A STATIONARY APPROACH TO INVERSE SCATTERING FOR SCHRODINGER OPERATORS WITH FIRST ORDER PERTURBATION

François Nicoleau

Département de Mathématiques 2, rue de la Houssinière BP 92208 44322 Nantes cedex 03 , France e-mail : nicoleau@math.univ-nantes.fr

Abstract

In this paper, we study the inverse scattering of Schrödinger operators with short-range (resp. long-range) electric and magnetic potentials. We develop a stationary approach to determine the high energy asymptotics of the scattering operator (resp. modified scattering operator). As a corollary, we show that the electric potential and the magnetic field are uniquely determined by the first two terms of this asymptotic expansion.

1 Introduction.

In quantum scattering theory, given a pair of Hamiltonians (H, H_0), where H is a perturbation of the free operator H_0, one of the main objectives is to show existence and asymptotic completeness of the Moeller wave operators in order to define the scattering operator S. Given this operator S, there is a very natural question :

can one determine and reconstruct the perturbation from the scattering operator ?

In the case of two-body Schrödinger Hamiltonians H = H_0 + V , H_0 = −Δ on IR^n, V short range, many papers give an affirmative answer. For a longrange potential V , this problem was solved by Isozaki-Kitada, ([8]), using stationary modified wave operators and microlocal techniques. In the N-body case, the resolution of this problem was given by Wang, ([16]), using high energy asymptotics.

Recently, Enss and Weder have proposed a geometrical method : they show that the potential is uniquely determined by the high velocity limit of the usual scattering operator and they give a reconstruction formula. This approach is rather simple and intuitive, and can be extended to the longrange case (Dollard potentials), to the N-body case, ([5]) and to Schrödinger operators with Stark effect ([17]).

In this paper, we use a different method to study Hamiltonians with electric and magnetic potentials. It is a stationary approach based on the construction of suitable modified wave operators; to do this, we use microlocal techniques to define Fourier integral operators.

A similar problem was studied by Shiota, ([15]), for the wave equation and for electric and magnetic potentials with compact supports. In ([6]), for exponentially decreasing potentials, Eskin-Ralston proved that the scattering amplitude at a fixed energy determines the electric potential and the magnetic field in all dimension greater than two. Using these results, they study in ([7]) this inverse scattering problem, in dimension greater than two, without the hypothesis of exponential decay. Our results in this paper are close to theirs, (for more details, see ([7])).

Finally, in ([1]), Arians studies the same problem : using the geometrical approach developed by Enss and Weder, he studies the high velocity limit of the scattering operator for a class of short-range magnetic fields, (singularities are allowed). His results are similar to our Theorems 2-3.

Notation

H denotes the quantum Schrödinger operator, considered as a perturbation of H_0 = −^1_2 Δ on IR^n, n ≥ 2, which describes the interaction of a charged particle in electric and magnetic fields :

(1.1) H = 1 2 n∑ j=1 (D_j − A_j(x))^2 + V (x) ,

where

D_j =^1_i^∂_{∂xj} .

V (x) is the electric potential. A = n∑ j=1 A_j dx_j is the magnetic potential.

B = dA is the magnetic field identified with the antisymmetric matrix (b_{jk}), b_{jk}(x) = ∂_{xj} A_k(x) − ∂_{xk} A_j(x), in the canonical basis of IR^n.

Let us recall some well-known results. Suppose A, V ∈ C^∞(IR^n) and satisfy : ∀α ∈ IN^n,

(H_1) | ∂^α_x V (x) | ≤ C_α < x >^{−δ−|α|} , δ > 0 ,

(H_2) | ∂^α_x A(x) | ≤ C_α < x >^{−ρ−|α|} , ρ > 0 , where < x >= (1+ || x ||^2)^{12} .

When δ, ρ > 1 , H is a classical short-range perturbation of the Laplace operator H_0, and in particular the Moeller wave operators

(1.2) W^± = s − lim_{t→±∞} e^{itH} e^{−itH0} exist and are complete.

It is very important to remark that a magnetic field with compact support in IR^2 and with nonzero flux generates a magnetic potential which cannot decay faster than the Coulomb potential ; nevertheless, intuitively, such magnetic fields are of short range. For Schrödinger operators with magnetic fields, the short-range result is given by the following theorem, using a special gauge. This result was proven by Perry, for magnetic fields with compact support, ([13]), and by Loss and Thaller for the general case, ([10]).

Theorem 1 : the short-range case.

Suppose (H_1), (H_2) with δ > 1, ρ >^1_2 . Suppose in addition that A is the transversal gauge : (H_3) A(x).x = 0 ∀x ∈ IR^n. Then the wave operators W^± exist and are complete.

Remark (i) This gauge determines uniquely the potential A. More precisely,

(1.3) A(x) = −

∫_1 0 s B(sx).x ds .

In particular, the hypotheses (H_2) and (H_3) can be satisfied under the following condition : (1.4) | ∂^α_x B(x) | ≤ C_α < x >^{−1−ρ−|α|} , where ρ >^1_2 .

(ii) Theorem 2 was improved by Enss in the case of long-range electric potentials ([4]). Also, one can find in ([12]) a stationary proof of Theorem 1, and in ([11]), one studies the scattering matrices for the pair (H, H_0).

In this paper, we shall give the asymptotic expansion of the scattering operator at high energies ; then, we shall show that the S-operator determines the electric and magnetic potentials. Finally, in the last section, we study the long-range case, using suitable modified wave operators ; we obtain the same results as in the short-range case.

2 The short-range case.

2.1 Results.

Let us define :

(2.1) V_{SR} = { V satisfying (H_1) with δ > 1 } .

(2.2) A_{SR} = { A satisfying (H_2) with ρ > 1 2 , and (H_3) } .

Using Theorem 1, we can define the scattering operator S = W^{+∗}W^− = S(A, V ). Let L(L^2(IR^n)) be the set of bounded operators on L^2(IR^n).

The main result of this section is :

Theorem 2 The map S(., .) : A_{SR} × V_{SR} → L(L^2(IR^n)) is injective.

Remark Theorem 2 is false without the hypothesis (H_3) in the definition of A_{SR}, because changing the gauge does not change the scattering matrix.

To show Theorem 2, we will see that the first two terms of the high energy asymptotics of the scattering operator S permit to reconstruct the potentials A and V .

Notation As in ([11]), we use the maps :

(2.3) c^±_A(x, ξ) = − ∫_{±∞} 0 A(x + tξ).ξ dt , The above maps are well-defined since one has by (2.3) the following relation : (2.4) A(x + tξ) . ξ = −A(x + tξ) . x t , ∀t ≠ 0 . An easy calculation gives :

(2.5) ∂_x c^±_A(x, ξ) = A(x) + R_±(x, ξ) , where

(2.6) R_±(x, ξ) = − ∫_{±∞} 0 B(x + tξ).ξ dt . The main property of R_±(x, ξ) is the geometrical relation : (2.7) ∀ (x, ξ) ∈ IR^{2n} , R_±(x, ξ).ξ = 0 , since B is antisymmetric. Finally, we define

(2.8) c_A(x, ξ) = c^−_A(x, ξ) − c^+_A(x, ξ) = ∫_{+∞} −∞ A(x + tξ).ξ dt,

(2.9) f^±(x, ξ) = 1 2 (R^2_±(x, ξ) − i div R_±(x, ξ)) , where div f = ∑ ∂_{xj} f_j, if f = (f_1, ... , f_n).

Now, let us recall some basic definitions for pseudo-differential operators : Definition (i) For m, p ∈ IR, we define : S(m, p) = {a(x, ξ) ∈ C^∞(IR^n_x×IR^n_ξ ), , ∀α, β ∈ IN^n, ∃ C_{α,β} > 0, ∀(x, ξ) ∈ IR^{2n}, | ∂^α_x ∂^β_ξ a(x, ξ) | ≤ C_{α,β} < x >^{(m−|α|)+} < ξ >^{p−|β|} }. (ii) For a ∈ S(m, p) , Φ ∈ S(IR^n) , let Op (a) Φ(x) = (2π)^{−n} ∫ e^{ix.ξ} a(x, ξ) ^Φ(ξ) dξ , where ^Φ is the usual Fourier transform of Φ.

Now, we can give the high energy asymptotics of the scattering operator. Let <, > the usual scalar product in L^2(IR^n), ω ∈ S^{n−1}, ( S^{n−1} is the unit sphere of IR^n), and Φ, Ψ are the Fourier transforms of functions in C^∞_0 (IR^n).

Theorem 3 Under the hypotheses of Theorem 1, we have the asymptotic expansion for λ → +∞ : (2.10) < e^i √ λx.ωΦ , (S(A, V )−1) ei √ λx.ωΨ > ∼ +∞∑ j=0 λ^{− j2} < Φ, Op (a_{j,ω}) Ψ > where a_{j,ω} ∈ S(j, j). In particular, (2.11) a_{0,ω}(x) = e^{icA(x,ω)} − 1 ,

(2.12) a_{1,ω}(x, ξ) = −i e^{icA(x,ω)} (∫_{+∞} −∞ V (x + tω) dt + a_{B,ω}(x, ξ) ) , where (2.13) a_{B,ω}(x, ξ) = ∫_{+∞} 0 f^+(x + tω, ω) dt + ∫_0 −∞ f^−(x + tω, ω) dt

−i n∑ k=1 ∂^2_{xkξk} c^+_A(x, ω) + ∂_ξc^+_A(x, ω).∂_xc_A(x, ω) − ∂_ξc_A(x, ω).ξ .

The above theorem allows to reconstruct all the potentials and to etablish Theorem 2.

In particular, when A ≡ 0, V ∈ V_{SR}, we recover Enss-Weder’s result ([5]) :

(2.14) < e^i √ λx.ωΦ , (S(0, V ) − 1) ei √ λx.ωΨ > = i λ^{− 12} < Φ , ( ∫_{+∞} −∞ V (x + tω) dt ) Ψ > + O(λ^{−1}) .

2.2 Proof of Theorem 2.

2.2.1 Reconstruction of the magnetic potential. Let V_1, V_2 ∈ V_{SR} and A_1, A_2 ∈ A_{SR} such that S(A_1, V_1) = S(A_2, V_2). By Theorem 3, ∀Φ, Ψ such that ^Φ , ^Ψ ∈ C^∞_0 (IR^n) , we have : (2.15) < Φ, (e^{icA1 (x,ω)} − e^{icA2 (x,ω)})Ψ > = 0 .

By density of states Φ, Ψ, since the maps x → c_{Ai} (x, ω) are smooth, we deduce (2.16) ∀x ∈ IR^n , ∀ω ∈ S^{n−1} , e^{icA(x,ω)} − 1 = 0 , where A = A_1 − A_2 . So, ∀ω ∈ S^{n−1}, ∀x ∈ IR^n, c_A(x, ω) = 2k(x, ω)π where k(x, ω) ∈ ZZ. By the standard continuity argument, k(x, ω) = k(0, ω) and using (H_3), we obtain k(0, ω) = 0.

Uniqueness of the magnetic potential comes from the next lemma : Lemma 4 Let A be a function satisfying (H_2), (H_3) such that (2.17) ∀ω ∈ S^{n−1} , ∀x ∈ IR^n , ∫_{+∞} −∞ A(x + tω).ω dt = 0 . Then : A ≡ 0 .

Proof First, we observe that

(2.18) ∂_x (∫_{+∞} −∞ A(x + tω) . ω dt ) = ∫_{+∞} −∞ B(x + tω) . ω dt = 0 . Differentiating the second integral, we obtain : (2.19) ∀α ∈ IN^n , ∫_{+∞} −∞ ∂^α_x B(x + tω) . ω dt = 0 . Now, let us introduce new coordinates in IR^n :

for fixed ω ∈ S^{n−1}, we write x ∈ IR^n as : x = tω + x^′ where t ∈ IR, x^′ ∈ Π_ω = orthogonal hyperplane to ω.

Using (H_2), for | α |≥ n − 1, ∂^α_x B(x) ∈ L^1(IR^n). So, for ξ^′ ∈ Π_ω, ^∂^α_x B(ξ^′).ω = ∫ R^{n e−ix.ξ} ′ ∂^α_x B(x).ω dx = ∫ Πω e^{−ix′.ξ′} (∫_{+∞} −∞ ∂^α_x B(x^′ + tω).ω dt ) dx^′ , so, by (2.19), ∀ω ∈ S^{n−1} , ∀ξ^′ ∈ Π_ω , ^∂^α_x B(ξ^′).ω = 0 , or equivalently, ∀ξ ≠ 0 , ∀ω ∈ Π_ξ , ^∂^α_x B(ξ).ω = 0 .

Thus, for fixed ξ ≠ 0 , ^∂^α_x B(ξ) is an antisymmetric matrix vanishing on a hyperplane.

This easily implies : ∀ξ ≠ 0 , ^∂^α_x B(ξ) = 0. By injectivity of Fourier transform on L^1(IR^n), one has : ∀α ∈ IN^n, | α |≥ n − 1, ∂^α_x B ≡ 0.

So B is polynomial and goes to zero at infinity, ; thus B ≡ 0, and by (1.3), we obtain the lemma. 2

2.2.2 Reconstruction of the electric potential.

In the last section, we showed

(2.20) S(A_1, V_1) = S(A_2, V_2) ⇒ A_1 = A_2 .

Using Theorem 3 again, since a_{B,ω}(x, ξ) depends only on magnetic field, it suffices to prove the following lemma :

Lemma 5 Let V be a function satisfying (H_1) such that (2.21) ∀ω ∈ S^{n−1} , ∀x ∈ IR^n , ∫_{+∞} −∞ V (x + tω) dt = 0 . Then : V ≡ 0.

Proof We follow the same strategy as in the preceding lemma : (2.22) ∀α ∈ IN^n, ∀ω ∈ S^{n−1} , ∀x ∈ IR^n , ∫_{+∞} −∞ ∂^α_x V (x+tω) dt = 0 . As in Lemma 4, ∀ | α |≥ n, ∀ξ^′ ∈ Π_ω, ^∂^α_x V (ξ^′) = 0. Varying ω, we have ^∂^α_x V ≡ 0, so V ≡ 0 as in Lemma 4. 2

Remark In ([5]), to show uniqueness of the electric potential, (under less restrictive hypotheses), Enss and Weder give a different proof using the inversion of the Radon transform.

2.3 Asymptotic expansion for the S�operator at high energies.

Notation and method

• Φ, Ψ are the Fourier transforms of functions in C^∞_0 (IR^n).

• ω ∈ S^{n−1} is fixed.

To determine the asymptotic expansion at high energies of

(2.23) F (λ) = < e^i √ λx.ωΦ , (S(A, V ) − 1) ei √ λx.ωΨ > , it is natural to introduce two operators :

(2.24) Ω^±(λ, ω) = e^{−i} √ λx.ω W ± ei √ λx.ω , since

(2.25) F (λ) = < Ω^+(λ, ω) Φ, Ω^−(λ, ω) Ψ > − < Φ, Ψ > . Obviously, (2.26) Ω^±(λ, ω) = s − lim_{t→±∞} e^{itH(λ,ω)} e^{−itH0(λ,ω)} , where

(2.27) H(λ, ω) = 1 2 (D + √ λω − A(x))^2 + V (x) , H_0(λ, ω) = 1 2 (D + √ λω)^2 .

Our stationary approach is rather simple and close to Isozaki - Kitada’s method ([8]). We construct two Fourier integral operators, (F.I.O), J^±_N (λ, ω), called energy modifier, (see [14] for definition of Fourier integral operators), such that for λ >> 1, (2.28) Ω^±(λ, ω) Φ = lim_{t→±∞} e^{itH(λ,ω)} J^±_N (λ, ω) e^{−itH0(λ,ω)} Φ ,

(2.29) || (Ω^±(λ, ω) − J^±_N (λ, ω))Φ || = O(λ^{− N2} ) . So, using (2.25), we shall obtain :

F (λ) = < J^+_N (λ, ω)Φ, J^−_N (λ, ω)Ψ > − < Φ , Ψ > + O (λ^{− N2} ) , and thus, we can calculate the asymptotic expansion easily.

2.3.1 Construction of the phase of the energy modifier.

In the first time, we have to recall some auxiliary results.

Notation χ ∈ C^∞(IR^n) , χ(x) = 0 for | x |≤ 1 2 , χ(x) = 1 for | x |≥ 1 , Ψ_+ ∈ C^∞([−1, 1]) , Ψ_+(σ) = 1 if σ ∈ [σ_+, 1] , Ψ_+(σ) = 0 if σ ∈ [−1, σ_− + σ_+ 2 ] , Ψ_− ∈ C^∞([−1, 1]) , Ψ_−(σ) = 1 if σ ∈ [−1, σ_−] , Ψ_−(σ) = 0 if σ ∈ [ σ_− + σ_+ 2 , 1] , for some −1 < σ_− < σ_+ < 1.

In ([11]), we define modifiers J^±, (F. I. O), with amplitude 1 and phase (2.30) φ^±(x, ξ) = x.ξ + c^±_A(x, ξ) Ψ_±(cos(x, ξ)) χ( x R ) χ( ξ θ ) where R, θ > 0, and cos(x, ξ) = x.ξ | x || ξ | . Remark For (x, ξ) ∈ Γ^± = Γ^±(R, θ, σ), it is clear that φ^±(x, ξ) = x.ξ + c^±_A(x, ξ) , where Γ^± = { (x, ξ) ∈ IR^{2n} : | x |≥ R , | ξ |≥ θ , ± x.ξ ≥ ± σ_± | x | | ξ | } . (Γ^− is called an incoming zone and Γ^+ an outgoing zone).

We have the following result : Lemma 6 Let a = θ^2/2 and E_{H0} (I) be the spectral projection on I, I ⊂ IR. Then : (2.31) W^± E_{H0} (a, ∞) = s − lim_{t→±∞} e^{itH} J^± e^{−itH0} . Proof We only sketch the proof, (for more details see ([12])). To prove (2.31), it suffices to establish that for Φ in some dense subset of Ran E_{H0} (a, ∞), one has (2.32) lim_{t→±∞}(J^± − 1) e^{−itH0} Φ = 0 .

We introduce

(2.33) L_{jk}(x, ξ) = x_jξ_k − x_kξ_j ,

(2.34) a_{jk}(x) = −

∫_1 0 sb_{jk}(sx) ds . Using (1.3), it is easy to see that

(2.35) c^±_A(x, ξ) = − 1 2 ∑ j,k ∫_{±∞} 0 a_{jk}(x + tξ) dt L_{jk}(x, ξ)

So, for (x, ξ) ∈ Γ^± such that ∑ j,k L^2_{jk}(x, ξ) ≤ M, one has

(2.3Λ6) | φ^±(x, ξ) − x.ξ | ≤ C < x >^{−min(1,ρ)} Let f(x, ξ) = η_1( ∑ j,k L^2_{jk}(x, ξ)) η_2(ξ^2) where η_1 ∈ C^∞_0 ([0, M]), η_2 ∈ C^∞_0 ([θ^2, ∞[).

We define F = Op (f). Using (2.36), we can prove that (J^± − 1)F is a pseudodifferential operator with symbol s(x, ξ) which goes to zero as | x | + | ξ | goes to infinity. Hence (J^± − 1)F is a compact operator.

Thus, for Φ such that F Φ = Φ for some F , since F commutes with e^{−itH0} and e^{−itH0} Φ tends weakly to zero, (2.32) is proven. Since the Φ’s form a dense subset of Ran E_{H0} (a, ∞), we obtain the lemma. 2

Lemma 6 suggests to construct J^±_N (λ, ω) close to e^{−i√λx.ω} J^± e^{i√λx.ω}. In incoming (outgoing) zone, the phase of e^{−i√λx.ω} J^± e^{i√λx.ω} is given by : x.ξ + c^±_A(x, ξ + √ λω). In order to obtain the asymptotic expansion of the scattering operator, we have to define a phase without a significant cut-off. Since Supp ^Φ is bounded, the basic idea is to develop c^±_A(x, ξ + √ λω) near √ λω. Using Taylor expansion and 0-homogeneity of the maps ξ → c^±_A(x, ξ), one has :

(2.37) c^±_A(x, ξ+ √ λω) = ∑ |α|≤N −1 1 α! λ^{− |α|2} ξ^α ∂^α_ξ c^±_A(x, ω) + g^±_N (x, ξ, λ, ω) .

Now, we can define the phase of the F.I.O. J^±_N (λ, ω), for λ >> 1.

Definition of the phase (2.38) φ^±_N (x, ξ, λ, ω) = x.ξ + ∑ |α|≤N −1 1 α! λ^{− |α|2} ξ^α ∂^α_ξ c^±_A(x, ω)

+ r^±_N (x, ξ, λ, ω) , where (2.39) r^±_N (x, ξ, λ, ω) = g^±_N (x, ξ, λ, ω) Ψ_±(cos(x, ξ + √ λω)) χ( x R ).

Remark By construction, it is clear that, for suitable σ : (2.40) φ^±_N (x, ξ, λ, ω) = x.ξ+c^±_A(x, ξ+ √ λω) if (x, ξ+ √ λω) ∈ Γ^±(R, θ, σ)

2.3.2 Construction of the amplitude of the energy modifier.

Following the construction of φ^±_N (x, ξ, λ, ω), we look for the amplitude in the form : (2.41) e^±_N (x, ξ, λ, ω) = N −1∑ m=0 λ^{− m2} d^±_m(x, ξ, ω) χ_1(ξ) , with d^±_0 ≡ 1, and χ_1 ∈ C^∞_0 (IR^n).

Assuming (2.28) , we have :

(2.42) (Ω^±(λ, ω)−J^±_N (λ, ω))Φ = i ∫_{±∞} 0 e^{itH(λ,ω)} T^±_N (λ, ω) e^{−itH0(λ,ω)} Φ dt , where (2.43) T^±_N (λ, ω) = H(λ, ω) J^±_N (λ, ω) − J^±_N (λ, ω) H_0(λ, ω) . It is easy to verify that T^±_N (λ, ω) is a F.I.O with phase φ^±_N (x, ξ, λ, ω) and with amplitude c^±_N (x, ξ, λ, ω), where :

(2.44) c^±_N (x, ξ, λ, ω) = 1 2 { [ | ∇φ^±_N (x, ξ, λ, ω) + √ λω − A(x) |^2

+2V (x) − (ξ + √ λω)^2 − i Δφ^±_N (x, ξ, λ, ω) + i div A(x) ] e^±_N (x, ξ, λ, ω) −2i [ ∇φ^±_N (x, ξ, λ, ω)+ √ λω−A(x) ] . ∇e^±_N (x, ξ, λ, ω) −Δe^±_N(x, ξ, λ, ω) } χ_1(ξ).

where ∇, Δ, div are x-derivatives.

In order to satisfy (2.29), we are going to make c^±_N small.

We treat only the case (+), the case (−) is similar. Using (2.3) − (2.9), and (2.40), we obtain easily if (x, ξ + √ λω) ∈ Γ^+(R, θ, σ) : (2.45) c^+_N (x, ξ, λ, ω) = { [f^+(x, ξ + √ λω) + V (x) ] e^+_N (x, ξ, λ, ω) −i (ξ + √ λω + R_+(x, ξ + √ λω)) . ∇e^+_N (x, ξ, λ, ω) − 1 2 Δe^+_N (x, ξ, λ, ω) } χ_1(ξ) .

It is important to remark that f^+(x, ξ) is a short range perturbation on Γ^+. Using Taylor expansion again, and the fact that ξ → f^+(x, ξ), and ξ → R_+(x, ξ) are 0-homogeneous, one has :

(2.46) f^+(x, ξ + √ λω) = ∑ |α|≤N −1 1 α! λ^{− |α|2} ξ^α ∂^α_ξ f^+(x, ω) + f^+_N (x, ξ, λ, ω)

(2.47) R_+(x, ξ + √ λω) = ∑ |α|≤N −1 1 α! λ^{− |α|2} ξ^α ∂^α_ξ R_+(x, ω) + R^+_N (x, ξ, λ, ω) . So, in order to prove (2.29), substituting (2.46), (2.47) into (2.45), we obtain transport equations :

For p ≥ 0,

(2.48) ω.∇d_{p+1} = −i V (x) d^+_p − i ∑ |α|+m=p 1 α! ξ^α ∂^α_ξ f^+(x, ω) d^+_m

− ∑ |α|+m=p 1 α! ξ^α ∂^α_ξ R^+(x, ω) . ∇d^+_m + i 2 Δd^+_p − ξ . ∇d^+_p ,

where d^+_p is written for d^+_p (x, ξ, ω).

It is easy to solve these equations. In particular, d^+_1 (x, ξ, ω) does not depend on ξ, and is given by :

(2.49) d^+_1 (x, ω) = i ∫_{+∞} 0 [ f^+(x + tω, ω) + V (x + tω) ] dt

We need some estimates on d^+_p (x, ξ, ω) :

For (x, ξ + √ λω) ∈ Γ^+(R, θ, σ) and ξ ∈ Supp χ_1, it is easy to verify that for λ >> 1, cos(x, ω) ≥ −1 + ϵ for some ϵ > 0, λ−independent. So, one has for such (x, ξ) : (2.50) ∀p ≥ 1, | ∂^α_x ∂^β_ξ d^+_p (x, ω, ξ) | ≤ C_{pα} < x >^{1−μ−|α|} < ξ >^{p−1−|β|} where μ = min (δ, ρ + 1, 2ρ) > 1 .

Remark We will obtain in the same way d^−_p (x, ξ, ω) integrating over (−∞, 0) with same estimates if (x, ξ + √ λω) ∈ Γ^−(R, θ, σ), and replacing (+) by (−).

Notation Let J^±_N (λ, ω) the F.I.O with phase φ^±_N (x, ξ, λ, ω) given by (2.38) − (2.39) and with amplitude e^±_N (x, ξ, λ, ω) given by (2.41) with d^±_m(x, ξ, ω) satisfying transport equations.

The properties of J^±_N (λ, ω) constructed above are summarized in the following two lemmas :

Lemma 7 Let N ≥ 1. J^±_N (λ, ω) is a F.I.O with :

1 - a phase φ^±_N (x, ξ, λ, ω) such that : (i) φ^±_N (x, ξ, λ, ω) = x.ξ+c^±_A(x, ξ+ √ λω) if (x, ξ+ √ λω) ∈ Γ^±(R, θ, σ) . (ii) ∀ | α |≥ 1 , ∃C_{αN} > 0 s.t ∀ (x, ξ) ∈ IR^{2n}, ∀λ >> 1 , | ∂^α_x [ φ^±_N (x, ξ, λ, ω) − (x.ξ + c^±_A(x, ξ + √ λω)) ] | ≤ C_{α,N} λ^{− N2} , and 2 - an amplitude e^±_N (x, ξ, λ, ω) such that (i) ∀L > 0, ∀α, β, ∃C_{αβNL} > 0, ∀λ >> 1, ∀ (x, ξ + √ λω) ∈ Γ^±(R, θ, σ) , | ∂^α_x ∂^β_ξ (e^±_N (x, ξ, ω, λ) − χ_1(ξ)) | ≤ C_{αβNL} < x >^{1−μ−|α|} < ξ >^{−L} λ^{− 12} (ii) ∀L > 0, ∀α, β, ∃C_{αβNL} > 0, ∀λ >> 1, ∀(x, ξ) ∈ IR^{2n} , | ∂^α_x ∂^β_ξ e^±_N (x, ξ, ω, λ) | ≤ C_{αβNL} < ξ >^{−L} .

Lemma 8 Let N ≥ 1. T^±_N (λ, ω) = H(λ, ω)J^±_N (λ, ω) − J^±_N (λ, ω)H_0(λ, ω) is a F.I.O with phase φ^±_N (x, ξ, λ, ω) and amplitude c^±_N (x, ξ, λ, ω) such that : (i) ∀L > 0, ∀α, β, ∃C_{αβNL} > 0, ∀λ >> 1, ∀(x, ξ + √ λω) ∈ Γ^±(R, θ, σ), | ∂^α_x ∂^β_ξ c^±_N (x, ξ, ω, λ) | ≤ C_{αβNL} < x >^{−μ−|α|} λ^{− N−12} < ξ >^{−L} . (ii) ∀L > 0, ∀α, β, ∃C_{αβNL} > 0, ∀λ >> 1, ∀(x, ξ) ∈ IR^{2n}, | ∂^α_x ∂^β_ξ c^±_N (x, ξ, ω, λ) | ≤ C_{αβNL} < ξ >^{−L} λ^{− N−12} .

Now we can prove (2.28), (2.29).

Notation Φ is the Fourier transform of a function in C^∞_0 (IR^n) and we choose χ_1 ∈ C^∞_0 (IR^n) such that χ_1 ≡ 1 on Supp ^Φ.

Proposition 9 For λ >> 1 , (2.51) Ω^±(λ, ω) Φ = lim_{t→±∞} e^{itH(λ,ω)} J^±_N (λ, ω) e^{−itH0(λ,ω)} Φ .

Proof To simplify, we treat only the case (+). Let K^+_N (λ, ω) = e^{i√λx.ω} J^+_N (λ, ω) e^{−i√λx.ω}. Obviously, (2.52) e^{itH(λ,ω)} J^±_N (λ, ω) e^{−itH0(λ,ω)} Φ = e^{−i} √ λx.ω eitH K + N (λ, ω) e^{−itH0} e^i √ λx.ωΦ . When t → +∞, it is well-known it suffices to investigate K^+_N (λ, ω) on outgoing zones. By construction and by Lemma 7, K^+_N (λ, ω) is a F. I. O with phase x.ξ + c^+_A(x, ξ) on Γ^+, and with amplitude 1 + O(< x >^{1−μ}), μ > 1 on Γ^+. Hence, using the same arguments as in (2.32), we obtain lim t→+∞ e itH K^+_N (λ, ω) e^{−itH0} e^i √ λx.ωΦ = lim t→+∞ e itH e^{−itH0} e^i √ λx.ωΦ = W +ei √ λx.ωΦ . 2

Proposition 10 For λ → +∞, one has the estimate :

(2.53) || (Ω^±(λ, ω) − J^±_N (λ, ω))Φ || = O(λ^{− N2} ) .

Proof As usual, we treat the case (+) and we suppose λ >> 1. Using (2.42), || (Ω^+(λ, ω) − J^+_N (λ, ω))Φ || ≤ ∫_{+∞} 0 || T^+_N (λ, ω) e^{−itH0(λ,ω)} Φ || dt . It is very easy to see that, (see Lemma 8), (2.54) T^+_N (λ, ω) e^{−itH0(λ,ω)} Φ = e^{−itλ} e^{−i} √ λω.D U + N (t, λ, ω) e^{−itH0} Φ , where D = −i∇ and U^+_N (t, λ, ω) is a F.I.O with amplitude c^+_N (x+t √ λω, ξ, λ, ω) and with phase

(2.55) Ψ^+_N (t, x, ξ, λ, ω) = x.ξ + θ^+_N (x + t √ λω, ξ, λ, ω) , where θ^+_N (x, ξ, λ, ω) = φ^+_N (x, ξ, λ, ω) − x.ξ , So, (2.56) || (Ω^+(λ, ω)−J^±_N (λ, ω))Φ || ≤ ∫_{+∞} 0 || U^+_N (t, λ, ω) e^{−itH0} Φ || dt . In order to estimate the integrand, one introduces a cut-off :

χ ∈ C^∞_0 (IR^n) such that χ(x) = 1 if | x |≤ 1 2 , χ(x) = 0 if | x |≥ 1, ζ = 1 − χ , g ∈ C^∞_0 (IR^n) s.t g ≡ 1 on Supp ^Φ . One has : || U^+_N (t, λ, ω) e^{−itH0} Φ || ≤ || U^+_N (t, λ, ω) e^{−itH0} g(D)ζ( 8x t √ λ ) Φ ||

+ || U^+_N (t, λ, ω) e^{−itH0} g(D)χ( 8x t √ λ ) Φ || . Denote by g_1(t) + g_2(t) the right hand side of this inequality. • Step 1 :

Using Lemma 8 and continuity of F.I.O, ([14]), we have || U^+_N (t, λ, ω) e^{−itH0} g(D) || ≤ C_N λ^{− N−12} .

Since on Supp ζ, | x |≥^{t√λ}_{16} , and Φ ∈ S(IR^n) , ∀L > 0 , || ζ( 8x t √ λ ) Φ || ≤ C_L < √ λt >^{−L} , then g_1(t) ≤ C_{NL} λ^{− N−1}2 < √ λt >^{−L}. • Step 2 : We have g_2(t) ≤ || χ( 2x t √ λ )U^+_N (t, λ, ω) e^{−itH0} g(D)χ( 8x t √ λ ) Φ ||

+ || ζ( 2x t √ λ )U^+_N (t, λ, ω) e^{−itH0} g(D)χ( 8x t √ λ ) Φ || , denoted h_1(t) + h_2(t). • Step 2a :

On Supp χ(^{2x}_t^√_λ ) , | x |≤^{t√λ}_2 . So, it is easy to verify for t ≥ 0 ,

(i) (x + t √ λω, ξ + √ λω) ∈ Γ^+(R, θ, σ) ,

(ii) | x + t √ λω | ≥ t √ λ 2 , so by Lemma 8 and continuity of F.I.O, one has || χ( 2x t √ λ )U^+_N (t, λ, ω) g(D) || ≤ C_N λ^{− N−12} < t √ λ >^{−μ} , and likewise for h_1(t).

• Step 2b :

This term describes the free propagation into the classical forbidden region, ([3]), and one can evaluate this contribution by using a standard non-stationary phase estimate :

(2.57) ζ( 2x t √ λ )U^+_N (t, λ, ω) e^{−itH0} g(D)χ( 8x t √ λ ) Φ(x) =

(2π)^{−n} ∫ ∫ e^{i[Ψ+n (t,x,ξ,λ,ω)−yξ− t2 ξ2]} χ( 8y t √ λ ) ζ( 2x t √ λ ) c^+_N (x + t √ ω, ξ, λ, ω) g(ξ)Φ(y) dy dξ In order to investigate possible critical points, we calculate :

∂_ξ [Ψ^+_n (t, x, ξ, λ, ω) − yξ − t 2 ξ^2] = x − y − tξ+

∂_ξ ∑ 1≤|α|≤N −1 λ^{− |α|2} ξ^α ∂^α_ξ c^+_A(x + t √ λω, ω) + r^+_N (x + t √ λω, ξ, λ, ω) Using the properties : (i) ∀ | α |≥ 1, | ∂^α_ξ c^+_A(x, ξ) | ≤ C_α < x > , ∀(x, ξ) ∈ IR^{2n} ,

(ii) | x |≥ t √ λ 4 , | ξ |≤ C , we easily show : | ∂_ξ [Ψ^+_n (t, x, ξ, λ, ω)−yξ − t 2 ξ^2] |= x−y −tξ +O(λ^{− 12} | x |)+O(| x |^{1−ρ} λ^{− N2} ). Since | y |≤^{t√λ}_8 , ∃c > 0 such that | ∂_ξ [Ψ^+_n (t, x, ξ, λ, ω) − yξ − t 2 ξ^2] | ≥ c √ λ t , so, we conclude by a standard argument of non-stationary phase that ∀L > 0, h_2(t) ≤ C_L λ^{−L} < t >^{−L} . Integrating over (0, +∞) and using (2.56), we obtain the lemma. 2

2.3.3 High energy asymptotics of the scattering operator.

By Proposition 10 and (2.25), one has :

(2.58) F (λ) = < J^+_N (λ, ω)Φ, J^−_N (λ, ω)Ψ > − < Φ, Ψ > +O(λ^{− N2} ) . First, we give the asymptotic expansion of J^±_N (λ, ω)Φ at high energies.

Lemma 11 For λ → +∞ , ∃ a^±_{m,ω} ∈ S(m, m) , J^±_N (λ, ω)Φ = e^{ic±A(x,ω)} N −1∑ m=0 λ^{− m2} Op (a^±_{m,ω})Φ + O(λ^{− N2} ) . In particular, a^±_{0,ω} ≡ 1 , a^±_{1,ω}(x, ξ) = iξ.∂_ξc^±_A(x, ω) + d^±_1 (x, ω).

Proof We only consider the case (+). One has : (2.59) J^+_N (λ, ω)Φ(x) = (2π)^{−n} N −1∑ m=0 λ^{− m2} ∫ e^{iφ+N (x,ξ,λ,ω)} d^+_m(x, ξ, ω) ^Φ(ξ) dξ ,

= e^{ic+A(x,ω)} (2π)^{−n} N −1∑ m=0 λ^{− m2} ∫ exp i [x.ξ + ∑ 1≤|α|≤N −1 1 α! λ^{− |α|2} ξ^α∂^α_ξ c^+_A(x, ω) +r^+_N (x, ξ, λ, ω)] ) d^+_m(x, ξ, ω) ^Φ(ξ) dξ . So, using Taylor expansion of e^t near t = 0, we obtain the lemma. 2

Applications :

By (2.59) and Lemma 11, one has : F (λ) = < e^{ic+A(x,ω)} N −1∑ m=0 λ^{− m2} Op (a^+_{m,ω}) Φ, e^{ic−A(x,ω)} N −1∑ p=0 λ^{− p2} Op (a^−_{p,ω}) Ψ > − < Φ, Ψ > +O(λ^{− N2} ) . So, F (λ) = < Φ, (e^{icA(x,ω)} − 1)Ψ > + N −1∑ j=1 λ^{− j2} < Φ, ∑ m+p=j [Op^∗(a^+_{m,ω}) e^{icA(x,ω)} Op (a^−_{p,ω})] Ψ > +O(λ^{− N2} ) . Using symbolic calculus, we obtain for j ≥ 1, ∑ m+p=j [Op^∗ (a^+_{m,ω}) e^{icA(x,ω)} Op (a^−_{p,ω})] = Op (a_{j,ω}) . In particular, we have : a_{1,ω}(x, ξ) = −i e^{icA(x,ω)} (∫_{+∞} −∞ V (x + tω) dt + a_{B,ω}(x, ξ) )

where (2.60) a_{B,ω}(x, ξ) = ∫_{+∞} 0 f^+(x + tω, ω) dt + ∫_0 −∞ f^−(x + tω, ω) dt −i n∑ k=1 ∂^2_{xkξk} c^+_A(x, ω) + ∂_ξc^+_A(x, ω).∂_xc_A(x, ω) − ∂_ξc_A(x, ω).ξ Thus, Theorem 3 is proven. 2

3 The long-range case.

In this section, we generalize to the long-range case the results obtained in the preceding section for short-range interactions.

We consider generic long-range potentials A and V , (i.e δ > 0, ρ > 0), satisfying (H_3). Obviously, under such hypotheses, in general, the usual wave operators do not exist. So, we have to define modified wave operators. For A ≡ 0 and δ >^1_2 , we can use the well-known Dollard wave operators. In ([5]), using such a modification, Enss and Weder give the leading term of the high energy asymptotics of the modified Dollard scattering operator, and prove that this term determines uniquely the potential V .

Since we consider general long-range interactions, we have to define other modified wave operators. We choose time-independent modifiers, close to Isozaki- Kitada’s method ([8]). Briefly, the basic idea is to construct an appropriate approximate of the phase φ(x, ξ) which is solution of the eikonal equation :

(3.1) 1 2 | ∂_xφ(x, ξ) − A(x) |^2 +V (x) = 1 2 ξ^2 .

In fact, we can solve explicitly (3.1) using Hamilton-Jacobi theory, but this phase is rather complicated and difficult to control.

Our plan in this section is as follows : first, we construct modified wave operators, then we give the main results, and finally we prove the theorems.

3.1 Construction of modified wave operators.

In this section, we define modified wave operators, with time-independent modifiers. We construct two Fourier integral operators, (F.I.O), J^±_p , p ∈ IN, with phase φ^±_p (x, ξ) and amplitude 1, such that (3.2) W^±_p = s − lim_{t→±∞} e^{itH}J^±_p e^{−itH0} , exist and are complete. This approach is based on Isozaki-Kitada’s idea, ([8]), for Schrödinger operators with long-range electric potential, (see also [11], [12] for Schrödinger operators with long-range magnetic potentials). When A, V are short range, (in the sense of Theorem 1), we shall see that W^±_p coincides with W^± up to an energy phase.

3.1.1 Definition of the modifier.

To define the F.I.O J^±_p , we construct two phases φ^±_p (x, ξ) such that

(3.3) 1 2 | ∂_xφ^±_p (x, ξ) − A(x) |^2 +V (x) ≈ 1 2 ξ^2 modulo a short-range perturbation on Γ^− (incoming zone) and Γ^+ (outgoing zone). To solve (3.3), we use an induction. First, we define on Γ^± : (3.4) φ^±_0 (x, ξ) = x.ξ + c^±_A(x, ξ) , where c^±_A(x, ξ) is given by (2.3). Using (2.3) − (2.7), we obtain (3.5) 1 2 | ∂_xφ^±_0 (x, ξ) − A(x) |^2 +V (x) = 1 2 ξ^2 + q^±_0 (x, ξ) , where

(3.6) q^±_0 (x, ξ) = 1 2 R^2_±(x, ξ) + V (x) Thus, on Γ^±, ξ → q^±_0 (x, ξ) is 0-homogeneous and satisfies for μ_1 = min (2ρ, δ), (3.7) ∀α, β ∈ IN^n , | ∂^α_x ∂^β_ξ q^±_0 (x, ξ) | ≤ C_{α,β} < x >^{−μ1−|α|}< ξ >^{−|β|} .

Now, we can begin the inductive process. For p ≥ 1, let

(3.8) φ^±_p (x, ξ) = φ^±_{p−1}(x, ξ) + ∫_{±∞} 0 [q^±_{p−1}(x + tξ, ξ) − q^±_{p−1}(tξ, ξ)] dt , so (3.9) 1 2 | ∂_xφ^±_p (x, ξ) − A(x) |^2 +V (x) = 1 2 ξ^2 + q^±_p (x, ξ) , with

(3.10) q^±_p (x, ξ) = up∑ j=p q^±_{p,j}(x, ξ) where (u_p) is defined by u_0 = 0 and u_p = 2(u_{p−1} + 1).

It is easy to see that ξ → q^±_{p,j}(x, ξ) is −j-homogeneous and for (x, ξ) ∈ Γ^±, one has the estimation for μ_2 = min (ρ, δ), and for all α, β ∈ IN^n , (3.11) | ∂^α_x ∂^β_ξ q^±_p (x, ξ) | ≤ C_{α,β} < x >^{−(μ1+pμ2)−|α|}< ξ >^{−p−|β|} . So, for p ∈ IN such that μ_1 + pμ_2 > 1, the assertion (3.3) holds. In particular, if δ > 1, ρ >^1_2 , (hypotheses of Theorem 1), we can take p = 0. Remark We can define in the same way φ^−_p (x, ξ), replacing (+) by (−) and integrating over (−∞, 0) in the above definitions.

Definition (i) For p ∈ IN such that μ_1 + pμ_2 > 1, let

(3.12) Φ^±_p (x, ξ) = x.ξ + ( φ^±_p (x, ξ) − x.ξ ) Ψ_±(cos(x, ξ)) χ( x R ) χ( ξ θ ) . where Ψ_±, χ are cut-off functions defined in section 2. (ii) Let J^±_p = F.I.O with phase Φ^±_p (x, ξ) and with amplitude 1.

3.1.2 The modified wave operators.

In order to state the next theorem, we recall the notation : a = θ^2/2, E_{H0} ([a, ∞[), (resp. E_H([a, ∞[)), is the spectral projection for H_0, (resp. H), on [a, ∞[ and H_{ac}(H) is the absolutely continuous subspace for H.

Theorem 12 : the long-range case.

Assume that A, V satisfy (H_1) − (H_3). Let μ_1 = min (2ρ, δ) , μ_2 = min (ρ, δ). Then,

∀p ∈ IN such that μ_1 + pμ_2 > 1 , the modified wave operators :

(3.13) W^±_p = s − lim_{t→±∞} e^{itH} J^±_p e^{−itH0} E_{H0} ([a, ∞[) ,

exist and are complete, i.e Ran W^±_p = E_H [a, ∞[ H_{ac}(H).

Proof We only sketch the proof and we consider the case (+), (for more details, see [8], [12]).

Existence of the modified wave operators is easy to obtain using the well-known Cook’s argument; one has to show that for Ψ in some dense subset in L^2(IR^n),

(HJ^+_p − J^+_p H_0) e^{−itH0} Ψ ∈ L^1([1, +∞[, dt) .

By construction, (HJ^+_p − J^+_p H_0) is a F.I.O with phase Φ^+_p (x, ξ) and with amplitude given on Γ^+ by : q^+_p (x, ξ) − i 2 [Δ_xΦ^+_p (x, ξ) − div A(x)] ,

which is a short range perturbation by (3.9) − (3.11).

Using Isozaki-Kitada’s argument, ([8]), we show completeness in the same way. 2

In order to see that these modified wave operators are a suitable generalization of the ordinary ones, in the next corollary, we compare W^±_p with W^± in the short range case, and when A ≡ 0, δ >^1_2 , we compare W^±_p with the well-known Dollard modified wave operators defined by : (3.14) W^±_D = s − lim_{t→±∞} e^{itH} e^{−i(tH0+} ∫_t 0 V (sD) ds) where H is written for H_0 + V (x) and D = −i∇. It is well known that W^±_D exist and are complete, ([2]). Finally, we give the relation between W^±_{p1} and W^±_{p2} for p_1 ≠ p_2.

Corollary 13 (i) When δ > 1, ρ >^1_2 , one has :

∀Ψ ∈ Ran E_{H0} [a, ∞[ , W^±_0 Ψ = W^±Ψ (ii) When A ≡ 0 and δ >^1_2 , one has : ∀Ψ ∈ Ran E_{H0} [a, ∞[ , W^±_1 Ψ = W^±_D Ψ (iii) For p_2 > p_1 such that μ_1 + p_1μ_2 > 1, ∃ g^±_{p2,p1} ∈ C^∞(IR^n\B(0, θ)) , W^±_{p2} = W^±_{p1} e^{−ig±p2,p1 (D)} In particular, if δ > 1 and ρ >^1_2 , ∀ | ξ |≥ θ,

g^±_{1,0}(ξ) = ∫_{±∞} 0 ( V (tξ) + 1 2 R^2_±(tξ, ξ) ) dt

Proof (i) Under these hypotheses, one can take p = 0. So the result comes from Lemma 6.

(ii) To compare the Dollard modified wave operators with W^±_1 , it suffices to establish : ∀Ψ ∈ L^2(IR^n) such that ^Ψ ∈ C^∞_0 ([a, ∞[),

(3.15) W^{±∗}_D W^±_1 Ψ = Ψ or equivalently,

(3.16) e^i ∫_t 0 V (sD) ds eitH_0 J ± 1 e^{−itH0} Ψ = Ψ + o(1) , t → ±∞ ,

We only sketch the proof ; for more details, see ([9]). As usual, we consider the case (+).

It is easy to see that e^{itH0} J^±_1 e^{−itH0} is a F.I.O with amplitude 1 and with phase φ^+(t, x, ξ) given on Γ^+ by : φ^+(t, x, ξ) = x.ξ + ∫_{+∞} 0 (V (x + tξ + sξ) − V (sξ)) ds = x.ξ + ∫_{+∞} t [V (x + sξ) − V (sξ)] ds − ∫ t 0 V (sξ) ds = x.ξ − ∫ t 0 V (sξ) ds + o(1) , t → +∞ So, using the same arguments as in ([9]), one obtains (3.16).

(iii) This assertion is obvious, since on Γ^+, ∃ g^+_{p1,p2} ∈ C^∞(IR^n\B(0, θ)) such that :

φ^+_{p2} (x, ξ)−φ^+_{p1} (x, ξ) = g^+_{p1,p2} (ξ)+O ( < x >^{1−(μ1+p1μ2)} ) . 2

3.2 Results.

Let us define

(3.17) V_{LR}(δ) = {V satisfying (H_1) with δ > 0 }

(3.18) A_{LR}(ρ) = {A satisfying (H_2) with ρ > 0, and (H_3) }

Using Theorem 12, we can define the modified scattering operator S_p = S_p(A, V ) = W^{+∗}_p W^−_p . The main result of this section is :

Theorem 14 Let δ, ρ > 0, p ∈ IN such that μ_1 + pμ_2 > 1 with the notations of Theorem 12. Then, the map S_p(., .) : A_{LR}(ρ) × V_{LR}(δ) → L(L^2(IR^n)) is injective.

This theorem contains the short-range case, (p = 0) which is proven in section 2. For the general long-range case, (p ≥ 1), to show Theorem 14, as in the short-range case, we determine the asymptotic expansion at high energies of the modified scattering operator S_p, and we will see that the first two terms of this asymptotic expansion determine the potentials A, V .

Now, we can give the high energy asymptotics of the scattering operator, with the same notation as in the short-range case.

Theorem 15 Let A ∈ A_{LR}(ρ), V ∈ V_{LR}(δ), for p ≥ 1 such that μ_1 + pμ_2 > 1. We have the asymptotic expansion for λ → +∞ :

(3.19) < e^i √ λx.ωΦ , (S p(A, V )−1) e^i √ λx.ωΨ > ∼ +∞∑ j=0 λ^{− j2} < Φ, Op (a_{j,ω,p}) Ψ > where a_{j,ω,p} ∈ S(j, j). In particular, a_{0,ω,p}, a_{1,ω,p} do not depend on p and are given by : (3.20) a_{0,ω,p}(x) = e^{icA(x,ω)} − 1 , (3.21) a_{1,ω,p}(x, ξ) = −i e^{icA(x,ω)} (∫_{+∞} −∞ [V (x + tω) − V (tω)] dt +b_{B,ω}(x, ξ) ) where (3.22) b_{B,ω}(x, ξ) = −i n∑ k=1 ∂^2_{xkξk} c^+_A(x, ω) + ∂_ξc^+_A(x, ω).∂_xc_A(x, ω)

+ i 2 (∫_{+∞} 0 div R_+(x + tω, ω) dt − ∫_0 −∞ div R_−(x + tω, ω) dt )

+ 1 2 ∫_{+∞} 0 [R^2_+(x + tω, ω) − R^2_+(tω, ω)] dt − ∂_ξc_A(x, ω).ξ + 1 2 ∫_0 −∞ [R^2_−(x + tω, ω) − R^2_−(tω, ω)] dt )

Remarks (i) For A ≡ 0, δ >^1_2 , (Dollard potentials), using Corollary 13 (ii), we recover the results obtained by Enss-Weder ([5]).

(ii) In fact, Theorem 15 gives also the asymptotic expansion for the short-range case, (p = 0), because using Corollary 12 (iii), one has far from the 0-energy : S(A, V ) = e^i ∫_{+∞} 0 V (tD)+^1_2 R^2_+(tD,D) dtS 1(A, V ) e^i ∫_0 −∞ V (tD)+^1_2 R^2_−(tD,D) dt Since these phases are −1-homogeneous, one recovers the results obtained in section 2.

3.3 Proof of theorems.

3.3.1 Proof of Theorem 14.

Let V_1, V_2 ∈ V_{LR}(δ) and A_1, A_2 ∈ A_{LR}(ρ) such that S_p(A_1, V_1) = S_p(A_2, V_2) for a suitable fixed p. By Theorem 14, since the leading term in the asymptotic expansion is the same as in the short-range case, we have A_1 = A_2 by Lemma 4. Using Theorem 14 again and the same strategy as in Lemma 5, we obtain V_1 = V_2. 2

3.3.2 Proof of Theorem 15.

Since the phase of the F.I.O J^±_p is the sum of homogeneous functions, (see (3.8) − (3.10)), everything done in section 2 works for the sequence of modified operators. We leave the details to the reader. 2

ACKNOWLEDGMENTS

The author would like to thank Xue Ping Wang for his encouragement and for stimulating discussions on inverse scattering problems, James Ralston for his remarks, and the anonymous referee for valuable suggestions concerning this paper.

References

[1] S. Arians : Geometric approach to inverse scattering for the Schrödinger equation with magnetic and electric potentials, Preprint, available by anonymous ftp from work1.iram.rwthaachen.de, (134.130.161.65), in the directory /pub/papers/arians as a latex 2.09 tex, dvi or ps file ar-96-1.* , (1996).

[2] J.D. Dollard : Quantum mechanical scattering theory for short range and Coulomb interactions, Rocky Mountain J.1, p. 5-88, (1971).

[3] V. Enss : Propagation properties of quantum scattering states, Journal of functional analysis, p. 219-251, (1983).

[4] V. Enss : Quantum scattering with long-range magnetic fields, Birkhaüser Series Operator Theory, advances and applications, (1993).

[5] V. Enss - R. Weder : The geometrical approach to multidimensional inverse scattering, J. Math. Phys. 36 (8), p. 3902-3921, (1995).

[6] G. Eskin - J. Ralston : Inverse scattering problem for the Schrödinger equation with Magnetic potential at a fixed energy, Commun. Math. Phys. 173, p. 199-224 (1995).

[7] G. Eskin - J. Ralston : Inverse scattering problems for Schrödinger operators with magnetic and electric potentials, to appear in the IMA Volumes in Mathematics series.

[8] H. Isozaki - H.Kitada : Modified wave operators with timeindependent modifiers, Papers of the College of Arts and Sciences, Tokyo Univ., Vol. 32, p. 81-107, (1985).

[9] H. Kitada : A relation between the modified wave operators W^±_J and W^±_D , Papers of the College of Arts and Sciences, Tokyo Univ. , Vol 36, p. 91-105, (1987) .

[10] M. Loss - B.Thaller : Scattering of particles by long-range magnetic fields, Annals of physics 176, p. 159-180, (1987).

[11] F. Nicoleau : Matrices de diffusion pour l’opérateur de Schrödinger en présence d’un champ magnétique. Phénomène de Aharonov- Bohm, Annales Inst. Henri Poincaré, Vol. 61 ną 3, p. 329-346, (1994).

[12] F. Nicoleau - D. Robert : Théorie de la diffusion quantique pour des perturbations à longue et courte portée du champ magnétique, Annales de la faculté de Toulouse, Vol. XII n^∘2, p. 185-194, (1991).

[13] P. A. Perry : Scattering theory by the Enss method, Mathematical Reports Series, Vol. 1 part. 1, Harwood Acad. Publishers, (1983).

[14] D. Robert : Autour de l’approximation semiclassique, Progress in Mathematics, Vol. 68, Birkhaüser, Basel, (1987).

[15] T. Shiota : An inverse problem for the wave equation with first order perturbation, Amer. journal of Maths., Vol. 107, n^∘1, p. 241- 251, (1985).

[16] X. P. Wang : On the Uniqueness of inverse scattering for N-body systems, Inverse Problems 10, p. 765-784, (1994).

[17] R. Weder : Multidimensional inverse scattering in an electric field, Journal of Functional Analysis, Vol. 139, n^∘ 2, p. 441-465, (1996).