Ďőłń. Ăłăď. Ŋăşł ŚŚŚŘ Soviet Math. Dokl. Šőň 293 (1987), No. 6 Vol. 35 (1987), No. 2

AN ANALYTIC PROOF OF THE REAL PART OF NOVIKOV’S INEQUALITIES

UDC 515.164.174

A.V.PAZHITNOV

In this note we propose an interpretation of the Novikov numbers (see [1] and [2]) in terms of de Rham cohomology. We present the corresponding method of obtaining the torsion-free Novikov inequalities, based on Witten’s approach to Morse theory.

Let ξ be a closed (but not, in general, exact) 1-form on a smooth compact manifold M . The form ξ is assumed to be Morse, i.e., in a neighborhood of any point ξ = dh, where h is a Morse function. Such a form gives a multiple-valued Morse function (see [1]). The zeros of ξ are isolated, and the notion of index is de˛ned for each zero. The number of zeros of ξ of index p is denoted by m_p (ξ).

We give a representation ρ_t of the fundamental group π_1(M ) into the group C� = GL(1, C) by setting ρ_t(γ) = exp(t ∫ γ ξ), where t is an arbitrary complex number. The representation ρ_t de˛nes a local system of groups C on the manifold M . We denote by H�(M, ρ_t) the cohomology of M with coe‹cients in this local system, and we let dim H^k(M, ρ_t ) = β_k (ξ, t).

THEOREM 1. For sufficiently large real numbers t, m_p(ξ) ¿ β_p (ξ, t) for all p.

THEOREM 2. Assume that all the periods of the form ξ are commensurable. If Re t is sufficiently large, then β_p (ξ, t) = b_p(ξ), where b_p(ξ) is a Novikov number.

PROOF OF THEOREM 1. We need another de˛nition of the numbers β_k (ξ, t). Namely, in the de Rham complex ˙�(M ) of M we de˛ne a new di¸erential d_t by the formula d_tω = dω + tξ ∧ ω where t ∈ C. The complex (˙�(M ), d_t) is elliptic, its cohomology H�_t (M ) is ˛nite dimensional and the cohomology is isomorphic to the space of harmonic forms of the corresponding Laplacian ´_t = d�_t d_t + d_td�_t .

LEMMA 1. dimH^p_t (M ) = β_p(ξ, t).

PROOF. Let p : ~M → M be the universal cover of M . The cohomology groups H^p(M, ρ_t) are the cohomology groups of the complex ˙�(M, ρ_t) consisting of the ρ_t-equivariant forms on ~M relative to the usual di¸erential (the proof is analogous to the sheaf-theoretic proof of de Rham theorem). Let h be a function on ~M such that dh = p�ξ. We give a mapping F : ˙�(M ) → ˙�(M, ρ_t) by the formula F (ω) = exp(th) · p�ω. It is easy to see that F is one-to-one and commutes with the di¸erentials. This proves the lemma.

The rest of the proof follows the scheme presented in [3]. In that paper the case ξ = df is investigated; the proofs carry over without change to the general case. Namely, let ω ∈ ˙^p(M ). Then ´_tω = ´ω+|t|^2|ξ|^2ω+tGω where the operator G does not depend on t and is given by a tensor ˛eld of type (p, p). Fix a number A > 0. As t → ∞ the eigen-p-forms of the Laplacian ´_t with eigenvalues at most A are concentrated in a neighborhood of the zeros of ξ. In a neighborhood of these points the operator ´_t

1980 Mathematics Subject Classification (1985 Revision). Primary 58E05, 57R70; Secondary 58G05.

1

2 can be written out explicitly in local coordinates and it turns out that to each zero of index p there corresponds exactly one eigen-p-form of ´_t, with eigenvalue less than A. These forms constitute a subcomplex A�(M ) of (˙�(M ), d_t) whose cohomology is equal to H�_t (M ); from this we ˛nd that m_p (ξ) = dim A^p (M ) ¿ dim H^p_t (M ) = β_p(ξ, t).

PROOF OF THEOREM 2. We may assume that the form ξ is integral, i.e. ξ = f�(dϕ) where f is a mapping from M to S^1.

We consider the homology H_k(^M , Q) of the correzponding cyclic covering with coe‹cients in Q. This is a ˛nitely generated module over the principal ideal ring ~ = Q[z, z�^1]; it is represented in the form

H_k(^M , Q) = ∑ i F_i ⊕ ∑ j F_k/P_j F_j (1) where the F_i and F_j are free ~-modules of rank 1, and the P_j are certain polynomials.

LEMMA 2. If the number e^t is transcendental, then β_k (ξ, t) is equal to the number of free direct summands F_i in the module H_k(^M , Q) and is equal to the Novikov number b_k (ξ). If e^t is algebraic, then β_k (ξ, t) = b_k (ξ) + –_k (ξ, t) + –_k�_1(ξ, t) where –_k(ξ, t) is the number of polynomials P_j in the representation (1) that vanish at e^t.

PROOF. In this case the representation ρ_t is induced from a representation Z → C� so that in order to calculate H�(M, ρ_t) it is su‹cient to consider ρ_t-equivariant cochains (or forms) on ^M . We have an exact sequence

0 → Ext_Λ(H_k�_1(^M), C) → H^k (M, ρ_t) → Hom_Λ(H_k(^M ), C) → 0

where H_k�_1(^M) and C are considered as modules over ~ = Q[z, z�^1]. If e^t is transcendental, then C is a ‚at ~-module and it is clear that β_k is equal to the number of free generators and to the Novikov number b_k(ξ) (see [2]). If e^t is algebraic, then the dimensions of the vector spaces Hom_Λ(H_k(^M ), C) and Ext_Λ(H_k�_1(^M ), C) are increased by –_k(ξ, t) and –_k�_1(ξ, t) respectively. This proves the lemma.

Thus, the equality β_k (ξ, t) = b_k(ξ) holds for all t ∈ C except for numbers of the form t = 2πni+α where n ∈ Z and α runs through some ˛nite set of complex numbers.

REMARKS. 1) For the case of forms ξ with incommensurable periods the numbers β_k (ξ, t) provide an alternative variant of the de˛nition of the Novikov numbers.

2) In a paper to appear, S.P.Novikov has computed the numbers β_p (ξ, t) for the case of numbers t that are in general position in terms of ordinary cohomology of the manifold M and the actions on it of the Massey operations associated with the form ξ.

The author expresses his sincere gratitude to V.A.Ginzburg, M.M.Postnikov, and M.Sh.Farber for valuable discusisions.

Institute of Chemical Physics Academy of Sciences of the USSR. Received 29/DEC/85 Moscow

LITERATURE

1. S.P.Novikov, Uspekhi Mat. Nauk 37, no. 5(227), 3-49; English transl. in Russian Math. Surveys, 37, (1982).

2. M.Sh.Farber, Funktsional. Anal. i Prilozhen. 19, (1985), no. 1, 49 { 59; English transl. in Functional. Anal. Appl. 19, (1985).

3. Edward Witten, J.Di¸erential Geom. 17, (1982), 661 { 692.

Translated by J.S.JOEL