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§1. Introduction. The homology and cohomology theories of the title, which
have been found in joint work with Doug Ravenel and Bob Stong [14], are periodic
complex-oriented multiplicative theories, with the cohomology of a point naturally
interpreted as a ring of modular functions. The formal groups that occur for these
theories are obtained from the formal group of the Jacobi quartic

(1) Y =1-26 + &

over the ring Z[%] [8,e] by passing to suitable localizations of this ring, where
§ and € are viewed as indeterminates of degrees 4 and 8. We view these theories
as belonging to a tower:

bordism and cobordism (MU, MSpin, MSO)

|

elliptic cohomology (E11)
v
K-theory (KU, KO)
v
ordinary cohomology (H)

In the first part of this report, I want to provide an assurance that such
theories exist. In the second part, I shall explore the connections with modular
forms.

There are several prominent open questions in this subject, the main one being
to give a geometric definition of the elliptic cohomology theories. A number of
these problems will be collected at the end.

It is a pleasure to thank the many people with whom I have discussed these
topics; by now the list is extremely long. Thanks are also due to the National
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Science Foundation and the Institute for Advanced Study for financial support.

§2. Elliptic genera. By a genus in the sense of Hirzebruch [7], one means

a ring homomorphism one sees
g 90
) . (6)
from the oriented bordism ring to a commutative @ - algebra with unit (¢(1) =
1) . Each such genus has a logarithm It is a
X
2
g(x) = J [ o@p®™) 2 g ,
0 nX0 (7
and a characteristic power series
u/g—l(u) ) In view o
of F(x,y
Following S. Ochanine [18], we call ¢ an elliptic genus if subring
X -
(2) g(X) = J a - Zdtz + Eth) : dt For
0 the discr
with elements &, e € A. In this case, the corresponding formal group
-1 (8)
F(x,y) = g (g(x) + g(y))
has the following form found by Euler: If §,
elliptic
VR VR
(3) F(x,y) = XLR@) * VRGO and §4).
1 - exy .
function
where
(4) R(x) = 1 - 26x% + ex” §3.
N previous
The signature (L-genus) and A-genus are special cases. Namely, if ¢ = € = "
u
1 then one has P
1 _ -1
g(x) = — dt = tanh " (x)
0 1-t
and so obtains the characteristic series u/tanh u of the L-genus of Hirzebruch.
And if §=-1/8 , € =0 then one finds Then cor
X =L |
g(x) = { 1+ % P |
0 I
|
and the characteristic series u/2 sinh (u/2) of the A-genus.
We remark that for any elliptic genus ¢ one has
2 2
8= (CPY) , €= .
(5) o(CP7) , € = ¢MEP) T
Recalling that the Legendre polynomials P _(x) are defined by ([0l ‘ homolog

theorie




o\

(1-2xt+tD) "= ] P (x) e,
: n0
~ one sees easily that
2ny _ n/2 _
(6) ¢(@P™7) =P (§/VE) e " =1 P _(&¢) .

It is a pleasant surprise that on quaternionic projective spaces one has ([5])

n/2

n € , N even

@) oHP ) =
0 , n odd .

In view of (3) and the binomial expansion, it is immediate that all coefficients
of F(x,y) are in Z[%] [8,e] , so by Quillen's theorem ¢ maps QEO into the
subring Z[%] [6,e] of A (see §5 for more precise results).

For a Jacobi quartic (1) or the corresponding elliptic genus, we introduce
the discriminant

(8) A= 5(62 - 5)2 .

If §, €€l and A # 0, then g_l(u) is the expansion at the origin of an
elliptic function s(u) , which is odd and of order 2 (a Jacobi sine; see [18]
and §4). Note that the L-genus and A-genus are "degenerate," i.e. A =0 ; the
function s(u) becomes singly periodic in these cases.

§3. Elliptic homology and cohomology. Continuing with the notation of the

previous section, take § and € to be algebraically independent over @ , and

put
M, = Z[%] [s,el

Then consider the rings:

Theorem 1 ([14]). There are homology theories with each of these rings as

homology of a point. These are multiplicative theories, the corresponding cohomology

theories being complex-oriented. The formal group of each of these theories has
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logarithm eiven by (2), and the explicit form of (3) with R(x) as in (4). as

Note: I am viewing homology and cohomology as two sides of the same coin,
We write EI1,(X) and E11 (X) for such theories.

SO
Qe [5] = z[}] [x,, Xgs Xigseen] .
We can take \be R
_ 2 _ 2
x4—[EP],x8 [HP]
and choose X, = [Mlm] (n > 3) so that the ideal be a r
n 2
R and
(90 Xpgreee)
consists of all bordism classes killed by elliptic genera; for the latter we follow
Ochanine [18], generators for the ideal having the form [CPE™)] with £ an
even-dimensional complex vector bundle over a closed oriented manifold. and app
Now the Sullivan-Baas construction produces from the singularity set
I = {x N 513100 } |
12 x16 With p
a theory QSO’Z [3] (X) with szf_o’z 5] (pt) = z[4] [x » Xg1 =M, . Since 2 is lF‘p [,
inverted, one obtains a multiplicative homology theory, the obstructions to the (6), one
existence of g good product all being 2-primary [16].
(9)
One' can next simply invert A or its factors to obtain three further periodic
theories. | That u
Second proof. We shall follow a more insightful route » Which yields the three ! We :
periodic homology theories as @ consequence of the exact functor theoren [12]. facts are
To explain the latter, let R pe @ commutative ring, and Suppose given a formal ,"
8roup over R , j.e. g homomorphism from the complex bordism ring 5’29 to R (the ‘ (10)
formal group over Q, is universal). View R as a module over & . For each '
prime p and np > 1 define an element i
’ mod (p ,
U ! 2 .
w € QZ(pn-l) ’ §° - ¢ 1
then |

| uz

i
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as the coefficient of zpn in the multiplication - by - p series
p p?
[p] (z)=pz+...+u.lz otz 4oL
. U
for the universal formal group over & .

Exact Functor Theorem ([12]). In order that

U
X > Q. (X) 0 R
Q*

be a homology theory, it suffices that for each prime p

Py Ups Upseeny Uyeen

be a regular seguence on the Qg - module R . (I.e., multiplication by p on
R and by each u on R/(PR +...+ un—lR) must be injective.)

Since we are inverting 2, it is the same to deal with

SO
70 8 gy R

*

and apply the criterion for all odd primes. Here we take, say,

R =107 = 23] 15, e, 471)

With p an odd prime, multiplication by p on R is injective, and we pass to
-1

F [8, el [A7]. Interms of the homogeneous Legendre polynomials of formula

(6), one sees easily ([13]) that
9) U = P(p-l)/Z (6, €) mod p .

That u £0 mod p follows from the fact that Pn(l) =1 for all n .

We are next obligated to examine u, mod (p , ul) , and here the principal
facts are that

o, = (D2 65D
(19} (2-1)/4 _ (p2-1)/4
62 -¢)'P z¢ P

mod (p , ul) in the ring Z[%] [ 6, €] . The point is that mod (p , ul) , inverting
62 - € is equivalent to inverting € , and so also to inverting A ; and that

u, then becomes a unit. This ends the argument for R = M*[A_l] , and also in
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: The app
case just one factor of A is inverted. [3J e
Note. The congruences (10) can be better appreciated if € =1 , and then )
n
read
e €C
-1)/2
a, = [y 12
(11) 2-1)/4 —
mod (p ) 1in the ring Z[%] [s] . In this form, they were first pointed out i5 an &
by David and Gregory Chudnovsky [4]; the most direct proof is based on two papers f s(u) , o
of Igusa [8, 9]. Details will appear in [13], which also includes the following 2
related result of Dick Gross. j
Theorem ([6]). Let E be a supersingular elliptic curve given by a. ;
Weierstrass equation over a field of Sharacteristic p>5, EELJQEEE_EQE_Efi f
i = -x ,
formal group one has [p] (z) = u, zP7 + ... with u, # 0 , where z y )
is the standard uniformizing parameter. Then 5
- -1)/12
u, - (_1)(p 1)/2 A(p 1)/ : The func
where A is the discriminant (expressed in terms of the coefficients of the | Hence on
. tti 1
Weierstrass equation). lalllce
well as f
84. Z[%] [s , ¢] as a ring of modular forms. let T denote the modular —
group SL,(Z)/{#l} , acting as usual on the upper half-plane H . Whereas T
is generated by
-1
T T+1 ) 1 = s
it will be convenient here to deal with the subgroup Fe generated by
T T +2, 1 - .
r the "theta group," has index 3 in T , and the standard fundamental domain
e b
with two cusps:
Moreover,
in terms
from the

=1 0 - 1

b\ . 1 0 01 mod 2
Moreover, <2 3) € Fe if and only if <2 d> is congruent to <O 1) or <1 0
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The appearance of level 2 modular forms was first noticed by David and Gregory
Chudnovsky [3].

In [13] I have found the following classical picture helpful. Assume 6 ,
¢ € C and A#0, so

Y2 =1 - 26X2 + eX4

is an elliptic curve over € . This curve is uniformized by an elliptic function

s(u) , odd and of order 2, with period lattice generated by Zml and Zmz "

The function s(u) has poles at ©y and W) and zeros at 0 and w3 - wl + wz .
Hence one of the half-periods wq is distinguished; assume T = ub/ui € H. The
lattice has the usual Weierstrass function p(u) and invariants 8y » 83> @S

well as the half-period values e; = p(u&) . The following formulas are now easily

obtained:

s(u) = -2 (P(u) - e3)/P'(U)

g, = (6% + 36)/3

8y = 6(62 - 9¢)/27

§ = 3e3 : ; .
_ 2
E = (e1 82)

2
8 - e =hle ~eg)le, —eg)

Moreover, one can as a further exercise (see [2]) express all these quantities
in terms of T via theta functions. Taking w = T to remove powers of ﬂ/uﬁ

from the expressions, one has
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. mit
Here the "theta-constants" are given by (q = e ~ )

; , =
el(r) = 2% ] qn(n+1)
n=0

14+ 2 Z (_1)1'1 qn2

0 .(1) =

2 n=1
T2

93(r)=1+2 I o
n=1

One then finds easily that § and e are modular forms of weights 2 and 4
for Tg » and indeed that every modular form for T g 1s a polynomial in & and
€ . Recall that a modular form of weight k for I‘e is a holomorphic function

f(t) on H so that
£(E28) = (er v )k £(o)

for <§ g)g Ty 5 and so that

_ eni'r)

with a similar holomorphicity condition at the other cusp. We see that
S(iw) = -1, e(iw) =1 3

for the cusp at 1=1, we use 1+ 1 -1k sending o to 1 and find that

§1) =2, 1) =0 .

We conclude that, up to inessential multiples, one finds the L-genus at 1= iw
and the A-genus (better, the A-genus) at T =1 .

Furthermore, in addition to
M (Tg) = €[5 , €]

we can identify M, = Z[%] [6 , €] with the ring of modular forms for Tg with
q-expansion coefficients in Z[%] . In addition, we go on to identify M*[A_ll
with those modular functions for 1“9 which are holomorphic on H (poles at cusps
only) and have q-expansion coefficients in Z[%] . The rings M*[e_l] and

Me[ (6% - 1] are given similar interpretations, allowing a pole at one or the

e RS

i
!

other cusp.

Thus w
the elliptj

Corollag

Corollary
divisible by 16

For the se
Spin
of (ng:p i

We shall sk
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d
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other cusp.

Thus we are to view ¢ and € as modular forms, and so we should regard

the elliptic genus

o: 90204 [6, €] =1,

as assigning a modular form
4n
oM7) = Py(S €)

to each oriented (or Spin) manifold. I leave it to Ed Witten [19] to explain a
geometric procedure to produce such modular forms for Spin manifolds; we shall
examine a formula for the resulting modular form in §6, given in terms of familiar
constructions on vector bundles. In the next section, we answer the question:

Which modular forms arise from oriented or from Spin manifolds?

§5. Integrality and divisibility of elliptic genera. The results stated
here are taken from [5]. Let ¢: QEO + A be an elliptic genus, with parameters

§, e €.

Theorem 2 ([5]). For an elliptic genus, one has

SO 2 28
Z[G) ZY; ZY LEEES ] 2y ’---]

e =

(0}9)

with v= (6% - €)/4 , and
P10 = 7[166, (88)%, ] .

Corollary 1. For an elliptic genus ¢: Qio + @ one has

SO _

s, zZ[s , Y],

go3Pin = z[86 , €] .

Corollary 2 (Ochanine [17]). The signature of a Spin manifold M8k+4 is

divisible by 16.
For the second corollary, take ¢ = € =1 and note the degrees of the generators
Spin

of (pﬂ,_ .

We shall sketch the proof of the theorem for Gapln .
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Soi
Proof for Q*pln .

1) omP%) = ¢ . , ,

ii) There is a Spin manifold V with signature 16, i.e. o(V') = 166

iii) Kervaire and Milnor [11] constructed an almost parallelizable w8 with
=1 ; if

¢(W8) = adz + be

a =64 ; by i), we have @(MS) = (86)2 for a suitable Spin manifold.

iv) Hence Z[166, (86)2, €] C.m(ﬂfpln) .
v) In [15] we constructed a sequence Py k>0, of KO-theory characteristic

classes of oriented bundles such that

has t

pk[M4n] = A(m) ch(p, M) [Mlm]

he properties
a) oO[MAn] = Aef™)
b) o, [ML'“] = A(M) ch(T™ - 4R) [Mzm}

c) ok[MAHJ is integral on Spin manifolds, and is even when n is odd .

d) o : QEO > Q[[t]] given by p (M) = 1 o [M] £k is an elliptic genus,

for which

(for

e §(t) =-F+3t mod tig[[]]

-t mod tZZ[[t]]

£) e(t)

the integrality in e) and £), see [3], [20] and the next section).
. ; . 8k . . .

vi) Returning to the argument, if M i1s a Spin manifold and

¢(M8k) = a0(8<5)2k + a1(86)2k—25 oot gy e

for an arbitrary elliptic genus ¢ , take ® = p,_ so that

t

o, (%K) ¢ Z[[¢]]

to

and

lies

lies

&
under:.

E, m

where
additi

Eviden

in part
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. . 8k+4 . . . .
to conclude easily that each a; € Z . And if M is a Spin manifold, write
Blc+h 5 2k-2j
o(M ) =168 | bj(86) eJ

=0

and argue that each bj€ Z . As an illustration of the simple method, if
cp(Mk) = 168 (bo(86)2 + ble)
then

16(—%3-+ 3t +...) [bo(l - 24t +...)2

+ by (-t +..)]
lies in 2Z[[t]] , so
by(L = 28t +...0% + b (1 = 24t +...) (= t +...)
lies in Z[[t]] , whence
b.€ Z (constant term) ,

0

b1 € Z (coefficient of t) . O

§6. Witten's formula for the elliptic genus. We refer to [19] for the geometry

underlying the following considerations. For a real or complex vector bundle
E , put
AW® = 1 Rm s @ = [ st
k>0 k>0
where )\k(E) and Sk(E) denote the exterior and symmetric powers of E . In
addition, put

©

0 (B) = ® D 5 (885 5 (B .

Evidently, @ (E ® F) = @t(E) * ©.(F) . For a complex line bundle L we have

o 2n-1
@t(L) = 1 1_*%
n=l 1 -t
in particular
© 2n-1
® (1) =1 1_+__t__.
t n=l 1 - t2n

S U e




66

One computes:

explanation of thege results.

Using this characteristic class, we obtain a genus

0. 250 > qr[e]]

by putting

o (M)
o, (") A(M) ch t\lm D7
e, (1)

Theorem 3. The genus 9t is an elliptic genus, coinciding with the natural .
choice for the elliptic genus Pt i - Sc

that desery

After some clarifying remarks, one wil] See that this ig really an €asy observation, |

The analysis of elliptic genera Py (see §5) in [15, 3] led to & formula for the ‘ 4) Gi
characteristic power series { B) Co
C) Fir
x/2 x X ‘
Enh(x\/z) ft(e te " -2), ’ with ellipti
Here f D) Sin
| fundamenta; -
- [
t = g mod qZZ[[q]] s | E) Spir
, / Orientation,
the natural parameter being q and the most natural choice of t being simply Clifford alge
A . |
t=-q. In [3] (see also [20]) it is shown that, in termg of q, o F) Seek
2n-1 2n-1,2 ! for modular f
ft(y)=71=°11- o 1'2n2 . ¢ with p = 2)
ey q) - P ’

Now the genus Gt is given in a form which permits one to easily find its l G) Devel
characteristic power series. Indeed, with ¢ = "4 as suggested above, one finds ; ;’
that for a complex line bundle I, with ¢1(L) = x one has |

ch® (LeL-2)

- F A+ t2n--1ex & th—le-x + p2n-1,2
=l £28X) 7 _ RN ¢ 2m2
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© - -1)n-1

_ I=Il [(1 - N - qne X - qn)Z]( 1)

o= _ n _n 2] (-1

= [1 yaq/(l-q) ;
with y = e¥ + e ¥ - 2. We have therefore verified that

ch @t(L ®L-2)= ft(y) s

whence the genera © and p, (with t = -q) have identical characteristic series,

the latter being an elliptic genus. The theorem is proved. [J

Note. We refer to [20] for the interpretation of ¢, e, and so the elliptic
genus of any oriented manifold, as modular forms for the group 1‘0(2) . This group

in T , consisting of all <2 b> €T with c even.

is aconjugate of T d

6

7. Some open problems. As of October 1986, here are some rather naive questions

that deserve study.

A) Give an intrinsic geometric construction for an elliptic cohomology theory.
B) Construct such a theory in which it is not necessary to invert 2.

C) Find appropriate versions of representation theory and index theory fitting
with elliptic cohomology.

D) Since we are producing periodic cohomology theories, one might seek a

fundamental result analogous to Bott periodicity, in an appropriate setting.
E) Spin bundles are orientable for elliptic cohomology. Construct such an
orientation, compatibly with the KO-theory orientation constructed by means of

Clifford algebras.

F) Seek related invariants in dimensions not divisible by 4. This may call
for modular forms of half-integral weight, or mod p modular forms (especially
with p = 2) .

G) Develop a variant in which modular forms of level 1 occur.
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12.
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15.

16.
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18.

19.
20.
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