CIRCLE VALUED MORSE FUNCTIONS

AND DYNAMICS OF GRADIENT FLOWS



Classical Morse theory. Let M be a closed manifold, f :
M — R be a C°° function on M. A point p € M is called
critical point of f if f'(p) = 0. A critical point p is called

non-degenerate if the bilinear form f”(p) is non—degenerate.
In this case the number of negative eigenvalues of f”(p) is
called index of p. f is called Morse function if all critical points

are non-degenerate.

For a Morse function f : M — R let us denote

S(f) =A{p | f'(p) =0}, Sk(f) ={p | f'(p) = 0,indp = k}

m(f) = card S(f), mp(f) = card Sk(f)
Theorem. (Morse, 1925) Let f : M — R be a Morse function.

Then
my(f) = brp(M)
(where by (M) is the rank of Hi(M)).



Theorem. (Pitcher, 1958) Furthermore

mp(f) = b(M) + q(M) + qr—1(M)

(where qx(M) is the minimal number of generators of the
torsion submodule of Hi(M)).

For the proof Morse shows that M is homotopy equivalent
to a CW complex X such that the number of k-cells in X is

m(f)-

(It is much more difficult to prove that M is homeomorphic

to a CW complex having mg(f) cells.)



Witten’s proof of Morse inequalities

(”Supersymmetry and Morse theory”, J. Diff. Geom., v.
17, 1982.)

Let f : M — R be a Morse function and v a generic Rie-
mannian gradient of f. Witten constructs a chain complex
M..(f,v) such that

1) Mg(f,v) is a free abelian group generated by Sk(f)

2) H. (M. (f,v)) = H.,(M).

To define the boundary operators in M. (f,v) put

dep= >  n(p,q;v)-gq, where n(p,q;v) €Z is
q€SL_1(f)

the algebraic number of flow lines of v joining p with q.



nac)=es, n(ée) =+, nlc,4)=0




flow line joining p with g —an integral curve ~ of v, such

that lim; o0 v(t) = p, and lim¢ ,_v(t) = q.

number : if v is a generic f-gradient then the number of

flow lines joining p with q is finite.

algebraic : to each flow line of v joining p and g one asso-

ciates a sign, and n(p, q;v) is the sum of these signs.

dep= Y n(pqgv)-q
qE€ESk_1(f)

Theorem. dg o dr_1 = 0 and Hp(M.(f,v)) = Hp(M).



Remarks

1. The genericity condition in the theorem above is as

follows: for every p,q € S(f) we must have:

D(pa ’U) 0 D(Qa —’U)

where
(1) D(p,v) = {z|v(z, t;v) ;g P}
(2) D(q, —v) = {z|v(zx, t; v)t::oq}

2. One can construct a canonical chain equivalence be-

tween the Morse complex and the singular chain complex of

the manifold:

gMorse ; M (F, ) — > Su(M)



Circle-valued Morse theory. Let f : M — S! be a C®

function. All the local notions of the classical Morse theory

are valid in this framework. But the Morse inequalities are
not valid as they stand. For example, the number of critical
points of the function id : S' — S1 is zero, but H,(S') # 0.

The relevant generalization of the Morse theory for the
circle-valued case was found by S.P.Novikov (Many-valued

functions and functionals. An analogue of Morse theory”, Doklady
AN SSSR, v.260 (1981).)



MORSE THEORY NOVIKOV THEORY

Morse map f: M — R Morse map f : M — S?!
and a generic f-gradient v and a generic f-gradient v
chain complex M. (f,v) chain complex N (f,v)
generated over Z by S(f) generated over A = Z((t)) by S(f)
\  HW(fo)
H,(M.(f,v)) ~ Hy(M) H.(M) = H.(M) ® A
[V F R where
Z \Z X
f A =7Z[t,t7 ]| = Z|Z]
M —— S*

A=7Z(1) ={ant™"+...4+a0+...+axti+... | a; € Z}



The construction of the Novikov complex. Define Ny (f,v)
to be the free A-module freely generated by Sk(f). The
boundary operator di : Nip(f,v) — Ng_1(f,v), is necessar-

ily of the form

de(p)= Y. N(p,gsv)g with N(p,q;v) € A.
q€Sk—1(f)
Write N(p, q;v) = ) pcn k(P q; v)t* with ng(p, q;v) € Z
and define the integer ny(p, g; v) as follows.

For each critical point p € S(f) choose a lift p of p to
the infinite cyclic covering M. Then all the lifts of p are
of the form t*p where t is the downward generator of the
structural group of the covering and k € Z. Let ng(p,q;v)

be the algebraic number of flow lines of v joining p with t*g.



T
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Theorem. Let f : M — S' be a Morse function, and v

a generic f-gradient. Endowed with the boundary operator

above N,(f,v) is a chain complex and

H.(N.(f,v)) = H.(M,Z) & A.

We shall briefly outline the proof (A.P., 1991). Assuming

that 0, 0 0,1 = 0 we shall construct a chain equivalence

N — S(M) = S, (M) ® A.

Let us choose the lifts of critical points to M in such a

way that they are all in the fundamental cobordism W =
F~1({A — 1,)]). Then the Laurent series N(p,q,v) are in

Z[[t]]



and the Novikov complex

is obtained by the ring extension

of the chain complex N~
defined over the ring P = Z[[t]],
where P = Z[t].

Let S = S8+(V ™) so that S..(M)

is the ring extension

of the chain complex

S-=8"QP
P

AN

We shall construct a chain equivalence N, — S . The

main observation 1is that

N7 /t"N 7 = M (F|Wy,v|W,)



so that we have chain equivalences

gMorse

En : N/t N = M (F|W,,v|W,)

S*(Wna 80Wn)
—— S (VT "V 7T) = 8u(V7) /t"8(V7)

One can deduce from the functoriality of the Morse chain

equivalence that in the following infinite diagram

NN N BN — ... —NTJt*EN N /tFTIN ...
Eq Es Ei Ert1
ST/tS87 «— ST /1287 — ... — S /th8- — S /tFtls ...

all the squares are homotopy commutative. Observe that

N7 = lim N7 /t*"N and S, ~ lim S /tkS_.

%



Now one can prove by a purely algebraic argument that
the existence of such homotopy commutative diagram imply
a chain homotopy equivalence between the inverse limits of

the lines. The theorem follows.

Remarks.

1. The genericity condition on the vector field is the same
as for the Morse complex: the stable and unstable manifolds
of critical points must have transversal intersection.

2. As in the case of Morse functions one can show that

there is a canonical chain equivalence

¢ : Nu(f,v) —— Su(M) = S, (M) « A



AN

Since A is a principal ring, we deduce the Novikov in-
equalities:
m(f) = bi(M) + Gu(M) + Gr—1(M),

where  bp(M) = rk; Hp(M), G(M) = t.n.; H(M).

Theorem (Farber, 1984) If dim M > 6, and m (M) =
then there is a Morse map f : M — S!, such that [f] c
[M, S'] = HY(M,Z) = Z is a generator of this group and all

the inequalities above are equalities.



Novikov’s exponential growth conjecture

Let f : M — S! be a Morse map, v an f-gradient,
p € Skr1(f),q € Sk(f). The Novikov incidence coefficient
N(p,q;v) = >, nk(p, q;v)t* is a Laurent series.

CONJECTURE (Novikov, about 1982) There are A, B >
0 such that

eBk

nk(p, gsv)| < A for every k



The first published version appeared in the paper of
V. 1. Arnold “Dynamics of Intersections”, 1989:

”The author is indebted to S. P. Novikov who has com-
municated the following conjecture, which was the starting
point of the present paper. Let p : M — M be a covering of
a compact manifold M with fiber Z™, and let a be a closed
1-form on M such that p*a = df, where f : M — R is a

Morse function.

The Novikov conjecture states that, “generically” the num-
ber of the trajectories of the vector field —gradf on M start-
ing at a critical point « of the function f of index k£ and
connecting it with the critical points y having index k£ — 1
and satisfying f(y) > f(x) — n, grows in n more slowly than

some exponential, e®™.”



Here is the version of the conjecture, published in 1993
by S. P. Novikov:

PCONJECTURE. For any closed quantized analytic 1-
form w, the boundary operator 0 in the Morse complex
has all coefficients agg € K with positive part convergent
in some region |t| < rJ(w) < r1. (If we replace S by (—5)
and t by t—!, we have to replace r; by rl_l.) In particular,
r; # 0 and there will be coefficients a1(02 with radius of con-
vergence not greater than rq (M, [w]) if at least one jumping

point really exists.”



n2(p, q;v) = ®(INV)

Motivation:

Put N = D(p,v) NV,
S = D(tq,—v)NV.
Then ni(p,q;v) = N S

tS = ¢(N) 3= S

where ( =t 1o®, and ® : V — tV is the gradient descent

map (not everywhere defined).

Similarly, n,4+1 = ¢" (V)

S, and ¢"(IN) is the result of

the r th iteration of one and the same application (.



Arnold’s theory of dynamics of intersection

Let N,S be compact submanifolds of a closed manifold
V, and dim N + dim$S = dimV. Let ( : M — M be a
diffeomorphism, such that {"(IN) m S for each r. Then for a

generic S we have:

IC"(N)NS|<A-e™P forevery r

For the case when dim N +dim S > dim M one can obtain
an exponential estimate for the growth of the Betti numbers

and the volume of the intersection ("(INV) N S.



C'-generic rationality of the Novikov complex

Theorem (A.P., 1995) Let M be a closed manifold, f :
M — S! be a Morse map. Let Gr(f) denote the set of
all transverse f-gradients. Then there is a subset Go(f) C

GT(f) such that

1. Go(f) is open and dense in Gr(f) with respect to the
C'-topology.
2. For every v € Go(f) and every p € Sk1+1(f),q € Sk(f)
we have
P(t)
t™(1+tQ(t))

(In particular this proves the Novikov exponential growth

N(p,q;v) = with  P(t), Q(t) € Z[t]

conjecture for a C%-open and dense subset in the space of

all transverse gradients.)



The main idea of the proof is in the regularization of the
gradient descent map. Recall that we have the formula
nry1+1(Pyq;v) = ¢"(IV) S, where ( =t 1o®:V -V
is a non-everywhere-defined map of the level surface V to
itself.




It turns out that for a C®-generic gradient v there is a
filtration VI C V2 C ...VFk C ... of V by compact submani-
folds V* with boundary, such that for every k the quotient
V' /VE=1 has the homotopy type of a wedge of k-dimensional
spheres, and

1. The map ® gives rize to a family of continuous maps
v|: VE/VETL S tvEk vk,

2. For every critical point p € Sk1+1(f) the manifold N =
D(p,v) NV is in V¥ and it has its fundamental class [IN] in
Hy(VE, vE-1),

3. The manifold N, = D(p,v) Nt"V is in t"V* and has
its fundamental class [N,] € Hy(t5V"/t5V"~1). This funda-

mental class satisfies

t—"[N,] = Z"([N]) where Z =t ! (vl )

%



Z27(IN])

™" [Ny




4. Let V* denote the dual filtration of V, that is, Vk =
V \ Vm—2—k where m = dim M = dimV + 1.
Then for every critical point g € Sig(f) the manifold N =

D(tg,—v) NV is in Vm—k—1 and it determines a homology

class [S] in Hyyp_q_p(Vm—k—1 ym—k=2)



4. We have the intersection pairing

<., > : Hk(Vk, Vk—l) < Hm—l—k(‘/}m_k_la ‘/}m—k—Z) 7

and the Novikov incidence coefficients satisty

nes1(p, g v) = (Z1(IN]), [S]).




Such gradients are called cellular since the gradient de-
scent map induced by these gradient resembles a cellular
map between CW complexes. One can prove that the set of
cellular transverse gradients is open and dense in the set of

all transverse gradients with repect to C°-topology.

The following computation shows the rationality of the

incidence coefficients in case when v 1s cellular:

N(p,q;v) = no(p,q;v) + Z nr11(Ds q; ’U)tr_l_l =
r=>0

no+t Y (Z7(IN]), [SHE" = no+¢( > t"Z"(IN]), [S])

>0 >0

=no + ¢ (1 — (¢t2) ™) ([N)), [S])-



Remark.
The question whether the exponential growth conjecture
holds for any gradient in some C°°-dense subset in the set

of all transverse gradients remains open.



Torsion invariants and the closed orbits of the gradient flow

First let us recall some basic facts about the Whitehead

torsion.

e Let R be a ring with unit. Denote by GL(oco, R) the

union of the increasing sequence
GL(1,R) CGL(2,R) C ... CGL(n,R) C ...
and put K;(R) = GL(oco, R)/[GL(c0, R), GL(c0, R)].
Put K;(R) = K;(R)/[£1l]. A construction due to

J.H.C.Whitehead associates to each chain equivalence ¢ of

free finitely generated based chain complexes over R an el-
ement 7(¢) € K1(R).



For example, if C, = 0 and D, = {0 ~—— R™ ~— R™ «— 0}
an acyclic complex, then the torsion of the chain equivalence
¢ = 0 equals the class of the isomorphism o« in the group
K (R).

o If X.Y are finite CW complexes and ¢ : X — Y a
homotopy equivalence then the chain map ¢, : A*(f ) —

A.(Y) is a chain equivalence over ZG where G = m(X)
and the torsion 7(¢) € K;(ZG) is defined.

The bases in the complexes A*(f ), A(Y) are provided
by the lifts of the simplices of X, resp. Y to the coverings,
and therefore are defined up to the left action of G.

Thus 7(¢) is well defined in the group Wh(G) =
K,(ZG)/ &+ G. A theorem due to Chapman says that if

¢ is a homeomorphism, then its torsion 7(¢) equals zero.



® Let us return to the Morse theory. We have a canonical

chain equivalence of based complexes over Z[1]

gMorse

M (f,v)

S.(M) ~ AL (M).

Its torsion vanishes since Wh(1) = 0.

There is also a refined version of the Morse complex Mv*( f,v)
which is a free chain complex over ZG with G = 7 (M), and
a chain equivalence Mv*(f, v) — A*(M) of ZG-complexes.

One can prove that its torsion also vanishes.



Now let us turn to the Morse-Novikov theory. Let f :
M — S! be a Morse map and v a transverse f-gradient.

We have a canonical chain equivalence
¢ : Nu(f,v) —— Au(M) (% K’

where A, (M) is the simplicial chain complex associated with

any C!-triangulation of M.
These two complexes are based free chain complexes over

A. The bases are defined only up to the action of the group Z
of the covering and the torsion invariant 7(¢) is well defined
in the group K1 (A)/{xt"}, which is called the Whitehead group

of A and denoted Wh(A).
We have the determinant map det : Kl(K) — A® and

proceeding to the quotients we obtain a map det : Wh(A) —

VW where W is the multiplicative group of all power series
of the form {1 + a1t + ast® + ...|a; € Z}



Theorem. Let f : M — S! be a Morse map, v be a

generic f-gradient. Then for the torsion of the canonical

chain equivalence ¢ : N.(f,v) — A,(M) we have:

det 7(¢) = (¢r(—v)) ™"

where (7, is the Lefschetz zeta function counting the closed

orbits of the gradient low —v (defined below).

The theorem was proved by M.Hutchings and Y.J.Lee
(1996) for a particular case when the Novikov complex N, (f, v)
becomes acyclic after tensoring with Q,

in the case when there are no restrictions on the Novikov
complex but the gradient v is cellular by A.P in 1997,

the general case done by D.Schiitz and A.P. about 2001

by reduction to the case of cellular gradients.



Definition of {r(—v)

Let v be a closed orbit of —v. Assuming that v is generic,

we can associate to = its Poincaré index €(v) =4 1, and also
the multiplicity m(v) € N and the winding number
n(vy) = —deg(fo~):S' — S'.

nL(—v) = Z :1((1)) "), CL(—v) = exp(nL(—v)).

I will comment only one one point of the proof: the com-

putation of the zeta function for a cellular gradient.



Recall that for every cellular gradient v we have an a
filtration V! C V2 C ...VF C ... of V = F~1()\) by compact
submanifolds V* with boundary,

and the gradient descent from the level surface V = F~1()\)
to the level surface tV = F~1(\ — 1) gives rize to a family
of continuous maps t~lv |: VFE/VE-L  Vk/yk—1

Closed orbits of (—v) can be identified with periodic points
of the maps t v |. The periodic points of this maps can be
counted with the help of the Lefschetz trace formula, and
one can prove that

CL(—’U) — H det (Id — tzk)(_l)k-l_l
k

where Z; stands for the homomorphism in homology in-
duced by the map t—lv |: VF/VF-1  Vvk/vk-1



Circle valued Morse theory for knots and links in S3. Let

L be an oriented link in S3. We consider Morse maps
f:S3\ L — S, satisfying an additional restriction nearby
L:

f is called regular, if there is an orientation preserving
diffeomorphism ¢ : Lx D? — Tub L such that fo¢(l,z) = |7z|

Definition. MN (L) = min m(f) where the minimum is taken

over the set of all regular Morse functions S® \ L — S1.

( C.Weber, L.Rudolph, A.P. Morse-Novikov number for knots
and links, Algebra i Analiz, v. 13, 2001).



A link L is fibred if and only if MN (L) = 0. To obtain
lower bounds for MN (L) we apply the Novikov inequalities:

mi(f) = bi(S* \ L) + qi(S®* \ L) + Gi_1(S* \ L).
One can prove that b; = qg; = 0 for 1 = 0,3, and g2 = 0 and

that bl = b2 Thus MN(L) 2b1(53 \ L) —|— 2(]1(53 \ L)

It turns out that for knots we have 31 — 0 and the in-

equalities are reduced to the following:
MN (K) > 2q,(S® \ K).

Proposition. Let K be a knot. Then the Nowvikov homology
f—I\*(S3 \ K) = H,(S3\ K) ® A vanishes if and only if the
A

Alexander polynomial Ak (t) of K is monic (that is, the
principal term of Ak (t) equals +1).



Twisted Novikov homology. In a joint work with H.Goda
( Twisted Novikov homology and circle-valued Morse theory for knots
and links, Osaka J.Math, v.42 N.3, 2005) we have introduced

the twisted Novikov homology, which allows to give better
lower estimates for MWN (L).

The twisted Novikov homology is defined for any topolog-
ical space X with respect to an epimorphism £ : 71 (X) — Z
and a right representation p : m1(X) — GL(n,Z) (that is,

p(ab) = p(b)p(a)).
Put G = m1(X) and consider £ as a homomorphism

¢:G — (Z[Z])X — (Z[t,t7])* = GL(1,A) = GL(1,A)

where I sends the generator 1 of the group Z to t—1.

Form the tensor product of the two representations p and

£ of GG, to obtain a right representation pg : G — GL(n, A).



Definition. The A-module H*(K'"’ ® C’*(f)) is called the
7G
twisted Novikov homology of X and denoted H,.(X, p, &)

(here X is the universal covering of X and A™ is a ZG-

module via the representation p¢ : G — GL(n, _//i)

To apply these constructions to knots and links observe
that there is a canonical homomorphism ¢ : w1 (S®\ L) — Z.
The twisted Novikov homology of §°\ L with respect to this
homomorphism and a right representation p : w1(S3\ L) —
GL(n,Z) will be denoted f—I\*(S3 \ L, p).



Theorem. Let L be a link in S®, and f : S\ L — S! a
reqular Morse function, v a generic f-gradient, p : w1(S® \
L) — GL(n,Z) a right representation. Then there is a chain
complex NP(f,v) over A such that

(1) NJ(f,v) is a free A-module with n-mg(f) generators.
(2) Ho(NE(F,0)) = Ha(S®\ L, p).

Corollary. The Morse-Novikov number of any link L satis-

fies
MN(L) > = (B1(8*\ D) + @ (5 \ L))

where 51, g1 are resp. rank and the torsion number of the A-

module

H,(S*\ L, p).



Theorem. Let € be the Conway knot. For every m we have

Y

2
2m > MN(me€) > ?m’ where m€ =¢& ¢.

m times

The same holds for the Kinoshita-Terasaka knot K¥.

R

L

Conway knot Kinoshita-Terasaka knot

One can show that for every knot K the limit

lim

M—00 m

exists. This is an interesting invariant of a knot, called as-

ymptotic Morse-Novikov number of the knot.



Fibering of 3-manifolds over S!. (Nowikov homology, twisted

Alexander polynomaals and Thurston cones,
A.P., math.GT/0406498.)

Let M be a C° manifold, w € Q!(M) a closed 1-form
on M. We say that w is a Morse form, if locally it is the
differential of a Morse function. In particular each real-
valued, resp. circle-valued Morse function f gives rize to
the Morse form df. The Morse-Novikov theory generalizes

to this setting as follows.

Definition. Let H be a free abelian group, and £ : H — R a
homomorphism. Put A = ZH and define the Novikov ring
as follows:
Kg ={A = deHngg | for every C € R
the set £ 1([C,o00[) N supp X is finite}



The ring A = ZH is isomorphic to the Laurent polyno-
mial ring in several variables, and ./AXg can be considered as a
special completion of this ring. For example, if H = Z and
the map £ : H — R is the standard inclusion Z —— R we
obtain the Novikov ring Z((t)).

The notion of twisted Novikov homology generalizes imme-
diately to this setting. Namely, let X be a finite CW com-
plex, and put H = H1(X)/Tors. Let £ : H — R be a ho-
momorphism. Denote 71(X) by G and let p: G — GL(n,Z)
be a right representation. To these data one associates the

twisted Novikov homology

H. (X, p,£) = H.(A7 %C*(f))



Here the tensor product is with respect to the structure
of the right ZG-module on KE” induced by the right repre-

sentation
pe =pQ&: G — GL(n, Ag)

and £ is considered as a representation

G — (Z[H])* —=~ GL(1,A) —— GL(1, A¢).

Returning to geometry, let w be a Morse form on a closed
manifold M. Let £ denote the De Rham cohomology class of

w; then & can be also considered as a homomorphism H =
H,(X)/Tors — R.



We have a twisted version of the Novikov complex NP (w, v),
with the following properties:
(1) NP(w,v) is a free Kg-module with n-mg(w) generators

in degree k.
(2) Ho(NP(w,v)) ~ H.(M, p,¢).

In particular if w has no zeros, the Novikov homology
H *(M, p, &) vanishes for £ = [w]|, and any right representa-

tion p.

Problem: For a given closed manifold M? describe the
subset V(M) C H'(M,R) of all cohomology classes £ con-

taining a 1-form without zeros. A Thurston’s theorem (1979)

says that V(M) is an open polyhedral conical subset.



Theorem. Let M? be a manifold with x(M) = 0. Let p :
w1 (M) — GL(n,Z) be a right representation. The set V,(M)
of all ¢ € HY(M,R) such that the twisted Novikov homology

f—I\*(M , Py &) vanishes is an open conical polyhedral subset of
H'(M,R).

For every p we have V(M) C V,(M) so that the conical
subset V,(M) provides an upper bound for V(M) which is
computable in homological terms, actually as we shall see

later in terms of the twisted Alexander polynomials.

Problem: Is it true that

V(M) = Vo(M) ?



M.Wada’s construction associates to each representation
A: G — GL(n,Z) of a finitely presented group G the twisted
Alexander polynomial Ax. In the case when the rank of the
group H = H,(G)/Tors is > 2 the twisted Alexander poly-

nomial is an element of A = ZH.

Write Ay = deH ngg, where ng € Z. Let us say that A
is £&-monic, if there is only one vertex g € H of the Newton
polytope P of Ay such that &£|P reaches its maximal value,

and for this g we have n, = £1.

.

o, 7.7




Theorem. Let M be a 3-dimensional manifold with x(M) =
0 and b1 (M) > 2. Let p be a right representation of wi(M).
Then V,(M) is equal to the set of all € € H'(M,R) such

that A; 1s §-monic.

(here p denotes the conjugate representation for thee right

representation p).

When rk H1(G) = 1 the twisted Alexander polynomial
associated to a representation A : G — GL(n,Z) is not a
polynomial, but rather a rational function of the form %,

where P,Q € Z[t] and the first and the last terms of Q(%)

are equal to *1.

Such rational function will be called monic if the first co-
efficient of P is equal to 1, and strictly monic if it is equal

to 1.



A theorem of H.Goda, T.Kitano and T.Morifuji (2002)
says that if a knot K is fibred, then for every representation
A:m(S?\ K) - SL(n,F) where F is a field the twisted

Alexander polynomial A) associated to A\ is strictly monic.

Theorem. Let M be a 3-manifold withb;(M) =1 and x(M) =
0. Let A\ be a representation of mi(M) — GL(n,Z). Then
the twisted Alexander polynomaial Ay is monic if and only
if the twisted Novikov homology f—I\*(M ,€,\) associated to

E:H = . 7 and X vanishes.

Corollary. Let L be a link in S°. Let X\ : w1 (S® \ L) —
GL(n,Z) be a representation. If L is fibred, then the twisted

Alexander polynomaial associated with A 1s monic.









