any a = (a(j));ez € ¢*(Z), we denote by |a| the sequence (|a(j)|) ez
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As for any |z| < 7,
(57" P,S"a)(k +n)| = |(Pn5"a)(k‘)|
1

\(1&2 # (J(2 = D) YRS "a))) (k)]

<Al 4 il s 3 T e
)4

= 40, (|ths], | JUn], |al])

it follows, by an induction argument, from (2.32) and
ST PkSMpy = (ST P,8™) (ST PETLS )

that, for any k£ > 0,
sup |G (n, 2)| < mnk(2n). (2.35)

l21<3

To estimate 7, x(2n), we need the following auxilary lemma concerning the
operator W,,. For 0 > 0 and w be a d-weight, define

de=0N1/2.

Lemma 2.8 Let w a d-weight, and, for any n € Z,d,, a positive sequence in
2 so that

(n)%dn(j) < d(j) Vn,j€Z

for some o > 0 and some positive sequence d in £2. Then there exist C = Cj,,
only depending on 0., and e € (2 so that for any positive sequences a,b € (2

(i)
> (n)? @t (2n)2 (4, (a, b,d,,) (2n))?

neL

< Cllallw[[blfewlll2o;

(ii) for anyn,j € Z,

() 4P, (a, b, dn ) (7) < e(j) 5
lellw < Cllallwllbllw|ldlfw-
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Proof Cf. Appendix B.

From Lemma 2.8 we obtain, in view of the definition (2.33) - (2.34) and the
estimate (2.35) the following

Corollary 2.9 Let M > 1 and w be a d-weight. Then for any 1-periodic
functions 1, € HY with ||¢;|l, <M (j =1,2)

(i) fork >0

S ()5 w(20)? sup [Geln, ) < M
[n|>No I#1<3
where 1 < C'=Cs < o0 is given by Lemma 2.8
(ii)
> ()% w(2n)? sup |B(n, 2)]* < C’

Inl>No <3
where 3(n, z) := > k1 Br(n, 2) and 1 < C7 < oo is a constant depend-
ing only on M and 6.

Proof We apply Lemma 2.8 to each of the (;’s in an inductive fashion
to obtain (i). Statement (ii) then follows from (i) by the Cauchy-Schwartz
inequality. W

To simplify further the asymptotics of 3 write Bo(n, 2) = By (n,2) = 85 (n) +
234 (n, z) where

1
Bi(n) == i (n, 0); B5(n,z) = /0 0.5 (n, £2)dt.

As z — ﬁi(n, z) are analytic functions in {|z| < m/2}, one deduces by
Cauchy’s formula

4
sup |35 (n,2)] < = sup |Gy (n,2)]. (2.36)
el < /4 T Jzf<n/2

Summarizing our results of this section gives the following
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Proposition 2.10 Let 6 > 0,M > 1,1 < A < o0 and w be a d-weight.
Then there exists C' > 0 so that for any 1-periodic functions 1,9y € HY
with [|¢;lle < M (j =1,2),

(i)
> () w(2n)® sup |B%(n,2)|* < C

In|>No |z|<7/4
(ii)
Y m)w@n)?  sup  [F5(n2) = Gr(n)P < C.

In|>No |2[<A/(n)ox

Proof Notice that 5% (n, 2) = 85 (n) —l—zﬁi (n, z) + 6% (n, z) and hence (i) is a
consequence of Corollary 2.9 and formula (2.36). Statement (ii) is proved in
the same fashion. As the supremum of |3%(n, z) — 35 (n)| is only taken over
|z| < ﬁ, the asymptotics of zﬂi(n, z) can be improved by d, to obtain
from formula (2.36)

Z (n)%w(2n)*  sup |zﬁ;¢t(n, 2)? < C.

In|>No 2| <A/ (n)o*

2.6 z-equation

In view of (2.21) - (2.22), and (2.29), the Q-equation leads to the following
2 x 2 system

1 (—2n) + B~ (n, 2) —2z 4 a(n, 2) y" 0/ '
Given |n| > N and |z| < 7, the number A = n7 + 2 is a periodic eigenvalue

of L iff there exists a nontrivial solution of (2.37) (z%,y) € C?\(0,0), or,
equivalently, iff the determinant of the 2 x 2 matrix in (2.37) vanishes,

(z — a(n, 2))? = (2(2n) + B (n, 2)) (1 (=2n) + B (n,2)) = 0. (2.38)
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Proceeding similarly as in [KM], equation (2.38) is solved in two steps: For
¢ with (| < % given, consider

Zn = a(n, z,) + C. (2.39)
Substituting a solution z(¢) = z,(¢) of (2.39) into (2.38) leads to an equation
for ¢ = G,
¢ = (Va(2n) + 5 (n,2(Q)) (r(=2m) + 5~(n,2(())) =0 (240)
Equation (2.39) is referred to as the z-equation and equation (2.40) as the
(-equation .

In this section we deal with the z-equation (2.39). To solve it we use the
contractive mapping principle. According to Lemma 2.7 we can choose N; >
Ny (with Ny given by (2.18)) so that for any 1-periodic functions ¢y, ¥y € H"
with ||¥;]|w < M and |n| > Ny

sup |a(n, 2)| < 7/8. (2.41)

The following result can be proved by the same line of arguments used in the
proof of [KM, Proposition 1.6].

Proposition 2.11 Let M > 1,0 < § < 1/2 and w be a 6-weight. Then,
there exists Ny > Ny so that for any 1-periodic functions 11,10y € HY with

[Ville < M,|C] < % and |n| > Ny, equation (2.39) has a unique solution

zn = zn(C) satisfying |z,| < w/4. The solution depends analytically on (.

2.7 (-equation

In this section, we improve the existence of solutions of the (-equation (2.40)

¢* = (ta(2n) + B (n. 2(0)) (Pa(=20) +8~(n.2(¢))) = 0

using Rouché’s Theorem. Introduce

T = <|¢2(2n)\ + sup |3+ (n, z)\>v<|¢1(—2n)| + sup |37 (n, z)|> . (2.42)

2|3 21<3
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Using the same line of arguments used in the proof of [KM, Proposition 1.15]
one obtains the following

Proposition 2.12 Let M > 1, 0 < 0 < % and w be a d-weight. Then
there exists No > Ny so that, for any 1-periodic functions 11,10y € H" with
|Yillw < M and |n| > Na, equation (2.40) has ezactly two (counted with
multiplicity) solutions (T, (> in D, .

n

2.8 Proof of Theorem 1.1

In this section, Theorem 1.1 is proved.

Proof of Theorem 1.1 (i) Let 25 = 2(¢F) = ¢F + a(n, zF) where (F are
the two solutions of the (-equation provided by Proposition 2.12 (|n| > N3).
Then, for |n| > Ny

d
20 = 20| S UG = G+ sup [—a(n, 2|z — 2, |- (2.43)
ez dz

As Ny > Nj and |n| > N, one has by the analyticity of z — «(n,z) and
(2.41)

d
sup |—a(n, z)| <
l2|l<Z 0%

Together with |7 — (| < [+ (¢, | < 27, equation (2.43) then leads to

N —

|2t — 2| < dr,.

By the definition (2.42) of r,,, the estimates of 3+ in Proposition 2.10 (i) and
the identity AT — A, = 2+ — 2z~ the latter equation implies that there exists
C > 1 such that, for any 1-periodic functions ¢y, € HY, ||¢);ln < M,

> w@n)? Ay =M\ P<C

In|>N2

Towards the proof of Theorem 1.1 (ii), rewrite equation (2.40),
(€)= i = n(n, 2(C)) (2.44)
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where
o = ((al2m) + 55 () W (~2m) + B ()

with an arbitrary but fixed choice of the square root and

n(n, z) = a(20)(8™ (n, 2) — B (n))
+ ¢ (=2n) (5 (n, 2) = 67 (n)) (2.45)
+(87(n,2) = By (M) (B (n, 2) = By (n)).

In view of the definition (2.42) and as w is assumed to be a J-weight, we have
for some constant C; > 1 depending on § and M

< % (V]n] > No). (2.46)

By Lemma 2.7 there exists Cy > 1 depending on é and M such that for
In| > Np and |z] < 7/2

Cy
la(n, z)| < —+. (2.47)
(n)o-
Let A = C; + Cy and define
Sp = sup |n(n,z)|. (2.48)
|2|<2A/(n)%*
Notice that by Proposition 2.10 (ii), there exists C' > 0 so that
> (n)¥w(2n)’s, < C. (2.49)
In|>N2
Choose N3 > N,, depending on § and M, so that
Ox 1
<”f>1 Ve < 5o Vinl = Ny, (2.50)

Lemma 2.13 Let M > 1,0 < 6 and w be a d-weight. For 1-periodic func-
tions Y,y in H with ||¢;|lw < M(j = 1,2) and |n| > Nj,

G — pul + 16 + pn] < 64/50

or

ICH = pul 4+ |C = pal < 64/5.
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Proof W.l.o.g. assume that § < 1/2 and hence § = d0,. By (2.44) we have
for |n| > Nj

(G = Pa) (G +pn) = n(n, 2(G)). (2.51)
By definition, 2(¢F) = (¥ +a(n, 2(¢F)) and therefore from (2.46), (2.47) and
Proposition 2.12, we conclude for |n| > Nj,

" A
[2(¢] < ) (2.52)

From the definition of s, (see (2.48)) and (2.51) we deduce
G = pullC + pul < 5 (2.53)

Thus ming |(F £ p,| < /S, and ming |(, £ p,| < s, We distinguish two
cases:

case 1 |p,| < 2/5,. In this case |¢ — p,| < /5, implies

and, similarly, |¢F + p,| < /5, implies [(F — p,| < 5,/5,, thus Lemma 2.13
is proves in case 1.

case 2 |p,| > 2./s,. It suffices to show that it is impossible to have
maxy [(E — pu| < \/Sn, or maxy [CF + p,| < /5,. To the contrary, assume
that

max|GE — pa| < VA (2.54)

(The other case is treated in the same way.) By (2.54), [¢ + pn| > 2|pn| —
Sn > 3|pnl, hence

o + Gl =G0+ pul = 160 — pal > [pal- (2.55)

Divide
(G )* = (&) = n(n, 2(¢))) = n(n, 2(¢;))
by ¢ + ¢, and use (2.55) and (2.52) to deduce

e P el -2 2.56
GGl s g s Al <26l (250
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To arrive at a contradiction we first show that ;- — ¢, = 0. As |2((}) —
2GI <16 = Gl + suppycap [Ea(n, 2)l[2(G) — 2(¢)], (2.41) leads to
(In] = N2)

[2(6) = 2(GOl < 2167 = ¢ - (2.57)

On the other hand, as z — 7(n, z) is analytic in {z, |z| < 7/2}, we have by
Cauchy’s inequality,

d
sup [y ) < 5 sup [, 2)
A< Ay 47 |2l< 25
()8 n)? (2.58)
5
Combining (2.56) - (2.57) with (2.50) we obtain,
o2 ) _
| pl A
_o 1 _
< e - < b - ¢l
and we conclude that (¥ = ¢, = (,. This contradicts the assumption

\pn| > 2/5, as one can see in the following way: By the equation (2.44),
26, = gn(n,2(G)) = E£n(n,2(G) - %2(Ga)- By (2:58), [En(n, 2(G))| <
n 5
8 s and by (2.41), [£2(0)] = |4£(C + a(n, 2(0))| < 1+ § < 2, hence
5
ol < &5, (2.59)
and, by (2.55),
(n)°

where for the last inequality we used (2.50). W

Proof of Theorem 1.1 (ii): Let N3 be given by (2.50). Recall that

Ay = A =2y =z, =G = G +an 2(G)) — aln, 2(G,).
By Lemma 2.13, for |n| > N3,

min| (¢ — G7) % 20 < 61/5,.
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By the analyticity of a(n, z) and Lemma 2.7, for |n| > Ny,

sup | La(n, )| < =
l2|<n/4 dZ T ()%

Combining these two estimates, we get for |n| > Nj,

min [(Vf — A;) £ 2p,] < min|(¢] — ;) + 20,

d
+ < sup_|——a(n, 2)| | X = A,

|z|<m/2 Q%
—A
)%

nl

+
< 64/Sn +C‘ "<
Hence, by (2.49) and Theorem 1.1 (i),

> (n)*w(2n)? min |(A7 = A7) £ 2p.|* < C.

In|>N3

2.9 Improvement of Theorem 1.1 for L selfadjoint

For v a 1-periodic functions in H", the operator L(i,v) is selfadjoint. In
this section we show that in this case the decay rate of the asymptotics in
Theorem 1.1 (ii) can be improved as follows :

Theorem 2.14 Let M > 1,0 > 0 and w be a d-weight. Then there exist
constants 1 < C < o0 and 1 < N < oo so that for any |n| > N and any
1-periodic function ¥ € H* with ||¢]. < M,

> () w@n)’ min |(Af = A7) £20,° < C.

In|>N

Proof Using the definition (2.13) with ¢, = v and ¥, = 1) we get RrY (k,j)(Z) =
Rg)(k,j)(z) and thus 8~ (n, z) = 87(n,z). As the eigenvalues \¥ = nr +
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2(¢F) of L(¢,1) are real, equation (2.40) then reads (with |n| > Ny and N,
as in Proposition 2.12)

(G)? = [ (2n) + 5* (n, ()
= [$(2n) + BF (n) + B* (n, 2(¢D)
and p, is given by (with an appropriate choice of the square root)
pn = [$(2n) + 5 (n)].

Let t, = supp,j<a/mpe- [B7(n, 2)|, where A := C; + C; and C; are Cy are
defined by (2.46), (2.47). By Proposition 2.10 (ii),

(2.60)

> ()P w(2n)*2 < C. (2.61)

|n|>No

From (2.60) we deduce miny |7 + p,| < ¢, and ming |, + p,| < t,. Substi-
tuting Lemma 2.15 below for Lemma 2.13, Theorem 2.14 follows in the same
way as Theorem 1.1 (ii). W

Define Ny > N, such that

12(n)t, < A V|n| > Ny.
Lemma 2.15 Let M > 1,0 > 0 and w be a d-weight. For any 1-periodic
function ¢ in HY with ||¥]|w < M and |n| > Ny,

1GF — pul + 18, + pn| < 68y,

or
1C7 =+ pul + ¢ — ol < 6Ly

Proof The proof is similar to the one of Lemma 2.13. B
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3 Riesz spaces and normal form of L

3.1 Riesz spaces

Let M > 1,0 > 0 and w be a d-weight. By Theorem 1.1, there exists 1 <
N < oo so that for any 1-periodic functions 11, 1 in H* with |9, < M,
the operator L = L(11,15) has two (counted with multiplicity) periodic
eigenvalues AT, A\~ near nr.

In Appendix A we introduce the periodic and antiperiodic boundary condi-
tions bc Per™ and be Per~. We point out that
specL, = specL pg,+ U specL pe,-

and introduce the Riesz projectors Iy, : L*([0, 1]; C*) — L*(]0, 1]; C?), corre-
sponding to bePer™ and Iy, ; : L*([0,1]; C*) — L3([0, 1]; C?) , correspond-
ing to bePer™ (n € Z). Further denote by E,, the C-vector spaces

B, :=1L,(L*([0,1;C*)) (|| = N).
Notice that dimc¢ E,, = trll, =2 V|n| > N. If AT # A or A} = A, is of geo-
metric multiplicity two, there exists a basis of F,, consisting of eigenfunctions
FT and F~ corresponding to the eigenvalues A\E. If AT = X\~ is of geometric
multiplicity 1, E, is the root space of A\T. Denote by F a L?*-normalized
eigenfunction of L corresponding to the eigenvalue A = nmw + z,

(L-NF=0, [F||=1

where || - || denotes the L?*-norm in L*([0, 1]; (Cz). Then

F(z) =2"ef (z) + y e, (x) + Y _(Fa(k)ef (z) + Fi(—k)ey (x))
k#n
where g
Fg _ Vit Vio ?JF
JF| Vor Vo zF
with
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Proposition 3.1 Let 0 < 0 < 1,M > 1 and w be a d-weight. Then there
exist C = C(0,M) > 1 and N = N(M,§) > 1 such that for 1-periodic
functions 1y, o € HY with ||¢;|l, < M and |n] > N
() 1< [efP+lyrE <1
i) 5] <25 ITE] <25

where || - || stands for the £?>-norm.

Proof As ||F|| =1, we have
IFI? = 2" + g7 P + 1B + | TE P = 1.
Hence
|7 + P < 1.
Further, by Proposition 2.4, for |n| > Ny
=) ez, ) =2 = Wn) Tz :
I(Zd — P)~"| <25 [(Id - Qn)7" <2

SNy S"w) —
By Corollary 2.3, there exists C' > 1 such that
C
(n)oAL
and by the definition of D,,, for some 1 < C < o0,
C

<n>1/\6

||R1(1j)||c(zgnw,z2) <

~

(2 — Dn)_1||c(z2 2) <

SN
I(z = D) ez ey < 1.
Hence for |n| > Ny

C
[Vl + [[Vaz| < ()yont
C

[Vazll + [[Var ]| < ()ont

for some 1 < C' < oo and one concludes that

5 C
HF2|| S <n>5/\1 (‘xF‘ + |yF|> S 2<n>5/\1

, C c
HJFIH S <n>5/\1 (|xF| + |yFD S 2<n>5/\1.
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By choosing N > Nj sufficiently large we have, for |n| > N,
. o 1
IE2)1? + | TF ) < 3

and hence 3 < [zF]> + |y"]2. W

3.2 Normal form of L

In this section we want to derive a normal form of the restriction of L to
the Riesz spaces FE,. For this purpose introduce an orthonormal basis of
E, as follows: Choose FF = F* to be an Lo-normalized eigenfunction of L
corresponding to the eigenvalue AT = A and ® € E,, with

(©,F) =0; || =1

where, as usual, (¢, F) = fol ®(x)F(x)dx. In case AT is a double eigenvalue,

(i2)-(0 £)(F) o

where £ = ¢, vanishes iff AT is of geometric multiplicity two.
In case A, # AP, choose an Ly-normalized eigenfunction F'~ of A~ = A .
Then

F~ =aF +b®; |a|*+ b)* =1; b#£0.

With & = %F‘ —4F,
I La
L=\ —-F +)\N"-F

b b

1 a a
= AN (=F —=-F)—~=-F
A(b b) ¥

where v =, := AT — A\™. Hence

<£):<A0_ ;)(;‘i) (3.2)

with { = &, := —y§. Notice that (3.1) and (3.2) have the same form. We
refer to this form as the normal form of the restriction of L to the Riesz space
E,.
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In the remaining part of this section we want to estimate the size of (&,)n>n-
To this end, we write the equation (L—A")® = {F in the basis €}, e, (k € Z).
With & = z%ef +y%e, +3°, ., Dy (k)ef +D1(—k)ep and F = zFet +yFer +
> hetn Fy(k)ef + Fy(—Fk)ey,, we then obtain the following inhomogeneous sys-
tem (cf. (2.8) - (2.10))

—27a® s (2n)y” + (S, JBy) = Ea” (3.3)
Pr(=2n)a® — 27y® + (S" Ty, Ba) = &y~ (3.4)
d(an, Y v
Y (S"2)zm a2 2}
7 n Y - S 3.5
( sz ) T T e ) T ) B
where, as usual, A, = A\~ = nm + 2~. We use the above system to obtain an

estimate for £ = &,.

Write & = (®y, J®;) and F = (F, JF}). Recall that w is assumed to be a
d-weight and hence by Corollary 2.5, equation (3.5) (with |n| > Ny) can be
solved for <f>,

L a1 ?fb(S"?&z)Z\n el a1
d=(2—A,) ( 22 (S" T )z ) £(z7 — Ap) .

In this form, ® is substituted into (3.3) - (3.4) to obtain (cf. Corollary 2.5)

( PR L e ey ) ( - )

Y
F o o
s (v ) v gz )i -a0h

(3.6)

Denote the right side of (3.6) by RS. By Corollary 2.5 (27 — A,)™" is
uniformly bounded for |n| sufficiently large and by Proposition 3.1, for |n| >
N

Y

1 - C
<2 P P P € —-
3 < WP P < o

Hence RS can be estimated from below: There exists 1 < C' = Cs < 00 50
that for |n| > N (NN as in Proposition 3.1)

C
— ).

RS > [€]( )

Sl -
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By choosing N larger if necessary, we can assume that
Vin| > N (3.7)

and (3.6) leads to
[6nl < 40C 1+ [da(=2n)] + [d2(20)| + 67 (n, 27)| + 187 (n,27)])  (3:8)
where we used that [2®|?+|y®|> < 1land ¢, = 2z~ —a(n, 27) with 2~ = 2(¢;)).

In view of Proposition 2.10 and Lemma 2.13, one then concludes from (3.8)
the following

Proposition 3.2 Let M > 1,0 < 9, and w be a d-weight. Then there exist
1 <N < o0,1 <C = Cs < oo such that for any 1-periodic functions
¢1,¢2 € HY with H’L%Hw <M

S w@nle)? < O

In|>N

4 Dirichlet eigenvalues

4.1 Dirichlet boundary value problem
Consider the Zakharov-Shabat operator L = L(11, ) on the interval [0, 1].

Definition 4.1 F = (Fy, F;) € H'([0,1];C?) satisfies Dirichlet boundary
conditions if

Fy(0) — F5(0) = 0; Fy(1) — Fy(1) = 0. (4.1)

We mention that the Dirichlet boundary conditions take a more familiar form
when the operator L is written as an AK NS operator Laxns

o 0 -1 d —q p
LAKNS—<1 0 )%“—( » q) (4.2)
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where (¢1,19) and (p, q) are related by
Y1 = —q+ip; Y2 = —q —ip.

If F = (Fy, ) € HY([0,1];C?) satisfies LF = AF, then LF = AF where
F = (Fy, Fy) is given by
. 1 . 1

F1 = E(Fl -+ FQ); F2 = %(Fg — Fl)

The Dirichlet boundary conditions (4.1) then take the familiar form
F5(0) = 0; Fy(1) = 0.

For the remaining part of section 4, let M > 1,0 > 0, and a J-weight w be
given as well as arbitrary 1-periodic functions 1,1y € H" with [|¢);]|. < M.
In Appendix A we have introduced, for |n| > N with N given by Theorem 1.1,
the Riesz projectors Ily,, I15, 1 corresponding to periodic resp. antiperiodic
boundary value problem on [0, 1] for L and the two dimensional subspaces
E,, = Range(Il,,).

The following proposition assures that there exists a 1-dimensional subspace
of E, which satisfies Dirichlet boundary conditions. Let (F,®) denote the
orthonormal basis of £, C L*([0,1]; C?), introduced in section 3.2.

Proposition 4.2 For any |n| > N, there exists G = (G1,Gs) € E,
G =aF +p%; |af + (3] =1
which satisfies Dirichlet boundary conditions

G1(0) — G2(0) = 0; G1(1) — G2(1) = 0.

Proof First consider the case where F' satisfies F(0) — F»(0) = 0. As F' is
either periodic or antiperiodic we conclude that Fy(1) — F»(1) = 0 as well
and thus G := F has the required properties. If F;(0) — F»(0) # 0, notice
that

G(x) = (F1(0) — F5(0)) @(x) — (21(0) — ®2(0)) F'(x)

satisfies Dirichlet boundary conditions. As G # 0, we may define

G = i
1G]l
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By (3.1) - (3.2), L& = A™® + {F and LF = A\TF| hence, with v = ~,, =
AT —A"and A= AT

LG = a)\F + BL®

= \G — By + BEF. (43)

For |n| > N sufficiently large, £ = &, and v = =, are small and G is almost
a Dirichlet eigenfunction. In the next sections we prove that A = AF and
G are good approximations of the Dirichlet eigenvalue p = pu,, respectively
Dirichlet eigenfunction H.

4.2 Decomposition

Let Lp;. denote the closed operator Lp;. = L(11,1,) with domain
domLp;,. == {F € H'[0,1] | F1(0) — F,(0) = 0; Fy(1) — Fy(1) = 0}.

Let us fix n with [n| > N (N as in Theorem 1.1). IIp;,. = II,, p; denotes the

Riesz projector
1

IT A e
b 271

(Z — LDir)_le

|z—n7r|:%

acting on L?([0,1]; C?) (cf. Appendix A). Let Qp;,. := Id — I p;,.
Notice that
Rangellp;. = {aH | a € C}

where H € domLp;, is an L*[0, 1]-normalized eigenfunction for the Dirichlet
eigenvalue p = iy,
LpyH = pH; [|H|| = 1.

Let x € C with |y| < 1 defined by IIp;,G = xH where G is given by
Proposition 4.2. We have

G = XH + QDiT’G'
As G and H are in domLp;,, Qp;yG € domLp,,. and

LDiT’G = X#H + LDirQDirG - X,MH + QDiT’LDiT’QDiT’G . (44)
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Where for the last equality we have used, Ilp;.LpiQ2pi-G = 0, as Lp;, and
IIp;, commute on domLp;, and I1p;-Qp; = 0.
On the other hand by (4.3),

LG=)MG+ R; R=—0p~v®+ B¢(F
and thus, with G = yH + Qp;,G,
LDirG = >\XH + AQDirG + (HDz'r + QDir>R- (45)

Comparing the decompositions of the right sides of (4.4) and (4.5) leads to
the following

Lemma 4.3

X(p— N H =T1lp;R; (4.6)
(LDiT’ - )\)(QDZT’G) - QDirR (47)

where R is given by
R = —p~y® + BEF. (4.8)

4.3 Proof of Theorem 1.2

The equations (4.6) - (4.8) are now used to obtain estimates for |u, —
Ar| (Jn| > N). For this we need to establish that |y| < 1 is bounded away
from 0 and that ||TIp;.R|| is small. The latter is easily seen as ||R|| < ||+ |&]-
To verify that |x| is bounded away from 0 we show that Qp;:G = G — xG is
small. This is proved by using equation (4.7).

Lemma 4.4 There exists N > 1 so that
1
Proof As G = xH + Qp;G,
IXIIH | = |G| = [|2: G| = 1 = [|Qp: G
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By Lemma 4.3 and Lemma A.2 (for (4.9)), Proposition 3.2 (for (4.10)), and
Theorem 1.1 (i) (for (4.11)) there exist 1 < N < oo and 1 < C < oo so that
for |n| > N

1906 Gl = [(Lpir = N) " (QoirB)| < CIRI < C(I&] + 17l)  (4.9)

€] < % (4.10)
Il < % (4.11)

(where for the last two inequalities we used that w is a §-weight). Combining
the above inequalities shows that for |n| large enough

1
n>_-
Xal 2 5

|
Proof of Theorem 1.2 By (4.6),
Xl = AH | = [T pir R
By Lemma 4.4 there exists N > 1 so that for [n| > N
ltn — AF] < 2C ([€0] + |7a])

where we have used that ||IIp;.|| < C (cf. Lemma A.2). The claimed estimate
then follows from the estimates of &, (Proposition 3.2) and of ,, (Theorem 1.1

(i)).

A Appendix A: Spectral properties of L(1)1,1»)

In this appendix we consider the operator L(i,1s) (11,19 1-periodic func-
tions in L2([0, 2], C?)) with various boundary conditions. For bc € { Dir, Per®, Per}
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denote by L. the Zakharov-Shabat operator L. = L(t1,15) with the fol-
lowing domains:

domLp, :={F € H'[0,1] | F1(0) — F(0) = 0; Fi(1) — Fy(1) = 0};
domLpe,+ :=={F € H'[0,1] |

domLpe,- :={F € H'[0,1] |
The operator L = Lp,, is defined on the interval [0, 2] and has the following

domain,
domLpe, := {F € H'[0,2] | F(0) = F(2)}.

Let specy. = spec(Ly.) be the spectrum of Ly.. For potentials 11 = 1y = 0,

ie. Ly:=L(0,0) =1 < (1) _01 ) 4L specy(Lo) can be given explicitely:
specpir(Lo) ={km | k € Z}; (A.1)
specpe+(Lo) = {2km | k € Z}; (A.2)
specper—(Lo) = {2(k+ 1) | k € Z}; (A.3)
specper(Lo) = {km | k € Z}. (A.4)

Proposition A.1 Let 6 > 0,M > 1 and w be a d-weight. There exists
an even integer N such that for any 1-periodic functions 1 and ¥y in
H" ||Y]lw < M, the following statements hold:

(i) for be € {Dir, Per®, Per},

specee C{A € C| A < Nr—m/2}u| | J{AeClIN—kn| <m/2} |;
|k|>N

(i) for |k| > N, specpey N{A € C | |\ — kr| < w/2} contains ezxactly one
1solated pair of eigenvalues;

(iii) for |k| > N and bc := Pert (k even) and bc := Per~ (k odd),
specye N{A € C | |X — kn| < w/2} contains exactly one isolated pair of
eigenvalues;

(iv) for |k| > N, specpi N{X € C | |\ — kx| < w/2} contains exactly one
eigenvalue;
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(v) the cardinality Ny. of specee N{A € C | |\ < Nm — 7/2} is equal to
AN — 2 for bc = Per,2N — 1 for bc = Dir,2N — 2 for bc = Per™ and
2N for bc = Per~.

As specpe,+ U Specpe,— C specpe,, Proposition A.1 implies

SPECper = SPECPer+ U SPECper—.

Proof Define for n > 1, the union of contours,

Ro={reC| N =nr—n/2}u | | J{NeC||x—kn|=n/2}

|k|>n

By (A1) - (A4), (Ly — A) : dom(Ly.) — L?* is invertible for any A € R,
hence
(L=A) = (Lo = N(Id+ Qx) (A.5)

A U
= (Lo—N)""! :
== 0 %)
Using the orthogonal decomposition of L? by the eigenfunctions of (Lg)y. and
the assumption that w is a d-weight, one gets (with £ = £(L?))

where

1/2
1
keZ

1/2
As maxy¢y, (W) < W, one deduces from (A.6) that, for A €
R,

1/2
1@alle < WL/ (Z ﬁ) . (A7)

keZ

Let N be an even integer such that

1/2
M 1
Ty <Z W) <1/2.

kEZ
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Then, for A € R, with n > N

Q] < 1/2. (A.8)

Combining (A.5) and (A.8), one deduces that (L — \) : dom(Ly.) — L? is
invertible for any A € R,(n > N) and any 1-periodic functions ¢,y in HY
with |||, < M. In particular, R, (n > N) is contained in the resolvent
set of Ly.(tw)q,ths) for any 0 < ¢t < 1. Hence the number of eigenvalues of
Lye(t1p1, t1hy) in each connected component of the interior of R, stays the
same for any 0 <t < 1. To see that all eigenvalues are inside R,, one chooses
n bigger and bigger. B

It follows from Proposition A.1 that the Riesz projectors I, and II,, p,. are
well defined (for any |n| > N and 1-periodic functions 1y, ¢ with ||¢); |, <
M)

1
I, :=— (2 = Lpep+ ) *dz  (n even | |n| > N),
210 iyl
[A—n7|=m/2
1
I, =— (2 = Lper-)'dz (nodd,|n| > N)
270 ) | —
[A—nm|=m/2
and ]
Hn,Dir = (Z - LDiT’)_le (|TL| Z N)’

270 J\a—nr|=r/2

where the contours {\ | |\ — nw| = 7/2} in the integrals above are counter-
clockwise oriented. Furthermore, using (A.5) and (A.8), one deduces

Lemma A.2 Assume that the assumptions of Proposition A.1 hold. Then
there exists a constant 1 < C' < oo such that for any |n| > N (with N as in
Proposition A.1)

1L || 2220, < €

and
1L, pir |l 2221017 < C-
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B Appendix B: Proof of Lemma 2.8

W.lo.g. we may assume that §, = §.

(i) As w, is submultiplicative, one has
w(2n) = (2n)°w.(2n) < 2°(n)*w.(n + k)w.(k + j)w.(j +n) (B.1)
and, by assumption, (n)*d, (k) < d(k) (Vk). This leads to
(n)22+w(2n)W,,(a, b, d,)(2n)

s o alkn) kD)
< (2);<k—n>zjz<y‘—n>d(‘7+) (B.2)

< ZKn<k,j)a(k +n)b(k, 5)d(j + n)

where for any u € ¢2 we denote by @ the f*-sequence (j) := w(j)u(j) and
K,(k,j) is given by

25<n>36
(k=n)(j —n)(k+n)°(k+j)°( +n)*

Knu(k,j) =

Notice that K, (k,j) is symmetric in k and j. To estimate K, (k, j) we need
to consider four different regions:

Estimate of K,,(k,j) in |k —n| < @, l7—n| < @ In this case
[k+nl > nf; |j+nl = Inl; [k+j] 2 2[n| = |k —n| —|j —n| = |n],
hence
29 < 1 n 1
(k=n)(j—n) =~ (k=n)*  (j—m)?*

Estimate of K,,(k,j) in |k —n| > I%‘, |7 —n| < @ In this case

n .
k=nl > 2L ) ) > g,

hence
26

(G =)k +5)"
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Estimate of K, (k,7) in |k —n| < %‘, |7 —n| > @ Using the symmetry of
K, (k,j) in k and j, the latter estimate leads to

26

Kollod) = =

Estimate of K,(k,j) in |k —n| > %‘, |7 —n| > % : We get

16°
(k= n)1=0(k + 7)%(j +n)°

Combining the above estimates one obtains for k, j,n € Z,

Kn(k,j) <

1 1 2 1 4
+

Bl ) < G = T P =) T ey G )

Therefore

Z Ko (k, j)alk 4+ n)b(k + 7)d(j +n)

< (a* <k>2(JE*CZ>) (2n) + (J ) #(JE*&)) (2n)+ (B.3)

_ b 1 Jb d
+2 (a*®(<k>5 *d)) (2n) +4 (a* <k>1—5(<k>5 * <k>5)> (2n)

where for u € (2(Z) andn > 0, ﬁ denotes the sequence given by (ﬁ) (j) ==

% (V7). Using the standard convolution estimates ||u x v|[2 < [|ul|e||v]|e2
and ||u* vl < ||u|gz||v]|e2 for the first two terms on the right side of (B.3),
Corollary B.2 (i) for the third term and Corollary B.2 (ii) for the last term
on the right side of (B.3), one obtains from (B.2)

> ()2 w(2n) W (a, b, dn)(2))” < Cllallullbll ]l

n

for a constant 1 < C' < Cy < 0o only depending on 4.
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(ii) Using (B.1) and the assumption (n)®d, (k) < d(k) (Vk) we get
(n) T w(n + O, (a,b,d,)({ +n) <

< (n)w(n + ) kz nggkj?f; b<(/f - jj>>

<> Ho (L k, fa(k + 0b(k + j)d(j + n)

k?j

d(j+n)

where H, (¢, k, j) is given by

(n)’(€+n)°
(k—n)(j —n)(k+ 0k +7)° (G +n)°

To estimate H, (¢, k,j) we need to consider two different regions:

Estimate of H,((,k,j) in |j —n| < @ In this case

7 +n| > |nl; (€+n)° <L+ k)°(—k+n)°,

hence
1
=y =50 — my k)00 + m)?
1
= Tk — a0k 1 )00 + n)p

Hy(lk, ) <

Estimate of H,(¢,k,j) in |j —n| > % In this case
2|j —n| > |nl; (€+n)° < {4+ k) (~k +n)’,
hence
26
(k= n)!=0(j = n)!=2(k + 5)°(j + n)°
26
< — .
T (k=) k4 5) G+ )

Hence in both cases we obtain the same estimate. Define é(¢ +n) = w(f +
n)e({ +n) by

i B 1 i S s
E(l+n) = ; <(k—n)<j+n>5(k+j>5) a(k + 0)b(0 + j)d(j + n).

Hy(lk, j) <
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Then we have
(nY*w(n 4+ O, (a,b,d,) (0 +n) < w(l +n)e(l +n)

and

By Corollary B.2 (ii),
[€llez < Cllallwllbllwlldllw
for some constant 1 < C =Cs < 0. R

It remains to establish the auxilary results used in the proof of Lemma 2.8.
First we need the following

Lemma B.1 Let 0 <n < 1. Then
@) Il < Cogllalle Va e andp> 2

(i) g5 le < Copllalle Va € 09 with 1 < g < .

Proof (i) follows from Holder’s inequality with a = 2 and f = 3=

1/p 1/p
ai) " (o 1
(i) - (Eoer)
12 1 1/8p
< (Z |a(k:)|2> (Zk: W)

where npg = npz%p >1or2np>2—pas (2n+ 1)p > 2 by assumption.

(ii) follows from Holder’s inequality with o = ¢ and % =1- % = %

1/q —
a(k 1 o !
> s <Za(k‘)q> (z< W)w)

k k

where -4 > 1 orng > ¢ —1as 1> (1 —n)q by assumption.l
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Recall Young’s inequality
Juxvllg < Crpgllullplv]l

where r,p, q > 1with%—|—%:1+%.

Corollary B.2 Let 0 < <

1
2
@) lgy (g% ) Il < Collallelibllee Va,b e ¢

(i) = (g * ) o < Collallalblle Va,be

Proof (i) Let % =1 —|—g and % = g_ Then %+%

by Young’s inequality

1—|—g:1+%andhence

a a
—= *b|lee < C ||==e||D]| 2
I bl < € lgszlolble
Asp= % > ﬁ, Lemma B.1 (i) can be applied,
a
755 ller < Cllalle,
(k)

and as ¢ = 2 < oo, Lemma B.1 (ii) gives

1 a
I (W . b) o < Clalle bl

as claimed.
(ii) By Lemma B.1, for % =1+2 (<149
a
HWIIW < Clialle-
By Young’s inequality with 2 - % =1+ % or % = % <l(as0<d< %)
a b
IIW * Wlleq < Cllalle o]l
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By Lemma B.1 (ii) with p =1—6 (hence 1 <¢= 2 <+ =-L)

n

1 a b
I=s (g5 s ) e < Clalleblo

where 1 < C' = Cys < 0o depends only on 5. B
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