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Abstract

In this paper, we study the inverse scattering of Schréodinger opera-
tors with short-range (resp. long-range) electric and magnetic potentials.
We develop a stationary approach to determine the high energy asymp-
totics of the scattering operator (resp. modified scattering operator).
As a corollary, we show that the electric potential and the magnetic
field are uniquely determined by the first two terms of this asymptotic
expansion.

1 Introduction.

In quantum scattering theory, given a pair of Hamiltonians (H, Hy), where H
is a perturbation of the free operator Hy, one of the main objectives is to show
existence and asymptotic completeness of the Moeller wave operators in order
to define the scattering operator S. Given this operator S, there is a very
natural question :

can one determine and reconstruct the perturbation from the scattering
operator 7



In the case of two-body Schrédinger Hamiltonians H = Hy + V., Hy = —A
on IR", V short range, many papers give an affirmative answer. For a long-
range potential V', this problem was solved by Isozaki-Kitada, ([8]), using
stationary modified wave operators and microlocal techniques. In the N-body
case, the resolution of this problem was given by Wang, ([16]), using high
energy asymptotics.

Recently, Enss and Weder have proposed a geometrical method : they
show that the potential is uniquely determined by the high velocity limit of
the usual scattering operator and they give a reconstruction formula. This
approach is rather simple and intuitive, and can be extended to the long-
range case (Dollard potentials), to the N-body case, ([5]) and to Schrédinger
operators with Stark effect ([17]).

In this paper, we use a different method to study Hamiltonians with electric
and magnetic potentials. It is a stationary approach based on the construction
of suitable modified wave operators; to do this, we use microlocal techniques
to define Fourier integral operators.

A similar problem was studied by Shiota, ([15]), for the wave equation
and for electric and magnetic potentials with compact supports. In ([6]), for
exponentially decreasing potentials, Eskin-Ralston proved that the scattering
amplitude at a fixed energy determines the electric potential and the magnetic
field in all dimension greater than two. Using these results, they study in ([7])
this inverse scattering problem, in dimension greater than two, without the
hypothesis of exponential decay. Our results in this paper are close to theirs,
(for more details, see ([7])).

Finally, in ([1]), Arians studies the same problem : using the geometrical
approach developed by Enss and Weder, he studies the high velocity limit of
the scattering operator for a class of short-range magnetic fields, (singularities
are allowed). His results are similar to our Theorems 2-3.

Notation

H denotes the quantum Schrodinger operator, considered as a perturbation of
Hy = —%A on IR™, n > 2, which describes the interaction of a charged particle
in electric and magnetic fields :

(1.1) = %Z_j 24 V(x),

S
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V(z) is the electric potential.
A = ZA]' dx; is the magnetic potential.
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B = dA is the magnetic field identified with the antisymmetric matrix
(bjk), bjr(x) = Op; Ag(x) — 9z, Aj(x), in the canonical basis of IR".

Let us recall some well-known results. Suppose A,V € C*°(IR") and satisfy :
Ya € IN™,

(Hy) | 02V (2) | € Oy < & >0 : §>0,

(H>) |7 A(e) | < Ca<a 7l p>0,

where < z >= (1+ || z ||?)2.
When §,p > 1, H is a classical short-range perturbation of the Laplace
operator Hy, and in particular the Moeller wave operators

(1.2) Wt = s— tligl e ¢=Ho  exist and are complete.
—+ 00

It is very important to remark that a magnetic field with compact support
in IR? and with nonzero flux generates a magnetic potential which cannot decay
faster than the Coulomb potential ; nevertheless, intuitively, such magnetic
fields are of short range. For Schrédinger operators with magnetic fields, the
short-range result is given by the following theorem, using a special gauge.
This result was proven by Perry, for magnetic fields with compact support,

([13]), and by Loss and Thaller for the general case, ([10]).

Theorem 1 : the short-range case.
Suppose (Hy), (Hz) with & > 1, p > L. Suppose in addition that A is the
transversal gauge :

(Hs) Alz).xz =0 Vo € IR".

Then the wave operators W+ exist and are complete.

Remark
(i) This gauge determines uniquely the potential A. More precisely,

(1.3) Alz) = —/013 B(sz).x ds .



In particular, the hypotheses (Hs) and (H3) can be satisfied under the following
condition :

(1.4) |0°B(z) | < Cy < a>7t7r7ll

where p > %

(ii) Theorem 2 was improved by Enss in the case of long-range electric poten-
tials ([4]). Also, one can find in ([12]) a stationary proof of Theorem 1, and in
([11]), one studies the scattering matrices for the pair (H, Hy).

In this paper, we shall give the asymptotic expansion of the scattering
operator at high energies ; then, we shall show that the S-operator determines
the electric and magnetic potentials. Finally, in the last section, we study the
long-range case, using suitable modified wave operators ; we obtain the same
results as in the short-range case.

2 The short-range case.

2.1 Results.
Let us define :

(2.1) Vsp = {V satisfying (Hy) with é > 1} .

1
(2.2) Asp = { A satisfying (Hz) with p > 3 and (Hs) } .

Using Theorem 1, we can define the scattering operator S = WHW~- =
S(A, V). Let L(L*(IR"™)) be the set of bounded operators on L*(IR™).

The main result of this section is :

Theorem 2
The map S(.,.) : Asg x Vsr — L(L*(IR")) is injective.

Remark
Theorem 2 is false without the hypothesis (H3) in the definition of Agg, be-
cause changing the gauge does not change the scattering matrix.

To show Theorem 2, we will see that the first two terms of the high energy
asymptotics of the scattering operator S permit to reconstruct the potentials

Aand V.



Notation
As in ([11]), we use the maps :

(2.3) — —/ Alz +16).€ dl |
The above maps are well-defined since one has by (2.3) the following relation :
(2.4) Az +1€) . € = —A(;z:—l—tf).% . VLAD
An easy calculation gives :
(2.5) 0p c(w,€) = A(x)+ Rae(w,€)
where
(2.6) - —/ B+ t€).€ dt .
The main property of Ry (z,€) is the geometrical relation :
(2.7) V (2,6) € IR, Ry(z,6).6 = 0

since B is antisymmetric. Finally, we define

(28) a8 = w6 -ch@e) = [ A+ued,

1 C g
(29) fi(x7§) = 5 (Ri(x7§) — i div R:t(x7§)) )
where div f =30, f;, if f = (f1, ..., fo)

Now, let us recall some basic definitions for pseudo-differential operators :

Definition
(i) For m,p € IR, we define :

S(m,p) = {a(z,£) € C®(IRI<IRY), , Yo, € IN", 3Cog >0, ¥(z,£) € IR,
| 0200a(2,€) | < Cap < a >l < ¢ Sr=lfly
(ii) For a € S(m,p) , ® € S(IR") , let
Op (a) ®(z) = (2m)™ [ €= a(z,€) B(¢) de

where ® is the usual Fourier transform of ®.

Now, we can give the high energy asymptotics of the scattering operator. Let
<, > the usual scalar product in L*(IR"), w € ™', ( S™7! is the unit sphere
of IR™), and ®, ¥ are the Fourier transforms of functions in C§°(IR").



Theorem 3
Under the hypotheses of Theorem 1, we have the asymptotic expansion for
A — 400

. - —|—OO J
(2.10) < &7 ® | (S(A,V)=1) V0 > ~ 3 A3 < 8,0p(a;,) ¥ >

J=0

where a;j,, € S(j,7). In particular,

(2.11) doo(z) = el 1
. +oo
(212) au(e,§) = =i 409 ([ Vit tw) dt +anu(e,8))
where
+oo
(2.13)  apu(z, &) = / f+(x—|—tw w) dt—l—/ (2 + tw,w) di
0

_LZ 2 e, Ch(2,w) + Oech (2, w).0pca(2,w) — Deea(a,w).E

The above theorem allows to reconstruct all the potentials and to etablish
Theorem 2.

In particular, when A =0, V € Vgg, we recover Enss-Weder’s result ([5]) :
(2.14) < V9o | (S(0,V) —1) VT > =

1 too
i< O, (/ V(z+tw)dt) T >+ O\ |

— 00

2.2 Proof of Theorem 2.

2.2.1 Reconstruction of the magnetic potential.

Let Vi, V3 € Vsr and Ay, Ay € Agp such that S(Ay, V1) = S(Ay, Va).
By Theorem 3, V®, W such that o , Ve Ce(IR™) , we have :

(2.15) < O, (efn@e) _ ey 5 =



By density of states ®, ¥, since the maps @ — ¢4, (z,w) are smooth, we deduce

(2.16) Vo € IR" , Yw e 5™t ¢ealew) 1 = ¢

?

where A = Ay — A, .
So, Vw € S* 1V € IR", ca(z,w) = 2k(z,w)m where k(z,w) € Z. By the
standard continuity argument, k(x,w) = k(0,w) and using (Hs), we obtain

k(0,w) = 0.

Uniqueness of the magnetic potential comes from the next lemma :

Lemma 4
Let A be a function satisfying (Hs), (Hs) such that

+oo
(217)  VYwe S, Ve R, / Ale +tw)wd = 0

Then : A=0 .

Proof

First, we observe that

(2.18) 0, (/_+OO A(:L‘—I—tw).wdt) = /::O Bz 41tw). . wdt = 0 .

(o)

Differentiating the second integral, we obtain :

+ oo
(2.19) Va e IN" | / Bz +tw) . wdt = 0 .

(o)

Now, let us introduce new coordinates in IR" :
for fixed w € S™71, we write x € IR™ as : © = tw + 2’ where t € IR, z' € II,
= orthogonal hyperplane to w.

Using (Hy), for | o |[> n—1, 02B(z) € L*(IR"). So, for ¢ € 11,

FoB()w = / e 9B () w da

e +co
= / PR (/ 02 B(2' + tw).w dt) dz'

so, by (2.19),

xr

Vwe §*71 Ve ell, , 92B(¢)w=0,

or equivalently,

VE£0, Vwelle, 2B w=0 .



Thus, for fixed £ # 0 8/5\3(5) is an antisymmetric matrix vanishing on a
hyperplane. -

This easily implies : V€ # 0, 02B(&) = 0. By injectivity of Fourier transform
on L'(IR"), one has : Ya € IN", |a|>n—1,0°B=0

So B is polynomial and goes to zero at infinity, ; thus B = 0, and by (1.3), we
obtain the lemma. O

2.2.2 Reconstruction of the electric potential.

In the last section, we showed
(220) S(Al,‘/l) == S(AQ,‘/Q) = Al == A2 .

Using Theorem 3 again, since ag(z,¢) depends only on magnetic field, it
suffices to prove the following lemma :

Lemma 5
Let V be a function satisfying (Hy) such that

+oo
(221)  VYwe Sl | Vee IR, / Viedto)dt = 0 .
Then : 'V =0.
Proof

We follow the same strategy as in the preceding lemma :

+co
(2.22) Ya € IN", Yw € S, Ve € IR", / OV (e4tw)dt = 0 .

— Qo0
—

As in Lemma 4, V | a |> n, V¢ € 1l,, 02V(¢') = 0. Varying w, we have

T

a/‘;T/EO, so V =0 as in Lemma 4. O
Remark

In ([5]), to show uniqueness of the electric potential, (under less restrictive
hypotheses), Enss and Weder give a different proof using the inversion of the
Radon transform.

2.3 Asymptotic expansion for the S—operator at high en-
ergies.

Notation and method

e & U are the Fourier transforms of functions in C§°(IR").



o we S s fixed.

To determine the asymptotic expansion at high energies of
(2.23) F()) =< V%% | (S(A,V)—1) Vo0 >

it is natural to introduce two operators :

(224) Qi()\,w) — e—i\/Xz.w W:I: ei\/Xz.w 7
since

(2.25) FA) =<0t M\w) @, T (M\w) U >—<d, U > .
Obviously,

(2.26) 0f(\,w) = s— lim ¢t W) g=itHo(Aw)

t—+too

where

(2.27)

H(\w) = %(D +Vw — A(2)? 4+ V(z) , Ho(\,w) = %(D +Vw)?.

Our stationary approach is rather simple and close to Isozaki - Kitada’s method
([8]). We construct two Fourier integral operators, (F.1.O), JE(),w), called
energy modifier, (see [14] for definition of Fourier integral operators), such
that for A >> 1,

(2.28) Qi()\,w) b — tlﬂn eitH(/\,w) J]:\tr()\,w) e—itHo()\,w) i) :
(2.29) | (¥ w) = JENw)® || = 0(7F).

So, using (2.25), we shall obtain :
F(\) =< JEAw)®, JyAw)¥>—<d, U> +0 (A7),

and thus, we can calculate the asymptotic expansion easily.

2.3.1 Construction of the phase of the energy modifier.

In the first time, we have to recall some auxiliary results.



Notation

XECTRY , x(x)=0 for |2|< 3, x(&)=1 for |2 |21,
U, e C%(-1,1]) , Vi(o)=1 if o€ [os.1],
U, (o) =0 if aE[—l,U_;U+],
V_eC™(-1,1]) , V_(o)=1 ifoe[-1,0],
V_(0)=0 if oe[TT ),

2
for some —1 < o_ <oy < 1.

In ([11]), we define modifiers J*, (F. I. O), with amplitude 1 and phase

(2.30) pH(2,€) = x.&+ ch(x,€) Pa(cos(z,€)) x(5) x(3)

EANg N

where R, 60 > 0, and cos(z,{) =

Remark
For (z,£) € I'* = T*(R,0,0), it is clear that

e*(2,6) = w.l+ (2,6 |
where
M = {(z,§) e R :|x|>R,|E1>0 , +at>Fos|a]]E]}.

(T~ is called an incoming zone and I't an outgoing zone).

We have the following result :

Lemma 6
Let a = 6?2 and Ey,(I) be the spectral projection on I, I C IR. Then :

(2:31) WE By(a,00) = s— lim ¥ J* ¢t

t—too
Proof
We only sketch the proof, (for more details see ([12])). To prove (2.31), it

suffices to establish that for ® in some dense subset of Ran Epy,(a,o0), one

has
(2.32) lim (J* —1) e™@ =0 .

t—too



We introduce

(233) ij(.fl?,f) = ijk - $k£j 5

(2.34) ajp(z) = —/01 sbip(sx) ds .

Using (1.3), it is easy to see that

(2.35) A6 = —= % /Oiw (e +1€) dt Lip(z, €)

5k

So, for (z,£) € I'* such that Z L2 ,€) < M, one has

7,k
(2.3A6) | (2, 6) —2.6| < C <z >7mnlle)
Let f - 771 ZL 5 )Where Ui € C ([OaM])7 12 € CSO(WQ,OOD

We define F' = Op (f). Using (2.36), we can prove that (J* —1)F is a pseudo-
differential operator with symbol s(z, £) which goes to zero as |z | + | £ | goes
to infinity. Hence (J* — 1)F is a compact operator.

Thus, for ® such that F® = & for some F, since F' commutes with e™*o
and =0 ® tends weakly to zero, (2.32) is proven. Since the ®’s form a dense
subset of Ran Fp,(a,oc), we obtain the lemma. O

Lemma 6 suggests to construct Ji(A,w) close to e~VAew JE iVAzw
In incoming (outgoing) zone, the phase of e=VAew JE iVAzw i given by :

.6+ ez, &+ \/Xw)

In order to obtain the asymptotic expansion of the scattering operator, we
have to define a phase without a significant cut-off. Since Supp D is bounded,
the basic idea is to develop ¢£ (x, &+ \/Xw) near v Aw. Using Taylor expansion
and 0-homogeneity of the maps ¢ — ¢§(z, &), one has :

(237) . eVAw) = 3 AT Gk w) + hle 6 0,)

o] <N—1

Now, we can define the phase of the F.I.O. J(),w), for A >> 1.



Definition of the phase
1ol o g
(238) 99]:,\:7(‘?757 )‘7w) = .175 + E _’ 2 5 a{ ci(m,w)

al<N-1 @

+ T]:l\:7($7 57 )\7(")) b

where

(2.39)  rE(z,&M\w) = gE(2, &N w) Vi(cos(z, € +Vw)) X(%)-

Remark
By construction, it is clear that, for suitable o :

(2.40) @3 (2,6, \,w) = z.bt+ck(z,64V0) if (2, E4+Vw) € TH(R,0,0)

2.3.2 Construction of the amplitude of the energy modifier.

Following the construction of goji\,(zr, £, X\, w), we look for the amplitude in the
form :

N-1

(2.41) Gh(r.EAw) = 3 A

m=0

m
2

dy (z,€,0) x1(€)
with df = 1, and x; € Cg°(IR").
Assuming (2.28) , we have :
(242) (QF(\,w)—JENw)® = i /0 TGOS TR\ ) et & gy
where
(243)  TEQw) = HOw) JEOw) — JEOw) Ho(Aw)

It is easy to verify that TF(),w) is a F.1.O with phase p%(z, €, \,w) and with
amplitude ¢ (z, €, \,w), where :

241) e Erw) = 5 { [ Vohle.&h0) +Viw - Al)



+2V(z)— (€4 \/X(.u)2 — i ApE(x, 6, )\ w) +1idiv A(z) ] eb(z, €M, 0)
—2i [Vk (2,6, 0)+VAw—A(2)] . Ved (2,6 N, w) —Ack(z, €M, w) } xa(8).

where V, A, div are z-derivatives.
In order to satisfy (2.29), we are going to make % small.

We treat only the case (+), the case (—) is similar. Using (2.3) — (2.9), and
(2.40), we obtain easily if (z, € + v w) € IT(R,0,0) :

(245)  chl(e, 60 w) = {[fH (2,6 4+ VIw) + V() ] efi(,6 ), w)
—i (E+ Vw4 Ry(z, £+ V) . Veh(z, £\, w)

1
—3 Ack(e,600) | ual®)

It is important to remark that f*(z, ) is a short range perturbation on I'*'. Us-
ing Taylor expansion again, and the fact that £ — f*(z,¢), and £ — Ry (x,€)
are 0-homogeneous, one has :

(246) frevVAe) = Y AT E 0 () + S0 w)

o] <N—1

1 o
(247) Re(e,6+Vow) = 3 — A% € 9fR(2,w)
lal<N-1 &
+ R}'Q(x,f,)\,w) )

So, in order to prove (2.29), substituting (2.46), (2.47) into (2.45), we obtain
transport equations :

For p > 0,

m

. . 1 o [0
(2.48) wVdy, = —i V() d;' —i > - £ 0 [ (z,w) df,

la|+m=p

| i
- |+Z — R (2,w) V] 5 AdY — €.V
a|l+m=p

where d is written for df (z,§,w).

It is easy to solve these equations. In particular, df (z,€,w) does not depend
on £, and is given by :

400
(2.49) dH(z,w) = i /0 [ FH(x 4 tw,w) + V(e +tw) | dt



We need some estimates on df (z,§,w) :

For (z,€ + VAw) € IT(R,0,0) and ¢ € Supp x1, it is easy to verify that for
A >> 1, cos(x,w) > —1 + € for some € > 0, A—independent. So, one has for
such (z,¢) :

(250) Vp =L, | 920 (2.w,6) | < Cra <a > < g5t

where y = min (6,p+1,2p) > 1.

Remark
We will obtain in the same way d_ (z,{,w) integrating over (—oo,0) with same

estimates if (z,¢ + v w) € T7(R, 0, 0), and replacing (+) by (—).

Notation

Let JE(), w) the F.ILO with phase ¢%(z, £, A\, w) given by (2.38) — (2.39) and
with amplitude e%(z, £, A, w) given by (2.41) with d= (z, €, w) satisfying trans-
port equations.

The properties of Jﬁ()\, w) constructed above are summarized in the following
two lemmas :

Lemma 7
Let N > 1. JE(\w) is a F.I.O with :
1 - a phase o (x,&, )\, w) such that :

(i) en(e, 60 w) = abtci(z, E+VAw) if (2,64+Vw) € T*(R,0,0).

(i1) V]al|>1,3C,n>0stV (2,6 € IR VA >> 1,
|02 [ o, 6,0 w) — (2.6 + (e, 6+ VW) ] | < Can A7,

and
2 - an amplitude ex(x, &, )\, w) such that

(1) VL >0, Ya,3, 3C,ne > 0, VA >> 1, ¥V (2, 6+VIw) € T*(R,0,0) ,
0207 (eh(2,6,0,0) = x1(6) | € Capyr, <z >0l cgnl \5
(LL) VL >0, Vo, 3, HCQQNL >0, VA>>1, \V/($,§) e IR*™ ,

| 0200 efi(2,&,w,0) | < Copnr < E>7F .



Lemma 8
Let N > 1. T\ w) = H\ w)JF(\w) — JEN,w)Ho(\,w) is a F.1.O with
phase px(x, &, M\, w) and amplitude ¢ (x, €, ), w) such that :

(1) VL >0, Yo, 8, 3Capnr > 0,YA >> 1, Y(z, £+ VIw) € TH(R,0,0),
| 9200k (2, 6,0, M) | < Cagnp <z >0l A=5F <eb

(Ll) VL >0, Va, S, HCQQNL >0,V >> 1,V(l‘,f) S [RQTL,

N—-1

| 0200t (2, 6,0, N) | < Copne <E>7F X777

Now we can prove (2.28), (2.29).
Notation

® is the Fourier transform of a function in C§°(IR") and we choose
X1 € C§(IR") such that xy; =1 on Supp 9.

Proposition 9

For A >>1,
(251) Q:t()\,UJ) o = tl&iﬂ eitH(A,w) J]:\I:]()\’w) e—itHo(A,w) o .
Proof

To simplify, we treat only the case (+). Let K (), w) = eiVAzw JH(\ w) e=tVAew,
Obviously,

(2.52) citH(Aw) J]“\—L,()\,w) eitHo(A\w) ¢ — e—i\/Xz.w citH Kf{,()\,w) e~ itHo eiﬁz.wq)_

When ¢ — +o0, it is well-known it suffices to investigate K3 (A, w) on outgoing
zones. By construction and by Lemma 7, K3 (\,w) is a F. I. O with phase
z.£+ cd(z,€) on T'F, and with amplitude 1 + O(< z >'7#), u > 1 on I'F.
Hence, using the same arguments as in (2.32), we obtain

lim eth [{]—\}—7()\7(”) e—tho ezﬁﬁ.wq) — lim eth e—tho ezﬁz.wq) — W-}—el\/Xz.w(I) )
t—+o0 t—+o0

O



Proposition 10
For A\ = 400, one has the estimate :

(2.53) | (@ w) = JZAw)® || = 0(77).

Proof
As usual, we treat the case (+) and we suppose A >> 1. Using (2.42),

+oo .
| (QT(\w) = Jy(Aw)® || < / | TR (N w) e O @ || dt
0
It is very easy to see that, (see Lemma 8),
(2.54)  TH(M\w) emitHoAw) § = ¢-ith =iVAw.D Ut (t, A\, w) eHog |

where D = —iV and U (¢, A, w) is a F.I.O with amplitude c¢f (z+tvAw, £, X, w)
and with phase

(2.55) V(2,60 w) = 2.6+ 0% (z + 1Vow, § N w)

where
0?\_7(.17,5, )‘7(")) = S‘Q]—l\—f(x7§7 )‘7w) - $§ 9
So,

+oo .
2:56) || ()= TEwDe || < [T U A w) e o dr.
0
In order to estimate the integrand, one introduces a cut-off :

X € CP(IR") such that y(z)=1if |z |< =, x(z)=0if |z |> 1,

DO | =

(=1—-x, g€ C(IR") s.t g=1on Supp .

One has :
. : 8z
Ub(t, M\ w) e ™0 @ || < || U (t,\,w) e og(D ®
| UR(E, A w) e | < | UR(E A w) e og( )C(tﬂ) |
: 8x
+ || Ub(t, A\, w) e Mog(D)y(—=) ® || .
HUR (A w) e g (D)) @

Denote by ¢1(t) + g2(t) the right hand side of this inequality.

e Step 1 :
Using Lemma 8 and continuity of F.I1.O, ([14]), we have

| U (t, 2 w) e g(D) || < Oy A5



Since on Supp (, | © |> and ® € S(IR") ,

167

VL >0, ||§( Vo< 0 < Vat>TE

f

then g1(t) < Cyp A™77 < VAt >L.

e Step 2 :
We have
T : 8z
t) < VUL (t, M, w) e Hog(D
nlt) < XU (M) (D) @ |

8z

U h) g (D)x( )

o,

denoted hq(t) + ha(t).
e Step 2a :
On Supp \(( ) |z |< 55 Y So, it is easy to verify for ¢t > 0 ,

(1) (z +tVw, £+ VIw) e TH(R,0,0) ,

t
(i4) 241w | > YA f
so by Lemma 8 and continuity of F.I1.O, one has

| XU (Ed) 9(D) || < O A <t >

and likewise for hq ().

e Step 2b :

This term describes the free propagation into the classical forbidden region,
([3]), and one can evaluate this contribution by using a standard non-stationary
phase estimate :

2x 8z

(2.57) c<m>m<t,m> (DN Be) =
iU (2,8, \w)—yE— 1 8y 2z
// EAw)-we “x(tf)C(t\/X)

f(@ + 1w, &N, w) g()P(y) dy dE

In order to investigate possible critical points, we calculate :



a& [\Il:(t,.fl?,f,)\,UJ)—yf—%fQ] = I_y_tf—l_

ag( >oaEe a?cz<x+tm,w>+r7v<x+tm,§,x,w>)

1<|al<N -1

Using the properties :

(1) V|ial>1, |@?cj(:c,§) | < C, <z >, ‘v’(;c,f)E[RQ”,
y VA
(22) |$|2T7|5|§C,

we easily show :

l 1 o \_X
|@[WI@J%&A#®—WS—§fﬂ|= z—y—tE+0ONz |2 |)+0( 2 |"" A" 7).
Since | y |< %, de > 0 such that

2
| a& [\I/:(t,;v,f,)\,w) - yf - 552] | > c \/Xt s
so, we conclude by a standard argument of non-stationary phase that VL > 0,
ho(t) < Cp AE <t >4,

Integrating over (0, +00) and using (2.56), we obtain the lemma. O

2.3.3 High energy asymptotics of the scattering operator.

By Proposition 10 and (2.25), one has :
(2.58)  F()) = < Ji(Aw)®, Jy(\w)l > — <& U >+0(A"7) .

First, we give the asymptotic expansion of J]\*L,()\,w)q) at high energies.

Lemma 11
For X — 400 , 3a% , € S(m,m) ,
N-1

JEw)® = ¢ieh (=) > AT

m=0

1\2|§
|z

Op (afW)CI) +0(N"72) .

In particular,

at, =1, b (2,6) = i€.deck(a,w) + & (z,).



Proof
We only consider the case (4). One has :

N-
(2.59) JH(\,w)0(z) = E AE [ e gt (o6 ) B(e) de
+( .
= ¢alew) (o) dooaz / exp i [a.b+ D )\__faagcA(x w)
m=0 1<]|a|<N-1 a!

(e, 6N w)] ) df (2, €,w) B(E) dE .
So, using Taylor expansion of €' near ¢ = 0, we obtain the lemma. a
Applications :

By (2.59) and Lemma 11, one has :

N-1 N-1
F() = <) A% 0p (af ) @, 369 3 07F Op (a;,) 0 >
m=0 p=0
— <O, U > +O(>\‘17V) .
So,
F(A) =<, (4 — 1w >
N-1 5
+3 A <8, Y [Op(af,) €409 Op (a;,)] U > +0(AF) .
7=1 m+p=j

Using symbolic calculus, we obtain for 7 > 1,
> [0p" (af,) €4 Op (a;,)] = Op (aj.) -
m4p=j

In particular, we have :

. +co
ar(z, &) = —1 gicalzw) (/ V(e +tw) dt + aBM(w,f))
where
too
(2.60) apu(z,§) = / f (x + tw,w) di —I—/ (x + tw,w) di
0

= 0zk§kcj(:ﬁ,w) + et (z,w).0pca(z,w) — Oea(z,w).€

k=1
Thus, Theorem 3 is proven. O



3 The long-range case.

In this section, we generalize to the long-range case the results obtained in the
preceding section for short-range interactions.

We consider generic long-range potentials A and V, (i.e § > 0, p > 0), sat-
isfying (Hs3). Obviously, under such hypotheses, in general, the usual wave
operators do not exist. So, we have to define modified wave operators.

For A =0 and 0 > %, we can use the well-known Dollard wave operators.
In ([5]), using such a modification, Enss and Weder give the leading term of
the high energy asymptotics of the modified Dollard scattering operator, and
prove that this term determines uniquely the potential V.

Since we consider general long-range interactions, we have to define other mod-
ified wave operators. We choose time-independent modifiers, close to Isozaki-
Kitada’s method ([8]). Briefly, the basic idea is to construct an appropriate
approximate of the phase ¢(z, &) which is solution of the eikonal equation :

(3.1) 5 100(0,6) — A@) P 4V(2) = 58

In fact, we can solve explicitly (3.1) using Hamilton-Jacobi theory, but this
phase is rather complicated and difficult to control.

Our plan in this section is as follows : first, we construct modified wave oper-
ators, then we give the main results, and finally we prove the theorems.

3.1 Construction of modified wave operators.

In this section, we define modified wave operators, with time-independent mod-
ifiers. We construct two Fourier integral operators, (F.1.O), J];t, p € IN, with
phase go%t(:c, ¢) and amplitude 1, such that

(3.2) Wt = s— lim ¢t jte it ,
P t—+too P

exist and are complete. This approach is based on Isozaki-Kitada’s idea, ([8]),
for Schrodinger operators with long-range electric potential, (see also [11], [12]
for Schrodinger operators with long-range magnetic potentials).

When A,V are short range, (in the sense of Theorem 1), we shall see that I/Vpi
coincides with W* up to an energy phase.

3.1.1 Definition of the modifier.
To define the F.I.O J;t, we construct two phases ap;t(:c, £) such that

1 1
(3.3) §|a$¢§(x,g)—A(x) 2 +V(z) =~ 552



modulo a short-range perturbation on I'" (incoming zone) and I't (outgoing
zone). To solve (3.3), we use an induction. First, we define on I'* :

(3.4) GE(2,€) = 2.6+ E(2,€) .

where ¢£(z, £) is given by (2.3). Using (2.3) — (2.7), we obtain

(35 5|0kl - A F V() = € 4w,
where
1
(3. Ge.6) = SR6)+ V(@)

Thus, on T'*, € — ¢i(z, €) is 0-homogeneous and satisfies for u; = min (2p,d),

(3.7) Va,B€ IN", | 020.¢F(2,€) | < Cop <>l sl

Now, we can begin the inductive process. For p > 1, let

(B8 @ = e+ [ lahi(e 168 - g (e 6] dr

(39 5106~ AR F V() = € 4 @0,
with
(3.10) a8 = a0

where (u,) is defined by o = 0 and w, = 2(u,—1 + 1).
It is easy to see that £ — q;f]-(.zr, £) is —j-homogeneous and for (z,¢) € T'*, one
has the estimation for gy = min (p,d), and for all o, 3 € IN™ |

(3.11) | 0200 qE(2,6) | € Cap < a >"lmtwm)=lale g =il

So, for p € IN such that gy + pus > 1, the assertion (3.3) holds.
In particular, if § > 1, p > , (hypotheses of Theorem 1), we can take p = 0.

Remark
We can define in the same way o (z, ), replacing (+) by (—) and integrating
over (—o0,0) in the above definitions.



Definition
(i) For p € IN such that py + pus > 1, let

(312) ©F(2,6) = w.+ (pH(x,8) — 2.6) Wi(cos(x,€)) x(

=
SNa—
<
A~

|
Sa—

where W, x are cut-off functions defined in section 2.

(ii) Let J;t = F.I.O with phase (I);t(fﬁ, ¢) and with amplitude 1.

3.1.2 The modified wave operators.

In order to state the next theorem, we recall the notation :
a = 0*/2, Ey,([a,oo]), (resp. En([a,o0])), is the spectral projection for Hy,
(resp. H), on [a,o00] and H,.(H) is the absolutely continuous subspace for H.

Theorem 12 : the long-range case.
Assume that A,V satisfy (Hy) — (Hs). Let gy = min (2p,0) , pe = min (p,9).
Then,

Vp € IN such that py + pps > 1, the modified wave operators :

(3.13) WE = s— lim ¢ JF e Eg ([a,00]) ,

p t—too

exist and are complete, i.e Ran I/Vpi = Egla, oo Hee(H).

Proof

We only sketch the proof and we consider the case (4), (for more details, see

[8], [12]).
Existence of the modified wave operators is easy to obtain using the well-known
Cook’s argument; one has to show that for ¥ in some dense subset in L*(IR"),

(HJ} — J¥Ho) e7Ho W e LY([1, +oo[, dt) .
By construction, (HJ} — JYHy) is a F.I.O with phase ®f(z,£) and with
amplitude given on I't by :

g, (2,6) = 5 [A:2] (2, 6) — div A(z)] ,

?
2
which is a short range perturbation by (3.9) — (3.11).

Using Isozaki-Kitada’s argument, ([8]), we show completeness in the same way.
O



In order to see that these modified wave operators are a suitable generalization
of the ordinary ones, in the next corollary, we compare I/Vpi with W¥ in the
short range case, and when A = 0,0 > %, we compare I/Vpi with the well-known
Dollard modified wave operators defined by :

(3.14) WE = s— lim ¥ o—itHo+ [ V(sD) ds)
t—+too

where H is written for Hy + V(z) and D = —iV. It is well known that WB‘L
exist and are complete, ([2]). Finally, we give the relation between I/Vpi1 and
WE for py # s

Corollary 13
(i) When 6 > 1, p > % one has :

27
YU € Ran Eyla,00] , WE¥ = W*w

(it) When A =0 and § > L, one has :
YU € Ran Eyla,c0] , WIU = WU

(1ii) For py > py such that gy + prpz > 1, 3 g;;ml € C*(IR"\B(0,0)) ,

c +
I/I/p:t = Wpﬂ: e_ZgPQ P11 (D)
2 1

In particular, if 6 > 1 and p > %, V| £]> 0,

gio(6) = /Oioo (V(tf)+%31(t§,§)> dt

Proof
(i) Under these hypotheses, one can take p = 0. So the result comes from
Lemma 6.

(ii) To compare the Dollard modified wave operators with Wi, it suffices to
establish : VW € L?*(IR") such that ¥ € C§°([a, ool),

(3.15) WE W = ¥

or equivalently,

(3.16) eifot V(sD) ds itHo JE e = U 4o(1), t = foo,



We only sketch the proof ; for more details, see ([9]). As usual, we consider
the case (4).

It is easy to see that e*fo JE ¢=itHo j5 4 F.1.O with amplitude 1 and with phase
et (t,z,€) given on I't by :

Pt = vt [ (Vo164 58) — V(s6)) ds

_ b+ /:OO V(e + s€) — V(s6)] ds — /t V(s€) ds

0
¢
= xf—/ V(s€) ds+o(l) , t =+
0
So, using the same arguments as in ([9]), one obtains (3.16).

(iii) This assertion is obvious, since on I't, 3 gt € C*(IR"\B(0,0)) such
that :

@;(%f)—g‘o;(:{:,f) = 9;,p2(5)+0 (< x >1_(“1+p1#2)) ]

3.2 Results.
Let us define

(3.17) Vir(d) = {V satisfying (Hy) with § > 0 }
(3.18) Arr(p) = {A satisfying (Hy) with p > 0, and (H3) }

Using Theorem 12, we can define the modified scattering operator S, = S,(A, V)
= W;r*W; . The main result of this section is :

Theorem 14
Let 6,p > 0, p € IN such that p1 + pua > 1 with the notations of Theorem 12.
Then, the map S,(.,.) : ALr(p) x Vir(d) — L(L*(IR™)) is injective.

This theorem contains the short-range case, (p = 0) which is proven in section
2. For the general long-range case, (p > 1), to show Theorem 14, as in the
short-range case, we determine the asymptotic expansion at high energies of
the modified scattering operator 5,, and we will see that the first two terms
of this asymptotic expansion determine the potentials A, V.



Now, we can give the high energy asymptotics of the scattering operator, with
the same notation as in the short-range case.

Theorem 15

Let A€ Apr(p), V € Vir(9d), for p > 1 such that py + pua > 1. We have the
asymptotic expansion for A — +oo :

. 3 +OO J
(3.19) < eV 4d | (S,(A,V)=1) V0 >~ 3 A < ®,0p (a;,,) ¥ >
7=0

where a; ., € S(J,7). In particular, agyp, 1., do not depend on p and are
given by :

(3.20) aoup(z) = ealew) 1
. +co
(321)  aru(2,6) = —i ¢eale) ( [ Wt ) = Vi) de
+bB,w($7§) )
where
(3.22) bpu(x, &) = —LE k&kCA z,w) + Oech(z,w).0.ca(z,w)

7 + oo 0
—I-% (/ div Ry (z 4 tw,w) dt — / div R_(z 4 tw,w) dt)
0 —00

1o
—|—§/0 [R2 (2 + tw,w) — R (tw,w)] dt — deca(z,w).€

+y /_OOO (2 (0 + tuo,0) — 2 (t0,0)] dt)

Remarks
(i) For A=0, 6 > 1, (Dollard potentials), using Corollary 13 (ii), we recover
the results obtained by Enss-Weder ([5]).

(ii) In fact, Theorem 15 gives also the asymptotic expansion for the short-range
case, (p = 0), because using Corollary 12 (iii), one has far from the 0-energy :

S(A,V) = eifo-l'oo V(tD)+1R2 (¢D,D) dtSI(A7 V) ez‘ffoo V(tD)+1R% (¢tD,D) dt

Since these phases are —1-homogeneous, one recovers the results obtained in
section 2.



3.3 Proof of theorems.
3.3.1 Proof of Theorem 14.

Let Vi, Vo € Vir(d) and Ay, Ay € Apgr(p) such that S,(A;, Vi) = S,(Ag, V2)
for a suitable fixed p. By Theorem 14, since the leading term in the asymptotic
expansion is the same as in the short-range case, we have A; = A, by Lemma
4.

Using Theorem 14 again and the same strategy as in Lemma 5, we obtain

Vi=Va. m

3.3.2 Proof of Theorem 15.

Since the phase of the F.I1.O J];t is the sum of homogeneous functions, (see
(3.8) — (3.10)), everything done in section 2 works for the sequence of modified
operators. We leave the details to the reader. a
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