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S. The Whitney trick

In this section we shall do the preparatory work, for
cancellation of a tfivial direct summand of the Novikov
complex (Theorem 5.1). For that we shall need to realize
geometrically the incidence cecefficients, that is to cancel
two homotopic trajectories of opposite sign, joining the
same points (Theorem 5.2). That is the subject of ordinary
Whitney trick, but we shall need a .bit more than is the

output in the wusual situation. Namely we must cancel the

pair of trajectories joining p and g in such a way that
the set of trajectories, joining all the other pairs Xy Y
with ind x = ind y + 1, essentially does not change.

Before we state the theorem 5.1 we need one more

~ ,
notation. For x € M we denote by X its projection to M.

Theorem S5.1. (Let *® = (f, ?, v, E) be a regular

guadruple, belonging to a regular class .EéEHl(M, Z). Assume

that the Novikov complex Cixlv, E) 1215 N-equivalent to the
complex D, ® (0 «— _A;(b) QLA;(a) <— b} where a,b <cE,
ind a = ind b + 1, ©0(a) = b, N > 1.
Then there exists an admissible modification (g, g, v/,E)
of £, such that
1) There are no '(—v/)—trajectories, joining & and
yt, where y € E, vy # b, ind y = ind b, s < N.
2) There are no (—v/)—trajectories, joining x and

bt®, where x €E, ind x = ind a, x # a, s < N.
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3) §(b) < g(a) < g(b) + 1 and there is only one (-v’)-
trajectory » jJoining a and b; h(y) =1, &(y) = 1.
4) The complex C,(v’, E) is N-equivalent to C,(v, E).
For a Morse function p we denote by Cr @ the set of
all critical points of ¢ . For two points d.,F EM we say
that o is a t-shift of (5, if o= tsss for s < Z.

ITheorem 5.2. tet (f, T, v, E) be an r-quadruple for a

regular class £ € Hl(M, Z). Let p,q eCr T, ind p = ind q
+ 1, such that‘for some regular value c of f we have
c < ?(q) < ?(p) < c+l. Let yl » XZ be two trajectories of
(=v), Joining p and q, such that h(¥l) = h(xz), &(Yl) =
- & 32). Let g:?—l([c, c+l]) — [c, c+1] be some enumerat-
ing function with the same g.-1l.v. field v, such that for
some interval Cp, V) C(c, c+l) the only critical points of
g in g—l(( My Y )) are p, q. Let K< Cr T be any finite
set.

Then there exists a good gradient—like vector field v~/

for g, such that:

il
-

1) (g, G, vy E) is an admissible modification of (f,

2) If X,y € Ky ind x = ind y + 1 x is not a t-shift
of p, vy 1is not a t-shift of qQ then N(x,y; v/) is homotopi-
cally the same as N(x,y; v ).

| 3) Assume that ind p 2 4. If y €K, ind y = ind g, Y
is not & t-shift of q, then N(pts, y; v’) is homotopically

the same as N(pts, Ys v) for every pts & K.

v, E
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4) Assume that ind p { n=3. If x € K, ind x = 1ind p,
Xx is not a t-shift of p, then N(x, qts sv’7) is homotopically
the same as N(x, qts;v) for every qtS & K.
5) For every X,y €& K, ind x = ind y + 1, the set
7y

N{x,Ys; VvV is homologically the same as N(x,y; V).

&) The set N(p,g; V) is homotopically the same as

N(p,g; v) \ {Q(§), QUY,) 2

Proof of theorem 5.2.

Consider the cobordism g-l([)h V) of our statement.
We can assume that /u, vV are regular. We are giving to app-
ly the Whitney trick to this cobordism. Since this cobordism
projects bijectively to M this modification determines also
a new vector field on M which will suit us as v/i. The re-
sulting vector field on M is of course the result of this
Whitney modification, applied at once to all the cobordisms
g—l([}wn, v+nl), n EZ.

The constructiqn of Whitney trick which we wuse 1is
classical and we refer to ([Mi2, §6] for an excellent
exposition aof the procedure. If we apply just'this procedure
we shall get the properties 1) and 6) of our theorem. The
properties 2)-5) will be achieved by carefully choosing the
initial data for performing the Whitney trick. For the sake
of completeness we reproduce here the construction from
[(MiZ, éé], so that the.items 5.4-5.10 contalin the same ma-—

terial as in (Mi2l, a bit rearranged.
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Definition 5.3. Let D2 be the standard closed 2-
dimensional disc in euclidean plane and B, € be any two
smooth curves in D2 in the mutual disposition as presented

at the picture S5.1.

w(B) = Q(Dz)(ﬁ N
@) = q(Dz)tﬂ L
/;
N
fo
Pict. 5.1
Lemma 5.4. Let Nr, LS be two compact submanitolds of
the compact manifold Vr—s, r+s > 5. Let N be oriented, L

be cooriented, and let L ﬁ\N. Let a,b belong tot NN and
be of opposite signs (say a of +, b of -). Let tf:D2 —> V

be a smooth imbedding of a standard disc, such that *> :

%ﬂ L) = a, kf(o) = b; the Intersection cF(D2 ) NN Is eqgual
to @(B) and for every X‘Q-B the Iintersection ?*(TZDz)(W T?MW
= ?*(T ¥ B), in iIntersection ?(Dz)f\L = (F(C) and for eve-—
- 2
ry &€ C we have © (T,D°y N T L = ¢, (T,C ).
% ()0* X (F(U) ‘f*‘ a’
*> These a, b  have nothing in common with a, b in

the statement of th.S5.1. We keep the present notation until

the end of the proof of th.5.2.
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Then there exists an embedding é?: D
. .. é? 2
(where g 1is sufficiently small), such that D" x {0} x {o} = -

=9 ; é_l(l_) =C x {0} x D:_l; @“lw) =B x D5t x (0.

E
Proof. It is made in several steps, (lemmas 5.5-5.7).
First we do the homotopy - theoretical stuff.
Lemma 5.5. There exist the smooth vector fields 51""’§t—1

. . ?l""’ @;{’ defined on Y(DZ), such that
1) for such point =z ér?(Dz) the vectors ;;(z), 7j(2)

2
form a base of Tzv / Tz ?(D ).

2) for z & CF(B) the vectors ;2(2) form a base of TZN / Técpfs
3) for z & @(C) the vectors ?j(z) form a base of T,L /T, ¢(C

Proof. First we construct gi' Denote by §O (resp. 70 )
the tangent vector fields aiong B (resp. C) (see the picture
5.1) and by abuse by notations also the image ?*(fo), resp.
? % ( ?o)' Pick up any vector fields ‘fl""’fr—l along ¢(B),
such that fo, fl,...,é’r_l form the positive base of T, (N)
along ?(B). Consider now the vector field }70 along the

. . 2 g
curve €, which is tangent to D°, transversal to C and ;O(o&)

=Eo0L ), F B = —F (B). The quotient | Tu(V) / Tu(L) s

oriented by the assumption, the vectors ( %o y El""’ gr—l)
form the positive base of it at the point’ oL s since the
intersection sign is + there, and (—fo,_fl yones ;r—l) form
the positive base in .p (sign is - ). The vector field gg is

the smooth section of T4V /7 T,iL along C which implies
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that there exist the vectors gl,..., -1 along C, which form
the base of T, V / (T,L + T*tf(Dz)) and which coincide in the
points o, }3 with the vector previously chosen. Now we have
; . /
the vector fields ;;""’gt—i on y(C) U T(C ), and we want
to expand them to @(DZ). The obstruction for doing this
belongs to JQ(V(F_I, r+s—2)) = 0(r+s-2)/0(s~-1). If s 23

this is zero, if s {2 then r > 3, I (0(r-1)) —> I (O(r+s-2)
N 7 1 1

is epi and, having changed the fields _§l,..., r—1 ©n
the small interval of C we get the zero obstruction.
To construct the vectors ?l""’ﬁ?ﬂ.we consider the

trivial bundle 5? over <P(D2), generated by the sections

fl,...,;r_l and denote by h  the bundle T,V./ ¢+ T*cp(Dz)-

This is an (s—-1)-dimensional bundle ? aver D2 . If we choo-
se -a trivialization of T,L / T, ¢ (C) along @(C) we get a
trivialization of Q aver (P(C) which expands to all the D2
by homotopical triviality of the pair (D2, c). Q.E.D.

The vectors gl""’}rdf 71,...,7r_lform a base of the
normal bundle to ?(Dz), that is an infinitesimal variant of
the tubular neighbourhood. The neighbourhood itself is

constructed as usual with the help of geodesic exponent and
to satisfy the conclusion of our theorem we shall need that

L and N are totally geodesic submanifolds of V.

Lemma S5.6. There exists a riemannian metric on V, such
that L and N are totally geodesic.
Proof. If K 1is a smooth compact submanifold of a ma-

nifold P denote by Y K the normal bundle, Ba( YK) - the
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open— £-disc-bundle, associated with some metrics on V) . The
map @8 :BE ( YK) —> P will be called tubular if it is
diffeomorphism onto some open set in P and C-__Ea(K,.O) = K.
The image of <PE_ will be denoted TG_' (Tubular maps exist,
for example the exponential map for some metrics.) The map
(x, &) —> (x, =g ) of B ( VK) will be denoted by J,.

Note that if g 1s a riemannian metric on P, such that
c_;{T5 is invariant under JE’ then K 1is totally geodesic.
{Indeed, for a geodesic ¥ > such that x(O) & K, Y(D) < K
the curve Ja( Y ) is again geodesic with the same origin and
tangent vector, hence Y = JE( Y) 7 YeK).

Return to our L and N. We shall construct a riemannian

metrics g on V and two tubular maps :B_ (VL) —> V,

Te,n'Be
§£,N:BL( Y N)—> V, such that g 1is JS_)L. and J&,N —-invariant.
X . ) ‘\]l/' s r
Near each points of intersection choose a chart t R xR —>
S
—> U(z) < V, such that N NUC(2) =\V(R x 0), L Nu(z)
='\'If(0 X Rr) and pick up a metrics g, on Vv, such that
‘}Ol\V—(Bza (0) x B2£ (0)) is standard euclidean. The tubular
maps CP and C? will be constructed as the exponential
EIL CIK
maps Tor 95° If & 1is chosen small enough, the intersection
T f\ T is exactly the union of U(z) over all the inter-
&, L E,N -
section points. By our choice of metrics in U{(z) the map JE L
r

acts as (X, ¥) > (-%x, y) and J - as (%X, y) > (x, —vy).

E,N
Consider now the metrics 1/2 (go + (Jé:,N ) e go) on TE,,N and
the metrics 1/2 (g4 + (JE-,N)* go) on T£,K . These metrics co-
inside on the intersection and give the J and J —in-—
£,L E,N

variant metric on Ta,LU Ta,N which can be glued by parti-
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tion of bunity with arbitrary metrics on V \ (T U

T )

£/,L &/2,N

S0 as to give the metrics sought on Ti[z,L U Té'/z,N . 0Q.E.D.
Now we are ready to prove lemma 5.4. We pick up the
metrics g as the éatisfy lemma 5.6 and the vector fields
fl,..., gr—l’ 71,..., 7s-1 25 to satisfy lemma 5.5. Consider

-1
now the map ?i.: D2 X Dar DS — V defined aS (X,
tl""’ B T N exp?c)(z 8 (cfz(x))+2 Ui (q(x))))

where exp is defined with respect to the .
riemannian metric g. It follows from the standard theorems

that for € sufficiently small és is a diffeomorphism onto

a neighbourhood of @e(DZ) in V. This neighbourhood is ar-

bitrarily small if £ 1s sufficiently small. Obviously
2 _ . 2 pL- 1 s-1_

@E(D x 0 x 0) = Qp)and it & < E_) then %lD X 6 X Dd‘ = %g. :
Further, since N 1is totally geodesic the set

~£CB>< DE x 0) is contained in N. We are going to show that
@aCB X Dg—lx 0 =NOInP , %g(c x O x Di-—l)' =L N\iInm i,’ if only

£ 1s sufficiently small. For that we fix some E,)such that
CEE is a diffeomorphism and suppose on the contrary that for
every n > 0 there is a point z, € N, such that zhé Im d‘?&/,\"
but z, ¢§/(B X Dg/"l 0). Note, that since C—PE(B X Drg—l x 0) N
N Im% @S(B x Dd‘ x 0) where J& <&, we have that z, f,{_:

é—@ (B x DE 0). By compactness of V we can suppose that

2
Zn, —> z . Note that =z ,6@(1) ) NN = B. The manifold N with

our riemannian metrics g is compact, hence the geodesic
distance P(Zn + 2) —> 0, hence there exists a geodesic ND X"’— P
starting from z with Hg(D)\ = 1 and arriving at Zn at
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an —> 0. But by construction every geodesic Yy starting at

zZ € B with the tangent vector ¥ € TN, lg(o)] = 1 rests in

épa(B x DTl 0) for T & €& /(max ‘Eil ), and thus cannot
1stsr-1

reach z, for this values of v . In the same way one proves

s—-1

that @a(t:xox D, ") =L N1

€ for g sufficiently
small,

Lemma 5.4 is proven.

Now we are going to define the isotopy h of V to
itself which will cancel the intersection points a, b.

r+s S .
Lemma 5.7. Assume that Vv sy L Nr, $ satisfy the

hypotheses of lemma 5.4, and <§§ satisfies the conclusions.

Then there exists a smooth isotopy h , 0 ¢ t £ 1 of Vv,

such that

1) ht = 1d in some compact neighbourhood of V \ Im s

ht = 1d for t sufficiently small and hy = id for t suf-
fisiently close to 1.

2) ho = id.

3) ht(Imé) = Im@ for all t.

4) hl(L) is transversal to N and the set of intersec-
tion points h1(L) N N equals (L N N) \ {a, b}, the inter-
section signs equal the old ones.

Proof. Consider first of all a smooth i1sotopy
d — g (t, d) of Da {to itself which is identical in some
‘neighbourhood of the boundary and g(1, d)0NB = ¢5(See pict.

5.2). We demand also that g(t, d) = d for t small enough

and g(t, d) = g(i, d) for t sufficiently close to 1.
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Pict. 5.2
Next let kl, k2 be the smooth non-negative function
on RE™1 | resp. RS™Y,  such  that ky(x) = 1 for |x| € €2,
k (x) =0 for |x| »3&/4 and k,(y) = 1 for Iyl ¢ €&rz,
kz(y) = 0 for |yl > 3¢&/4. Define the isotopy he:V —> vV as

following:

1) if vé&inP, then he(v) = v.

2) 1if v = é?(d, X, YY), then

fop (V)= DGR )+ £y (), L), %, 4).
Now we check that the conclusions of lemma hold. First

of all we note that ht(v) = v 1f v éEIﬂlé§ and v 1s close

enough to the boundary (indeed, in this case either g(t, d)=

= d or k2(x) + kz(y) = 0). This implies that ht is really

a smooth map V — V, and the properties 1), 2) bold. By de-

finition h(In®)c 1aP . on the 1n P the map n

2 r— -
defined actually in terms of D «x D£ lx Di:L and it is easy

£ i1s



101

to verify that ht above defines a smooth isotopy D2 X ﬁ:ix
Di;l to itself and, therefore ht on Im é? and on the comple-
ment glue together to give a smooth isotopy, satisfying 3).

To check up 4) let x & N f\h1(L) and distinguish two
cases: a) x €E Im(:z_5 LI ox o= h1($<') then X elm@ by 3), hence
h1(x) = x and since Im 4? is compact the same holds for x ‘e

é—hﬂ(L) close enough to x, hence U(x) N (N f\h4 (L)) = U{x)n -

NIN A L) where U(x) is a small neighbourhood of x. So in this
case N and h4 (L) are transversal at x and the sign 1is as
before.

b) x € InP . The manifold h (L) O n®=h n 1P,
by 3), and the latter is equal to @?—image of the set
(gtkq(x), d), x, 0). The manifold N N In P is the P-image
of the set (d, 0O, v), where d & C. These two sets do not
intersect. Note finally, that L AN N Iméé = {a,b}, and we

have finished the proof of lemma 5.7.

Remark 5.8. We can assume that hf = id for t small
enocugh and that ht = hl for t close enough to 1.

Let now f:W —> [a,bl be a Morse funcﬁion on some
cobordism W and v be a gradient-like field for f. Let

c,d € (a.b) be regular values for f, such that ¢ < d and
the segment (c, d) contains no critical values. The shift
along (-v)—trajectories defines a diffeomorphism T(v):
-1 —l(

-1
f (c ) —> f (d). For a set X < f d) we denote by tr(X)

the set of the points 2z & f l([c,d]), lying on some (—v)-
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trajectory, starting froma point X € X. Note that +tr(Xx) N

1
N “(d) = T(X).
Denote -1 (d) by \V and let hy sV —> V be a smooth iso-

topy of h°‘= id to some diffeomorphism hl, such that ht =

id everywhere except some set K <V, and ht = 1id for t

small enough and h’e = h1 for (1- %) small enough.

Lemma S5.92. In the above assumptions there exist a new

gradient-like vector field v’ which differs from v only

in tTHlc £ ,d —£ 1) N tr(K) and for which T(v/) = h T(v).
Proof. We denote by @ (t, v) the diffeomorphism of
shift by t along the v—trajectories.
Choose A > 0 such that the D@(A,-viv < 71 (c, 4.
Denote é( AL-Vv)IV by V/ and the union of @(t, vIV for O (
t K 9\2/ by W/. Then W’ is a cobordism;awf = vUV/., The shift
along (+v)-trajectories defines the diffeomorphism Cf:f—l(c)~—>

——>V/, such that T(v) = % (2 ,—V)Oﬂf-

Thus 1t suffices to find a gradient-like vector field
v/ oan W/, such that supp(v' -v) € Int W’ /] tr K and tha.t the
shift alpng Fv’-—trajectories from V7 to \% is the map
hlo @( AL,V

The map (xy—-t) +— > Xt (X4=V) determines the
diffeomorphism & :V x [-} ,0}] —» W/, such that the vector

field /0t is carried to v.
Define a new vector field w on V x [-A, 03 by w(x,t)=
t) = (,5'5 (hl+t/9\(x))’ 1). By our assumption on h we have

hl+t/>\(x) =X for t e -4, 03, t+ A is small, also
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hl_l_t/,)\(x) = hl(x) for t € [-2, 0] t is small, hence supp

G»(x, t) - v ) is contained in V x (-2, 0). The integral

curves of w(x, t) are given by the formula 5o 0% w):(ﬂ%+t1x(ijjf>

hence w-shift determines the diffeomorphism
Vx (—2) —>V x (0) which equals to h,; . Note that if hT(x)
= x for all then w(x, t) = v for all tel- 9, al,

-1
which means that supp(w,-v) & 2 {(tr K).
Now we denote by v/ the vector field =, (w) on W . The

above properties of w imply the properties of Vv’ sought.

Definition 5.10. Let f:W —> [a,b]l be a Morse function

on a cobordism W2 s VvV be a gradient-like vector field for f,
c &€ (as;b) be a regular value of f. Denote by V the level

- r
surface f l(c). Assume that n > & and let N LS be two

compact transversal submanifolds of Vn , r+s = n-1, and
L\O:D2 —;? V be the imbedding of 2-disc into V, such that these
data satisfy the hypotheses of lemma 5.4.
Let @? :D2 X Dijlx Di;l —_> V be the imbedding of the
“fat disc D*" to V, satisfying the conclusions of lemma S5.4.
Let ht be a smooth isotopy, satisfying the conclu-
sions of lemma 5.7 with respect to V, L, N,
Choose some & > O small enough, so that the segment
{c-d, cl contains no critical values of f and let v/ be a
new gradient-like field for f, satisfying the conclusion of

lemma 5.9 with respect to the segment [c—&F,c] and K = Im é@.

This new vector field v”7 will be called the Whitney



104

modification of v with respect to the data (V, v, N, L,Cf,
P, te-6, c1, n,).

Note that sup(v/ - v) < f L(c=8, c) O tr(in<D ).

The result of the several applications of this
operation to the vector field v with respect to different
regular values C,; (and corresponding data) will be called
the multiple Whitney modification (or, briefly, multiple W-
modification).

Now, the preliminaries done, we proceed to the proof of

theorem 5.2.

We expand the function g to the t-equivariant

function g on ™ and glue from it the function g:M —> Sl
which will be denoted by the same letter. Note that f—l(c + ﬁ):
:g"l (c+tk) for k €Z, as well as f—l([c+k, e+nl]) = ,
:%—i(ﬂc-l-k, c+nl). Choose some regular value 9\ for g, Aé(g(q),g(@)_

Denote ind p by r, g_l (A) by V and consider the

manifolds N =y N D(p, +v), L =V AN D(q, =-v). Note that

dim N = r-1, di.m L =n-r, so NAAL since v is good; dim N

+ dim L = dim V. Since we have chosen the orientations of

all the descending discs of Vi the N is oriented, L is

cooriented. Denote by a the point Xl M v, by b ~ the
point ¥, M V. The manifold N is diffeomorphic to S¥ +

which is simply connected, since ind q = r-1 > 2. The
. . . . n-~r 3 . .

manifold L is diffeomorphic. to § » Which is simply

connected since r = 1ind p { n—-2, hence n-r > 2. The signs

of intersection points &, b are opposite. Choose the posi-

-—-1
tive 1integer A so large that K ¢ f ({c—-A, c+1+A]). Denote
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-=1
by N1 the cobordism f ([c-A, c+1+A]), and by W the cobor-

dism T l([c—4A, c+1+4A7).

Denote by K? the intersection of the set {g(x) > A b
with the union %}D(z, V), where 2z runs through the cri-
tical points of T, belonging to W, ind 2 £ ry z # p. Si-
milarly, K; will denote the intersection of {g(x) <D Y with
the union %&D(z’, -v) where z° runs throgh the critical

points of f, z/ &€ W, ind 2z’ > r—1, z/ # q. Denote by R;

the intersection of K;>with the union of all the discs D(z,v)

for z € W, ind =z £ n=-3. Thus for r £ n-3 we have E; =

+
K)-

Similarly let K2 be the intersection of KA Qith the

union of all the discs D(z, v} for z & W, ind z 2 3. The
following remark is a consequence of lemma 3.7 and will be

used frequently in the sequel.

+ —
Remark 5.11. 1) The sets K> s K; are compact and do
not intersect with the compact D(p, v) N{g(x) > Xy
2) The sets K; s E; are compact and do not intersect

with the compact D(q, -v) ) {g(x) & N 3.

Lemma 5.12. There exists a smooth imbedding LP:D2 — V,
satisfying the assumptions of lemma 5.4 with respect to N,
L, a, b. This embedding can be chosen in such a way, that

Yy If z € W Is a critical point of T, z # p, and

ind z § r, ind z § n-3, the disc D(z, +v) does not intersect

wilth (.F(Dz)a
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2) If z € W 1Is a critical point of f, z #& q, and
ind z > r-1, ind z > 3 then the disc D(z, v) does not
Intersect with LP(DZ).

Proof. We construct first the embeddings of the curves
C, B, drawn on the pict. 5.1. Note that the points a, b do
not belong to D(x, v) or D(y, =v) for x # p, resp. y # q,
since no two ascending (descending) disés intersect. Since
v 1s good, the manifolds D(z,~v) are transversal to D(p, v)

for ind z )} r~1, therefore (D{(z,-v) N V) A (D(p,v) N V).

That implies that D(z,-v) N (D(p, v) N V) 1is a submanifold

in N of codimension n = 1ind z 3> 2. This manifold has a
countable base, which implies that if ind z > r-1 we can
find an embedding ¢ :B G N, such that (e(a() = a, QP(p) = b
and ?(B) MN D(z, -v) = 0. Note that the intersection %(B)(\

ND(z", v) is automatically empty for z/# p. In particu-
lar @(B) N KL = @B N K, = @ .

Similarly we find an embedding ¢ :C —> D(q, -v) N Vv =

=L, such that @ () = a, ¢ (B) = b, (C) intersect no
ascending disc starting at z # g and (p(C) N D(z, v) = Qf.
. . . + _ -—
if ind z ¢ r, z # p. In particular Y(C) N Kiy= @) N Ka

Since dim N, dim L > 2 we can assume also that ¢(C),
xf(B) contain no intersection points of L AN except a, b.
N = h th t 1 C) and
ow we choose e Yec or field fo along ?( ) Qo
along Q(B) in V, such that EO is transversal to L, 70 is
transversal ta N, fo(a) (resp. § (b} coincides with tangent
o}

to *(B) in a (resp. with (-tangent) to ?(B) in by, 7d(a),
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resp. Yo(b) coincides with tangent to LF(C) in a (resp.
{—-tangent) to @(B) in b).

It 1is shown in [Miz)féj that we can expand a
map from C U B toc a smooth embedding of some
neighbourhood U of C U B in a disc (see pict. 5.3), such
that the neighbourhood U is the union of two narrow bands:
FC around C and PB around B, the tangent space to ?(PC )
is the direct sum of TC and {go} and respectively T {FB ) =
TB & {%p}' Since Eo is transversal to L, the band jBC in-
tersects L by C i1if only %C, is narrow enough (the same for
fp ). Further, the intersection @ (Gs ) NN B if only (34
is narrow enough, similarly ?ng )f\ L < €C. That is to

say, (U) NN = B, ¢ (u) NL =C.

Be

Pict. 5.5

. " +
Recall now that ?(c) (@ (?(B)i does not intersect K)

and K% . Since all the three are compact, the image Q(U)

+ . .
also does not intersect K} , K} uﬁ.only U 1is small enough.

Note that we can assume that U contains all the disc

2
D™, except the central part D, - Indeed, if not, we construct



a diffeomorphism a:D2 —a—Dz, which is identical on ¢ UB and

in the central part Do' and such that im a < N. (see the pict.

5.4, where the black curve is the a-image of Sl =~3D2).

Pict. 5.4.

Consider now the picture 5.5. We have coﬁstruct&*asmooth

embedding of D2 \\DO (where Do is an open disc, centered in the
centre of D2), and we want to expand the embedding to the

whole D2.

Pict. 5.5.
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Note that the boundary BDO is horﬁotopic to zero in V. In-
deed it suffices to show that C0°Bo is homotopic to zero,
where CO is a piece of C between o and P, B is a piece of
(-B) between P and o . For that it suffices to 1lift the loop
CSBO' to the loop in the universal covering '\7\/——> W of W.
Denote by XI, b/g the parts of the (-v)-trajectories ¥1r ¥
from P up to 5_1(9\) and by %I, ?;: - their liftings to
W, starting from p. Similarly \‘1, X; - stand for the parts
of Y., ¥, from g_l()) to § and jy'I, 'g; - their liftings
to Qf , finishing at g. Now we 1lift BO to a curve p in W,
starting at the end of %Z Since D(p, v) is one-connected,
f finishes at the end of }I Next we lift C_ to a curve )
in W, starting at the beginning of ?; Since D(g, -v) is one-
connected, it finishes at the beginning of ?:—L Consider now
the lifting S-h( XZ) of Bo. This starts at the beginning
of 'g;-h( ¥ ) and finishes at the beginning of ’?I-h( ¥o)
Note that the end of %; is the beginning of 'g;h( Xz) by
the definition of h( X2) . Further, the end of '\Z-{ is the be-
vginning of %I-h( 251) ; which equals };-h( 3/2) by the hypo-
thesis. Hence cg-h(.x2).-r starts at the end of ?; and finish-
es at the end of ﬂ ,hence the composition (c§-h( 252)) ‘053 is
a closed 1lifting of COOBO, g.e.d.

Further, BDO is homotopic to zero already in V \N(L U N).
To prove that we distinc_:;uish two cases: 1) r ¢n-3, 2) n -

- (r-1) £ n-3 (since n > 6 one of these two necessarily
holds). We do the first, the second is similar. The codimen-
sion of N in V is 3 3, hence it suffices to prove that BDO

is zero homotopic in VN L. The codimension of I in V equals
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r-1. If (r-1) 3 then again we are over. Let r « 4. The
(-v)-shift defines the diffeomorphism </ of VNI onto
g—l(}.l)\ D(g, v), together with the homotopy of BDO to its
< —-image; hence oL (6DO) is homotopic to zero in W, hence in
f_l( € ) by regularity of f, therefore o((éDo) is homotopic to
zero in §‘l(p)\D(q,v) + since D(q,v) has the codimension
n - (r-1) = n-r+l1 2 n-2 2 4. The (-v)-shift of this homotopy
gives us the required homotopy from BDO to zero in 'cj_l(}\ ).
This homotopy together with the smooth embedding of D2\Do,
constructed above, gives us a continuous map & :D2 —> V. Hav-
ing expanded DO a bit we can assume that this map is smooth
on some compact neighbourhood of D2\ Do'

Consider now the set —f{; NT1(n). That is a compact
set which is a finite union of submanifolds D(z,v) N —9'_1(9\)
of V,each of which has fhe countable base and has the codi-
mension » 3. The same holds for R; ﬂﬁ_l(?\ ). By the choice
of ¢ the image ¢ (D2\DO) does not intersect —I'(j NV and
K, OV.

Now we apply the standard ‘f‘rah;ver;aei‘fy argamev\‘i"
and get a smooth embedding k:D2 —>» V, which is as close as
we want to & , coincides with 2 on the compact set DZ\DO,
whose image does not intersect with R; NV, f{_o‘ NV,and such)
that the image k(Do) does not intersect N U L.

I claim that this 'k satisfies the conclusions of the
lemma 5.12. The requirements 1), 2) have just been checked,
SO0 we must check only that the assumptions of lemma 5.4 hold

for k.

The map k 1is smooth by definition, k(o) = a and
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k( B) =Db since ﬁ IBUC = l]o )BuC. The intersection

2 2 _ 2
k(D")N N equals (Lp (D ND)ANAN) U (k(DO)nN) = (¢ (D°\ D,)NN.
We have chosen the ¢ above in such a way that this latter
intersection is exactly B. Similarly, k(D2) AL = B. For eve-

¥

2
+ {}zof . Since 70 is transversal to N, we have TX k(DO7)n

ry ¥ € B the tangent space T k(D2) = TX(ID(PB) = Tb’ ¢(B) @

(’\TXN =T y (F(B ). Similarly for L.

Lemma 5.12 is proved.

Corollary 5.13. For a smooth embedding P :D2 — V, sa-

tisfying the conclusions of lemma 5.12 the embedding
@:D2 X DE_z x D?ur_l —> V, constructed in lemma 5.4, can be
chosen so that
1) If z € W is a critical point of £, z # p,
ind z £ r, ind z < n-3, then D(z,v) N Im?=/d .
2) If z € W is a critical point of f, z # q,

ind =z 2 r-1l, ind z Zz 3, then D(z,-v) (O Im‘@ =/25 .

2 =+ o == 2
Proof. Just note that ¢ (D) N K, =¢f = Ky N (DY),
that LF(D2) , R;, f(}\ are compact, and that for & small
enough the map @ : D2 X Dr—2 X Dn—r—-l —>» V, restricted to
& £
D2 X DI;Z x Dj;_r_l has its image arbitrarily close to cp(DZ) .

Consider now the gradient-like vector field w on the
cobordism W o= §—l( [’_c,' c+1l]l), which is the result of the
Whitney modification » @applied to the vector field v on the
cobordism W, ,with respect to data (V = Zj'—l(?‘ ): v, N =
=D(p, v) NV, L = D(q, —v)ﬂV,‘F,%;[A —S,AJ, h-t)

where @ 1is the embedding constructed in lemma & 19 C—f) ie
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the expansion of ? » satisfying the conclusions of corollary
5.13, ht is any isotopy as constructed in lemma 5.7, $ is
small enough.

Since g~l([§-ﬂﬂ A]) projects injectively to M, the w
determines the gradient-like vector field for g on M, which
will be denoted by the same letter w, as well as its lifting
to M; the latter, being restricted to a cobordism W is the
result of multiple W-modification with respect to the levels
A+k, k €z7.

Now I claim that the vector field w is an almost good
gradient-like vector field for g:M —» Sl, satisfying the
following conditions.

a) Let x,y €W, be the critical points of &, ind x =
ind y + 1, such that x is not a t-shift of p and y is
not a t-shift of g. Then (D(x, w) N Wl)/k(D(y,—w) f\Wl),
and N(x,y;w) is the same as N(x,y;v).

b) Let vy €W, be a critical point of §, ind y = r-1,
such that y is not a t-shift of gq. Then if r = ind p 2z 4,
then for every s € Z such that pt° € W, we have (D(pts,W)fYVﬁ>rk

AN (D(y,-w) N W,) and N(pts,y;w) is the same as
N(pt®,y;v).

c) Let x é{wl be a critical point of §, ind x = r, and
X 1is not a t-shift of p. Then if r = ind p € n-3 we have
for qts = Wl; (D(x ;wz/ﬁwl)/+\(D(th;—w) N Wl) and N(X,q;t{;vf)

is the same as 'N(x,qts;v).

d) For every pair x,y EEWl of critical points of g,
ind x = ind y + 1 the incidence coefficient Q(X,y;w) equals

V(x,y;v).
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e) The discs D(p,w) and D(g,-w) are transversal and the

set N(p,q;w) is the same as N(p,q;v) \ {Q(Xl), Q(52) .

Lemma 5.14. 1) Let 2z be any critical point of £, z #

t'p for any m and suppose that ind z < n-3, ind z £ r.
Then D(z,w) N T T([f(z) - 2a - 2, F(z)]) = D(z,v)N

(\f_l(Lf(z) - 2A - 2, f(z)]) and on this set w = v.
2) Let z be any critical point of £, z # t®q for any
m, and suppose that ind z 3» 3, ind z » r-1.
Then D(z,-w) N} £ L ([f(z), E(z)+2a+2]) = D(z,-v)(\

N f_l([f(Z), E(Z)+2A+2]) and on this set w = v.

Proof. We prove 1), the 2) is similar.

Since both w, v are invariant under t it is enough to
verify the property for any t-shift z, of z. Consider the t-
shift zg such that c¢+22+43 < f(zo) < c+2A+4. By our choice
of A this z_ belongs to W and f—l([f(zo)—ZA—Z, f(zo)])<:

C{E(x) » c+1} NwW. Note that D(z_,v) N FL([E(z)-2a-2, 2(2.)])c
CZD(ZO,V) N {f(x)3> c} and that the latter set does
not intersect the set Inﬁ?-ts for any s &€ 7.

Indeed, this is obvious for s > O and for s < - (2A+3).

Now if - (22+3) £ s ¢ O, then D(zo,v) N Im@-tS = @(zot_s,v)ﬂ Imcb
The point zot_s belongs to {f(x)j> CZ, hence

to W and zot_S # P, ind_‘zot_S < n-3, r, by hypotheses. Hence,

D(zot_s,v) M Im P - @/

Note, further, that together with some point x the set

D(zo,v) N {f(x)z; c} contains all the (~v)-trajectory, star-

ting at x. That implies it intersects some A if and only if
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it intersect tr A. Therefore [D(zo,v) ﬂ{f(x} 2 C f] N

N [ U tr(Im@) tS] = Qf The support of (v-w) is contained
1.

in L}tr(lm@)-tS {that goes by construction, see lemma 5.9).
jeZ

So in the set D(zo,v)ﬂ {f(x) z c} we have v = w and 1) is

proved.

Corollary 5.15. 1) Let z & W]_ be a critical point of £,
z # tmp for any m. Assume that ind z £n-3, ind z £ r.

Then D(z,v) N W, = D(z,w) N W, and w = v on this set.

2) Let z €W, be a critical point of f, z # t'q for any
m. Assume that ind z 2 3, ind z z r-1.

Then D(z,-v} N Wy = D(z,~w) N W, and w = v on this set.

Proof. To prove 1) it is enocugh to note that Diz,v)NW, <
< Diz,v) N f_l([p~A, zj))but f(z) < c+h+1l, hence
(D(z,v) N W])CGD(Z,V) N ’f_l([f(z)—zA—Z, £(z)}), and we apply
the previous lemma.
2) is similar.
Now we proceed as to prove a)-e). Pirst of all I'1l1 pro-
ve that w is almost good. Let ¢, B € Wy be two critical
points of g, such that ind« £ ind f. We distinguish three

cases:

A) o # t'p  for any n €Z, f# t®q  for any m € 7Z.

Nete that either (indoi.s n-3, indd,g r) or (indup = 3,
p-2

ind § » r-1). (Indeed if ind« = n-2, then ind B > indel 2
n-2. If ind«{ % r then ind g » inde{ 2 r+l > 4.} We consi-
der the first possibility. By corollary 5.15 the set D{(./.,v)

NWy = D(s ,w) N W, and v = w on this set. This implies
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that any (-w)-trajectory, joining « and ‘P is also (~v)~tra-
jectory Jjoining and}p, and these do not exist since v
is good. The second possibility is done similarly.

B) oL = t"p for some ne Z. Then ind B » r » 3, the
disc D(?,—w)(ﬂ Wy is the same as D(P,—v) N W, and we apply
the same argument as in A).

C) P = tmq for some m &€ Z. Then indJ/ < indp = r-1lg
< n-3, the disc D(« ,w) N W, 1is the same as D(«,v) N Wy
and we apply the same argument as in A).

Next we check up a). Note that again either (ind x £ n-3,
ind x £r) or (ind y 2 3, ind y 2 r-1). (Indeed ind x = n-2
=» ind y = n-3 Z 3 7since n » 6, and n-3 2> r-1, since
n-2 2 r. Also ind x » r+l implies ind y 2 r2> 3.) We consi-
der the first case, the second is similar. The disc.. D( o(,+'v')ﬂ.-“

ﬂWl is the same as D(d, +w) f\wl and v = w on this
set, which implies that the (-w)-trajectories, joining « and
p are the same as that of (-v). Since v is good there is
only finite number of them and we are now to show that for
any such curve X the discs D(& ,w) and D(p,—w) are trans-
versal at y . Consider the manifold S = D( Pr-w) N §—l(§+8) ,
where J is very small. This manifold is diffeomorphic to a
sphere and the intersection D(«,w) N S is a finite set.
Denote X[\S by a. Note that the (-w)-trajectory 9; starting
at a is x_l, which rheans that it does not intersect the
supp(w-v). If we fix some t > 0, then the sets e\[O,t] and
supp (w=v) N Wl do not intersect, and since they are compact,
all the ('—w)—trajectories starting at some small neighbour-

hood (/( of a in S are (-v)-trajectories, which implies that
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the tangent space to D(p,—w) at the points of yiﬁhtj is
the same as to D{P,—v),and hence they are transversal.

Next we check up C). Since r = ind p € n-3 and ind z € r
we are again in the situation of corollary 5.15. 1) and
agaih D(x,Vv) f\Wl = D(x,w) N W, and v = w on this set. We
apply now the same argument as for the case a).

To check up b) we note that since ind y = r-1 2 3 then
we are in the assumptions of corollary 5.15. 2) and we pro-
ceed on the same lines as before.

To prove d) we introduce the vector fields w

k
result of multiple Whitney modification, applied to the fi-

as the
eld v and the levels A2+A, 2A+A-1,..., Q+A-k (and the cor-
responding data which are the shifts of the critical data

for w). The Wy is the gradient-like field for g, although

it is not t-invariant. Note also that Wy =W ]{g(x);. A—n}
and W, = v in { g(x) £ A-n}.

Note that since supp(wk—v)cz supp (w-v) the results of
the corollary 5.15 hold for w, as well as for w. That imp-
lies as before that Wy is an almost good gradient-like fi-
eld for g. Now we shall show that if x,y E'Wl are two cri-
tical points of G, ind x = ind y + 1, thén ;é(x,y;wk) =
= V(x,y;wk_l), which implies that these coefficients are

the same with respect to W=V and w but since lel =

23°
= Won ]Wl , that suffices to get d).

The field Wi—1 differs from w, in the set contained
in §flw [%+A—k—5, )\+A—k]), so we are only to consider the
case g(x)> A+A-k > G(y).

To calculate the incidence coeffcient Q(X,y;wk_l) we
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proceed a in ¢ 3. Dencte ind x by s, &F(x) by d and  §(y)
by <. |
We take & » O so small that the sets V.ss—l(&wk—l)nw
V?/S(c?;-wk_l) de not intersect. Note that the sget
Kss—l(wk-l} N Wy = K.ss—l(V) ﬁWl does not intersect supp (v—w),
therefore ,for the small & we have Vgs—l(éimrk—l)n
MWy = Ve 1 Siw) Nwy =V ) (8,v) N Wy
We demand also that Keg (Wp_p) N V;S(cs;-wk_l) = 5. Note
that similarly to the above V}S(G;—wk_l) = V;s{&—wk) for
3 small encough. |
. We demand as well that Roop (w1} N Vgs-lts?—wk—l) = ¢/
We take au = A+A-k as a level with respect to which we
are going to apply a definition from §3..
Take B < d very close to d and ¢ <« very close to c,
and consider the manifolds S‘(3 = D(x,v) N f_l(ﬁ) ; Sy =
= D(y,-v) N f_l(c{). Pick up the compact neighbourhood P
with the smooth boundary ¥P of the set Sp‘\ U(8;[;p,'PJ;—HV&ﬂ)
in the set Sﬁ ~ K( LP’_FJi _Wk—l)' Pick up the com-
pact neighbourhood Q with the smooth boundary 9Q of the set
8, \ U(s; {4, /u], +w, 1) in the set 8, K{ Lo, 1] Wy 1) -
We denote by %u and %u the results of shits along
(—wk_l)htrajectories {resp. wk_l~trajectories} up to the
level Y of the manifglds P and Q.
The boundaryhagu beleongs to the compact %ﬂ;g = f_lgu)ﬂ
N VSS_1(5;[:p1 c+A+1]; Wi _1)+ The boundary_b%u belongs to
Y = f_l(f” a) VSS(B; [c—A,}g; —wy 1) .

M6

By ocur assumption %u N %u,@ =;5f= %u(q %U,B. Now the

incidence coefficient (xX,v; Wk_l) is defined as an inter-
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section number i(P,Q) € ZH =2Z JTlW with respect to a pair of
compacta X Y see lemma 3.9).
P a,8 }1,6 ( )
Now we are going to perform the same procedure for Wy
Choose the & so small that the above conditions hold for

, . -1
Wi also. Since W = W, in the set g ' ( [p, A+C +1 ) the

sets U(&;[}h PJ;—wk_l), K([}J,fﬂ;—wk_l) are the same as

that for Wy - So the manifold P, chosen for wk_l,is good al-
. . -1 .

so for Wi s and)51nce the (—wk_l)~sh1ft up to £ (/U) is

the same as (—wk)—shlft,we can assume P (wk_l) =P (w). Si-

/.1
milarly, X (
/u,S

i-1) T X, e W) -

Consider now the other part. The compact st(g;[ﬁ—A,jkj;

is the same as that for Wy by the above; so

%u,S(wk) = %ﬂ:a(wk“l)' Next the set U(5;[d_,}ﬂ; w, ) consists
of all (—wk)—trajectories, starting from the S-discs around
the critical points 2z & g_l( [4,_p]). Note though that these
critical points lie below the supp(wk_l—wk) which belongs to
a narrow strip §—l(dp—5g,‘y). Hence for O small enough this
set, as well as K({ [4,_pJ, wk) are the same as these for Wy_q-
So the manifold Q(wk—l) can be chosen as Q(wk).
Now the coefficient V(x,y;wk) is by definition the in-

tersection coefficient of th and (wk) with respect to the

Q
P
compacts X and Y . The manifold Q (w,) is (by defini-
/1,5 }1,8 ntk
tion of Whitney modification) the result of the final map hl
of some isotopy ht of V = f_l(/u), applied to Q. This iso-
topy differs from id on the set Im<§~tA_k, which by our
choice of é@ intersects neither Kss—l(wk—l) f\Wl, nor
K>S(wk)/q Wl and, therefore, for small d&, it does not in-

tersect also the sets X ) and Y S- We finish now by
Mo pat

-

"W/
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applying lemma 3.9, 2).

To prove e) it is enough to notice that transversality
holds by lemma 5.7, as well as the sign business. All the
curves X ; joining a, b did not intersect supp(w-v) except
Xl’ Xz, so they rest the same, hence the coefficients }1(X)
are the same as before.

The properties a)-e) are proved.

Now we consider any good gradient-like vector field v'
which is close to w and coincide with w in the small nei-
ghbourhoods of zeros of w. I claim that the vector field v'
resctricted to Wl’ satisfies again the condition d) above
and as well the conditions a)-c) and e) if we change there
the word "same" to "homotopically same". Indeed for the
item d) it follows from lemma 3.10, and the others - from
lemma 3.12.

Now I claim that this field satisfies all the conclu-
sion 1)-6) of theorem 5.2. ;

Indeed, 1) is obvious, 6) is already done, and for
all the rest it suffices to check up that Q(K) C Wl' But

that was by definition. The theorem 5.2 is proven.

The proof of theorem 5.1. We must distinguish two ca-

ses: 1) 4 € ind a € n-2, 2) 3 €£ind a g n-3.

We do the case 1) first.

Lemma 5.16. Let ® = (f, f, v, E) be a regular quadrup-
le, belonging to a regular class § & Hl(M,iz). Let g & E,

ind g £n-3. Let N >0 be any number. For every x € E,

ind x = ind g + 1 let m(x) be an integer, such that
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ni(x,q) = 0 for i £ m(x).
/ —
Then there exists an admissible modification o2 = (g, g, V; E)
of ®, such that Cy(v',E) is N-equivalent to Cy (v,E)

and g(3) > :§(>'€t_m(x))for every x €E, ind x = ind q + 1.

Proof. Note first of all that it suffices to construct
such 2 ', that C*(v',E)Z;_ Cy(v,E) and T(F) » FEtTH)), sin-
ce for a Morse function on a cobordism one can always e{@i‘

a bit one of -the critical points, ge@hglhg & a given Cevel .

For brevity we shall call an r-quadruple 6 suitable, if
© 1is an admissible modification of & and Cy(v',E) is M-equi-

valent to C, (v,E), where Mv= N + max m(x) + 2.
xeE

For each suitable ©' and x € E we denote by (6, x)
(not to be confused with the incidence coefficients v (p, q))
the non-negative integer max([?y(?{tﬂm(x)) - 3(@], 0), and by
S(8) the sum of Q(e,x) over all the x & E.
From all the suitable © choose the one 60 = (g, 9, w, E)
with the minimal possible value S(®). I claim that S(eo) = O.
Indeed, suppose that S(eo) > 0. Choose the regular value c
of §, such that - f has no critical values in (c¢,g(q)).
Choose some x €E, ind x = ind q + 1, such that E’cjn(it_hi(x))— '5'(51)]::

= s > 0. We have

(@ +s+1 > & -t™*)) 5 5@ +s, hence
§(@ + 1 > TS 5 g .
Choose now an enumerating Morse function on the co-

bordism W, = §—l( [c, c+1]) with the same vector field w. We
can demand that the value of § on § does not change and the

values of G on all the critical points of index)equal to
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ind g + 1 decrease. Furthermore, we can demand)that the cri-

tical point it—m(x)+s & WO is the nearest to q, so that for

some u,Y & (c, c+l) there are no critical points of g in

-=1 =, -m(x)+s . .
g "(pu,V) except q and Xt . The index nm(x)_s(x,q,Mﬂ

equals zero, which implies that the incidence coefficient
v (:7<t_m(x)+sf q) € ZH is zero. Now we apply theorem 5.2 to

the enumerating function Y, pair of critical points

(it—m(x)+s, G) and the finite set K, which contains E and for

each x € E it contains all the ?ts, where ind y = ind x - 1
—ex(E,(f) - 2 < s < M.

After that we diminish the number of trajectories join-

-, ~m(x)+s

ing Xxt and G by 2 and the choice of K guarantees that

the resulting complex ,C*(wl,E) is M-equivalent to C,(w,E)

(see corollary 4.5).

Applying this procedure several times (the same ¢, the

same K), we finish with the vector field W for ’% such that

-m(x) +s

there are no trajectories, joining Xt and g. Now by

the standard argument we can change ¢ on the set <P—l(/u,v )

-m(x)+s

so that ?1(5);>(€l(§t ) » without changing w By the

5"
lemma 4.3 is again regular. Denote by 6, the quadruple
f1 1

Cpre B vy B,

Note that the integers V(el, z) for ind z = ind g + 1,
did not increase, since the values of our functions on the
critical points of inde%,equal to ihd q + 1, decreased, and
the values on § - increased.

Further, (Pl(it—m(x)

) < @l(§)+s, hence [%ﬁ(xt—m(x))-q%(§3]<5.
Thus;if s > O0,the number v ( %l’ X) 1is less

then V(Go,x) = s, and eo can not have the minimal possible
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value eo(s).

Consider now the suitable (g, g, w, E), such that
S(eo) = O.

This condition means exactly that for every x € E, ind x
= ind g + 1, all the points gt () which lie above g, lie
below g+l. Choose the suitable eo with minimal possible
number of such X. I claim that this number is equal to zero.

Indeed, if there is at least one point x, such that

t m (x) lies above g, we apply exactly the above procedure

and get rid of it. Lemma 5.16 is proved.

Corollary 5.17. 1In the assumptions of the theorem 5.1

there exists an admissible modification & = (q,iﬁ, w, E) 'of
X, such that:

1) For every x € E, ind x = ind b + 1, x ¥ a, and every
S < N there are no (-w)-trajectories, joining X and bt°.

2) @(_b) < @A) < Y (b) + 1 and there is only one (-w)-
trajectory X , joining & and b, h( Y) =1, E(y) = 1.

3) The complex C,(w, E) is N-equivalent to C, (v, E).

Proof. We apply lemma 5.16 to the quadruple == and the
numbers m(x) = N-1 if x # a, and m(a) = -1. We get the quad-

ruple &' = (g, g, v', E), such that G(b) > @%it_(N_l)

) for
x # a, and §(b)> G(3at) = (i) - 1. Note that 3(b) < §(a) ,
. .because otherwise no(a;b;w) = O which contradicts the N-equi-
valence of C,(v,E) and C, (w,E).

Consider now the regular value c¢ of g, such that there

are no critical values of § in (c, QIB)), and such that

g(a) <« c+l. Choose now the enumerating function ¢, on the
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cobordism §—l([c, c+;J), such that for some interval Lp,\{]c:
< (c, c+l) the only critical points in ‘P;l( /u,Q ) are E, a.
Note that all the conclusions of lemma 5.16 still hold for
?l’ since for every x € E, ind x = ind b + 1 we have c¢ >
> @)

Applying now several times the theorem 5.2 to the r-quad-
ruple ((Pl’q;l’ w, E), the points a, b and the set K, con-
taining Q(E) and for every point x € E containing all the
points ?ts, Yy €E, ind v = ind x - 1, such that —ex(iﬁl, E)=-2

< s € N, we get finally the new vector field v' for the
same function Lpl, such that there is only one (-v')-trajec-
to:y x ; Joining 3 and B, h(B') =1, &£(Y) =1, and the

complex C,(v',E) is N-equivalent to C,(w,E). g.e.d.

Proof of theorem 5.1 for ind az=> 4.

We proceed in the same way, as while proving the lemma
5.16, starting with © of corollary 5.17 and lowering the le-

vel of the point &, but this time taking care not to create
new trajectories, joining X and BtS.
Namely we are going to prove the following assertion A:
A: there exists an‘admissible modification ' = ( @,ZE,\U}E>
of 2, such that the conclusions 1)-3) of corollary
5.17 hold for ', and, in addition, the condition (p) be-
low holds.
(p): for every y &€ E, ind b = ind y, y # b, we have
¢ @-t"hs P @,
(Obviously the z¢' satisfying 1)-3) of 5.17 and (3) satisfi-

es the conclusions of 5.1.) Denote ind a by r.
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We call an admissible modification ol = (l]O,l;O-, w, E) of
(£, £, v, E) suitable, § 1)-3) of 5.17 hold. For every suit-
able &' and y €E, ind y = r-1 denote by n(e«,y) the non-
negative integer max([— @(ftN‘l) + @(5)}, 0) and by m(«)
the sum of _/Ll(o(,,y) over all the y # b. Consider the suitab-
le o(.o = Lp,fp, w, E), such that /u(o(o) is the minimal pos-

sible. I claim that Pl = 0.

o)
Indeed, if /u(ol,o) > O, there exist some y € E, vy # b,
such that LF(?tN-l)+s+l > L~P (a) > ? (§tN—l)+s, where s > O.
Choose ¢ > (_p (a) , such that there are no critical values in
the interval ( @(3), c] and such that 55;(5) > c-1. There is
exactly one t-shift of y in the cobordism _t—f?_l([c—l, c]) ’
namely 'y—tN—l—S. Choose now the enumerating function 501 on
the cobordism @ *( [c-1, c]), such that ¥, (3) = $(3), the
values of L—P on all critical points of index r-1 do not
decrease, and there is an interval [o& ,JBJ C (c-1, ¢), such
that only critical points of ¢, in Lfil( [« ,P]) are a and
§tN_l_s. Note that for a new r-quadruple oél = (9, (?l' w,E_)
we have }J(oll) < pd ,,(O) . Note that by the condition 3)
of 5.17 the incidence coefficient Y (3, ?tN—l_S) =
= Ny_q-g(ay y) = 0.
Now we choose the finite set K € M of critical points
such that K > 77 (E), and such that for every x € E the set K
contains all the Jt™ where -ex (E, $1)_2 <£m ¢ N+2 and
apply several times the theorem 5.2 to the pair of critical

points (3, TtV 178y o get rid of all trajectories, joining

a and ?tN_l—S. The new r-quadruple (Lfl, (Fl’ Wi, E) satis-

fies again 3) of 5.17 by the choice of K and 1) of 5.17 be-
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cause of p.2) of 5.2 and because b is not a t-shift of §,
and X 1is not a t-shift of 3a. The first part of condition
2) of 5.17 follows from the definition of @l. The second
holds alsoc because of p-3) of theorem 5.2, since E is not
a t-shift of y.

Here we use that ind a 2 4.

Now, since there are no (-wl)—trajectories from a to

?tN_l_S we can exchange the values, that is to pick up a new

function ¢,: @ ([ ,p)) — [,$), such that ¢, (a) <

<k€2(§tN_l—s). Expand ¢, to (Pil([d §ﬂ), setting @, = ﬁfl
for all the other points. That is obvious that for a quad-
ruple 012 = (‘fz'z?z' Wi E) the conditions 1)-3) of 5.17
hold also. The values of the function on critical points of
index r-1 did not decrease, \P(a) has decreased, hence
PAloys 2) € pl(d,, z) for all z € E, ind z = r-1, and
plelyr y) € 5-1 < pld, y).

Thus /u(olo) = 0. That implies that for the quadruple
do = (¢, ?, w, E) we have for every y # b, ind y = r-1 the
following: Q(?tN;l) z.i? (2)-1. For such a quadruple we denote
by Q(oéo) the number of y € E, y # g, such that
F @t "t < §(@). From all the suitable of with (o) = O

we choose the Jl with minimal possible Q(cil). I claim
that V(<Jl) = 0. Indeed, if there is at least one vy, with

N-1 we apply the same procedure as above to

P@E > @t
get rid of it.
(Note that if we had started to eliminate the trajecto-

ries from a to b after what we have done, we would not

succeed, since this operation would create the trajectories
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joining something and b.)

Proof of theorem 5.1 for ind a £ n-3.

It goes on the same lines, but the order is reversed. We
give only the sketch of proof because the details are similar
to above.

1. Similarly to lemma 5.16 and corollary 5.17 we obtain
an admissible modification n = (*),q;,‘u, E) of &, such that
1') For every y €E, ind y = ind a - 1, y # b, s <N, there
are no (-u)-trajectories, joining 3 and ?ts.

2') q%E) <.q:(5)< q:(E) + 1 and there is only one (-w)-
trajectory Y joining @ and b, &/ y) =1, h(x’) = 1.

3') The complex Ci(u, E) is N-equivalent to Cilv, E).
(This is done by descending gradually with the point a, and

after & is lower than all the 3t° for s < N and also than

— - —

bt 7, we get rid of the trajectories, joining 3 and b.)

2. Similarly to the proof of 5.1 for ind P > 4 we find
an admissible modification No = (\%,q;, u, E), satisfying
l')43') above and, in addition,

4') for every x €E, ind x = ind b + l, x # a we have
Y o Ty
(This is done in the following way. We start from the gquad-
ruple, satisfying 1')-3') above and we gradﬁally rise the le-
vel of E, interchanging it with the points of the type zt°,
$ S£N-1, x # a. Each time we preserve the propertiesl'), 3')

by th. 5.2, 2) and, resp. 5). The property 2') is preserved
by the theorem 5.2, 4)).

Theorem 5.1 is proved.
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6. Cancelling and adding of the trivial direct summand

We recall from 62 that we denote by Iﬁ(k) the complex

O <« [& Z\ €— O , concentrated in dimensions k,_k+l.

Theorem 6.1. Let 2= (£, f, v, E) be a regular quadrup-

le, belonging to E e-Hl(M, Z), g is regular. Let N 3 2,
2 £k € n-3, and assume that the Novikov complex C, (v, E) is
N-equivalent to D, @ F,Ek) .

Then there exists a new r-quadruple © = (h, h, w, E")

belonging to % , such that Cy(w, E) is N-equivalent to D,

Proof. We shall need some preliminaries on good gradi-
ent-like vector fields. Let W be a cobordism, f: W —e'[a,b}
be a Morse function, and v be a good gradient-like vector

field for F.

Lemma 6.2. Let p, p', g'e(Crf, ind P = ind p' =
ind g' + 1, p # p'. Let Y be a (-v)-trajectory, joining p'
and g'. Denote by X the closure of ¥ %'= ¥ up' v q'

Then there exists a neighbourhood U of ? ; sSuch that
the following cqndition holds: | ’

(1) if there exists a (=v)-trajectory, joining p and
some point of U, then there exists a (-v)-trajectory, joining

p and qg'

Proof. Assume that the conclusion is false. This means
that for every neighbourhood U of X there exists a point
AEU, and a (=v)-trajectory, joining p and ﬁs, but there is

no trajectory, joining p and q'.
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Then, since ind p = ind q' + 1, we can choose a new Mor-
se function G:W —> [a,b] with the same gradient v, such that
G(q') > G(p). Since ¥ joins p' and q' we have also that
G(\) 2 G(q') for all the points A € Y . Hence there exists
a neighbourhood U(X ), such that for all Ké& U(f) we have
G(\) > G(p). Therefore there can exist no (-v) -trajectory,

joining p and some 9\6:IJ(?).'Contradiction.

Lemma 6.3. Let p,q,p',q"'& Cr £, ind p = ind p' =
=ind g+ 1=ind gq'+ 1, p#p', q# q'. Let ¥ ,X ' be two
(-v)-trajectories, joining, respectively, p with q and p'
with qg'.

Then there exist two neighbourhoods U, U' of g and ?/
respectively, such that the following holds:

(ii) If there exist a (-v)-trajectory, joining some
point of U with some point of U', then there exists a (-v)-

trajectory, joining p and q'.

Proof. Assume that our conclusion is false. Then for eve-
ry pgir U, U' of the neighbourhoodsof, respectively’? and 3/

there is a (-v)-trajectory, joining N €U with moeut,
but there is no (-v)-trajectory, joining p and q'.

Then, since ind p = ind qg' + 1, we can find a new Morse
function G on W, such that v is still a gradient-like vec-
tor for G, and G(p) <fG(q'${ Since the (-v)-trajectories ¥
X" join, respectively, p with q and p' with g' we have
G(X) £G(P) <G(q') < G( u) for every %6—*6- ;P ég'. This
implies that there exist neighbourhoods U of ¥ and U' of ¥

such that if A€ U, N\'&U' we have G()) < G(\"). But
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then the existence of a (-v)-trajectory, joining \ and Al

is impossible.

Lemma 6.4. Let p,q,9'€ Crf, ind p =ind g + 1 =
= ind q' + 1, g # q'. Let ~X be a (-v)-trajectory, joining
p and dg.

Then there exists a neighbourhood U of X , such that the
following condition holds:

(iii) if there exists a (-v)-trajectory, joining some
point of U with ', then there exists a (—v)—trajectdry,

joining p and gq'.

Proof. Similar to that of 6.3. If there is a (-v)-tra-
jectory, joining p and g' there is nothing to prove.

If not, then we can choose a new Morse function G on the
cobordism W with the same gradient-~like vector field, such
that G(gq') > G(p), and, the;efore G(g') > G()) for any point
N of 7 . Then there exists a neighbourhood U of %, such
that G(g') > G(u) for every u € U, and the antecedent of (iii)
is false, g.e.d.

Now we return to the proof of the theorem 6.1. Let
a,b € E be the generators of I?ik), ind b = k, ind a = k+1.
We pick up an admissible modification xl = (g, g, v', E) of
*, satisfying the conclusions of theorem 5.1. Pick up some
regular value c¢ of g, such that ¢ < G(b) < §(a) < c+l. We
can aséume that for some interval [A ,}ﬂ < (¢, c+l) the only
critical points of §, belonging to §_l<[ﬁ,“p3>are b, &, and
A <g((b) € 3(7) < M. Let A be a natural number, such that

all the sets Et° for O < s < N+1 are contained in
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§—l([b—A, c+l+A]). The latter will be denoted W.

Corollary 6.5. There exist a neighbourhood R of 57, be-
longing to §—4( 2,‘p), such that the following three condi-
tions hold:

(i') If p €Crg, p €W, ind P =k+l and se€Z, -A £sg

<A, and p # at° there is a (-v')-trajectory, joining p
and some point of Rts, then there is a (-v')-trajectory,
joining p and DbtS.

(ii') If s,s'&€ z, s # s', A £ s,s'< A, and there is
a (-v')-trajectory, joining Rt® and Rtsl, then there is a
(-v')-trajectory, joining at° and BtS .

(iii') If g e-Cr§, q €W, ind g = k, and s&€ Z, -A <s

<A and q # bts, and there is a (-v')-trajectory, joining
some point in Rt°® with g, then there is a (-v)-trajectory,

joining 3at° with q.

Proof. First we choose R so as to satisfy (i'). Fix
for a moment se z, -A £ s £ A and p € Crg, p#’éts, ind p =
= k+1. Then by lemma 6.2 there is a neighbourhood U satis-

fying the condition (i) for the triplet of points P, §ts

4

btS. Note that if condition (1) holds for some U, then it

holds also for any U' < U. So we can assume U ¢ E—l( A+ s,/ﬁ+5>,
Now for any point p € Crg we choose the corresponding

neighbourhood Up of f"ts. The intersection U = %}Up satis-

fies then the condition (i) of 6.2 for all the p, and will be

denoted Us'

Now we consider RS = Ust—s, which is a neighbourhood of

X, R Cj§—l( %,'}1). Denote by R the intersection of all
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the Rs for sEE[jA, AJ. Then this R satisfies (i') for all
s, p.

In the similar fashion one finds the neighbourhoods Q, S
of ? + satisfying (ii') and (1ii'). Since the passage to the
smaller neighbourhood preserves (ii') and (iii'), the neigh-
bourhood R N Q9 NS satisfies all thebconditions of our corol-

lary.

Lemma 6.6. There exists a neighbourhood R of ? , be-
longing to 5—1( A,/p), satisfying the conclusions of corol-
lary 6.5 and the following:

iv) If p € crg, P&EW, ind p > ktl, seZZ, -A & s £ A,
p # 3t° then D(p,-v") N Rt =g§.

(v) If g € Crg, 9 €W, ind p €k, s €7, -A < sg A,

g # bt® then D(g,v') N\ Rt® ='Qf.

Proof. First we fix S, satisfying the hypotheses of
(iv) and find the corresponding RS. Let p satisfy‘the hypo-
theses of (iv). Note that th belongs to the D(it°, v')
which does not intersect with D(p,—v‘),since v 1is good.
Furthér,'véts géD(p,-v') since p # 2t° ana 'Btsgé D(p,-v")
by the same reason. Therefore S;ts /\D(p,-v') = ﬂj}if P # ats.
Thus g'tsf\ ( L)D(p,—v'0 =;5’, where p in the union runs
through criticgl points of g, such that ind Pz kt+tl, p # at°5.
This union is compact by lemma 3.8, hence for any sufficient-
ly small neighbourhood R of ? we get Rt® f\D(p,—v') = Qﬁtif
ind p » k+1, p ¥ at°.

We find such neighbourhoods RS for each s and setting
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R = []Rs we get finally the neighbourhood R of ?', such
AcscA

that RtS f\D(p,—v') ==Q5 for all p, s, such that ind P 2 k+1,
p #at®, -A < s« A,

Similarly we find the neighbourhood Q of ? to satisfy
(v) and then we intersect Q, R and the neighbourhood, satis-
fying the (i')-(iii') of corollary 6.5 to get the neighbour-
hood sougﬁt. Lemma 6.6 is proved.

Consider now the cobordism W, = §—l( [A, n] ). The Morse

function §\Wo has only two critical points 3, b, which are

joined by the single trajectory X of the gradient-like
field v’'.

Theorem 6.7.[3Wi2,§5j For any neighbourhood U

of '? there exists a new vector field v, on Wo’ and a Morse
function h:wo-—> [},‘p}, such that

1) supp (v'-v,) C U

2) supp(h-3) < § T((A, p))

3) vy is a gradient-like field for h

4) vy has no zeros and h has no critical points.

We do not reproduce the proof here because we apply the

theorem just in the form presented in [Miﬂ.

We apply this theorem to our neighbourhood R, satisfying
the conclusions of lemma 6.6. We set v, = v' and h =g on
the set §—l( [c, c+l])\;§_l( LA, u]). Thus we get the new
Morse function h and the gradient-like vector field v, for

it on the cobordism §~l( [c, c+l}), and we expand it equiva-

riently the vector field vy and the function h on all the
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M. Note that Cr h = Cr g \{t -shifts of a, b}. Note that h

is obviously regular.

Lemma 6.8. 1) The vector field vy is almost good, when
restricted to W.

2) Let p,q €Cr h AW, ind p = ind g + 1 and either
ind p > k+1 or ind g < k. Then D(p,vl) is transversal tq
D(q,—vl) and N(p,qg; v') is the same as N(p,q; Vl).

3) Let x,y €E, x # a, y # b, ind x = k+1, ind y = k,
7t°¢c W and s <N-1.

Then the discs D (X, Vl) and D(§ts, —Vl) are transversal

and N(X, ?ts; v') is the same as N(X%, ?ts; vy).

Proof. 1) Let p,g € Cr h/N\W, and ind p <ind q. There
are two possibilities: a) ind p €k or b) ind q 2 k+l. Con-
sider first a). The point p is a critical point of § as
well, and it is not a t-shift of b. Hence D(p,v') does not
intersect the supp(v‘~vl)f1 W by lemma 6.6 (v), and thus
D(p,v') N W = D(p,vl)/w W and vy = v' on this set. Therefore
if there exists a (—vl)—trajectory joining p with g it is
also a (-v')-trajectory, and these do not exist, so D(p, Vv

Nb(g, -v)) =B.

The case b) is considered similarly. By the restriction

1)

(iv) the ascending disc.D(q, -v') does not intersect with

supp(v'—vl), hence any (+vl);trajectory, joining g with p is

also a (+v')-trajectory, and these do not exist, so D{(g, -v
O\D(p, v) =& .

2) Consider first the case ind q < k. That implies

1)

ind p £ k. We have already proved above that in this case
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ﬁ(p,v‘) N W = D(p, vl)tq W and v' = v; on this set. Thus the
set of trajectories of (—vl), joining p and g, is the same as
that of (-v'). We are to prove transversality. Note that in
general for any gradient-like vector field v and two criti-
cal points p, g, the transversality D(p,v)(f\D(q,—v) is equi-
valent to transversality D(p,v),+\(D(q,—v)(\ BE(q)) where
Ba(q) is a small g-4%all around q. Now D(p,vl) f\D(q,—vl) W,
so to verify D(p,vl)/+W®(ql—vl)l\ Ba(q)) it is enough to ve-
rify (D(p,vl)(\ W) N (D(q,-v;) N B,(q)). But the both terms
are the same as D(p,v') N W and, respectively, D(q,—v')ﬂl38613;
the first - by above, the second - since v' = vy in

the small neighboufhood of q.

The case ind p > k+1 is similar. Namely, ind g 2 k+1,
hence by (iv) of lemma 6.6 the disc D(q,—v')lq W is the same
as D(g,-v") f\w and v, = v' on this set. That implies that the
(—vl)—trajectories, joining p and g are the same as these of
(-v'). The rest is the same as above.

We consider two cases. 1) g (%) £ §(Ft°) and 2) g(x)>
3§(§ts). Since x, y do not coincide with a, b we have §(X) =
= h (%), G(Y) = h(¥). Thus in the first case there are neither .

(-v)-trajectories from X to ?ts, nor (-v')-trajectories.
So it is enough to consider the second case. Note that by the
choice of A we have A+c+l > g(x) > §(§ES) P §%§tN—l) Z C-A,
which implies that both . X, yt° belong to our cobordism W.

3) First of all we show that the (—vl)—trajectories, join-

ing X and yts are the same as those for (-v'). We denote

by R; the set supp (v'-v;) N R. That is a compact neighbour-

hood of Y .
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Let © be a (-vy)-trajectory, joining X and Ft°.
There are two possibilities: a) © does not intersect any
Rl-tq, “A £gqg £ A, b) © intersects some of these neighbour-
hoods. In the case a) 6 does not intersect supp (vl—v') , hence
it is also the v'~trajectory. So we are to check up that the
second caée can not occur.

The trajectory 6 is defined on (~09,00). Choose L big
enough, so that for t < -IL and for t> L the trajectory 6
belongs to the neighbourhoods of %, resp. ?ts where vy = v'.
So all the intersections of © with Rl-tq occur for t € [—L,LJ.

Denote by 9, < 9,<...<¢q

e
(\Rl-tq is not em?t? . Denote by Ki’ 1 €i<? ; the 6~pre-

the integers, such that e

image of Rl-tqi. These are the compacts in [—L, LJ. Note that
if ti éiKi, tj € Kj' i < j, then ti < tj. (Indeed, since ©
is (—Vl)—trajectory and vy is a gradient-like vector field
for h, the inequality tj S implies h(e(tj)) = h(e(ti)).
But h(Rl tqj) < E’A— qj,)l - qj] and h(Rl tq':) -

Hence every number in h(Rl tqi) is strictly greater
than every number in h(Rl tqj), contradiction). For each
1 £i<fl Genote by I, = [a&, ﬁi] the minimal segment, con-
taining K,. Note that C(i’?i € Ky, since K; is compact. There-
for, _Pi <‘Ji+l' Denote now by ©, the trajectory 6‘(—00,c(lj,
by 6, - the trajectory e‘[pl,oézj,... by 6, if 1<i<ct -
the trajectory e][Fi, 4;+l]’ and by ee - the trajéctory
e[[pe,oo> . Since ei((Pi, di+l) does not intersect supp(v'—vl),
the vector fields +v' and vy coincide on the image of ei.

Therefore ®, 1is a (-v')-trajectory which joins X with some

point Y, € thq , for 1 i« 6 the ei is a (-v')-trajectory,
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joining some point X & thq”’ with some point 'yi+l e
eletq£+1, and ©, is a (-v')-trajectory, joining some points
X, E.thqe with Ft®. Now we recall that R; € R and R satis-
fies the conclusions of corollary 6.5. That means that there
is a (-v')-trajectory, joining ¥ and btqg £oreagk-é)juoﬁ‘thdt
1 <i<d -1 ,there is a (~v')-trajectory, joining ’étqi with
thi+1, and, finally, there is a (-v')-trajectory, joining
at¥e with $tS.

Now we recall that our field v' satisfies the conclusions
of th. 5.1. Therefore ql 2 N (by p.2) of this theorem) and
s - qe
s~qu> N, hence s > 2N. But N ; 1, hence s € N-1 contradicts

2 N (by p.1l) of this theorem). If €= 1 we have q,2 N,

that. If €> 1, then d,> 9; and s » 2N + 9 " 97 2N which
again contradicts s £ N-1.

So we have shown that every (—vl)—trajectory ©, Jjoining
X and Eﬁs for s £ N-1 does not intersect supp(vl—v'), and
hence is also the (=v')-trajectory. Now we must show that
D (X, vl) and D(yts, —vl) are transversal at the points of o.
This can be verified at any point of ©, say at the point « ,
belonging to small standard neighbourhood of yts, where v' =
= v,. The tangent space T, (L) (D(X, Vl)) is thequ“ (T) ~image
of T (F)(D(x vl)), where \V; (T) is a dlffeomorphlsm of shift
along the (-v l) trajectories by the time T, so that Uf', .=

, Va
= oL . We can take B very close to X, so that T*(F D (X, D

= T4 () (D(x,v")). Now, since ¥ f)supp(vl—v ) = ¢5) some

neighbourhood of y also does not intersect supp(v -v')

which implies that M/; (T)' (L) equals'q/;/(T (). Q.E.D.
1
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Now the theorem 6.1 follows immediately:

Denote by E' the set E \{a,b}. Pick up a good gradient-
like vector field "w for a function h:M —> Sl, such that w
coincides with v, near the critical points and is close
enough to vy- I claim that the r-quadruple (h,-ﬁ, w, E') sa-
tisfies the conclusions of the theorem 6.1. For that it is
enough to show that for every x,y € E', ind x = ind y + 1
and every s z» N-1 the incidence coefficients ns(x,y;w) are

equal to ns(x,y;v').

We distinguish two cases: 1) G(X) é,§(§ts), 2) g(x)>

§(§ts). Since x, y do not coincide with a, b, we have §(X)=
= h(X), g(y) = E(?). So in the case 1) there are no (v')-tra-
jectories from X to yts, hence ns(x,y;v') = O but there are

also no (-w)-trajectories from X to ?ts, hence n (x,y;w)=
= 0.
In the case 2) we have by the choice of A the following;

Atctl >G(R) > §(FLS) 2 gEeN T

)>c—-A, hence both % and §ts
belong to W. Then,applyin% 2) or 3) of lemma 6.8, we see that
the discs D (X, Vl) and D(?ts,—vl) are transversal and N(i,gifiwn>
is the same as N(%X, yt°; v'). By lemma 3.12 the sets

N(X,7t%;w) and N(i,?ts;vl) are homotopically the same if only
w 1is close enough to Vi which implies that N(E,?ts;v') is
homotopically the same as N(ﬁ,?ts;w), Yo} v(i,?ts;v') =
=~y(§,§tsmn é'ZHﬁ,and,theréfore)ns(x,y;v') = ns(x,y;w).Q.E.D.

Now we proceed as to add a trivial direct summand_to the
Novikov complex.

Let 2= (f, f, v, E) be an r-quadruple, belonging to a

regular class géHl(M, Z). Let L 2 0 be a natural number and
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and c¢ be a regular value of f and denote by W the cobor-
dism f—l({b—L, c]). By K(v) we denote as usual the set of

points in W,belonging to the (~v)-trajectories, starting or
finishing at critical points in W. Recall from ¢ 3 that K(v)

is compact.

For the technical reason we must distinguish two cases.

Lemma 6.9. Assume that £ has no critical points.

Then there exists a new gradient-like vector field v
1

1

for f and a point o € ¥ “((c-1, c)), such that the (-vy)-

trajectory, starting at eé, does not contain any point Lt S

for O « s £ L.

Lemma 6.10. Assume that f has at least one critical

point. Then there exist an admissible modification (f, f, w,EE)

of 2 with w arbitrarily close to v , @ regular point

dié E—l((c—l, c)) on the regular level of f} and a neighbour-
hood U(d) <« %—l((c—l, c)), such that

1) The t-shifts of U(& ) do not intersect with K (w).

2) If the (-v)-trajectory J starts at some point of

U(sl ), then it does not intersect U(ol)tS for 0O £ s € L.

~

Proof of the lemma 6.9.

For a,b € R, a < b we denote by @?a b(v) the diffeo-
: !

morphism of the shift along.(—v)—trajectories from f_l(b) to

f—l(a). Fix any A € (c-1, c), and denote by Q(v) the diffeo-

morphism é?%—l,% (v) . Note that if (-v)-trajectory, starting

from Jéif—l( A),contains some o/ t° for O € s £ n, then

]
@ vy (d) =L . so it is enough to consider the case when
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By lemma 5.9 for each isotopy h,_ of V = FL(A) there

exists a new gradient vector field v, in f‘l([}\, A +£J ),

1
which differs from v only in Tf_l((ﬂ , A+ E)), such that

3 B,

A,»)\Jre(vl) ,'A+&(V) . We need the following simple

Lemma 6.11. For any diffeomorphism 4 :V — V of any
compact manifold V, such that ¢ B = id there exists a vector
field g on V, such that the diffeomorphism (Q(/,t,(.{? U o#£ ig

for some T, where k‘/’t is a T-shift along f .

Proof of lemma 6.11. Let £ & V be a point of maximal

period. That is n = pq, cpp(o() =4 , and ((Pp)* = id in the
. d n .
tangent space T, (p). The vector field —(TE((L{),CLF )77) equals in

the point o to the following:

-1 _ 97 _
2o o PG+ IOV (ri(ay) +
i=p 10

91 .
+ Z‘f 12-(p—l)—1p( E(Cpp—l(o())). The sth sum equals
=0

9-1
/e[ s (9] - @ @2 5[ @S] since
I=0

all the points (f)s(oi) are different for 0 £ s £ p-1, we can

~

set g(ol) # 0, ;(QFS(OZ)) = 0 for O & s £ p-1. Then

d n . n o_ . _
v ((4J'C(P Y7) # O, ther'efore the equality (LP,_CQP) = id can

not hold for all T

Now we expand the vector field vy to the cobordism
£ ([e-1, c]) setting vy = v in T l([e-1, ¢]INETL((A, Ate))
and expand it further to get a t-equivariant vector field v

1
on M. Note that ?%—l )\ (v) = LP’L'(F . Now pick up a point
i 4
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A€V =F1(), such that (¢ -0 )T (L) # o and the

proof is over.

Proof of lemma 6.10. We take as w the vector field,

which equals v in the small neighbourhoods of the critical
points and such that all the stable manifolds ka, W) are
transversal to all the unstable ones D(g, -w). Such fields
exist and can be chosen arbitrarily close to v by a version
of Kupka-Smale theorem (see [Pal, App. A]).

Consider now the value P &(c-1, ¢c) so close to c , that
the segment [;A, cJ is regular, and let p be the lowest cri-
tical point in §~l( c,8)), so that the interval [3, %—l(p))
is regular. Denote by S the intersection D (p, w)(\'f_l(} ) .
That is a compact manifold, diffeomorphic to a sphere. Consi-
der the compact K([c-L, cJ, -w) /N S. By transversality it is
the countable union of submanifolds of codimension 2, hence
it is noWhere dense, hence SNsN K([c-L, c],—w) is non-emp-
ty. Thefefore there exists a point P &€ 5, such that the (-v)-
trajectory X] starting at <P reaches %—l(c—L). Note that
this trajectory does not contain any p01nts Pt for s > O,
since the v- trajectory, starting from ﬁt finishes at the
level N\~ s + (f~ (p) -A) <. That implies that there exists
a neighbourhood U(F),such that no trajectory, starting at a
point of U(B), intersects U(P)ts for O < s £ N.

Consider now the compact K([c—L, c+LJ, w). Since all the
critical points have the indices <£n-2, this compact is the
finite union of separable submanifolds of codimension 3 2 in

W, therefore it is nowhere dense. So it is possible to choose
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a neighbourhood U < U(B), such that U N K([c-L, c+L];w) 1is
empty. That implies that all the t®-shifts ut® for 0s ¢ L
do not intersect D(p,w) for p é-f—l(fg—L, ch.

So the vector field w, the neighbourhood U and any
point £ €U satisfy the conclusion of lemma 6.10.

The tool for adding a trivial direct summand is of cour-
se the procedure of creating two new critical points of adja-
cent indices as described in [MiZ, §8J. We cite the following

lemma from that book:

Lemma 6.12 (lemma 8.2 from [Mi2]). For any A, 0< A < n

there exists a smooth function h:Rn —» R, satisfying h(xl,

X)) = X

n 1 outside of some compact and such that f has

exactly 2 nondegenerate critical points Pis Py of indices
2, A +1, and h(pl) < h(p2).

We shall need some additional information on this const-
runction, which is contained (explicitely or not) in the cit-

ed book. So we formulate these properties as a separate lemma.

1

We need some more notations. We represent R" as R™ x RA X

x Rn~}_l with the coordinates (x, y, z), so that Xq above

is x, y€R, z & Rn-A_l.

Lemma 6.13. Fix any positive real numbers a, b, c.

Then the function h above can be chosen as to satisfy

the following properties:

1) supp(h-x) C {l}d < a, \yl« b, ]z\ < C}= Ua,b,c'

2) The vector field w= grad h with respect to the

standard euclidean metrics is a gradient-like field for h.
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3) The points Pyr Py have the coordinates (xo, o, 0)
and (xl, O, O) respectively, where X < 0, xl>’ 0.
4) There is only one (-u) -trajectory XO’ joining p, and

-3 -
P;, and it belongs to [—a, a] X0XO0OCRxR x R" l.

The
discs D(p2, +u) and D(pl,—u) are transversal along 3’0.

5) If some (-v)-trajectory ¥ starts at P, , intersects
the boundary -BUa,b,c » then it happens for the first time in

the point © € Ju for which x = -a and h(e) < h(pl).

a,b,c

6) If some v-trajectory X starts at P and intersects

the boundary ‘BUa b o then it happens for the first time in
7 7

the point e‘%ua b, e for which x =a and h(vV)> h(p,).
’ 7

7) -3a € h(x) < 3a.

Proof. Recall that h(x,y,z) is given by the formula

h = x + s(x) d4y2+22

) + X(xy(zz—yz)ip(y2+zz), where s and Y
are functions R — R, oL,‘p are the functions R —> R, and
S,y ,dL,‘P must satisfy the relations, given in [MiZ, lemma
8.2]. We shall see that the relation 1) from there is unne-—
cessary and we shall not satisfy it.

I shall impose additional restrictions on these functions
so és té satisfy our 1)-5).

Na ely we start with two positive numbers a2 <L al < a

2
and bl < b, €1 < ¢ and with the arbitrary Yy:R —> R,

equals e
0 < X < 1, which zero for x° >/al, 1l for 0 «x < a, and
Yy (=x) = ¥ (x) . Denote sup fx'l by '> 0. Let asg be less

2 2 ‘
than 1/ and less than bl + ¢y , and O <a, < as, and ¥
be a smooth function R+ —> R, such that 0 ¢ p £ 1 and ‘F =

=0 for x > as, P = 1 for x éfa4. Then we have
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max (t (t)) < as <l .
teR?

function IR+ —> R, such that 0 << < 1, o= 1 for x < a, and

Let O <a5 < a4 and oC be a smooth

ol = 0 for x 7 @3- Denote by A the sup [«'|; A> 0. Choose

any positive real number R > max (23, l/as,lo). Pick up any

real-valued smooth function ro(x) on R, which satisfy the

following conditions:

1) r (x) = x for |x| 2 1. |

2) There are two roots of r(')(x): M, > 0 and A, < 0, and
'/uo[ < 1

3) rc')(x) > 0 for x<« Mg r(')(x) < O for —}JO< x</.lo,
r(‘)(x) > O for x>].1°.

4) sup ,ro(x)‘ <1.

[x]<1
5) There are neighbourhoods UO of Mo and Vo of “Ug such
2
o (x-K)
that ro(x) = =g 4 ro(/uo) < 0 for x GUO and
2
3 (X + Mo)
ro(x) = - —x— + ro(—/uo) > 0 for x E-VO.

(See picture 6.1).

1

Denote ro(x) - x by so(x) and let s(x) = R so(Rx),
r(x) = x+s(x). Then supp s (x) is contained in [-—l—, %]C
C(—-aS, aS). Further,max !s(x)] = % max\so(x)l = %(—;ﬁ . De-
note by X, the positive root of r'(x), X, = ';i . Note
that in the small neighbourhood of X (resp. (—xo)) the func-
. _ 1 ' 2 |
tion x + s(x) = 2 Yo (R X) equals (x x,)" + r(XO), r(x ) <o
' 2
(resp —(x+xo) + 'r(—XO) P r(-xo) > 0).
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Now all the conditions 2)-5) from Milnor's book are sa-
pisfied by the formula above and we start to check the conc-
lusions of lemma 6.12 and 6.13 for h. Lemma 6.12 first (we
copy Milnor).

If h(x) # x, then K(X) # O and _F(yz + 22) # O which

implies (x((a and y2+z2 < a, <b]2_ +ci = ]y|<b, \zl<‘c.
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To find the critical points of h we write: -%% .=
=1 + s'(xj'dAY2+zz) + X'(xy(zz—yz)iﬁ(y2+22). By our choice
of p the third term is strictly less than 1, hence the cri-
tical points exist only in the support of the second term, i.e.

2,2 2h
for x e [—aS,aS:[ and y " +z” < a,. But there Sl

4 y
= 2y (s (x)-ol' (y2+2%) - 1) and % = 2z (s (x) oL (y2+2°) + 1).
Both can vanish only for y = O, 2z = O by our choice of s.
Hence the critical points belong to I = [fas,asj X O x 0. Re-
stricted to that segment h is equal to x + s(xX), hence the
only critical points of h are TR Xg- In the small neigh-
bourhood of I h has the form ‘x+s(x) + 22 - y2, hence the

points are nondegenerate; index of p, = (-x

or 0/ 0) is D+1,

index of Py =(xo, O, 0) 1is ) . -
We have checked up the conclusions of 6.12 and p.1l), 3)
of 6.13. |
To check up 2) of 6.13 we note that [dh(grad h) [ > 0 by
definition outside of critical points and we are to verify
the existence of standard coordinates nearby the critical

points. Consider for example the point Py = (xo, 0, O0). In

| the small neighbourhood of this point the functions &Ay2+22),

p(y2+22) and y(x) are equal to 1, and x + s(x) = r(x) =

2 2 2 2
= (x~xo) + r(xo). So h(x,y,z) = r(xo) + (x—xo) + 27 - vy,
and grad h = (2x, -2y,-22z), which is required. The same for
(—xo)-

To prove 4) we note that the intersection of the ascend-

ing disc D(pl,—u) with the small disc around P, is contained

in [x-¢&, xo+£j x 0 x Bn;fk—l’ which means that each v-tra-
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jectory, starting at xo,has the zero y-coordinate on some in-
terval. Now the y-coordinate of the field v in any point
(x,v,2) 15 2y(s(x)+ L' (¥2+2°) = y(x)-Bly24z?) 4 ¥ (x)-(z2—y) -
-_F‘(y2+22)), which implies that the trajectory, intersecting
the plane (y = 0) rests there forever. Thus D(pi,—u) C_{y = O}.
Similarly D(pz,u) C {z = O}. Therefore D(pl—u) f\D(pZ,u) (-
C;{x, o, O}. There can be no more than one trajectory, join-
ing Xq and X belonging to R x O x O, because it must cross
(O x O x 0) and since R x O x O is tangent to v, there exists
one.

To check transversality we note that the D(pz,u) and
D(pl,-u) are submanifolds of R® of dimensions J)+1, n- ] , and
D(pz,u) (resp. D(pl,—u)) is contained in the submanifold

P\ —4C n

R x R x 0 ¢ R® (resp. R x 0 x R R") of the same di-

2
mension, hence D(pz,u) is an open set in R x R” x O, D(pl,—u)

is an open set in R x. 0 x Rn—ﬁ'~l. In every point of inter-

section (R x RA x0) N\ (Rx 0 x Rn_A'_l) these manifolds are
transversal, hence the same is true for D(p2, u) and D(pl,—u).

To prove 5) we note that in ‘BUa b.c the vector field v
’ 14

equals (x, 0, O). The set FBUa b. o is the union of D, =
7

’ 1
={x=a bl<b ld<c}, p,={ixl<a ¥]<b, |2 < c}
and (yl = b or [z\ =c, Dy = {x = -a, ly\s; b, {z\.s c}.
The first intersection g cannot belong to Dl’ since (+4+u)
points outside U in Dla It cannot belong‘either to Dyy be-

cause for every point %€§D2, the trajectory, starting from

A, rests some time in D,. So only D,

equals x in D3, and ’h(pl)l = |r(xo)‘ = %‘ro('po)l<'%

is left. Now h(x)

hence h(a) = -a, [h(py)| < a.
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The point 6) is done in the same manner, and 7) is obvi-
ous from the definition of h. Lemma 6.13 is proved.

Now we can add a trivial summand.

Theorem 6.14. Let &= (f, f, v, E) be a regular quad-

ruple, belonging to a regular . class geHl(M, Z), N2 1
a natural number, 0 € k £ n-1.

Then there exists a new r—-quadruple O = (g, g, v',E'),
belonging to g’ , such that C, (v',E) is N-equivalent to

c, (v,E) @ [ {K).

Proof. We distinguish two cases.

1) £ has at least one critical point. Pick up some re-
gular wvalue Y for f and L 2 N+1, such that the sets E-ts,
0 £s £ N+1 are contained in the cobordism W = 'f_l([j"—L, }{]) .
Pick up the new good gradient-like vector field w for £,
a regular point o € Tf_l(( ¥-1,%)) and a neighbourhood U(e)
of J , satisfying the conclusions of lemma 6.10. We can de-
mand that w is so close to v, that C,(w,E) is N-equivalent
to C,(v,E). Thus it suffices to construct a new r-quadruple
© = (g, g, v', E) such that C,(v', E) is N-equivalent to
Colw, &) ® F};‘

Pick up a small open neighbourhoo}d Ul(ol) of L _U—I_(-I)C

CU(l) and a diffeomorphism @:BI;—(O)E —> Ul(oé) , such that

E‘.—B(O) =d  and (fo@)(xl,...,xn) = xq + f(ol). Denote by 3
the vector field @*(% ) on Uy (el).

1
Note that U({ ) projects bijectively to M. Consider a

pair of smooth functions A, u on M, such that O < A<,



148

A =1 on Ul(oZ,) and A = 0 on MNU(L); u = 1-3 . Set wy =
= )\? + paw. The vector field w, equals ;’ on U; (&) and equals
w outside U(. ). Both g' + W are gradient-like fields for £,
hence Wq also. Note that it is good if‘lifted to M and rest-
ricted to W. (Indeed, by conclusion 1) of lemma 6.10, the as-
cending and descending discs of w, when intersected with W
do not intersect t-shifts of U(ol)). Furthermore, for every
P,9 &€ Cr(f{W), ind P = ind g + 1, the sets N(p,qg; w) and
N(p,q; wl) are the same (the same argument.)

Now we denote the coordinates in Bré(O) as (x,y,z), x € R,
y € IRk, z & LRn_k_l and choose a,b,c > O in such a way,that
[-3a, 3a] x D]];(O) x _Dg—k_l - BZ(O) . Consider the function
h:an —> R, and the field w, constructed in lemma 6.13 with

respect to the numbers a,b,c, and restrict them to BE(O) .

n-k-1

Denote the image @([—a,a] X D}g(O) x D

) by Uo' Now we
define a new function g:f_l( [X—l, X]) ——>CY—1,YJ and a new
gradient-like vector field w, for g as being h + f(od),
resp. CP*u in Ul( &) and being f, resp. w, on the complement

of U_. Since f[Ul U

o (h{u;  U) + £(ol) and

o
@*u \<U1-UO>: wszUl-UO)=f‘(Ul—UO),this operation is correct
and since ¥ > f(d)+3a , £f()-3a >Y -1, the function really
takes its values in fX -1, }(J We expand g and W, to M as
usual. We choose an arbitra‘ry lifting '52 of p, to /171 and
we choose a lifting 151 of pl in such a way that the lifting
of Yo to Il\\//l, which starts at '52 , finishes at Py- The set
E U {52, ”;51} will ‘be denoted E'.

I claim that the following properties hold for g, Wyt

1) crg=cr£Um)), m(Ppy))}, where 7:W — u
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is the projection.

2) If x,y €Cr £\ W, ind x = ind y + 1, then D (x, W,)
AW is transversal to D(y, —wz)f\ W and N(x,y; w,) is the
same as N(x,y; wl).

3) If x &€Cr 3 AW there are no (-w)-trajectories, join-
ing x and plts for 0 £« s € L, and no (-w)~-trajectories,
joining pzts, and y for O €£s < L.

4) The intersection D(p2, w2)(\ D(plts, —w2) is empty for
O <s <L and for s = 0 it is transversal and consists of one
(—w2)—trajectory.

5) w,| W is a good gradient-like field for g | W.

Proof.

Verify 1). There are no critical points of f inside
U(el), hence in Ul—UO and there are only two critical points
for g =h in Uo'

Verify 2). Denote f—l(( X~1,Y )) by Wo‘ Note that
Suppng—wl) ‘ WO> < U, supp<(w—wl) ‘ W(DCUI, hence supp(w2 - w) )WQ C

CZU(o(), hence supp@w2—w)‘wj>is contained in the
union of t-shifts of U(o[))which does not intersect the K(w)
by construction of w. Hence the discs D(x,w) NW, D(x,-w) N\W
are the same as D (x,w,) N\ W, resp. D (x,-w,) NW for-xeCrf_/\W.
Therefore, since w was good, when restricted to W, the
discs D(x ,wz)(ﬁ W and b(y,—wz)(\ W are transversal for
ind x £ind y + 1 and N(x,y;wz) = N(x,y;wl).
The same argument proves 3).

Now check up 4). Let s = 0. There is a (—w2)—trajectory

XO' joining p, and Py and D(pz,—wz)/h D(pl,wz) along ‘XO,
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by 4) of lemma 6.13. Assume that there is another (-wz)-tra-
jectory, joining P, and P;. Then it must

quit Ul at some moment, by property 4) of 6.13,
hence it must quit UO and by property 5) of 6.13 this happens
in the point 6, for which h(8) <:h(pl) = g(pl) and after this
there are no chances to get to P, again.

Now let O <« s < L. If there exists some (—w2)—trajecto—
ry izyjoining P, and plts, then it must quit U(«L ) at some mo-
ment and enter B?jZ}tS at other moment. Consider the last
moment Zfo,when it belongs to U(o&) and the first moment QTl P
when it enters EﬁiZ}ts for some s> 0. The trajectory no

restricted t°[3(5'771] is also the trajectory of (-w), since

supp@wz—w)tw)<:. &JU(ab)ts. But that is impossible by the
0<4< |

property 2) of the lemma 6.10.
Note that our property 5) is already proved and all
points 1)-5) are verified.
Now we consider a vector field v' which coincides with
W, in the small neighbourhoods of zeros of wz,and is a good
gradient-like field for g. If we choose v' close enough to w,
the properties 1)-5) above,together with the lemmé 2.42;
imply the following:
1'") for x,y & Cr E‘F\W, ind x = ind y + 1, N(x,y; v') is
homotopically the same as N(x,y; w).
2') If x ecr £ AW, ind x = k+l, then N(x,p;t°,v') =

= QS for 0 £ s <€ 1.

3') If y &Cr £ N W, ind y k, then N(pz, yts,v') =

=& for 0 <5 < L.
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4) N(p2, plts; v') =ﬂQ{ for 0 «s <€ 1, no(pz,pl;v') = 1.

Now I claim that C*(v‘,El) is N-equivalent to C, (w,E) @® Ijiﬁ?

Indeed, let p,q € E, ind p=1ind g + 1, and L <€ s. We
consider the numbers ng(p,q;v) = v (B, gt%;v) and n (p,q;v')=
= V(B, gt%;v').

If §(§ts)2: Gg(P),then v (P, ﬁts;v') = 0, but since we
did not change the function f near the critical points of f
to get g, we have also T (qt®) Z £(B), hence 3(F,3t%;v) = o.

If §(@Gt°) < g(P) and s < N then both p and gt° be-
long to W by the choice of I and we get ns(p,q;v) = ns(p,q,v')
by 1') above.

Now let r € E, ind r = k+1. I claim that ns(r, ﬁl;v') =
= 0 for s L. Indeed, if s < 0, then "rj(plts) > 'g_(pl)+l>b'7

> Gl(r) = £(r), hence n(f,plts;v') = 0. If sz 0 we
apply 2') above.

Next let r € E, ind r = k. I claim that ns(ﬁa,r; v') =
= 0. If G(Ets);> 9~)there is nothing to prove, if 'G(EtS)S:Q

and s ¢ N, the point Tt° belongs to Cr f N W and we apply

3").
The index ns(ﬁé,ﬁl;v') is zero for s < O obviously,
no(ﬁé,ﬁl;v') = l,and since L 2 N+l , the property 4) gives

= ~ ' _
ns(pz, Py; v ) = O for s < N.
The case 2): "f£ has no critical points"is done similar-
ly, using lemma 6.9 instead of lemma 6.10.

The theorem 6.14 is proved.
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7. Change of base

In this section we show how to change the vector field
v in order to make the elementary change of base in Novikov
complex up to an arbitrary degree N, fixed beforehand. By the
elementary change of base.in a based complex we mean the re-
placement of one of the generators by e+fa, where f is ano-
ther generator, a éiJ\;(change of type 1) or the replacement
of one of the generators e by e'dA, where ) is invertible
in ./&;(change of type 2). We shall perform in this section
the changes of type 1 and the changes of type 2 with 2= 1 +
+ m, supp/uC{x € G ‘f(x) <‘O}. The general case of type 1
change can be done easily afterwards with the help of remark
2.5 and we postpone it to §‘8.

We introduce the corresponding notations.

Let C, be a free based complex of right modules over some
ring R. Let e ej be the free generators of C, of the same
degree and a &€ R. The complex, obtained from C, by replacing
of e, by e, + eja, and beaving all the other generators as
before is denoted (i,j;a)C, and called the (result of) change
of type 1 with respect to (i,jja).

If e, is an element of base and 2\ € R*,we denote by
(i; A)C, the complex, obtained from C, by repiacing the gene-
rator ey by ef% and leaving the others invariant. That is

called the (result of) change of type 2 with respect to (i; A ).

Theorem 7.1. Let 6 = (f, f, v, E) be a regular quad-

ruple belonging to a regular ‘?é Hl(MQ‘Z), where v 1is per-
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fect. Let N 2 1. Let Pyse-«rPy be all the elements of E of
index m.

Then:

1) If a éEJX;is any element and 1 S i, j € k, then there
exists an admiésible modification % = (g, §, w, E) of 0, such
that w is perfect and C,(w,E) is N-equivalent to (i,j;a)@d*(ngjz

that is to the result of the change of type 1 with
respect to (i,j;a).

2) 1f AEA; is an element of type 1 + ja, supp o &

{g' g(g)'< O}'and 1l < i < k, then there exists an admissible
modification = (g, §, w, E) of 6, such that w is perfect
and C, (w,E) is N-equivalent to (i,) ) (Cu(V,E)).

The proof of this theorem 6ccupies the rest of this
chapter.

To perform these changes we shall recall from [Pal] the
description of Novikov complex in terms of filtrations, asso-
ciated to auxiliary enumerating Morse functions on the cobor-
disms E—l([C—N, c]).

Namely, let f£:M — Sl be a regular Morse function, be-
-longing to a regular class‘§<5 Hl(M,ZZ), and f:M —> R -~ some
lifting. Let v be an almost good gradient-like vector field
for f. Let N 2> 1 Dbe a natural number and c be a regular
value for f. Denote by W the cobordism E_l([c—N, c]). we
say that the Morse funcfion\Y :tW —> R satisfies the condi-
tion (E) with respect to all these data if

(E1) @ is an admissible modification of f and v is
a gradient-like vector field for ;o lf—l(c—N) = a

Ol

-=1
('P\f (c) = an+l'
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(E2) (p is enumerating; that is,there exists a sequence
of regular values ag < a2<(... <an—l < 2417 such that all
the critical points of index p belong to the domain
LF —l”:ap, ap+l])'

(E3) if x, tx € W, then Q(tx)<< P (x) .

The functions, satisfying (E) exist, see [Pal,‘§5]. (Ac-
tually we shall reproduce here a part of proof, because we
shall need a refined version of the result. The statement of
this result in Pal wuses the assumption7that v is perfect,
but the proof is valid without any changes for almost good
ones.)

For a function ¢, satisfying (F), we have a filtration
F( ) in the pair (W, £ '(c-N)), given by (X, ¥) =

P

:QP_l([ao,ap+l]), ?_l(ao)). The homology of the inversal co-
vering H*(§§’§p) vanishes for all * # p. For * = p this
homology is a free module over ZH, where H = Ker(f: ﬂiM -
+ Z). The base in this module is given by the liftings to ﬁ?
of the pairs (D(x,v) N {(P(X) Z ap}, D(x,v) ﬂ{kp(x) = ap7;))
where x 1is a critical point of index p. (This pair is dif-
feomorphic to (Dp, Sp_l).) This lifting is determined by the
lifting % of the critical point and will be denoted X (v).
The covering %’——9 W 1is the restriction of the covering
Q:ﬁ jia M. Note that the module Fgr((p) is isomorphic (by '
excision) to the homoloéy Hé(Q—l[Lf—l([ao’ap+l]) J E—l((~<x, C—IVJ)],

Q—l[lp_l([ho,ap})lJ %_1(("ov,c—Ad)]lThe space
W_l([ﬁo,ap+l]) U f—l((—cw)c~MDfor any p 1is t-invariant by
(E3) , which implies that the Q-preimage of this space is G -

invariant, where G = {g €G = M ‘;(g) < O}. Therefore,
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there is a right ZG -module structure on Fgr(cp) (commuting
with the differentials in the exact sequence of pair). Fur-
thermore, it is a free ZZG;] -module, where ZG;] =ZG—/[gé
€2ZG [supp g (f{ §g~N}}. The generators can be chosen to be
the discs X(v), where x runs through the critical points
of index p, belonging to W, = f—l([p—l,c]). The ring:ZG& is
a free bimodule over ZH with the base 1, ©,..., GN—l, where
© 1is an element in G, such that ;(e) = —-1. Thus there exists
a preferable ZH-base in Fgr((P),namely, consistiné of §Yv)6i,
where 0 < i < N-1, x runs through Cr F f\WO.<he fix an ele-
ment © once and for‘good.>These elements will be denoted
§(i)(v). The action of G on Fgr((f) is described in terms of
this base as following. If g € G  and g = erh, h &€ H, then
[§(i)(V)J-g = g(i+r)(v)~h. We imply that if i+r > N, then
%) () - 0.
To abbreviate the notations, we will say that two elements

i,F of G (or of Gg) are m-equivalent if A.jp vanishes in
GA (notation: o = ﬁ mod m). Two elementS<i,,p in some G -
module F will be called m-equivalent (i.e. o ip = 0 (mod m)),
if d,jp vanishes in F <§‘ G; (that is if d‘iﬁ = Y-9,
where ’}(g) <€ -m).

The Novikov complex C, (v,E) for an r-quadruple (f, f, v,E)

is reiated to the above construction as follows.

We assume now that.the regular value ¢ for f, chosen
above,and E satisfy the following restriction: the projection
E of E to M belongs to f—l([p—l,cj). Then the Novikov comp-
lex can be defined over the ring ./X§ of all elements 3.65/&;

with suppA C G . (The definition of differential is the
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same). This complex will be denoted C:(V,E). Note that

o]

Cy(V,E) = C,(V,E) @ ../Xs For any N > 1 and ¢ as above con-
A=

sider the bijection gf E onto the ZZG;] -base of Fgr( &P) defin-
ed as following: the critical point g 1is carried to the
above generator q(v). (Note that tilde ~~ is absent over q,
since q, by definition,is the element of E Cg.) Note that
‘ZG;] = _A_;/GN_A;, hence it is naturally a A;—bimodule. The
bijection of bases, therefore,expands uniquely to the isomor-
phism I(y) of zzc;;I -modules Cj(v,E)/C2(v,E)e" I—@l) FIT( ©).
The result, proved in [Pal] (see pages 27, 34 of this paper),
states that this I( LP) commutes with differential, hence is
an isomorphism of chain complexes. (This fact was known since
long ago except for the action of t; see [MiZ]; the condition
(E3) provides all what is necessary to make the proof.) To get
the complete notation we write this as following:
I(@,v):Ch(v,B) Q@ _z6y = (F‘fr(c\o Yo {g} ),

A=
where {%(V)} form the base of Fgr(af? Y. Ci/ € E. (Recall that
ZZG;] is a bimodule over A;, so the tensor product is the
right ZZG;I -complex, the same as CJ (v,E)/C:(v,E)eN.

Now we can proceed to our base change.

For that we need some definitions.

Let g:M —> R be a Morse function g(xt) = g(x) - 1,
and let A € Cr § be a finite subset. The function g is
called A-enumerating if for oL p < ‘A with inde > ind 3
we have G(d) > ?}(}3)-

The function G:M — R and the corresponding function

g:M —> Sl are called indexing)if g\ Cri(g) is constant for
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eévery i and g Cri(g) 7 g er(g) for i # 3, and g(Cr(g))

contains of a finite number of points, equidistantly placed

on Sl.

The function G is called K-indexing if it is K-enume-
rating and indexing.

For an indexing function g every critical Valqe has
its own index, correctly defined.

Let a, b be the regular values of an indexing function
§:ﬁ —> R, such that 0 < b-a <11)and there are only two criti-
cal values x <y in [a,.b] of indices ind x > ind y. Then
there is an operation, called elementary modification of the
function § which changes it only in the sets §_l([a+n,b+nj)
and inside these sets it interchanges x and y. The field v
is still the gradient-like vector field after this operation.
(Details'se&in [Pal, §5J.)

We say that a path ¥ :[:d,ﬁ} — M is normal with respect

to a perfect field v, if

a) ¥y is an embedding, which does not contain any zeros
of wv.

b) there are two zeros P, 9 of v, ind p = ind gq, such
that X f\D(p,v) consists of a single point,as well as

¥ ND(a,-v).

c) Y do not intersect any other ascending or descending
disc of wv.

(The existence of normal path is shown in lemma 7.5.)

We say that a r-quadruple (f, f, v, E) with a perfect v
is X—good if Y is normal with respect to v and Y be-

longs to some reqular level %_l(ﬁ).
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We call an elementary modification X—good)if both the

starting and the resulting functions are ¥ —good.

Lemma 7.2. Let & = (£, f, v, E) be an r-quadruple with
v perfect and f indexing. Let a, d be the regular values
of £, such that 0 <d—a.<'l,and there are only two critical
values b < c in La, d], ind b > ind c. Assume that © is
¥ —good.

Then there exists a Y ~good elementary modification, in-

terchanging b and c.

Proof. By our assumption X is contained in the f_l(})
for some regular A . If D is not contained in some [ﬁ+n,cc+n],
then there is nothing to prove. If it belongs to some
[a+n, d+n], then we construct the elementary modification ex-

plicitely, following Milnor. For brevity we suppose n = O.
We recall from Mi2 +that it a < b< c<gd are the
real numbers, then there exists a C%° -function G:[@,d] X
[b, LJ~$ a,d , such that:
1) For some & > O we have G(x,y) = x for a £ x £ a+¢

or d-¢£ <= x < d.

2)~§§i§#zl > O for all x, y.

OoX

I

3) For some & > O we have G(x,y) G(x,0) for y €fo, &],

and  G(x,y) = G(x, 1) for ye[1-8, 1].

) SSY) 6 gor ain X, y.
"oy

5) For x & [c-¢, c+£] we have G(x, 1)

il

X +{(b-c)

X +(c-b).

For «x e'[b—g, b+£} we have G(x, O)
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The existence of such a function is rather obvious. De-
note by pl,...,pn the critical points of index ind c, by
dys---49 the critical points of index ind b. Since f(pi) =
=c >b = f(qj) and ind ¢ <ind b and v is perfect the
union Np = [\;}D(pi,v)J f\f—l(a) is a compact manifold,

diffeomorphic to the union of n spheres Slnd C_l. It does

not intersect with the compact N [\J D(q ' V) J [\f (b) .

For the & >0 small enough the set N [LJ Ds(p fvﬂfﬂ

—._l , _
[\f (a) does not intersect [-&)Dé(qj,v)] r\f (a) = Nd,q'

Consider a smooth function /u:f l(a) —> LO, lJ, which equals
1 in some neighbourhood of Nd and O in some neiéhbour—
hood of Nd q° Expand a  to the whole cobordism W =

= f—l([a d]), setting /u to be constant on every v-trajecto-

ry,and setting M =1 on [ LJ Dd(pi’ iv)] [\WO, A =0 on
1

[LJDO(qj, iv)] f\WO. That gives a smooth function on W,, con-
stant on (4v)-trajectories. Now the new function h(r) is de-
fined as G(f(r) P&r
We want h to be Y —good. For that it is enough to have
/1( X(t)) = const, since EX K(t)) is constant by our assump-

tion.

I claim that of all the discs D(pi,v), D(pi,—v), D(qi,v),

D(qi,—v) the X intersects at most one. Indeed, if X inter-
sects some D(pi,#v), and one of the rest, then this another

J
regular level). That is forbidden by normality. The same for

must be D(p.,-v) or D(qi,-v) (since X is contained in a

D(qi,v). Further, if K intersects one of D(pi,v), then it

cannot intersect D(p.

507V) (since yg F1(2)) and cannot
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also intersect D(pj,v) P D(qj,v) by nofmality. Hence 1t can
intersect only D(qi,—v) . But that is impossible since ind pi>
> ind qj. By the same reason)if X intersect one .of D(qj,—fu‘))

it cannot intersect any other disc of listed above.

This implies that there exists § > 0 such that Y inter-
sects at most one of the sets DS(pi’iV) ’ Dé(qj_' +v),

1) Suppose that x does not intersect these sets at all.
Then the diffeomorphism of shift along (-v) from I T(A) to

——

f “(a) is defined on bf and sends it to a compact which inter-
sects neither N&,p .nor Nc?,q' Then one can choose u to be 1
on Nd‘,p U @(Z) and O on Nd‘,q' and since p is constant
on the (+v)-trajectories, we have /u( B'(t)) = 1.
2) Suppose that X intersects one, for example,

‘é(\ Dg(py, V) # ¢ . Then Bf\D5(pi, +v) =¢ for i # 1 and
\éﬂ Ddl(qj, +v) = Q’ for all j. Denote by Q the compact

g\ Dd\/2 (py, V). The compact Q belongs to the domain of D
and <I>(Q) does not intersect Nd‘ q° That means that one can

14

choose a smooth function A to be equal to 1 on NcS pU @ (Q)

and zero on Nd . This function e is, therefore, equal to

1 on Q and on Dé(pl’ +v), hence on the whole ¥ . The case
X /\Dd«(qi, +v) # QS is done similarly. In this case the wvalue
Al \() will be equal to O.

We are only to chgck now that Y% belongs again to the
regular level of h(r) = G(f(r), /u(r)). Suppose, for example,
that p(y(t)) =1, then h(Y(t)) = G(E(y(t)), 1).

Therefore, h( D() can be a critical value of h only if

G( A, 1) equals b or c. Since x t» G(x, 1) is a bijection,

G(H, 1) = b implies >\ = ¢ which is impossible since 2 was
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regular. So only G( A, 1) = ¢ is possible. We know G(x, 1) =
= X, hence G(AXA, 1) =C => A> C. But we can choose the
and function ho from lemma D.3 in such a way that 37>c+£,

and h_ () # ¢, which will imply that G(?2, 1) # C. The

case/u( X(t)) = O is done similarly. The lemma 7.2 is proven.
Lemma 7.3. Let o = (f, f, v, E) be an r-quadruple, such

that f is indexing, and v is perfect. Let X:[}l,pJ —> M

be a normal path. Let A < Cr T be any finite set. Assume

that © is ¥ —good, that is XCIf—l(A ) where )\ is regular.
Then there exists series of §~900d elementary modifica-

tions of f£, finishing with an A-indexing r-quadruple 20 =

(g, g, v, E).

Proof. The proof repeats the proof of lemma 5.2 of
[Pa%}, replacing the term "elementary modification" by " y-
good elementary modification”. The fact that each elementary
modification can be chosen as to be y~90od follows from the
lemma 7.2. (We just recall that in our notations the lemma
5.2 says: for any finite subset A < Cr £ there exists a fi-
nite sequence of elementary modifications of £, resulting

with an A-indexing function g.)

Lemma 7.4. Let & = (f, E, v, E) be an r~quadruple, such
that f is indexing and v is perfect. Let c€ R be a re-
gular value for f:M —» R and N 21 - a natural number.
Let ¥ be a normal path with respect to critical points
P,9 € W = f_l([p—N, c}), ind p = ind g = k. Assume that

belongs to a regular level A of E, such that A‘# ¢ mod Z.
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Then there exists a Morse function (?:W —> R, such that

1) ¢ satisfies condition (E) for v.

2) Every t-shift of 3’, which is contained in W belongs
to some regular level surface <f_l(%), where ak'<‘) < 8y 41

3) There exists a neighbourhood U of Y in W, such that
all the t-shifts of U, contained in W, belong already to
W—-l((ak, ay41)), Y is t-equivariant,when restricted to the

union of these shifts, and dc?(v) is a constant function

on U.

Proof. Consider the cobordism W, = f—l([b—2N, c+N])
and the finite set A = Cr £ () W,. By the lemma 7.3 there is
an A-indexing function g:M —» R, which is an admissible mo-
dification of f and such that g 1is Y-good. Therefore,
there exists a sequence a, <... <ah—l of regular values of
g, such that all the critical points in A of index r belong
to g l((a_, a_..))

r’ “r+1’/"
Note that if a t-shift Xtv of ¥ belongs to W, then
-(N-1)< ¥V < (N-1), which means that Xtv intersects with
- v — Y -, N
D(pfq, v) and D(qtv, ~v), therefore g(qt ) <« g Yt:) < gpt ),
v oo, . Lo==1 .
therefore Yt 1s contained in g ((ak, ak+l)))51nce
N v
pt , gt E W, .

Consider now the regular value ¢ of §, such that Y
belongs to g_l(c). Let € be so small that the interval
[c—g, c+£] is regular for g. Then we can pick up a function
9,: 5_1([p—£, cte] ) — [c-25, c+2¢], such that g, coinci-

des with § in the neighbourhoods of the boundary and

_ : -1 _ .
dgo(v) = const in 95 ((c Eq c+£o]), where 0 < £o<'£ . (The
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explicit construction can be read off from [MiZ, §5] Namely,

there exists E,l> O, such that all the (+v)-trajectories,

1

starting at v = 5_'(0) stay at Ej_l((c—e, c+€)) for the wvalu-

es of parameter € & 1 Consider now the embedding Cp : f_— El,+€lj x\[~—>

— M, sending the vector field 9 to v. It suffices to

ot 3
construct a function £ on zZ = [—fl,-l-el] x V, such that .
is a gradient-like vector field for ; , ; coincides with

'Z. = Fjocp in the neighbourhoods of [—El X Vv, +£l X V} and

2% _ . '
’6? = const for t & [_ 62, 62], where 0 <£2< S‘l' Fix 82 and
take a function A: E—él, £lj —> CO, l], such that 9 equals 1
in the neighbourhoods of '—gl, El and équals O on C—éz, &21.

For g €V denote by k(g) the number [r]‘( &1, q) - Q(-El, q) -

1
© . :
- J At) > rz(t, q) -dt ]/;j-(l - N (t)) dt. This defines

a smooth positive function on [—€l, &l} X V. Define now the

function f‘(t, q) by f(t, q) =
_t

_ 3 ‘
= f[)(t)'g% NIT, @) + (L= D)) k(q)] aT + §(-£,9
_6‘1

is smooth, coincides with Q(t, g) for t «close to —El and
coincides with 7(1:, g) + C{(g) for t close to El, where
the C(q) equals O by our choice of k(g). The derivative
Jf
/g(l‘,cz/) equals k(q) for t & [—52, 82]).

We change g to g, in the set ?j_l([c—é, c+€]) and ex-
pand Ig to a t-equivariant function 50 on M. We can assume
that a, q‘i supp(’g‘o—@ » So that again all the points in Cr Eﬂwl

. -~-1 — .
of index k belong to 5 ((ak, ak+l))' Note that 9, is y-
good and if ¢ is small enough the shift Xt\) for - (N-1) <V <€

< N-1 is contained in 5;1((ak, a8y ,1)), together with the set
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- ~N — - 9
o (G4t -2, g (ye v el) =5 ([atyth-e, 5(y&) + £ ).

Now take the neighbourhood U of K so small that all the

t-shift Ut' for ~-(N-1)¢VY £ N-1 are contained in é;l((ak,a.k+1ﬁ
that U belongs to §;l([c—£l, c+ El]) and that U
. . ==~1 -1

does not intersect with f ([9—53, cj YU £ ([ﬁ-N, C-N+ 83])
for some ¢

Now we apply to 95 the damping procedure as described
in [Pal ; éSJ sO as to get the function %{,Which differs from
- N~ § -
95 only in £ ([?—E, cJ)(J f l( [C—N, ¢ —-N+ 63]), has the same
gradient-like vector field v and is constant on f—l(c) and

on f—l( C -N). This ? satisfies all the conclusions 1)-3).

Lemma 7.5. Let & = (f, £, v, E) be an r-quadruple, where
v is a perfect vector field. Let P, 9 be the critical points
of £, ind p = ind g. Let D be a regular value of f,
f(p)cf} < f(q). Let e be a class of homotopy of paths,
starting at p and finishing at q.

Then there exist the smooth embedding Y :[O, 33 — %—l(}),
such that

1) ¥y intersect D(p, v) f\E—l( A) (resp. D(q, -V)(\f—l()))
at a single point X(l) (resp. ¥(2)), and the vector %(l)
(resp. Y (2)) does not belong to T, (D(p, v) N TLa )) (resp.
T, (D(a, -v) N ET(N))).

2) If d # p (resp. B # g) the path ¥ does not inter-
sect the disc D(d ,v) (resp. D( pi-v)).

3) The class of homotopy of the path, which is formed by

a (-v)-trajectory from p to (1), then by 1, 2/, then
¥
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by a (-v)-trajectory from X(Z) to g, equals )D .

Proof. We recall that Np = D(p, v) N f:'—l(A) (resp.
Lq = D(gq, -v) N f_l( N)) is a smooth submanifold of -f_l( Ay,
Since v 1is perfect, Np and Lq do not intersect. For each
(resp. fB) the intersection Lq N D(d, v) (resp. Np N D(fi,"v’)) 7

is transversal, hence the union U (Lq ND(L ;s V))
(resp. (j(Np N DY p, =v)) 1is the countable union of separab-
le submar?ifolds of codimension 2 2, hence nowhere dense in Lq
(resp. Np). We denote the union o(gp D(o,, v) by Q and
U D()B, -v) by ¢ f’. Now we choose the points a eNp\ 0

Bxq
and b €L \ Q We choose the neighbourhoods U of a and

we

and V of b so small that there exists a chart diffeomor-
phism @:B (O) —> U (resp. ’\Sf/" .B' (0) — V), such that @

= a (resp.’\}f(O) = b) and @ Np) is given by the equations

Xindp~xind p+l “-+T X, =0 (resp. y =y

n-ind g n-ind q+l=

ee. = yn—l = Q) where X, resp. yj are the coordinates in
Bye (0), By (0).
Denote by Kp (resp. Kq) the intersection with —f_l(ﬁ)
of the union of all the discs D(<, v) (resp. D( p,—v)) where
ol (rvesp.y]B) runs through the critical points of £, belong-
ing to L (X, £(p)) (resp. E_l(f(q), A)), such that indd <
ind P (resp. indﬁ > ind q). The lemma 3.7 implies that Kp

and Kp U Np are compact; (resp. Kq’ Kq U Lq are compacts).

Note that Np N Kp =/Q§= Kq N Lq' Therefore it is possible to

choose U and V so small that U nKp = ﬁ, v/\xq =¢ . The
1

qD .-J.mages of B (O) and BE/2 (0) will be denoted by u®, U

The \V images of B' (0), B'£/2 (0) will be denoted by v° p Vl-
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Trecshiermesse , dDinee v Ao peliecl, we ndve kmp Lynpyfl
(\(Lq U Kq) =§Z§. This implies that we can assume also U N
ququ) =@/, \Y (\(NPU Kp) =7, and Uﬂv=ﬁ.

Choose now the path Yo which is defined on C-¢ 1+€]
and has the following properties

i) Xo] £~£,a] is a é@-image of a radial curve (0, ...,
tye.., O) in B¢(0), where t belongs to a coordinate with
the number ind p. Similarly, Xo '[l—é, l+€} is a‘qf;image
of a radial curve (0,..., t-1,...,0) where t-1 belongs to a
coordinate with number hn- ind q.

ii) XO is an embedding.

iii) The homotopy class of the composition
E}O (1), q}oBB I[O, l] °[§, XO (O)} equals jo. *)

(That is possible since ﬂl(%—l(>\))'f> jﬁjﬁ) is epi by
regularity of f).

Note now that Xol [e/2,¢) ana \/o\ [1-e, 1-£/2] ao

not intersect neither Np\J Kp, nor Lq(,}K Hence by trans-

q°
versality, we can perturb yol [5/2, 1- &/2} arbitrarily
small so as to get xl:[g/z, 1- 6/2] — 5_1(9\) which coinci-
des with XO on [;/2, £J and El—&, 1- 6/23 and do not dinter-
sect Np L)Kq, neither quJ Kq. The result of glueing Y1
with XO’ [—£4 El at the beginning and Xos [1—5, 1+ 81 at

the end will be denoted yz. Note that the properties i)-iii)

*
) For brevity we denote by [p,s} (resp. [w,q]) the (-v)-tra-

jectory starting at p and finishing at s €b$ (resp. (-v)-tra-

jectory, starting at w E‘Lq and finishing at q).
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still hold for 52.

Recall now that by the choice of x, y, we have,that
neither x nor y do not belong to D( «,v) or D(‘p,-v) if
oL # p, 4P # q. Then by transversality we can perturb XZ’
XZ(O) and y,(1) fixed, in such a way that a new path X3
does not intersect. D({ &,v)vfor d # p neither D( p,—v) for
¢ # . If the perturbation is small enough the properties ii),
1ii) above still hold for yé. Furthermore, X3IE-£, £J has
the single intersection point with Np (resp. 83‘[l—£ ; 1+ 5]
has the single intersection point with Lq) and %S(O)ﬁé T*Np,
resp. XB(l)éi T*Lq. Furthermore, y:3ltﬁ, 1:-&1 does not
intersect (Np &aKp) L)(Lq() Kq).

After the reparametrization of XB we get ¥, satisfying
all the conditions 1)-4).

Now we describe the construction of pulling one descend-

ing disc onto another. Next lemmas follow Mi with minor

changes.

Lemma 7.6. Let V" be a compact connected manifold, and
X s \ .
N, L” be submanifolds of Vm, r+s = m~1, wm—-r 2 2, such that
the closures Nr, L® do not intersect. Assume that N is

oriented, L is cooriented. Let y: [O, 3} — V™ be an embed-
ding, satisfying: (C) ¥ N NE = Yy (1) and {(l) & TN ;
{ € 15 = y(2) and ¥ (2) € 7L
Let - P be 1 or -1. Let A be any open neighbourhood
of ¥ in V.
Then there exists 5‘7 O and an embedding'@?: [O, 3] X

x DJ(0) x DS(0) — V", such that:
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0) Im q; Cnha.

1) 1m§(\ﬁ=@({1}xng(0)x(O});Im@/\E=
={3({2}x{o}x1}§(0)); P, 3] xox0) =y .

2) P (o, 3] x DL(0) x O) intersects L in a single
point P ({2} x 0 x 0) and the intersection is transversal

of the sign P.

Proof. The proof consists of two steps. First we const-—
ruct the embedding "infinitesimally along the curve ¥ "
(lemma 7.3 ) and then we build from it the real embedding

(as in the proof of lemma 5.4 from lemma 5.5).

Lemma 7.7. 1In the assumptions of lemma 7.6 there exist
the vector fields El""’.fr’ 7 4r---+ N4 along the curve
Y, such that

1)yt Fit)oen, £ _(v), Ni(E),eee, p (t) form a
base of T,.,V.
2) EL ), £.(1) form a positively oriented base of
TN, and ¥(2), £,(2),..., £ _(2) form a base of
Tyi2)V / TypyL of the sign p.

3) ?1(2),..., 75(2) form a base of TX(Z)

Proof. Consider the bundle TyV/Tyy over y . It is tri-
vial. Let Jl,...,o[r = Ty(l)N be the vectors, forming a po-
sitive base of Tx(l)N. Let Pl""’«ﬁr be the vectors in
TX(z)(V)' such that 3%2), Fl""’ Pr form a base of TX(Z)V/qBIZ)L
of the sign P. The vectors c(i (resp. ‘Pi) form the
section of the bundle of r-repers of T*V/T*X . The latter

. s . m-1 .
1s trivial, and the set of r-repers in R is connected since
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m—l—r‘a 1. Therefore there exists a family -fl(t)""' ;r(t)
of vector fields along Y, such that g(t),§1ftx..v§;&§are
linearly independent and ,fi(l) =ol i" ;i(Z) =‘ﬁi. Consider
now that (r+1l)-bundle ¥V over y + 9generated by g(t)'-fl(t)’
ceny ;r(t), and the bundle T,V/V . The latter is trivial,
hence every trivialisation of it at every point can be ex-
panded to a trivialisation over the whole Y . Pick up any
vectors Alﬁ"" ?s forming the base of TX(Z)L‘ They form
the trivialisation of T,V/Y in ¥ (2) , hence there exist the
vectors Yi(t) along ¥ »such that 3, ¢fif Qj form the base

Of T,V and §.(2) = A,. 0.E.D.

Proof of the lemma 7.6. We denote by BZE(O) the open
ball in the euclidean sPace‘Rm around O of the radius 2¢

The coordinates will be called Xor Xpre04 X ., X

r’ fr+17cc m’

It is convenient to have another copy of it: Bé (0) with the
coordinates yo, Yyresos yr, Yypgpre--rs Yoe

It follows from the condition (C) that for ¢ small
enough there exist a diffeomorphism ™ of B2£(O) onto a
neighbourhood U of ¥ (1), such that

1) the curve X '(l~2£, 1+2e ) equals the curve

M(t-1, 0, o, ... ).
2) the intersection N () P(Bza(o)) equals the Iﬁ—image

of {XO = Q, X4 = O, ..., X = O} .

Similarly we have a diffeomorphismﬁﬂr:Béa(O) —> V 2 Y (2)
such that
1) Y | (2-2¢, 2+2¢ ) equals ['(t-2, O0,..., O, ...)

2) LN By (0)) = [ {xo = 0, % =0, ..., x_ = 0}).
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We assume that U NV = 525 .

Choose a riemannian metric g on V, such that in the
balls [ (B (0)) and \J,f(B'£ (0)) it is euclidean in the coor-
dinates X, resp. yj. Denote by exp the exponential map, cor-
responding to this metric and by @6:[0, 3] X Dg(O) X DZ(O) —>

17 er’ Qll---r\)s) =

—> V the map, defined by %5(’(‘, ©
= expx(rc) (6 2,(T) +...+ 6.5, .(T) + er(l(’t) o+

+ Y < 7 S('L’)). I claim that for & sufficiently small the
map @8 satisfies the conclusions of lemma 7.6. Indeed, 0O)
is obvious. Now we check that for small 3 the first, for
example, part of 1) holds.

Note that X\U does not intersect N. This implies that
for & small enough the intersection Im é(ﬁ AN C u. (Indeed,
if there is a sequence of points Yo e[lmq’s (\'ﬁ]\ U,

Sn —> O, then we choose a convergent subsequence, which must
converge to y & ( b’/\ I—\T) N (w NU), which is impossible.) Note
further, that CES(l X DZ(O) X 0) consists of values at the
parameter,equal to 1,of }—geodesics, starting at b/ with a
tangent vector,which is a linear combination el ;l(l) +...+
+ e §r‘(1) » and [ Z ei & 8. For & small enough this geo-
desic is a straight line in coordinates Xi which belongs to
{XO = O, X .,p = X = ... = O}. Therefore, Im S (\f\f >
@5({1} X Dg(o) be {O}) for & sufficiently small. To prove
that actually the equality holds, assume that for (5:1 —> 0

i

there exist a convergent sequence olh——ao( ; such that °Z'n

= = (r) .
élm@anﬂ N, O(/YL é C_t}cgn({l} X D(Sn, x {O} ). Each o, is
expx(,trv) of some linear combination Q‘n of fi( ’tn) ’ ?i( ’t‘n) .
We can assume that ’Z’nﬁ T and that the linear .
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combination converge also, so that o = expz(q%)(elg'l(ifo) +
+.o..+ ergr(fco) + \71;21('1'0) +o..+ \)SIZS(’CO)). Since
. 9 _

5; —> 0 all the . ; are zeros, and ol X (TLO). Note
that since Jh € N we have T, = 0. We can assume therefore
that all the aln belong to f”(Ba(o))cz U and the
epr(T%)(/u )n) belongs to rq(BS(O)) for O £m £ 1. Now we
consider the coordinates (xi) on the Iﬂ(Ba(O)). In this co-
ordinates the path expx(rk)(/u }n)’ p 6-[9, l] is the
straight line starting at some point (’rn—l, 0, ..., 0) with
the tangent vector %n with the first coordinate zero. That
implies that this path can intersect the hyperplane (xO = 0)

only if 'tﬁ—l = O. But by condition exp (,F‘%n)é FYBE«»)

yc,)
for N é—[@, l] we know that the intersection exists, hence

T = 1, hence X(ﬁ:

n ) = Y (1) for every mn. Now our x = is

n
the end of the small segment of a straight line (in the coor-
dinates xi), starting at zero. If x belongs to the plane
(xr+l = .. =X, = 0), that implies that the vector to this
segment belongs to this plane, =» Ql = ... = ‘QS = 0, and
we have proved the property 1).

To prove 2) we note that by the second part of 1) we have

=, r T —_— r —

P (41} = pL0) x{O}NT = @Gz}x D%(0) x{o}>{@<{2§x{o}x D_(0))=
=(2}X{Q}X{O} The sign is obviously the sign of the reper

( y(2), 51(2)"“'?35(2” in the space T‘X(z)V/T L whi“ch

y(2)
is ? by the choice of,; i the lemma 7.6 is proven.

We shall need one more notation. If ht:V — V is an
isotopy of V. and N <V is a submanifold of V, we shall denote

by Nh the submanifold of V x [Q, l], consisting of all the

pairs {ht(x), t}', where x € V. That is the manifold with
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boundary QBNh = . =YV x<Q}L}hl(V) x{@.

Lemma 7.8. ©Under the assumptions of the lemma 7.6 and
for any p > 0, ﬁ < N there exists a smooth isotopy ht of v,
possessing the following properties

0) ht = 1d only for ® £t < 1-%, where ® is some po-

sitive integer.

1) h, # id only in D ([0, 3] x D;(O) x DE(O))-

2) In the manifold V x [o, l] the intersection of the
manifold Nh with LX~[Q, l] consists of the single point
a = ¥(2) x 2/3 . The sign of intersection is p and the
path ( x(t), t)<E-Nh joins  ¥(l1) x 0O €V x O with a =

= Y(2) x 2/3 € L x [0, 1]. ")

Proof. We shall denote this time the coordinates in
[Q, 3J X Dg(O) X Dg(O) by T, Ryreoos Xy Yiseees Yg- Checose
P > O such that 2P < 8. Choose a C% -function Yy :R — R,
such that VY(t) = 1 for ¢t < p2/4, J(t) = 0 for t 2,P2 and
3'(t) < o.
_Pick up a smooth

function GO:[b, 3] oy [9, BJ, such that:

1) Go(x) =x for x close to zero and x close to 3.

*
) The coorientation. of 1L x LO, l] is obvious; the orien-

tation of Nh is given by the following convention: if e

17
e, form a positive base of ?iN' then the vectors
(S (b (o)D) 105 ((h) s (e1)10)) 1enns ((h)ale ), O form
/Bt t 14 ’ t/* 1/ 7 e t* rl
the positive base of T(h (CL),t)Nh'

+
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2) 80'(x) > 0

3) ,(x) £ x

4) 60(2,5) = 1 and eo(x) =x -1,5 for x close to 2,5.
Denote by €@ the inverse function. Then:

1') e(x) = x for x close to O or 3.

2') ' (x) > O

3') 6(x) 2 x

4') ©(1l) = 2,5 and ©6(x) = x + 1,5 for x close to 1.

a smooth function

: [O, l] —> LO, l}, posessing the following properties

1) X(t) =0 for t <=; K(t) =1 for t 2 1-%
X(t) = t for 2% < t £ 1-22.
2°) X'2 0; for te [’o‘Q, 2&} we have Y(t) £ t and for

t€ [1-22, 1-®] we have X(t) > t.
We choose & so small, that 2% <%<-l—2%. In this
case the only solution of the equation Q((t) = 2/3 is t = 2/3.
Niﬂ v\ze define an isotopy Hy of W = (o, 3] x Dg(o) X _’D;CO) é(\]
4, (7, %, 7)=(< +VAZE)NOZH)- X(2)- (6¢e)-T), 2, §7).
First of all we check up that for each

t this map is really the homeomorphism W — W. Continuity

is obvious. Injectivity: if H%(TT,-Q,‘§) = Ht(ﬁf',—§',—§')/
then X = %',y =9v' and T+ oL-(6(T) -T) = T' +
+ - (0(T") =T, where oL = V(ZI%) - V(T - X (),

O <ol 1. Suppose T > T'. We have 4 (8(T)- 6(T')) +

+ (1-J) (T- T') = 0. But © and id are strictly increasing,

-

hence that is impossible. To find (TO, x’o, ?O) ; such that

Hw‘: (’EO, 3?0, ?o) equals the given triplet (7T, X, S/)) , we
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set 3{’0 =—>1<', ’yt) =37 and seek T, such that T, 01(9(7_”0)"
-T,) = T, where o= Xty v (I;giz)-\)(ly‘z), o< oL £ 1.
The function £ 6(x) + (1-.)x satisfies 1')-3') above, hence
is a bijection, therefore such ’FO exists.
Note that Ht # id only in the compact, belonging to
WO = (0, 3) x BE(O) b4 Bi(o) it preserves WO and is smooth on
WO. Therefore it can be expanded to the isotopy ht of v,
satisfying the properties 0), 1). NoTe also: Ht%‘:io(:?te[;a:‘—%]'
Now we prove 2). The manifold Nh is by definition the
set of pairs (h,(el), t), £ € N. L x[0, 1) is by defini-
tion, the set of pairs ( P, t), @E.L. The intersection is
the set of pairs (ht(d/), t), where o & N and ht(oi) & L.

For that it is necessary, that ht(o() # o« , therefore o €& W,

The isotopy ht preserves Wo’ hence it is enough to consider

the %—preimage. o/ has the coordinates (1, ?()o’ 0); hy (L)
has the coordinates (1 + \)(.[3?012)-1:-(6(1) - 1), §2, 0). If

this point belongs to L N Imq), then by p.1l) of lemma 7.6

we have ¥ = 0 and 1 + X(t)-(0(1) - 1) =2; t = 2/3. Thus,
the point C.—LS(Z, O, O) is the only point of intersection of

ho ), t € fo, 1] with 1.

Now we prove transversality. The tangent space of N at

h
a point (ht(oé,), t) where t & (0, 1) is a direct sum of

((ht)* (ToLN) , O0) and a ,l-dimensional space, generated by

(’% ht(o(), 1) . The tangent space to L x (0, 1) at a point

(€, t) is a direct sum of (T L, O0) and a space, generated by

(O, 1). Note that dim Nh + dim@ X [O, l}>= r +s + 2 =

=m + 1 = dim{V x [O, l_p, hence to prove transversality it
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suffices to show that these tangent spaces have trivial inter-

_o_
't
a0, 1), where A € (h )4 (T N), B E€ T,L. Then A= u and

section. Suppose that (A, 0) + N( ht(J), 1) = (B, 0) +

A + ﬁ/%% ht(oé) = B. To calculate the intersection of

D . .
((ht)*Td,N) + {’XE ht(d_)} with T,L we pass to the inverse
image of i’. Recall that o = é@(l, 0, O0). In this point To(N

1s exactly given by the equation (xO = 0, Rpgp Teee= X = 0)

and in the small neighbourhood of the point ht is given by

- >
Y

(T, %, 9) = (T+ X(t)-B(T) -T), %, ¥), which implies

that the (ht)*ﬁiN is again given by the equations (xO = 0,
- _ kel _ >
Kppl Toee= ¥y = 0) and the vector $- h(ol) = (X' (t)-f(T) -7),0,0
But we know from 7.6. 1) that T%L is given by
the equations (xO = 0, X = O,eue., X, = 0), which implies

d

that B = 0 and A = O, >b§—‘ht(°é) = 0. Note now that
t

~ .
,5% ht(cL) in the point of intersection eqguals ( X'(t)(@(ft)~”ﬁ,0;o>,
' L 3 0
where t = 2/3, T = lf therefore_sz ht(oL) # 0,
hence A= 0, m =0 and T,N, N T, (L x [0, 1]) = {0}.

Now we calculate the sign. We take the vectors gl(l),
. fr(l) at o (see lemma 7.7), which form the positive ba-
, . 90 .
se of I&N. Then, by convention, the vectors (irg(ht(oé)), 1);
() e (Fy (0,005, (hy), € (1), o>> form the positive base
of Nh at (ht(cL), t). We must calculate the sign of this reper
in T(ht(dl)rt)(v X [O, ll)///T(hé(cL),ﬁ%L X [O, L]). This spa-
ce is isomorphic with quitiVe orientation to Tht(ui)v//ﬁg%(l)ld'

The image of our vectors under that isomorphism

. i e B
1s jUSL (—)—‘-t— (ht(da))l (ht)*( El(l))'...’(ht)*(gr‘(l)). BY de
finition of the map <§> the vectors gi(e) are for every

2} &-[O, 3} the tangent vectors to coordinates x.

I and we
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have already seen that they are invariant under h (recall

t
that t = 2/3). The coordinates of7§% (ht(oL)) are
(X' (t)y(e(t) -t), 0,..., 0) = (1,5; o,..., 0), hence
Tg% (ht(cﬁ)) = l,5o8(2). Therefore our base have the same sign

in Th’{:(oé)V/Th.ﬁ(oé)L as ( ¥(2), £1(2),..., ¥_(2)) which is,
by definition,‘p. The last conclusion of p.2) of lemma 7.8
is trivial.

Now we describe the modification of the vector field v,

which leads to the change of base.

-

Lemma 7.9. Let © = (£, f, v, E) be an r-quadruple, be-

longing to a regular class j’é Hl

(M, Z), where f is index-
ing and v perfect. Assume that there exists a regular value
¢ of £, such that the projection E of E belongs to Wo =
= E*l(lh-l, c]). Let N > 41 be an integer; denote f-l‘(E&N,QJ)

by W. Denote by pl,...,pk € E all the generators of
index m. Let 1 <£i,j < k, and P = +1. et g € G and
£(g) = - {, where ¢ > o.

Then there exists a new perfect gradient-like field w
for £, such that:

1) There exists a function (P:W'—¢ R, such that it satis-
fies the condition (E) both for v and w.

2) The base elements g(v) and g(w) in the associated
complex Figr)((P) are the same forv q € E, g # p; - For q=Pp;

'we have pi(w) = (pi(v) + 9-pj(v)-g) mod(@—k]). *)

*
)
Note that in the notation pi(v) the tilda 7 is absent, because

by definition the p; is a lifting of ﬁi = Q(pi) € M to the covering M.
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Proof. We can assume Q:sN~1, otherwise we can set w.= v.
Denote the critical value of f lWo of index (m+l) by a, and
the critical value of index m by a'; a > a'. Choose the re-
gular values b, b', such that a' < b'< b< a. Consider the
vector field v, on WO ,which is a result of multiplication
of v by a positive function 5 , such that supp(f’— 1) is
., contained in f—l((a', a)) and that. df(vo) =1 in E_ld}‘,gjl

Expand Vs to a t-invariant vector fie=ld on M. Since
D(p,ivo) are the same as D(p,+v), vy is a perfect gradient-
like vector field for f.

Consider the class [ of homotopy of paths, joining Py

and ﬁjt+€, such that the lifting of any curve of [ to M
joins P and pjg. (This exists, since 'f(g) =-4).

Apply now the lemma 7.5 to the r—quadruple (f, £, Vo E),
critical points ﬁi and 5jt ; class of homotopy of paths [ ,
and a regular value b-{ . We get a path X:[O, 31—§ Enl&>“6),
satisfying 1)-3) of this lemma. In particular, this Y is a
normal path for v and belongs to a regular level (b-¢) of
f. We denote f-l(b— Z) g? V.

Apply now the lemma 7.4 to the r-quadruple (£, f, Voo Eb
pair of critical points (B, ﬁjte) and{ﬂ@.gihly . We get a
function ¢ :W — R, satisfying (E) and a neighbourhood U
of X in W, such that 4 ?(VO) is constant in U. Choose the
open neighbourhood A of' vy in L (- () and a number £ 3 O
so small that A c U and every (—vo)—trajectory, starting at
A rests in U for the values of parameter & [O,&J .

One more notation: if Y is a manifold and v - a vec—

tor field on Y and [«, p] - the interval in R and X is
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a subset in Y we denote by X( [, P], v) the set of all
the points in Y, belonging to some v-trajectory, starting at
some point of X and evaluated at some 776[¥3F] If ol = p,
we use the notation X(¢ ,v). The similar notation X((o(,?),ﬂf)
for the open interval (e, P) will also be used.
Wie choose €70 to be so small that V( [o¢], -v,) s

contained in f~l([b'—€, b*@]), which implies in particular,

Il

that df(vo) 1 on v([0,£], -vo). On the set &( [O,EJ,—wb)

the function d(?(vo) is also constant, say C > 0.
The curve X intersects no descending disc, except
D(ﬁi, v

O). Consider the union KO of all descending discs,

starting from the critical points of index £ m, belonging to
%—l([?—N, c+NJ), except ﬁi. Let K = K f\f—l([p—N, c+N}).
Since vé is perfect, K is compact by the lemma 3.7. This imp-
lies that we can choose the neighbourhood A of Yy so small
that A N K = &, which implies that A NDE, 0, v,) = &,

s #1i, -N<£V <€ N-1, therefore Atvf\ D(ﬁs, vo) ='£§ for

s #1, -(N-1)< ¥V € N. Therefore, every t-shift of A, which
is contained in W, does not intersect D(§S, vo) for s # i.
That implies of course that no t-shift of i( [O,E], —Vo)

7

contained in W, intersects D(p ,vo) for s # i. Furthermore,

s
we can assume that Z.f\D(ﬁ.tv, v ) :/Qf for 0< VY £ N-1.
i e}
. . - . -~ .
Hence no negative t-shift of A, i.e. At , <V < 0, intersects

D(By

Now,, v) = &.

Now we fix A and &€ , satisfying the properties above and

, - v
VO), and, of course, this implies that A([@,&J, —VO)-t /)

proceed as to construct the new vector field w.

m-1
Consider two submanifolds of V, namely N = D(§i,vb)ﬁ\]
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%

o \J D(§St€, —VO). The first is (generally) non-
4=1
compact, the second is the union of k spheres. They do not

and 17T

intersect, since Vo is perfect; moreover the closure of the
first does not intersect the second, because the closure of
D(pi, vo) in W is the subset of the union of the descending
discs of indices <£m and that intersect no ascending disc of
index m. Our curve Y satisfies the conclusions of lemma 7.5,
!/

hence it intersects Nm_l in a single point ¥(1) and TXGJN P

§§ g(l). Since ¥ do not intersect any descending disc of

index < m~1, the Nm_l N g(l) = Nm_l/\ 5’1. The curve Y in-

tersect L in a single point ¥(2), belonging to a disc
D(f)jt€' ~v_) and ¥(2) & Tk

Now we apply lemma 7.6 to the pair Nm_l, Ln“m-l of sub-
manifolds of Vn—l, the path ¥ s the neighbourhood 2 and the
sign P. We get the corresponding imbedding‘é@: [O, 3Jx
bl Dgrl(o) X Dnép—l(o) -V, Inﬁ%CZA. Denote the domain
[0, 3] x DT (o) x D™ o) by x.

Consider the manifold 2 = V x [0,2], and the diffeomor-
phism #JZ Z —> E~l([b—(2~£, b—@]),defined by the convention:
the point (g, u) € Z is carried to a (—VO)—trajectory, start-
ing at 9, and evaluated at u. The function fn\4/-is given
by (fo“%f)(q, u) = (b~ ¥¢) - u. The function ¢o T, restricted
to A x [O,&] is given by (%M\+r)(q, u) = (@D\V3(q, 0) - C.u.
The vector field Vo is éarried by'\f/~l to the vector field
? = (0, -1). Note also that since %DIX = const, the function

o is constant when restricted to ( Y 1 to) for any uoee[b,al

Now we consider the embedding (P x id of X x [O,E] into
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V x [O,E]. For brevity we keep the notation é for @ x id.

Consider the function Vl= QPO\‘f" C]T?, defined now on X x [O, 5) =

= [O, 3} X Dg—l(o) bl Dg—m—l(O) X [O,&J . Coordinates in this

- —> —>
domain are, respectively, T, %X, y, u. Recall that (T, X,+,W3=
n
= (T, ¥, ¥, 0) - C-u. The imbedding t > (t,0, O, O)

of [O, 3] to X x O gives after composition with (\V; EE the
curve ¥ , and we know that (f) ‘ Y is constant. Therefore,

n_
dIT (T

for every T, u. That implies that for some JB > 0, P < & we

O, 0, 0) = 0, and therefore :)—?ﬁ— (T, 0, 0, u) =0
T

’—B’Z - C-¢t - 2 <
have e (T, x, v, wl £ 65w TX(E] for lx!ép, (y‘ < B,
tef0,1]
where ‘X' (t) is the auxiliary function from the proof of

lemma 7.8. In other words, for every point (~, _;c, —i}) éEO, P}X

x Dghl(o) x Dg_mnl(o) and any u €[0,€] we have
c-€
(dn)(l, 0, 0, O)[ ) 6.sup X' (t)] -
tGLOIlJ

Now we apply the lemma 7.8 and get the isotopy ht of Vv
to itself, where t & LO, l}, the isotopy differs from the
identity only in @_5 ([O, 3] X D/gl~l(0) X Dg_m_l(o)). Denote by
S, u e [O,&J the map h(u/g); then S, is the isotopy de-

fined on the segment [O,EJ. We introduce a new vector field

_ . _ e, 5 .
W, on Z =V x LO,E,], setting W, = (*%Tl- (su(q)), 1). Since

the isotopy sS4 differs from id only for u ¢ [925 , (1~ 9&)81,
this vector field equals }? in the neighbourhood of the
boundaries vxo U v x £ . Note that wO is a gradient-like
vector field for EOV, since af(f o’\V) vanishes on the vec-

tors (/u, 0), hence d(fo\‘r) (wo) = d(EOV) (VO)-
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I claim that this vector field is also a gradient-like

vector field for Q =(Pox+ck%{ Indeed, we are to verify that

only in Q?([Q, 3] x Dg"l(o)x gg—m—l(o) x [0,£]) because in

all the other points w, =& , and § = (O, o, 8, 1) is a gra-

o

3
dient~like field for ? . For that we need to calculate -

Y
d

explicitely. By definition su('Z} Ei-§) = h (QT,_;,

ket

7):

u/g
= (T IARD - V0T X we)-8(t) -, X, ¥). There-

fore iééf (T

Dw

=7 = (= we - 212 9(T12) - o) -7),0,0)=

= R(T, %, ¥)-(1, 3, 3), where [R(v,7%,7)) <

14

% sup \Xﬂ(v)l. Now the derivative of h along W in the
v el0,1]

point (<t , X, ¥, u) equals (dyl)(—’%%_(su(q))' 0) + (d'l)(or“l)-

The Second term equals C, the first is R(t‘,—§,f§).drzCL 0,0,0>.
By the above the module of this vector is less than

% . Therefore (dtg)( Q) 7 % 7 O.

Now we glue the vector field \Y(VJO) on —f—l([b~ e-— €, b —@’j)

with the vector field v, in Wote\\f_l(Ba-—e-g, b —6})

4

which is possible, since FP}WO) = v, in the neighbourhoods
of Enl(b - (~ £ ) and f_l(b - C). Expand that t-invariantly

to M and denote the result by Wy
I claim that the yector field W, satisfies the follow-
ing properties:
1°) Wy 1s a gradient-like vector field for f and for .
2°) wllw is almost good.
3°) The descending discs D(ﬁs, wl) N W and D(§S, VO)IW W
coincide for s # 1.

4°) The descending disc D(P., w.,) O f~l([b -¢, CJ )
i 1

equals D(5,, v,) N L b-¢, CJ)-
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50) The descending disc D(?i, wl) does not intersect the

4

discs D(ﬁst , —vo) for s # j, and it intersects D(ﬁjt ,—vo)
transversally at a single point g, belonging to f—l(Cb-@-Eq €'51>.
The sign of intersection is P and the path joining
ﬁi and g along (~wl) and then g and ﬁjte along (—vo)
belongs to [ .
The point lo) was just proved. For 20) we just note that
¥ is an enumerating function on W. To prove 30) we recall
that the W(\supp(vo—wl) is contained in the union of
C?(x x [o, a])-t“) for -0 <V < (N-1) - . But Clg(x <[0,e]) <
ca( [0,€], ~Vy), and by our choice of A the disc D(ﬁé, v,)
coes not intersect X([O,E], —vo) for s # i. The same argu-
ment proves 40).

To prove 5°) we note that the intersection D(ﬁi, W

NDE Lk

S

1)

’ —VO) is concentrated in f_l([a'—ﬁl,la--ej), becau-
se D(By, wq) (\E‘l([b—ﬁ, cly = DBy, v,) NEY D -e, <] ),
¢

which does not intersect D(ﬁst , —VO), since Vo is perfect.

We study first the intersection D(ﬁi, wl)/\ D(ﬁste, v N

f}f-l([b -l-¢, b - ¢]). consider X%F_ preimage of this in-

tersection. The ‘Q/; preimage of D(§i, w,) is the union of

trajectories of (—wo), starting at D(ﬁi, wl) f\ful(b- L) =
m-—-1

= D<§i’ vo)/\ V =N - The trajectory of (-w_) is just the

path Y(u) =(s_(x), u), where x €N, u € [0, €],
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£

The'¥ylpreimage of D(P_t", -v,) is just the set [b(ﬁsta,—wbnﬂ\fJX

#x[0,&]. consider now the diffeomorphism A:vx[o, 1) —
—> Vx[_O,£], A = id x ( —é— ). The A—preimage of set of points
(hu(x), u),where u €N, is the set N, in the notations of

%
lemma 7.8. The éﬁ—preimage of k)[D(ﬁétcﬂ -v,) N Vj x[O,&]
4=4

is just I, X[O, lJ. We know from lemma 7.8 that they intersect
transversally in the single point ¥(2) X 2/3 “with the

sign F. This implies (after applying AS) that NS(W(L X Ehgl)

consists of a single point, K(Z)X -%§~ and the intersection

is transversal of the sign f. Now we note that the (—wo)—tra~

jectory, finishing at 5(2))(25; is just the trajectory

(su( X(l)), u) where u f&[p, 2%_ . To evaluatevits homotopy
class we note that it is homotopic to a trajectory,which is a
composition of ( X![}, 2], 0) and a [O,?TJ]’C é{?, Z%;

Thus the path which goes along Wq from §} until the intersec-
tion with D(ﬁjte, ~VO) and afterwards along Vs to §j is ho-
motopic to I by our choice of 5 -

Now we note that since D(ﬁi, wl)11 f“l(b - @— £ ) does
not intersect with D(ﬁg, —vo), the D(p,, wl) does not inter-
sect D(Eg, mvo) also in the domain E-l(a'- 6, b ~-{ - £),

since in this domain wl = Vo'

The properties lo)—SO) are proved.

Next we want to verify the property 2) for Wi instead of
w. For the elements q(wl) where q # Py this property is
clear. Indeed, recall that supp(vo—wl)/W W is concentrated
in the union of t-shifts of U, belonging to W. But this union

belongs to (Pml([am, am+l]), by the property 3) of lemma 7.4.
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. . _ . . -1 '
This implies that W, = v in the domain q ([és, as+l]) for
every s # m, therefore q(vo) = q(wl) for ind g # m. If

ind g =m, g # P, , we have by property 3°) that D(g, W) N w=

= D(g, vo)lq W, hence qv,) = q(wl) also for ind g = m,
9 =Pp;- Note that for all critical points g we have D(q,\QQ =
= D(g, v), so that the equality q(vo) = q(wl) implies always

a(v) = qlw)).
So we are only to check the conclusion 2) for the disc
pi(wl). That is the consequence of Poincare duality and the

.properties 30)—5O

). The simplest way to do this is to calcu-
late intersection indices. We recall here the definition and
the basic properties of these indices for the simplest situa-
tion. Let X" be a connected compact manifold, 8X is a dis-
joint union of VO and Vl. Assume that Vo is connected and
fix a point g e;vo. Let L€<: X be a compact simply connect-
ed submanifold, L N VO==§5',/BL C:Vl. Assume that L is co-
oriented. Fix some point p &1 and a path f ; Joining ¢
and p.

Suppose that LF:(Dk, Sk_l, Ly) —> (Xn, VO, q) is a smooth
map, Imap/\vl =§5 . Assume thaﬁ k+ £ = n. We can perturb ¢
a little, keeping %)[Sk_l the same, to get ¥,r transversal
to L. For each point zO of intersection (p(Dk)(ﬂ L we
choose a path Xo in Dk, joining X and z and a path Xl in
L, joining =z and p. The composition 450 5105§ determines a
class in w&(x, a) which we denote by g(z). Since Dk is ori-
ented, each point of intersection has its sign, denoted €(z).

The sum of E(z)g(z) over all the intersection points jis de-

noted i(<ﬁ , L) € Z WiL.. The standard transversality argu-
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ments imply the following lemma.

Lemma 7.10. a) The index i ?o’ L) does not depend on
particular choice of the perturbation (fo’ thus gives a cor-
rectly defined index i(kf, L).

b) The index i((e, L) depend only on the homotopy class
of ¢ in w%(x, Voi 9), and the map i(-, L):JTk(X,VO;q) —
—> 7 ﬂlX is a homomorphism.

c) i(+, L) 4is linear with respect to the right action of
T (V) on T Xy Vi q), i.e. i( Y9, L) =3(g)-i(¢, L),
where 3j: (V) = 77y (X) - the homomorphism, induced by em-

bedding VO C X.

Suppose now, that inclusion VO<: X induces an isomor-
phlSH\'WiVb —> Wix = H = ker(f :7G}1—ﬁ>z). Fix some point
4 € V,, and fix some lifting § of q to %% < X. Suppose
that rz2 and %H(Dr, Sr—l) — (X, V,) is some map, which do

not in general preserve basepoints, but for which the lifting
~ H

\P of kP to the universal covering X — X is fixed. Ada-
ing to \P "the tail", starting from g and finishing at

X, < Sr—l we get an element in W}(X, Vo) and we can change

Pas
it in order to get an element 4, in ;ﬁr(x, VO) which after

~

s
lifting to X coincides with ¢ up to free homotopy of maps

(Dr, Sr—l) —> (i, GO). In other words, adding the right tail
P A ~~
to LP) we get an element %), such that H(%}) = 4/, where
H:‘ﬂ}(x, ?O) —> Hr(g, %O) i1s the Hurewicz homomorphism.
- o1 ) - o1 _
Now we set X = v ([gm, dm+l]), Vo = @ Tla), v, =

= kfhl(am+l). Recall that since X is obtained from vV, by

attaching m-cells, m > 2, the Hurewicz homomorphism
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H:ij(X, Vo) = 'ﬁm(g, VQ)-5 Hm(i, g;) is an isomorphism,
which commutes with the right action of ZH, and the module
Hm(i’ VO) is a free right 2ZH-module. The base elements are
enumerated by pair of integers (s, r) where 1 £ s €k,

1 £r €N and to each-pair S, ¥ corresponds the pair
(D(ﬁstr; V) /ﬁ(f—l([am, am+l]’ D(§Str; v) f)(f—l(anl)) which
is lifted to X =W in such a way that ﬁstr lifts to pser.
We denote these elements by e(s, r). Choose and fix some
point qq e,vo and the lifting Eo e,%;. Adding tails, we
get the base g(s, r) in 7nn(x, VO), such that H(& (s, xr)) =
= e(s, r). In our older notations e(s, r) = pS(v)Gr. Recall

that the monoid G acts on the set of e(s, r) in the fol-

- Y,
lowing way: if g € G , g = o h, V20, then ef(s, r)g =

= e(s, r+V)h. In particular e(s, r) = e(s, 0)8r. For each
pair s, r we consider also the manifold L(s, r) = D(ﬁstr,"ﬂjﬂ
-1 . . . . y _
/\@ ([am, am+lJ). That is a manifold of dimension n-m,

the boundary OL(s, r) = D(ﬁstr, -v) N %_l(am+1) < Vv, and
the pair (L,'EL) is diffeomcrphic to (Dn~m, Sn~m~l). We fix
some point p(s, r) eﬁBL(s, r) and choose a path f(s, r),
joining p(s, r) and g in such a way,that if A is an ar-
bitrary path in 1L(s, r), joining p(s, r) and ﬁstr, then
the composition %‘ngml(s, r), lifted to X as to start at
9, )finishes at pser’ Recall that the orientation of

D(B_t7; v) was fixed in fhe Very beginning and the coorienta-

tion of D(ﬁotr, ~v) is determined so as to give positive

intersection with D(@Str; V).

For these choices we have:
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i(8 (s, r), L(s', r')) =

1 1if (s, r) = (s', ")
.{O if (s, xr) # (s', r")
(Indeed, since v is perfect, the discs D(§Str, +v) do not
intersect with D(ﬁs,tr',—v) for (s, r) % (s', r'). For

( ) = (s',r') the intersection D(§Str, +v) mD(fistr, -v) =

S, r
=-{§Str} and our choices imply that the coefficient of inter-
section is=1).

. . -1
Now we consider the elements fs = ps(wl) in Hm( (E%W
~ ~1 ~ _ ~ e~ . .
am+l1)’ ¥ (am) ) = Hm(X, VO). This element is represented

by an embedding cf pair (D(ﬁs, wq) N X, D(Bg, wy) /\VO),

lifted to X} Vo in such a way, that 53 lifts to p,- We
o~
can add a tail and get the element fS in m}ﬁx, VO) such

that H(fs) = fs.

We calculate now i(?i, L(s, r)). The disc D(ﬁi, W)
NE L ((b-0, ¢]) equals DG, v) N E (-t , ). That
implies i(fi, L(i, 0)) =1 and i(f;, L(s, r)) = 0 for

0 < r<<£ and for r = 0, s # i. From the p.SO) we have also

e

i(fi, L(s, r)) =0 for r = { and s # Jj. Now we calculate

i(fi, L(j,€ )). There is one point of intersection g of the
sign ©- To calculate the element in H we consider the path

e

A - Y *E where E 1is a path in Im fi’ joining S and ﬁi,
the lifting E toX joins ﬁg and Py Y is a path from

Py to g along (~wl)'and then from g to ﬁjte along (—vo).

By property 59) it belongs to f1, that is, being lifted to

~ -4

X, 1t joins p; and pjg. The last one, A is Just  z (3, @) - »
as defined above, thus,lifted to X, it joins pj-eb

’
~ ) -
and d,- Thus the homotopy class of A ¥ "E is (® -g) € H.
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That suffices to decompose f; in terms of the base

A
€(s, r). Indeed, let ¥. = 2. 8(s, 1) AS ¢ Where A € ZH.
. ~ * —517' ~ ! !

Then l(fi' L(s, r))) = ;1 i (&(s, r)As,r’ L(s,, ry)) =
/

= 2. a
4% °

i(@(s, r), L(so, ro)) = A . We have just
calculated the indices i(f;, L(s, r)) for all (s, r) with

s, , I

1 X o o

r s:( . They are zero except for (i, O) and (j,ef); for
(i, 0) this is 1, for (j,f ) this is P+ (8 + g). That implies:

?i = (i, 0) +’é(j,@)~(§>-e_-g) + 2, 8s, r)-Ag - Apply-

¥y €+1
ing the Hurewicz homomorphism we get fi = e(i, 0) +
+ F'e(jle)'(g_ g) + E e(s, r) A, i 'As_rélzh. Using
14 I

ryf+l

the G ~action on the system of e(r, s) we get the equality:

£, = e(i, 0) + jo-e(j, 0)-g + > e(s, 0) (6" A, ), which
ry €+l

is exactly what we were seeking for.

To finish the prcof we consider an arbitrary vector
field w’7which is perfect and sufficiently .ose to Wis SO
that w is a gradient-like field also for ¢, £ and so
that q(w) = a(wy) for every q € W NCr f. Lemma 7.9 is

proved.

Corollary 7.10. Let (f, f, v, E) be an r-quadruple, be-

longing to a regular class E’GE Hl(M,ZZ), where f is index-

ing and v perfect. Assume that there exists a regular value

¢ &R of £, such that the projection E of E +to M belongs
. --1

to the domain Wo = f ([p—l, cl). Let Pyre-+r Py be all

the elements of E of degree m. Let N 21 be any natural

number.
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Then
1) If aéA; , sSupp a e{x & G{f(x) < O}and 1 <1,
j <€ k, then there exists a perfect gradient-like vector field
w for £, such that the Novikov complex Cy(w, E) 1s N-equi-
valent to (i,j; a) C, (v, E).
2) If 3\5_[\_;, A = 1 + u, where suppﬂc{xe (‘,‘f(x)<o;
and 1 <£ i < k, then there exists a perfect gradient-
like vector field w for £, such that the Novikov complex

C,(w, E) is N-equivalent to (i; \) C, (v, E).

Proof. 1) Since ae:j\é_ it suffices to construct w,
such that Ci(w, E) 1is N-equivalent to (i,3j; a) C:(v, E).

We apply the lemma 7.9 several times to i, j and the
components of a (increasing 4 gradually) to get a perfect
gradient-like vector field w for £ and a function
<?:W —> R, such that %9 satisfies (E) for v and for w,
and such that the base elements g(w) in the graded complex
Figr)((e) (where g & E) are the same as qg(v), if g # P
and the element p,(w) is equal to p; (v) + pj(v)- LalN-lr
where [a]N_l stands for the image in 7ZGN_ ::/&g /j&; N
of a. That means, that the complex ngr)(tp) with the base
g(w) 1s the result of the change of type (i,3j; [a]N_l),app—
lied to the complex Figr)(cf) with the base q(v).

We recall from thé beginning of this section that there

are 'EGN -isomorphisms, preserving the bases:

Iy, Vv, B @ ze —> ), {awm})
Ly
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T, W) s G, B) @z g — ®% (¢), {qmm} ).
JX?
The first of them provides us with the base preserving iso-

morphism I'((f, v): [(i,j; a) C:(v, E)} ®~ZZGN_ —

Ay
— (1,35 [a)Vh (@97 (¢), {a(}). But the righthand si-
de is just (éégr)((€)' {q(w)} ), which implies that

Ci(w, E) @ 26, and (i35 a) ¢, (v, E)J Q @G, are

= N
isomorphizf¥imeserving bases, which implies the conclusion 1)
of our corollary.

The item 2) is proved similarly; we apply lemma 7.9 to
i = 3j and (successively) to the components of .

Now we want to cope also with system of generators E,
which do not belong to the domain f~l([b—l, cj ) for any c.
For that we need some notations and a simple lemma.

Let C, be a free based complex of right modules over
some ring R and let JﬁL be a function on the set of all free
generators of C, to R* :-{r & R \r is invertible} . By
1®(C)* we denote the based complex which is obtained from C,
by the change of bases: instead of base element e; we con-
sider ei-A(ei). The function e, —> (,/\(ei))"l will be

denoted _/&_l. (Note that the change of type 2 is a particu-

lar case of this operation, but we have reasons to consider

it separately.)

Lemma 7.11. a) For any free based complex C, of right

modules over R we have ZKiL<ﬁqj; a) ( fHC*))> =

= (1,5; Ale))a -/\_—4&3-)) (Cy).
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b) Under the same assumptions we have
-1,,. . -1
AT p) (AC))) = (G Ale) - p- A (e))) (Cy).
c¢) Under the same assumptions denote by (fk) the base in
Cm__l and by (ej) the base in Ch Then the matrix element ﬁskj
of the matrix ZX of differential 5} ﬁUC)m ~9JA(C)m_l equals

-1 . . .
A (fk)'dkj ZX(ej) , Where dkj is the matrix element of

d:Cm —a'Cm_l
Proof. Obvious.
Lemma 7.12. Let C,, D, be free finite based complexes

of right JX;—modules. Suppose that for some N €Z they are
N-equivalent. Let the equivalence be given by e; fi
where {ei}, {fi} are bases of respectively C,, D,, 1 & I.
Then 1) Let j& I —> {ag { E= +1, g €& G,; be a function,
such that }’g(fl(i))J < k for every i. Then A(C,) and A (D,)
are (N-2k)-equivalent.
2) Let ey ej be the generators of C, of the same di-
mension. Let a é:l\; and assume that supp a ¢ {x & G‘ ?(X)é
5gk}, where k 2 O. Then C}] = (i,]j; a)C, is (N-k)-equiva-

lent to D, = (i,J; a)D,.

3) Let e, be a generator of C, and Py é_A;, A= 1+,

supp M C.{x €l f(x) < O}. Then (i; A\)C, is N-equivalent to
(i; N)Dy

Proof. We prove, for example 2). The bijection between

-

bases of C, and D) is naturally ey > fk for k&I, k # 1
and e, + e.a —> f. + f.a. The matrix A _ of differential
i J i 3 m

C, —6-C%_l is the same as matrix Sm of differential



192

Ch Cm—l ;except m = dim e;, dim e; + 1. For dimension m =
= dim e, A‘m is obtained from 5; by adding the j-th row,
multiplied by a from the right, to the i-th one. The same
for the differential D& —> D&—l' Now our assertion follows
from the fact that if x,y e A; ys $@) < k, then x +yac
L4
é_ﬂL; N ¢ where N = min(N, N-k). Same in the dimension
"o
dim e, + 1.
i

The assertions 1) and 2) are proved similarly. In p.1l)

we use the p. c) from lemma 7.11.

Proof of the theorem 7.1. 1) Denote by A the integer

max( ¥ (g)). By the lemnma 4.2, applied to the critical points
g esupp a
By §j-t_A—l, there exists an admissible modification %= (g, g, v, E>;
such that G(5,) > §(P -t " 1), which means §(B,)>

7’§(§j) + A + 1. Consider any regular value c of g, such
that B, €§ *([c-1, c)). Note that c > §(5,) > o1 > §(5,) +
+ 2. We can apply a renumerating procedure to the cobordism
W, o= 6—1([§—l, c]) and the function g to get an indexing
function h:WO ~%~[c~l, c] with the same gradient-like vec-
tor field v, and such that we still have c > E(?i) > c-1%>
>h(B,) + A

Now for each element g € E we pick up an element
A(q) € G, such that q-A(q) & B¢ [c-1, c]). The value
}([\(q)) is determined by 'g. From the inequality above we

deduce 7 (A(py)) > A, hence supp([\_@j)'l-a) e {x el Fm <0}

Denote by K the number max ‘g(l\(q)ﬂ . We choose
qge&kE

element 1&(pi) to be 1. The new system of liftings {Qrf&ky}
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will be denoted E' and the generator qyx(q) - by q'.
Now we apply the corollary 7.10 to the r-quadruple

—

(h, h, v, Es, the base elements pi, pa € E', the element
a' = (A“l(pj)_l a) € A, suwpp a' ¢ {xec|x) <o}, and
the natural number N+2K. We get a perfect gradient-like vec-
tor field w for h, such that Cy(w, E') is (N+2K)-equiva-
lent to (i,3; a') Cy(v, E").

Now by the remark 2.5 we know that C,(v, E') = A(C, (v, E))

and C, (w, E) :‘_/\_l(C*(w, E')). Thus, by lemma 7.11, d)
the complex C,(w, E) is N-equivalent to _A:l((i,j;a‘)(C*(v,éf)):

= AN, 35ah) (A, (v, B))) = (1,3: Apyy-ar- AT (o))

“(Cylv, B)) = (i,3; a)(Cu(v, E)).

Point 1) is proved.

Point 2) is done similarly, except that we do not need
to seek for g and can apply the renumerating procedure di-
rectly to f and any regular value c¢ of f, such that

Py €« f"l([p—l, c}). Afterwards we find the elementslﬂ(q)é-G,

such that the system of generators {qlﬁ(q)} = E' projects

'

to M to f_l(l§~l, c]), jﬁjpi) = 1 and apply the corollary

7.10, 2) to N + 2 sup L?(lX(q))[ and the element u itself.
4

Theorem 7.1 is proved.
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8. The proof of the main theorem

Now we are only to combine the results from §6,_§7 to
get the proof of the main theorem.

It is convenient for us to distinguish the following 4
types of elementary simple homotopy equivalence. We fix a na-
tural number n 2 6. We say that a chain complex AO R

<— Ak <—-... 1s restricted, if Ai = 0 for 1 < 2 and for

i > n-2. In this section "complex" means "finite free based

restricted chain complex of right jxg modules. We introduce

the following notations for brevit,: G = {g € G‘ g(g).é O},

G = {qeG{ tg) < o}, (+6) = {ggl €=+, g cG}. For an

element a é;j&% we denote by  h(a) the max (0, max

For a function A : x —> (+G) we denote by “ Al the

. . . r 5 7
max [;(jk(x))!. The term "r-guadruples" will mean Pﬂqu@iruﬁ{b,

X €X {éep.ongi,m}, to the requfor clasy }(?r“C M, Z). We
cay,that a complex D, is obtained from a complex C, by an
elementary operation of type, respectively, lo)—SO) if:

1°) D, = J\(C*), ) where /\ is a function on the set
of generators of Cyr with values in the set (+G) .

2°) Dy = (1,35 a) (C,), where ;s €. are the different
genherators of €, of the same degree m,a é}j\;.
37) Dy = (i; A)(C,), where e, 1is a generator of C,,

>x€[y} ;A= 1+ u, where supp 1 C G .

19y ey =p, @ %) uhere 2 <k < n-3.

*
The sign = here stands for "isonorphic, preserving bases".



185

59) b, = ¢, ® %), where 2 <k < n-3.

By the theory of J.H.C. Whitehead (exposed in our ©1)
we know that if A,, B, are two finite free restricted based
complexes of right modules over _A_; , which are homotopy equi-

valent via a homotopy equivalence ¢$: A, —> B,, such that the

torsion ’C(L{J) vanishes in Wh(G,Z— y = Kl(A;)/ Ug— , where

Ug = {ig + 7 1g < G, Aé‘_—_[\f , supp A < G },then B, can
be obtained from A, by the finite series of elementary ope-
rations of type 1)-4). (The only difference with our defini-
tion of elementary operation from 1 1is that we presented

the element +g +>\ as +g(l1 + g_l A') and decomposed the
elementary operation 1) from §l to a composition of 1°) and

). )

Lemma 8.1. Let 6 = (f, f, v, E) be a regular guadruple,
belonging to a regular class f = Hl(M, 7Z). Assume that v 1is
perfect. Let N 2 2 be natural. Let e, i &I, be the gene-

raters of C_ (v, E), i.e. the points in Cr f.

1) LetA: I — (+G) be a function, UAU = k. Let C, be
a complex, (N+2k)-equivalent to Cy, (v, E). Then there exists
a r-quadruple (g, §, w, E') with w perfect, such that

Ci(w, E') is N-equivalent to the result of lo) , applied to C,.
2) Let e ej be the different generators of Cylv, E)

of the same degree. Le;t aé_/X-, h(a) = k. Let C, be a coup-

lex, (W+k)-equivalent to C, (v, E). Then there exists an r-quad-

ruple (g, 5, w, E) with w perfect, such that Cyulw, E) is

N-equivalent to the result of 20) , applied to C,.

3) Let e be a generator of Cyl(v, E). Let />\: 1+,
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supp n CG . Let Cy be a complex, N-equivalent to C, (v, E).
Then there exists an r-quadruple (g, g, w, E), with W per-
fect, such that C,(w, E) is N-equivalent to the result of
30), applied to C,.

4) Let C, (v, E) be N-equivalent to D, @ [ﬂfk), where
Dy is a complex, 2 <k <€ n-3. Then there exists an r-quad-
ruple (g, g, w, E'), w perfect, such that Cilw, E) is N-
equivalent to D,, i.e. to the result of 40), applied to C,.

5) Let C, (v, E) be N-equivalent to a complex C,. 7Then
there exists an r-quadruple (g, g, w, E'), w perfect, such
that C,(w, E') is N-equivalent to C, G)_Fék)7 where 2 <k

<n-3, that is to the result of 50) applied to C,.

Proof. 1) We take an r-quadruple (f, f, v, E'), where
BY = J&(E). We know from remark 2.5 that C*(v,.AJE)) =
=_[&(C*(v, E)). Also we know from lemma 7.12. 1) that
A(C, (v, B)) ana A(C,) arce N-equivalent (here we imply as
usual that /A on the set of generators of C, is defined via
t.;e identification of this set with I s provided hy W-aguilva-
lence) . Therefore C, (v, E') is N-equivalent to 1&}C*)5

2) We apply theorem 7.1, p.l) to the quadruple (f, ?,'V,E)

and the number N+k. We get a quadruple (g, g, w, E), s=such

that C,(w, E) is (N+k)~equivalent to (i,3;2)(C, (v, E)). Then
by lemma 7.12. 2) we have that (i,3;a)(C (v, E)) is N—equiﬁa“
lent to (i,j;a) (C,), that is, C,{w, E) j;’(i,j;a)(c*).

3) We apply theorem .1. p2) to (f, £, v, E) and the num-
ber N. We get a guadruple (¢, g, w, E), such that Ciel(w, E) is

N-equivalent to (i,%) C,(v, E), which is, by 7.12. 3),
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N—equivalen£ to (i,C\)C*.

4) That is exactly the theorem 6.1, with the only diffe-
rence that for the new quadruple (h, B, w, E') the field w
is not necessary perfect. But we perturb it a little to get
a new quadruple (h, E, w', E'), such that w' is perfect and

Cylw', E') is N-equivalent to D, (corollary 4.6).

5) By theorem 6.14 there exists a new r-quadruple (g, g,V , E

such that C,(v', E) is N-equivalent to C, (v, E) @
C?_fjk), hence, N-equivalent to C, @ [ﬁik). Having perturbed
v' a little we can assume that it is perfect.

Lemma 8.1 1is proved.

Proof of theorem 2.4. So let (f, £, v, E) be a regular

guadruple, where v 1is a good gradient-like field and let
C, Dbe a complex over jlg, which is homotopy equivalent to

Cy(v, E). This implies that there exists a finite sequence

1

cio) = C, (v, E}, Cﬁl),..., Cé*) of complexes, such that Cir)

equals C,, and that for every i, 1 €1 < r, the complex

=

Cil) is the result cf one of the operations lo)~50)
i1 . C o . -
to Cil “). There is a finite number of operations of type

, applied

2O

). Denote by A the maximum of h(aj) for aieg [&;7correspon_

ding to these operations. There is a finite number of opera-
ions of © ste by B t i |

tions of type 17). Denote by B the maximum of for

corresponding to these operations. Denote A+2B by C. We sup-

pose that N 3 2.

I claim that for O £s < r there exists an r-quadruple

(q,?js,v

5 ., E_) with Ve perfect, such that C (v_, E_ ) 1is

S S S S

/

/))
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N + (A+2B) (r-s) - equivalent to Cis).
We proceed by induction in s.

1. s = 0. We take (go,_§ vor EJ) to be (£, £, v_, E)

o! “of o ’

where v is perfect and close enough to v for C*(Vo’ E)
to be (N + [A+2B) r)-equivalent to Cy{v, E).
2. Induction step. Suppose that 0 £ s <r and that we

have already the r-quadruple (gS, §S, Vg ES), such that Vg is
perfect and that C*(VS, ES) is (N + (A+2B) (r-s)) - equivalent
As+1)
*

to Cis). If cC is obtained from Cis) by an operation of

the type 30), 4°) or 5°) we find by lemma 8.1 recall that

N 2> 2 the new r-quadruple (gs+l’ §s+l’ Veppr Bgyq) with Vol

perfect, such that C, (v
C£s+l)

S+l Es+l) is (N +(A+2B) (r-s)) - equi-

valent to and N+ (A+2B) (r-s) 2 N + (A+2B) (r—- (s+1)).

Suppose that C§S+l) is obtained from Cis) by an opera-

- S ) .
tion of type 2) with an element a Q-Jtr. Note that Ci i
2

[N + (AT2B) (xr - (s+1)) + Aj - equivalent to C,(v_, E_), and

5 S
h(a) = k¥ < A. Therefore by lemma 8.1. 2) there exists a new

r-quadruple (gs+l’ G417 Veurl’ Es+l) with ey perfect, such

Veiyr Es+l) is [N + (A+2B) (r - (s+l))] - equivalent
)

The operation of type lo) is realized similarly.

The theorem 2.4 and hence the main theorem are proved.
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9. Applications

l. The first case to consider is of course the case when
one do not expect the critical points. The main theorem of

[Pal], together with the main theorem of the present paper

imply immediately.

Theorem 9.1. Let M" be a closed manifold, n > 6. Let

_g: WiM —>» Z be an epimorphism with a finitely presented ker-

nel. Denote by Z\ the group ring Z 77 M. Then there exists

1

a smooth fibration f£:M' —5 S , belonging to f if and only

if the chain complex C*(ﬁn)<g.[X§ is homotopy equivalent to
AN

zero and the torsion qf(C*(Mn)(w Z\;) of this complex vanish-
I\
es in the group Wh(G, ¢ ).
We recall that the group Wh(G,f ) is by definition the

factor-group of Kl(Z&;) by the image of group of units

Uy = {pEA[p= 9+ X)) where g €, supp A<
<G = {x ecl ¥ < of.

Corollary 9.2. ©Under the assumptions of the theorem 9.1
the property of being fibered is aniinvariant of the simple
homotopy equivalence, preserving'; .

Now we want to identify in more familiar terms the group
Wh(G, §) = Kl(A;)/ U; .

We restrict ourselves to the case G = HxZ, equals
the projection on the second coordinate. Denote YZ[H] by R.

In this case jX} is the localization of the ring R[[t]] with

respect to the multiplicative set § = {Fn, n > O}. Denote by
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U; the set of units of the type {jh +'}}'where h €H

and supp% CG:.

Proposition 9.3. There exists an exact sequence Wh (H) —>

—> Wh(G, §) —> Nil (ZH) @'f(o(zH).

Proof. We apply the standard theorem on the localization
in algebraic K-theory (see [Grj), to the S—localizaéion of the
ring R[Iﬁ}} and we get an exact sequence Kl(R[UJJ) ?£>
—> Kl(S—lR[Iﬁ]]) ji? K N, where N is the category of fini-
tely generated R[[f}}~modules of projective dimension < 1,
annihilated by some power of t. In the same manner as for the
case of the ring R[tJ we see that the category N consists
exactly of finitely generated projective R modules, endowed
with a nilpotent endomorphism , (Indeed, if O — P ~3: Q —
—> M — 0 is a projective resolution of M over R[it]},

then we have an exact sequence 0 — t''Q/ tP Im u%-Imlf/ffIIW“f*ﬁ

n U 14 4
— me/ ' o M P/

where the righthand term has projective dimensicn <1 over R
and the middle one is R-projective. Hence M is R-projective.
Inversely, if M is an projective f.g. R-module with a
nilpotent endomorphism f the characteristic seguence O -
—> M{Iﬁ}]‘élfé M{[t}] — M — 0 is well defined and shows
that the projective dimension of M over R[&JJ is £1 .

Therefore K,N = Nil R.

0
One can show that the p-image of t is a free module over
R with the zero nilpotent endomorphism. Therefore we got the

exact sequence



201

1

Kl(R[[t]]) —>—Kl(s— R{[t]]) / {t} — 1:1\1/1 R@,IZ/O(R)

where %O(R) stands for ker (KO(R).—é KO(E)), induced by
augmentation homomorphism. Now we factor two left terms

by the image in K of U and we get the formula sought,

1 g
since the group of units U; is generated, by " and
U; , and by lemma 4.1 of [Pal} we get
K (R[[£1]) /U; ~, Wh H.

Therefore our main theorem implies the following.

Corollary 9.4. If H,(C, M) @ A—g) = 0, then there is
A

T~ —~
defined an element ©(¥ ) & Nil(ZH) G)KO(ZH) and if @(E‘) va—
nishes then there is defined an element 7?“?) & Wh H.

The conditions H, (C, (M) ® Mgy =0, e(g) =0, T(Z) =0
AN

are necessary and sufficient for ‘g to be represented by a

fibration.

We note that the situation here resembles Farrell's obst-

ruction, although the condition H*(C*(ﬁn) A}) = 0 is not

VAN

eguivalent to the finiteness of Mn. For the case of WiMn

abelian one can show that H*(C*(ﬁb X jxg) = 0 1f and only if

A%
Pyiet

M" is finitely dominated. The following conjecture seems to be

very likely to be true.

Conjecture 9.5. Assume that MY is homotopy equivalent

to the finite complex and H*(C*(ﬁn) @9[{%) = 0.. Then the
AN

obstructions, 9(} ) and T(§),introduced above, coincide with
those of Farrell [Far}.

2. The second case is ﬂlM = 7, _g:z —> 77 is an
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morphism. The ring jxgis just the TZ[it]}[t_lJ, which is
the principal ideal domain, hence Kl([kg) equals to the group

of all units of j&;, and all of them are of the form it_n +

- (n-1) -

tal gt + ... €U That means that WhZz,%) =o0.
This implies that each complex over 1&%, which is homo-
topy equivalent to C*(Eﬁ f[% and which bas no generators

in dimensions O, 1, n-1, n can be realized up to an arbit-
rary dimension N as a Novikov complex of some Morse form.
Since any free complex C, over a principal ideal domain
R is homotopy equivalent to the complex, having in dimension
¥ exactly br(C*) + qr(C*) + qr‘l(C*) generators, where
bi(Ch) = rkp Hy(Ch), q,(Cy) = t,n,RHi(C*), we obtain as a

corollary, a following theorem of Farber.

Theorem [Frbl]. For a manifold M, n > 6, IHM =2

there exists a Morse map £fiM —> Sl, such that mp(f) =

= bp(M,§ ) o+ qp M, 2 ) + q (M, ¥) (where ¢ P UM > Z is

p-l

any epimorphism, bp, qr are the Novikov numbers.
S

3. The third case is ﬂiM =z" = G. From the proposi-

tion 9.3 it follows immediately, that Wh(G, £) = 0. Lgain

it implies that each chain complex D, with DO = Fl =

=D, =D =0 over /\ , homotopy equivalent to C, () @ A
VAN

can be realized (up to N) as a Morse complex of some mar

£ — Sl, belonging to g - So the problem of finding the
optimal estimates for mp(f) is again reduced to an algebra-

ic one. We have an algebraic lemma from [Paz], which is based

actually on lemma, due to J.-C. Sikorav [Sij.
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Lemma 9.6 [PaZj. There exists a finite number of hy-

perplanes Ai C Hom( 77y M, Z) =~ z™, such that for any b’GUA,}
X # O the chain complex C*(ﬁ) @1&—
A8

lent to a free complex Dy, having in each dimension, the

is homotopy eqguiva-

number of generators equal to bp(M,f) +-qp(M,§ ) + qp~l(M”§)

where b*(M,é') and q*(M,g ) are the Novikov numbers, asso-

J

ciated with the cyclic covering M — M, corresponding to a
subgroup Kerf C:zzm. The numbers b, (M, X)' g, (M, ¥) are
in each connected component of the complement in

(M, ’R) to U, .
T 1

Now the main theorem of the present paper implies the

following.

Theorem 9.5. Let M" be a closed manifold, n > 6,
WiMn =2z". Then there exists a finite number of hyperplanes
Ajf: }H%PL Z ) = HOHMEHB 7)) 2~ Zm, such that each nonzero

class Z & I{l(M,?Z), T éi L/in contain a Morse map NP->Sl,
T

which has the minimal possible number of zeros of all indices
in its cohomology class, and that number mp(f) equals

Pp L)+ a0, )+ a0, ).

This theorem was proved in [PaB] under the additional
. . . , ~n
restriction of 4-connectedness of the universal cover M

This was due to the methods, which I used in the proofs.
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4. We have seen in p.3 that for the case ﬂiMn =z™
the Novikov numbers, which are in this case the only obst-
ructions to fibering, are construct in every connected com-

ponent of complement Hl(M, R)‘\kj Aj: That is the reason
1

for the following conjecture:

Conjecture 9.6. Let tﬁlM be abelian. Then there exists

a finite number of hyperplanes Z&i<:<Hl(M,72), and a finite
- 1
number of components . of the complemen { , U AN
b £ ts U. of ti pl v, w) N UA,,
J

such that the integer class % & Hl(M,YZ)\\LJZXi 1ls repre-
i

sented by a fibration if and only if E’ belongs to one of Uj’
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