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Abstract

We consider a pair of Hamiltonians (H, Hg) on L*(IR"™) where Hq = p? — 2% is
a Schrédinger operator with a repulsive potential, and H = Hg + V(z). We show
that, under suitable assumptions on the decay of the electric potential, V' is uniquely
determined by the high energy limit of the scattering operator.
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1 Introduction.

The aim of this paper is to study an inverse scattering problem for a Hamiltonian with a
repulsive potential and for a class of short-range potentials.

The free Hamiltonian defined on L*(IR™), n > 2, is given by :
HO = p2 - $2 ’ (11)

where p = —iV. It is well-known that H, is essentially self-adjoint on C§°(IR"), (see [1] for
example). We denote also by Hy the self-adjoint realization with domain D(H,).

Moreover, if we denote by A = x - p+ p - = the generator of dilations, we have :
HoU=UA, (1.2)

where U is the unitary operator on L?(IR") defined by :

Ud(z) = (\/iﬂ')_g e_ié V2 e_in(I)(y) dy. (1.3)

R’ﬂ
From (1.3), we deduce that the spectrum of Hy : o(Hy) = 04..(Ho) = IR.

Now, let us recall Mehler’s formula [2] which describes the free time evolution :
Vi#£0, e =M, D, F M, , (1.4)

where M; is the multiplication operator :

M@ (z) = ezt =* §(z) | (1.5)
D; is the dilation operator :
D:®(x) = (isinh(2t))"% & (Smlf(%)) , (1.6)
and F is the usual Fourier transform on L*(IR").
Intuitively, since the classical flow of the system is given by : Va, & € IR", Vi € IR,
@i (z,€) = (cosh(2t)x + sinh(2¢)€, sinh(2t)x + cosh(2t)¢) , (1.7)

a real-valued measurable electric potential V' satisfying :
(Hy) [ V(z) | <C(In<a>)"""" e>0,
where < 2 >= (1 + ;172)%, is of short-range for Hy.

With this hypothesis, H = Hy+ V() is essentially self-adjoint with domain D(H) = D(H,)
and o.s5(H) = IR. Moreover, H has no eigenvalues and o;.(H) = 0, [3].



Under the asumption (Hy), it is shown in [3] that the wave operators :

W* = s— lim " it (1.8)
t—too
exist and are complete, (i.e Ran W* = H@)(H), the later being the subspace of absolute
continuity of H).

We denote S = S(V) = W W~ the scattering operator. The inverse scattering problem
consists of reconstructing the perturbation V from the scattering operator.

In this paper, in order to solve the inverse problem, we need stronger hypotheses on the
electric potential V.

We assume that V € C*(IR") and it satisfies Voo € IN™ :
1
(1) V(@) < Co< > pels ]

Actually, let us remark that in our paper we only need (H3) for a with finite order, (for
example | o |< n).

We prove that the S-operator determines uniquely the potential V. More precisely, it suffices
to know the high energy limit of S, (cf Proposition 2).

Our main result is :

Theorem 1
Let Vi, Vy be potentials satisfying (Hy). Then :

S(Vi) = S(Va) = Vi=V,.

2 Proof of Theorem 1.

In this section, we study the high energy limit of the scattering operator using the Enss-
Weder’s time-dependent method : see [4] where they study the case of two-body Schrodinger
Hamiltonians H = % p* +V on L*(IR™). This method can be used to study Hamiltonians
with electric and magnetic potentials on L?(IR™) [5], the Dirac equation [6], the N-body case

[4], the Stark effect [7], [8], the Aharonov-Bohm effect [9].

In [10], [11], a stationary approach is proposed to solve scattering inverse problems for
Schrodinger operators with magnetic fields or with the Aharonov-Bohm effect. In [12], the
same approach is used to reconstruct the asymptotics of short or long-range potentials from
the scattering operator localized in energy. Unfortunately, for repulsive potentials, this
method is not easily applicable.



2.1 High energy asymptotics of the scattering operator.

In order to formulate the main result of this section, we need additional notation.

o & U c S(IR™) the set of the Schwartz functions.
o we 5™ s fixed.
[} (I)/\M = ei\/me(I)’ \Il/\w = ei\/Xa:w\I;.

We have the following high energy asymptotics when A — 400, where < ., > is the usual
scalar product in L*(IR™) :

Proposition 2
1 +o0
<[S,p] ®rw, Urw>=2"2 < (/

— 00

V(e + tw) dt) O, 0> 4o (A F).

2.1.1 Preliminary results.

First, we have to precise the free evolution at high energies. Denote by 7, the translation
operator of vector a on L*(IR") : 7,f(z) = f(z — a).

Lemma 3
Fort € IR, we have :

—itHy _ ﬂcosh(?t) sinh(2t) _iv/Acosh(2t) z-w _—itHp ‘
€ D)o = Tynn(2ep/iw €2 € € . (2.1)

Proof :

For t = 0, the result is clear. For ¢ # 0, we use Mehler’s formula :
e, = M, Dy F My &5, = M, D, F ¢ M, @
= Mt Dt T\/Xw F Mt = Mt Tsinh(?t)\/Xw Dt F Mt i)

i . . .
_ 12 cosh(2t) sinh(2t) _:v/Acosh(2t) z-w _—1tHp
— Tsinh(?t)\/Xw €2 € € . O

The main tool to prove Proposition 2 is the following technical lemma :

Lemma 4
ForA> 1, N> 1, § >0 and p > %, there exists Cn, > 0 such that fort # 0,

| <z >0 e, , || < Cy, ( < VAsinh(2t) >7% + | sinh(2t) | "¢ [< VAtanh(2t) >~V

n—Ng

+ N (VA | tanh(20) )7+ 1Y) ).

1,1 _1
where = + = = =.
p+q 2



Proof :
Let 8 € C§°(IR™) such that f(z) =1 if | 2 |[< 1 and §(x) =0 if | z |> 2. For t # 0, using

Lemma 3 and Mehler’s formula, we have :

| <z >0 e, || = || <sinh(2t) (z + V) > FM, ||

o
+||1—e(

+(2).

< sinh(2t) (z 4+ V) >~ FM,® ||

) < sinh(2t) (z 4+ Vw) >70 FM,® ||

N
5\&

e Step 1 :
OnSupp@(\/—g”—) |x|§ so|;v—|—\/_w|> . Thus,
(1) < ¢ <V Asinh(2t) >7°
since F and M; are unitary operators on L2
e Step 2 :

By Holder inequality,

(2) < ||< sinh(20) (z + VAw) >~ |}, || (1) (j—X) F M),

1,1 _1
where - + =7
First, we give an estimation of the LP-norm for a suitable p : for p > %, it is easy to obtain :

||< sinh(2t) (z + VAw) >7° ||, =||< sinh(2¢) z) >~ ||, < C | sinh(2t) |7»

Now, we estimate the L?-norm :

la-0(2%) Fuei < ia-0(%) 7 <1—9>(ﬂ%‘i(%)) o,

+1(1-0) (%) J—"Mﬁ(ﬁi(%)) @,
= (a) + (b).

e Step 2a:

One has :

@ <117 0 (1= 0) () o,
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and by Hausdorff-Young inequality [10] if % +1=1,

16x 5 yB-n _ 16z
3120 (i) @ = (2 1) (S

n
T

(a) < (2m)%"
On Supp (1 — 6) (ﬁ%) , |z |> \1/—5 | tanh(2t) |. Since ® € S(IR"), we have for all
N>1:

(a) < Cy < \/Xtanh(Zt) >N

e Step 2b :

This term describes the free propagation into the classical forbidden region, and one can
evaluate this contribution by using a standard non-stationary phase estimate :

F M 0 (\/ﬂ%ﬁl(%)) d(z) = (2m)> / e~ Slha) g (ﬂ%ﬁh@t)) d(y) dy,(2.2)

where the phase S(t, z,y) is given by :

1
S(t,z,y)=a-y— 3 coth(2t) y*. (2.3)

On Supp (1 —0) <\4/—”%), |z |> % and on Supp 6 <\/X%1(2t))’ |y |< \/?X | tanh(2¢) |. Thus,

| 0,5(t,z,y) | =|x —coth(2t) y| > C (| z | —I—\/X)
Integrating by part with respect to y, we easily obtain, VN > 1 :

n—Ng

(b) < Oy AT [(VA [tanh(20) ) + 1Y,

and Lemma 4 is proved. O

Corollary 5
For A\ > 1, one has :

| (W* —1)eod, , || = O (A"%), uniformly for ¢ € IR .
Proof :
We only consider the case (+) :
, +co . .
(WH—1) o @y = i [T Y e g ds,
0

So,
TV =1 e ool < [ Ve o) ds
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<C / <z > M &, || ds by (H,)
R

<C o l|<z>7" e d, || ds + O(X7F),
s|>A—¢

where 0 < € < 1. Now, let us study the integrand : for | s |[> A, by Lemma 4, one has :
2 ) y g y PY ’

<2 >7" 7o @y, || < Cy, (< sinh(25)VA >77 4 | sinh(2s) |75 A™M), (24)

where M = min ((3 — ¢)N, Na=ny and p > 2 > n. Thus, integrating with respect to s, we

. 2q P
obtain :

/II \ ||<ax>"* ¢~ tsHo Oy, || ds < Cpyp /B < sinh(Zs)\/X >7" ds+ O ()\_M) . (2.5)
s|>A—e

Now, we estimate the integral in the (R.H.S) of (2.5). By a change of variables, we have :

_— b g = [T :
/B < smh(ZS)\/X >77 ds = Y /0 flt, ) dt, (2.6)
where )
FEA) =<t > (14 %)—%. (2.7)
So,

. ) — B 1 VA +oo
/R < smh(Zs)\/X >77 ds = ﬁ (/0 ft,A) dt + /\/X ft, ) dt)
1 VX +oo
—p —(p+1)
= (/0 <t> dt+\/X/ﬁ (ot dt)

Taking € = £, Corollary 5 is proved. O

Now, in order to prove Proposition 2, we give an elementary result which is the quantum
version of (1.7).

Lemma 6

(4) etHo gz e=itHo — cosh(2t) z + sinh(2t) p
(2) e'tHo P e~ tHo — sinh(2t) x 4 cosh(2t) p
Proof :

Let f(t) = et x e=Ho Using i[Hy, 2] = 2p and i[Hy,p] = 2z, we see that f solves the
differential equation f”(¢) = 4f(¢) which implies (¢). The proof of (i7) is similar.O



2.1.2 Proof of Proposition 2.

First, we begin by giving a different expression for S, p]. Since [S,p] =[S — 1, p] and

S—l=(WH— W) W= i [ ey W= et gy,
R

by the intertwining property, we have :

(S, p] = [T, p] +[U,p],
where
T = —i/ ¢t 7 g=itHs gy
R
and
U= —i /B ¢itto V(W= 1) ¢=itH gy,

Thus, if we denote F(A\,w) = < [9,p] ®rw, ¥iw >, we have :
Fhaw) =<[T,p] Paw, Vow >+ <[U,p] Prw, ¥ry >
= Fi(\w) + Fa(\w).
Let us prove that Fy(\,w) gives a negligible contribution. One has :
Fy(M\w) =< [Up—VIw] &y, Uy, >

=<U (pq))A,wv \Il/\,w >—-<U (I)/\,wy (p\p)/\,w >
= (a) — (b).

Using (2.11), one has :
(a) = —i /B < (W™ —1) e (p®)r, Ve ™ W, > dt.

So,
@) 1< [ 110V = 1) e o) | | Ve w ||

<oxt [ vt a,
R
where we have used Corollary 5. Following the proof of Corollary 5, we have also :
/ [ Ve ™ w,, || dt =0 (A5).
R

So, we have proved that :
[(a)| = 0 (A7),

and this result is also true for (b). Thus,

F(Aw) = 0 (A7) =0 (A7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



Now, we study the leading term Fi(A,w). Using Lemma 6 (ii), one has :
[T,p] = / ¢'tHo 7/ ¢=itho cosh(2t) dt. (2.17)
R

Then,
Fi(hw) = / < VV emitHo @y =0\, > cosh(2t) dt (2.18)
R

= / < VV(x—I—\/Xsinh(Zt)w) e o @ 7o I > cosh(2t) dt
R

by Lemma 3. By a change of variables,

1 — % argsinh(—== — % argsinh(—=
Fi(\w) = W)\ /R < VV(zx +sw)e 2% MR, mzaresinh(TRoy o g (2.19)

s ([ [ )= s @+ 0,

for a suitable € > 0 defined later.

First, we study (a); obviously:

(a) = /|| <VV(e+sw) 0,0 > ds (2.20)
s|<A¢€
+ < VV(e+sw) <e‘%arg5i“h<%)}’° - 1) , e 7 Iy o g
Jsl< e
+ < VV(z + sw)®, <e_%arg5inh(%)H° — 1) U > ds
Jsl< e

= (1)+(2) + (3).

L since for | s |< A€,

Choosing € < ¢,

| (edmeibGte )= 0 (v b, (2:21)

we have (2) +(3) = O ()\25_%). Thus, since f(s) :=< VV(z + sw)®,¥ > € L'(IR, ds), one
has :

(a) = /B <VV(z+sw)®, 0 > ds +ofl). (2.22)

Now, we study (b); using Lemma 3 and Lemma 4 for § = p+ 1, t = 1 arg sinh(%) and

P> 15
i 2
vV —yagsinh(GoHog || < o (<5 > L] S 17E [ <s(1 4 2)F >N
| VV (2 + sw)e 2 | < Cnp | < +|\/X| [<s(l+5)

+A%?Qw|u+§r%*+gﬁ).



2

Since for | s |[> X%, | s | (1 + %)_% > A (14 )\26_1)_% > C X, choosing N >> 1 in the last

inequality, one has :
|| VV(x + sw)e_%argSinh(ﬁ)Hoq) =0 (<s>7%). (2.23)

Taking p such that 1 < > <l+4p and integrating with respect to s, we obtain :

(b) <C <s>7ds = 0 (A7), (2.24)
s>
Thus,
1
A(ve) = 5~ (/R <V (e + 50)d, U > d5+o(1)>, (2.25)

and Proposition 2 is proved. O

2.2 Uniqueness of the potential.

Let V; and V; be potentials satisfying (H3) such that S(V;) = S(V2). By Proposition 2, we
have :

“+ oo
/ VV(ettw)dt = 0, Ve e IR (2.26)

where V' = V) — V5. This integral represents the X-ray transform of VV and it is well-known
that (2.26) implies that V = 0, (see for example [10], Lemma 5).

3 Generalizations.

In this section, we generalize our results in the case where the free Hamiltonian Hy is given

by :
Hosz—Zaz,rZ—l— Z azxz, (3.1)

k=1 k=n_+1

with a; > 0, n_ > 1 and with the convention Z[;:a =0if b < a.

From Faris-Levine Theorem [1], it is well-known that Hy is essentially self-adjoint on C§°(IR").

It is important to remark that the repulsive effects due to —z% overwhelm the confinement

due to +22__; and moreover, at high energies, the classical trajectories become straight
lines, (see [13] for a similar problem with constant magnetic fields).

Now, let us consider a real potential V € L*(IR") satisfying for some ¢ > 0 :
(Hs) [ V(z)| < C <In<a_>>"1"°

where @ = (z_,24) € IR~ x IR""~. We denote by H = Hy + V(z) the full Hamiltonian.
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The scattering theory for the pair (H, Hy) has been studied in [3] where the authors show
that, under assumption (Hs), the wave operators W¥ exist and are complete. As in section 1,
we define the scattering operator S = S(V') and in order to investigate the inverse scattering
problem, we assume stronger hypotheses on V'; we consider smooth potentials such that :

(Hy) |00V (2) | < Cy <>l

with p > %, (and for o with finite order). We emphasize that we need a decay assumption on
variable z in order to define the X-ray transform of VV for all incident directions w € S™71.

The main result is the following :

Theorem 7
Let Vi, Vy be potentials satisfying (Hy). Then :

SVi) =5(Va) &= Vi=V,.

To prove Theorem 7, we follow the same strategy as in Theorem 1; it suffices to show that
Proposition 2 is valid for test functions ®(z) = ®1(x_)Pa(x4 ), (resp. ¥(x) = Uy(a_)Ws(zy)),
with ®; and VU, in the set of the Schwartz functions, and for w = (w_,w;) € S™! with
w_ # 0. The proof of Proposition 2 is based on generalized Mehler’s formula [2].

Proof of Theorem 7 :

We only sketch the proof and we leave the details to the reader. For the sake of simplicity,
we give the main arguments with a free Hamiltonian given on L?(IR?) by :

Ho=p* —a? 2} + a3 3, (3.2)
with a; > 0. In this case, the free evolution is given by generalized Mehler’s formula :
Vt#£0, e o =M, D, F M, , (3.3)
where M; is the multiplication operator :

Mté(;ﬂ) — em COth(?alt) l‘? eﬁ COt(Zagt) l‘% ¢($)7 (34)

D; is the dilation operator :

aq % a9 % a1x a9
D®(z) = o 3.5
«®(z) ('i sinh(2a1t)) (i sin(ZaQt)) (sinh(ZZalt) ’ sin(Zagt)) » (35)

and F is the usual Fourier transform on L*(IR?).

As in Lemma 6, one has :

e'tHo g emttHo — sinh(2at) 1 + cosh(2a4t) py . (3.6)
e'tHo p, e=itHo — — sin(2aqt) x4 + cos(2ast) ps . (3.7)
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Following the proof of Proposition 2, we can show that the leading term of < [S, p1]® w, Wi >
when A — 400, is given by :

ay

A
I, = / oV (:El + — smh(2a1t) wi, T9+ £ sin(2ast) wg) O, U > cosh(2a,t) dt,(3.8)

where w = (w1,wq), w1 # 0. Using the change of variables ¢ = %

arg sinh(\/ix), we easily
obtain :

1
ho~gs < /B DV (2 + sw) ds ©,0 > . (3.9)

In the same way, the leading term of < [S, p2]®y o, Ui, > is given by :

‘D)

A
I, = / 0,V (xl + — smh(2a1t) wy, T9+ \/—_sm(Zagt) wg) O, U > cos(2a;t) dt,(3.10)

1
~ 5 < /R V(x4 sw) ds &, ¥ > . (3.11)

Thus, the knowlegde of S(V) at high energies determines the X-ray transform of VV for

incident directions w = (wy,wsz) with w; # 0. Using a standard continuity argument in the
variable w, we conclude as in section 2.2. O
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