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Abstract

We consider the time-dependent Hamiltonian H(t) = ip* — E(t) -z + V(t,z) on
L%(IR™), where the external electric field E(t) and the short-range electric potential
V(t,z) are time-periodic with the same period. It is well-known that the short-range
notion depends on the mean value Ej of the external electric field. When Ey = 0,
we show that the high energy limit of the scattering operators determines uniquely
V(t,z). When Ey # 0, the same result holds in dimension n > 3 for generic short-
range potentials. In dimension n = 2, one has to assume a stronger decay on the
electric potential.

1 Introduction.

In this note, we study an inverse scattering problem for a two-body short-range system in
the presence of an external time-periodic electric field F(t) and a time-periodic short-range
potential V' (¢,z) (with the same period T'). For the sake of simplicity, we assume that the
period T' = 1.

The corresponding Hamiltonian is given on L*(IR™) by :

(1.1) H(t) = ;pQ _E(t) x4+ V(t,a),



where p = —i0d,. When FE(t) = 0, the Hamiltonian H(t) describes the dynamics of the
hydrogen atom placed in a linearly polarized monochromatic electric field, or a light particle
in the restricted three-body problem in which two other heavy particles are set on prescribed
periodic orbits. When E(t) = cos(2nt) E with E € IR™, the Hamiltonian describes the well-
known AC-Stark effect in the E-direction [7].

In this paper, we assume that the external electric field E(t) satisfies :
(Ay) t— B(t) € L, (IR;IR") , E(t+1)=E({)ae.

Moreover, we assume that the potential V' € C*(IR x IR"), is time-periodic with period 1,
and satisfies the following estimations :

(Ay) Vo € IN", Vk € IN, | 0F0°V (t,z) | < Cra <z >l with § > 0,

where < x >= (1+ xQ)%. Actually, we can accommodate more singular potentials (see [10],
[11], [12] for example) and we need (As) for only k, a with finite order . It is well-known

that under assumptions (A1) — (As), H(t) is essentially self-adjoint on S(IR"™) the Schwartz
space, [16]. We denote H(t) the self-adjoint realization with domain D(H (t)).

Now, let us recall some well-known results in scattering theory for time-periodic electric
fields. We denote Hy(t) the free Hamiltonian :

(1.2 Hlt) = 39— B(#) -7

and let Uy(t, s), (resp. U(t,s)) be the unitary propagator associated with Hy(t), (resp. H(t))
(see section 2 for details).

For short-range potentials, the wave operators are defined for s € IR and ® € L?(IR") by :
(1.3) W=(s) ® = Jim  U(s, t) Ug(t, s) @.

We emphasize that the short-range condition depends on the value of the mean of the external
electric field :

(1.4) By = /01 E(t) dt .

e The case Fj, = 0.

By virtue of the Avron-Herbst formula (see section 2), this case falls under the category of

two-body systems with time-periodic potentials and this case was studied by Kitada and
Yajima ([10], [11]), Yokoyama [22].

We recall that for a unitary or self-adjoint operator U, H.(U), Ha(U), Hs.(U) and H,(U)
are, respectively, continuous, absolutely continuous, singular continuous and point spectral
subspace of U.

We have the following result ([10], [11], [21]) :

2



Theorem 1
Assume that hypotheses (A1), (Az2) are satisfied with 6 > 1 and with Ey = 0.
Then : (i) the wave operators W=(s) exist for all s € IR.
(ii) WE(s +1) = WE(s) and U(s + 1,8) WE(s) = WE(s) Up(s + 1, ).
(i) Ran (W*(s)) = Hae (U(s+ 1,8)) and Hye (U(s + 1,5)) = 0.
() the purely point spectrum o,(U(s + 1,s)) is discrete outside {1}.

Comments.

1 - The unitary operators U(s+ 1, s) are called the Floquet operators and they are mutually
equivalent. The Floquet operators play a central role in the analysis of time periodic systems.
The eigenvalues of these operators are called Floquet multipliers. In [5], Galtbayar, Jensen
and Yajima improve assertion (iv) : for n = 3 and 6 > 2, H, (U(s + 1, s)) is finite dimen-
sional.

2 - For general § > 0, W*(s) do not exist and we have to define other wave operators. In
([10], [11]), Kitada and Yajima have constructed modified wave operators Wi, by solving
an Hamilton-Jacobi equation.

e The case E; # 0.

This case was studied by Moller [12] : using the Avron-Herbst formula, it suffices to examine
Hamiltonians with a constant external electric field, (Stark Hamiltonians) : the spectral and
the scattering theory for Stark Hamiltonians are well established [2]. In particular, a Stark
Hamiltonian with a potential V' satisfying (As) has no eigenvalues [2]. The following theorem,
due to Moller [12], is a time-periodic version of these results.

Theorem 2
Assume that hypotheses (A1), (As) are satisfied with § > 5 and with Ey # 0.
Then : (i) the Floquet operators U(s + 1,s) have purely absolutely continuous spectrum.

(ii) the wave operators W*(s) exist for all s € IR and are unitary.
(i) WE(s + 1) = W(s) and U(s + 1,5) WE(s) = WE(s) Up(s + 1, 5).

The inverse scattering problem.

For s € IR, we define the scattering operators S(s) = W**(s) W~ (s). It is clear that the
scattering operators S(s) are periodic with period 1.

The inverse scattering problem consists to reconstruct the perturbation V'(s,z) from the
scattering operators S(s), s € [0, 1].

In this paper, we prove the following result :



Theorem 3
Assume that E(t) satisfies (A1) and let V;, j = 1,2 be potentials satisfying (As). We assume
that 6 > 1 (if BEg =0), 6 > 1 (if By #0 andn >3), 6 > 2 (if By # 0 and n = 2). Let
S;i(s) be the corresponding scattering operators.
Then :

Vs € [0,1], Si(s) = 5(s) = Vi= V,.

We prove Theorem 3 by studying the high energy limit of [S(s), p|, (Enss-Weder’s approach
[4]). We need n > 3 in the case Ey # 0 in order to use the inversion of the Radon transform
[6] on the orthogonal hyperplane to Ey. See also [15] for a similar problem with a Stark
Hamiltonian.

We can also remark that if we know the free propagator Uy(t,s) , s,t € IR, then by virtue
of the following relation :

(1.5) S(t) = Us(t, s) S(s) Un(s, 1) ,

the potential V (¢, x) is uniquely reconstructed from the scattering operator S(s) at only one
initial time.

In [21], Yajima proves uniqueness for the case of time-periodic potential with the condition
6 > % + 1 and with E(t) = 0 by studying the scattering matrices in a high energy regime.

In [20], for a time-periodic potential that decays exponentially at infinity, Weder proves
uniqueness at a fixed quasi-energy.

Note also that inverse scattering for long-range time-dependent potentials without external
electric fields was studied by Weder [18] with the Enss-Weder time-dependent method, and
by Ito for time-dependent electromagnetic potentials for Dirac equations [8].

2 Proof of Theorem 3.

2.1 The Avron-Herbst formula.

First, let us recall some basic definitions for time-dependent Hamiltonians. Let {H (t)}ier
be a family of selfadjoint operators on L?*(IR") such that S(IR") C D(H(t)) for all t € IR.

Definition.

We call propagator a family of unitary operators on L?(IR"), U(t,s), t,s € IR such that :

1 - U(t,s) is a strongly continuous fonction of (¢, s) € IR?.

2-U(t,s) U(s,r) = Ul(t,r) for all t,s,7 € IR.

3-U(t,s)(S(IR")) C S(IR") for all t, s € IR.

4-1f & € S(IR™), U(t,s)® is continuously differentiable in ¢ and s and satisfies :

-0 .0
ZaU(t,s)(I): H(t)U(t,s) @, za—U(t,s)CI): —Ul(t,s) H(s) @ .

S



To prove the existence and the uniqueness of the propagator for our Hamiltonians H (t), we
use a generalization of the Avron-Herbst formula close to the one given in [3].

In [12], the author gives, for Ey # 0, a different formula which has the advantage to be
time-periodic. To study our inverse scattering problem, we use here a different one, which
is defined for all Fy. We emphasize that with our choice, ¢(t) (see below for the definition
of ¢(t)) is also periodic with period 1; in particular ¢(t) = O(1).

The basic idea is to generalize the well-known Avron-Herbst formula for a Stark Hamiltonian
with a constant electric field Ey, [2]; if we consider the Hamiltonian By on L?*(IR™),

1

(2.1) By= gp*—Eo-w,
we have the following formula :
(2.2) o—itBo _ e—i%gﬁ pitBo it Byp ity

In the next definition, we give a similar formula for time-dependent electric fields.

Definition.

We consider the family of unitary operators T'(t), for ¢t € IR :

T(t) _ 6—ia(t) e—ib(t)-x e—ic(t)p

)

(2.3) b(t) = —/Ot (E(s) — Ey) ds—/o1 /Ot (E(s) — Ey) ds dt

Lemma 4
The family {Ho(t)}ser has an unique propagator Uy(t, s) defined by :

(2.6) Uo(t,s) = T(t) e=it=5)B0 T*(s) |

Proof.

We can always assume s = 0 and we make the following ansatz :

(27) UQ(t,O) — e—ia(t) 6—7jb(t)~a: e—ic(t)-p e—itBo )

>



Since on the Schwartz space, Uy(t,0) must satisfy :

(2.8) § 0 U(1,0) = Ho(t) Un(t,0)

the functions a(t), b(t),c(t) solve :

(2.9) b(t) = —E(t) + Fo, &(t) = —b(t), a(t) = ; BA(t) — By - clt).

We refer to [3] for details and [12] for a different formula. O

In the same way, in order to define the propagator corresponding to the family {H(t)}, we
consider a Stark Hamiltonian with a time-periodic potential Vi (¢, z), (we recall that c(t) a
is C''-periodic function) :

(2.10) B(t) = B+ Vi(t,z) where Vi(t,z) = e“OP V(t,x) e “OP = V(t, 2+ c(t)).

Then, B(t) has an unique propagator R(t, s), (see [16] for the case Ey = 0 and [12] for the
case Ey # 0). It is easy to see that the propagator U(t, s) for the family {H ()} is defined
by :

(2.11) U(t,s) = T(t) R(t,s) T*(s).

Comments.

Since the Hamiltonians Hy(t) and H(t) are time-periodic with period 1, one has for all
t,se IR :

(2.12) Up(t+1,s+1)=Us(t,s) , Ult+1,s+1)=U(t,s).

Thus, the wave operators satisfy W= (s + 1) = W*(s).

2.2 The high energy limit of the scattering operators.

In this section, we study the high energy limit of the scattering operators by using the
well-known Enss-Weder’s time-dependent method [4]. This method can be used to study
Hamiltonians with electric and magnetic potentials on L?(IR"™) [1], the Dirac equation [9],
the N-body case [4], the Stark effect ([15], [17]), the Aharonov-Bohm effect [18].

In [13], [14] a stationary approach, based on the same ideas, is proposed to solve scattering
inverse problems for Schrodinger operators with magnetic fields or with the Aharonov-Bohm
effect.



Before giving the main result of this section, we need some notation.

e & U are the Fourier transforms of functions in C§°(IR").
o we S I NIg, is fixed, where Ilg, is the orthogonal hyperplane to Ej.
¢ By, = VWD W, = eVAey,

We have the following high energy asymptotics where < , > is the usual scalar product in
L*(IR™) :

Proposition 5
Under the assumptions of Theorem 3, we have for all s € [0, 1],

1 +oo
< [S(S)vp] (I)A,w ) g’)\,w >= "2 < (/

—00

0.V (s, x + tw) dt> o, U>+o ()\_%) :

Comments.

Actually, for the case n = 2, Ey # 0 and § > %, Proposition 5 is also valid for w € S"~!
satisfying | w - Ey |<| Ep |, (see ([18], [15]).

Then, Theorem 3 follows from Proposition 5 and the inversion of Radon transform ([6] and
[15], Section 2.3).
Proof of Proposition 5.

For example, let us prove Proposition 5 for the case Ey # 0 and n > 3, the other cases are
similar. More precisely, see [18] for the case FEy = 0, and for the case n = 2, Ey # 0, see
([17], Theorem 2.4) and ([15], Theorem 4).

Step 1.

Since ¢(t) is periodic, ¢(t) = O(1). Then, Vi(¢,x) is a short-range perturbation of By, and
we can define the usual wave operators for the pair of Hamiltonians (B(t), By) :

(2.13) QF(s) = s — 1tligtn R(s,t) e~ =B

Consider also the scattering operators S;(s) = Q1*(s) Q7 (s). By virtue of (2.6) and (2.11),
it is clear that :

(2.14) S(s) =T(s) Si(s) T*(s) .

Using the fact that e()® p ()2 = 4 1 b(s), we have :

(2.15) [S(s),p] = [S(s), p+b(s)] = T(s) [S1(s), p] T"(s) -
Thus,
(2.16) < [S(8),p] Prw , Unw >= < [S1(5),p] T7(s) Pap , T7(s) Yry > .



On the other hand,
(2.17) T(s) Dy = VA0 il prviaw) i) w pials) g

So, we obtain :

(218) < [S(S),p] (D/\,w ) qj}\,w > =< [Sl(s)ap] f)\,an Dw >
where
(2.19) f= eic(8)P ()T & and g= icls)p pib(s)w

Clearly, f, g are the Fourier transforms of functions in C§°(IR").

e Step 2 : Modified wave operators.
Now, we follow a strategy close to [15] for time-dependent potentials. First, let us define a

free-modified dynamic Up(t, s) by :

(220) Z][)(t7 S) — e_i(t—S)B() efifotis Vl(u+8,up’+%u2Eo) du ’

where p’ is the projection of p on the orthogonal hyperplane to Ej.

We define the modified wave operators :

(2.21) Q5(s) =5 — Jim R(s,t) Up(t,s) .

It is clear that :

(2.22) OF(s) = QF(s) e 0 ()

where
+oo 1

(2.23) g (s,p) = / Vi(u+ s,up’ + §u2E0) du .
0

Thus, if we set Sp(s) = Q5" (s)2(s), one has :
(2.24) Si(s) = 19" 5P) Gp(s) ei9 (o7

e Step 3 : High energy estimates.

Denote p = min (1,6). We have the following estimations, (the proof is exactly the same as
in ([15], Lemma 3) for time-independent potentials).

Lemma 6
For A >> 1, we have :

0N (Vitta) = Vil (¢ = ! + 5 = 9°E0)) Unlt,s) e f, |
< C A+ | (E=s)VA]) 2",

(i) |l (R(ts)Q5(s) = Up(t,s)) e ) fy, || = O (A\"%) , uniformly for t, s € IR .



e Step 4.
We denote F'(s, \,w) =< [51(5),p] fow , grw >. Using (2.24), we have :

F(s,A\w) =< [ 6 Sp(s) e 6P pl £ ) grw >

< ] €Iy gy >
< [Sp(s) = Lp = V] €9 6P gy, Mg, >
= < (Sp(s) = 1) €9 P (pf)re , € 0P gy, >
< (Sp(s) —1) e (s’p/)f,\,w 5 6ig+(s’p/)(P9)A,w >
s, A, w) — Fa(s, \w).

)
)

i
=

First, let us study Fi(s, \,w). Writing Sp(s) — 1 = (Q5(s) — Qp(s))* Qp(s) and using

“+oo

2.25) Qb()-05(s) = i [ Ris.t) (Vlt,) = Vilt, (6= )0/ + 5( = 9)°y) ) Uplt,s) de

—0o0

we obtain :

“+oo

(2.26) So(s)=1==i [ Unt,s) (Vlt.2) = Vilt (=)' + ;(t )

—00

R(t,s) Qp(s) dt .

Thus,
+00 Ly,
Filshw) = =i [~ < R(t:s) Qp(s) ¢ (o
1 , /
(Vilts) = Valt, (0 = 90 + 5t = 9 En) ) Un(t,) € gy > i
+o0 L ,
——i [ <Up(t.s) I p)
1 ; /
(vl(t,x) = VAt (t = s)p' + 5t~ s>2E0>) Up(ts) e gy, > dt
+ Ri(s, A\, w) ,
where :

+o0

@21 Ri(sAw) = =i [ < (R(t:s) Q5(s) = Up(t,s)) ¢ P (pf)rs

—00

1 : /
(Vl(t,x) VAL (= s + 5 (- 3)2E0)> Upl(t,s) e gy , > dt .

By Lemma 6, it is clear that Ri(s, A\,w) = O (A™1). Thus, writing ¢t = % + s, we obtain :



i oo T ig~ (s,p)
(2.28)  Fi(s,\w) = 7 /_oo < UD(W +5,8) € P (pf)aw

S A )

T .
Up(—= + s,s) € gy o> dr+ O (ATY).
D(\/X ) g)\, ( )
Denote by fi(7,s, A, w) the integrand of the (R.H.S) of (2.28). By Lemma 6 (i),
(2.29) | fi(r, s, M 0) | <C (14 |7 |)7F7
So, by Lebesgue’s theorem, to obtain the asymptotics of Fi(s, \,w), it suffices to determine
Ahrf fi(r, s, A\ w).

Let us denote :

(230) Ui(t, S,p’) = ei Lioo Vl(u+8,upl+%u2Eo) du.
We have :
(231)  filrsAw) = <e T U (—=50) ()

VN
T T 72 iR T
o o 74\/— 0 +7 /
<VI<\/X+S7$) Vl(\/X+S \/Xp+2/\E)> e U (\/X,s,p)g,\7w>

Using the Avron-Herbst formula (2.2), we deduce that :

2.32 5, A\, Ww — < mR? U i,s, ! w
(2.32) G ) (\/X P) )x

T 7_2 T T 7_2 —i—Z=p? + T ’
Vl(ﬁ—ks,x—kﬁEo)—Vl(ﬁ+8,ﬁp +5E0) e 2T U (ﬁasap)gk,w>

Then, we obtain :

(2.33) Aln s Aw) =< e AT (T s 4 Vi) pf
VA
Vi( ’ + + T2 Ey) — ( —|— ( + VA ) + Eo)
—i=(p+VIw)? yrp, T ,
e A U =5, +\/Xw > .
SV

Since
(234) e_i2\7—f>\(p+\/xw)2 — e—iT\zﬁ‘ e—iTw.p e—iﬁ]ﬂ :



we have

(2.35) filr, s, \w) = < e war U(\;X,S,p’jL\/Xw) of
Vi(—= + s,z + +T—2E)—V(i+ i(’Jr\/X)JrT—QE)
1\/X5,957w2)\0 1\/X$7\/Xp w2)\0
¢ aat U*(i,s,p’jt\/Xw) g> .

VA

Since | Vi(u+ s, u(p/ + Vw) + 2u’Ey)) | < C (u?+1)7% € LY(IRT, du), it is easy to show
(using Lebesgue’s theorem again) that :

BNY £ T o —
(2.38) s ,\ETOO U (\/X,s,p +Vw) =1.
Then,
(2.39) )\lirf filr,s,\w) =<pf, Vi(s,x+71w) —Vi(s,Tw)) g > .

So, we have obtained :

(2.40)  Fi(s,\w) = _ < pf, (/+OO (Vi(s,x 4+ Tw) — Vi(s,Tw)) dT) g> +o(—=).

\/X —00

Si-

In the same way, we obtain

: e
(241)  Fy(s,\w) = _\/ZX < f, </_OO (Vi(s,z + 1w) — Vi(s,Tw)) d7'> pg > —1—0(\/1X),
S0
(2.42) F(s,\,w) = Fi(s,\,w) — F5(s,\,w)
(2.43) Ly </+008V(3x+ 2) dr) > to(—)

: = — : LVi(s, o+ Tw) dr —).

VA ~ A

Using (2.19) and 9,V (s, 7 + 7w) = e~ 9,V} (s, 2 + T7w) )P we obtain :
(2.44) F(s,\w) L o </+008V( + )d>\11>+(1)|:1

. s, W) = — : LV (s, x4+ Tw) dr o(—=) .

VA oo VA
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