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ABSTRACT It is well known from the beginning of quantum theory that
there exist deep connections between the time evolution of a classical Hamil-
tonian system and the bound states for the Schrödinger equation in par-
ticular in the semi-classical régime. These connections are well understood
for integrable systems (Bohr-Sommerfeld quantization rules). But for more
intricated systems (like classically chaotic Hamiltonian) the mathematical
analysis of the bound states is much more difficult and there are few rigor-
ous mathematical results.
In this paper our goal is to revisit some of these results and to show that
they can be proven, and sometimes improved, by using essentially two tech-
nics: the Wigner-Weyl calculus and the propagation of observables on one
side, the propagation of coherent states on the other side. We want to put
emphasis in our approach that we get rather explicit estimates in terms of
classical dynamics.
The main ideas explained here, in particular the use of coherent states, are
the results of several years of collaboration with Monique Combescure.

0 Introduction

One of the most important problem in quantum mechanics is to compute
matrix elements Ajk(~) = 〈Âϕj , ϕk〉 (transition amplitudes), where Â is an
observable and {ϕj} is an orthonormal system of normalized bound states
of a given quantum Hamiltonian Ĥ. Ĥ is supposed to be a self-adjoint
operator in the Hilbert space in L2(Rd) for a system with d degrees of
freedom.

In the semiclassical régime considered here, Ĥ is obtained as the ~-Weyl
quantization of a classical Hamiltonian H. We have Ĥϕj = Ejϕj , where
Ej is the eigenenergy of ϕj .
The diagonal matrix elements Ajj(~) are clearly related with trace formu-
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las. Assume for simplicity in a first step that Ĥ = −~2

2 4 + V where V is
a smooth confining electric potential i.e lim

|q|→+∞
V (q) = +∞ (like a polyno-

mial). A(q, p) can be any smooth classical observable on the phase space
with polynomial behaviour in (q, p) at ∞.
Let be {ϕj}j≥0 an orthonormal basis of bounded states. So we have

Tr(Âf(Ĥ)) =
∑
j≥0

f(Ej)Ajj(~)

Consider, for example, the Gibbs states at temperature T = β−1, Ĝ(β) =
e−βĤ

Tr(e−βĤ) By standard application of Weyl-Wigner calculus, it is easily

proved that

Tr
(
Âe−βĤ

)
� (2π~)−d

∑
j≥0

gβ,j~2j with gβ,0 =
∫

R2d

A(z)e−βH(z)dz (1)

and

lim
~→0

Tr(ÂĜ(β)) = 〈A〉β where 〈A〉β =

∫
R2d A(z)e−βH(z)dz∫

R2d e−βH(z)dz
(2)

and H(z) = p2

2 + V (q), z = (q, p).
These two asymptotics give a rough average behaviour for the energies Ej

and the matrix elements Âjj(~). To get more accurate informations, as it
is well known, we need to work in a small window in the energy spectrum,
Ej ∈ [E − δ, E + δ] where E is a fixed classical energy and δ > 0 is as
small as possible. But doing that, time dependent phenomena occur, as
it is expected from the time-energy uncertainty principle. More precisely
the classical dynamics of the Hamiltonian H enter the game when δ is of
the same order as ~. This is transparent with the Gutzwiller trace formula
which displays a semiclassical asymptotic for

Ξρ,A(~) =
∑
j≥0

ρ

(
Ej − E

~

)
Ajj(~) (3)

where the Fourier transform ρ̃ of ρ is a smooth function with bounded sup-
port. Only periodic trajectories of energy E of the classical Hamiltonian
contribute in the asymptotic expansion of Ξρ,A(~). This is also true for the
average of an observable in the Gibbs state if the temperature is low, of
the same order of the Planck constant ~ (see [6]).
A closely related problem is to estimate the counting function of the eigenen-
ergies in a fixed real intervall I = [E′, E]. Let us denote by NI(~) the num-
ber of bound states of Ĥ in I. Under generic assumptions (E′, E are not
critical for V ) we have the Weyl law

NI(~) = (2π~)−d

∫
H(z)∈I

dz +O(~1−d)
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As we shall see later, a more difficult problem is to find a second term and
to estimate the error. Some properties of the classical flow at large time
are also needed because periodic trajectories give oscillatory contributions.
This is already obvious for the harmonic oscillator (V (q) = q2).
When the classical dynamics is chaotic (ergodic) on the energy shell ΣE :=
H−1(E) (E non critical), we shall also discuss the quantum ergodic theo-
rem, whose meaning is the following. Let be I~ = [E−δ~, E+δ~] shrinking
to E in a suitable way. Then, except for a negligible set of eigenenergies in
I~, we have

lim
~→0, Ej(~)∈I~

Ajj(~) =
∫

ΣE

A(z)dνE(z) (4)

where dν̄E is the normalized Liouville measure on ΣE .
The links between time dependent and time independent phenomena

appear also clearly in the following question. It is conjectured that the
behaviour of Âjk(~) resemble a random matrix model. (see for example[28,
29]) For classically chaotic systems, Wilkinson [28] conjectures that the
matrix elements Ajk(~) are independent, Gaussian, with mean zero when
j 6= k. The last statement is supported by results proved in ([4]). The
variance introduced by Wilkinson is

V(f,g)(~, E, τ) =∑
[Ej(~),Ek(~)∈I~]

|Ajk(~)|2f~

(
E − 1

2
(Ej(~) + Ek(~)

)
.g (τ − ωjk(~)) (5)

where E is inside the interval I~, ωjk(~) = Ej(~)−Ek(~)
~ , f, g are Gaus-

sian regularizations of the Dirac δ0 distribution. f~(u) := 1
~f(u

~ ) with

f(u) = 1
σ1
√

2π
e

u2

2σ2
1 and g(u) = 1

σ2
√

2π
e

u2

2σ2
2 , σ1, σ2 > 0.

This variance has a nice semiclassical limit. If the Fourier transform f̃ of
f has a small support around zero then

lim
~→0

(2π~)dV(f,g)(~, E, τ) = f̃(0)
∫
g̃(t)eitτCA(E, t)dt

where f̃ (Fourier transform of f) has a small support around zero and
CA(E, t) is the classical autocorrelation function

CA(E, t) =
∫

ΣE

A(z)A(Φt
H(z))dνE(z)

If the support of f contains some non zero periods of the classical flow we
have oscillatory terms, like in the Gutzwiller trace formula as we shall see
later.

It seems much more difficult to prove a similar result for Gaussians test
functions. The main difficulty comes from f : we need some control of the
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large periods of the classical flow which are not well kown up to now. Con-
cerning g one can use recent results obtained in [1] where accurate estimates
for longtime propagation of observables are proved.
Our main goal in this paper is to revisit some already kown connections be-
tween time dependent properties and time independent one for Shrödinger
equations by adding when possible explicit estimates. We will give some
ideas about proofs showing that they can be deduced essentially from two
basic long time dependent accurate results: propagation of observables and
propagation of coherent states. This last technics will be used instead of
the BKW method to avoid the well known caustic problem. Moreover this
way we can get time dependent estimates up to the Ehrenfest time (of
order | log ~| in the chaotic case, ~−κ, ∀κ < 1/8, in the integrable case.
These time dependent estimates are useful, for exemple, to improve the
remainder estimate in Weyl formula with 2 terms or to control the speed
of convergence in the quantum ergodic theorem.
The content of the paper is the following.
We first recall from [1] the results concerning propagation of observables.
Then we recall from [6, 25] the mains facts concerning coherent states and
their propagation by the time dependent Schrödinger equation.
We will explain how to apply these tools to different spectral problems.
We discuss the trace Gutzwiller formula and the main steps to prove it
according the method used in [3]. Then we apply this to the Weyl law with
two terms and remainder estimate. We also discuss the proof of the semi-
classical expansion for the Wilkinson variance.
In the last section we explain some results concerning diagonal and non di-
agonal matrix elements Ajk(~), in particular the quantum ergodic theorem
and related topics.

1 Propagation of observables

Let us denote by X = Rd the configuration space of a classical mechanical
system with d degrees of freedom. The corresponding phase space Z is
identified with R2d equipped with the symplectic form σ defined by

σ(z, z′) = Jz · z′ (6)

where · is the Euclidean scalar product and J is the 2d× 2d matrix

J =
(

0 Id

−Id 0

)
(7)

A generic point in Z is denoted z and its coordinates by (q, p) where
q, p ∈ Rd.
A classical Hamiltonian is a smooth real function H : Z → R. Our basic
example will be H(q, p) = |p|2

2m + V (q) (m > 0) where |p|2 = p · p.
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The motion of the classical system is determined by the system of Hamil-
ton’s equations

dqt
dt

=
∂H

∂p
(qt, pt),

dpt

dt
= −∂H

∂q
(qt, pt) ; (q0, p0) = (q, p). (8)

The equations (8) generate a flow Φt
H on the phase space Z, defined by

Φt
H(q, p) = (qt, pt). Let us consider a classical observable A, i.e A a smooth

real valued function defined on Z. The time evolution of A is given by

d

dt
A(Φt(z)) = {H,A}(Φt(z)), (9)

where {H,A} is the Poisson bracket defined by

{H,A} = ∂qH · ∂pA− ∂pH · ∂qA. (10)

Here we have used the notation ∂q = ∂
∂q . By Weyl quantization of H

and A, we get quantum observables Ĥ and Â in in L2(X) with Ĥ self-
adjoint. So we can define the one parameter group of unitary operators
U(t) = exp

(
− it

~ Ĥ
)
. The quantum time evolution of the observable Â is

given by Â(t) = U(−t)ÂU(t) which satisfies the Heisenberg-von Neumann
equation:

dÂ(t)
dt

=
i

~
[Ĥ, Â], (11)

where [K,B] = KB −BK is the commutator of K,B. Let us recall the ~-
Weyl quantization formula, for A ∈ S(Z) (the space of Schwartz functions)
and for ψ ∈ S(X), we have:

Opw
~Aψ(x) = Âψ(x) = (2π~)−d

∫ ∫
Z

A

(
x+ y

2
, p

)
ei~−1(x−y)·pψ(y)dydp.

(12)
This definition can be extended to the following classes of observables.

Definition 1.1. (i) A weight function on the phase space Z is a positive
continuous function µ on Z such that there exist C > 0, M ≥ 0 such that
for every z, z′ ∈ Z,

µ(z) ≤ C(1 + |z − z′|)Mµ(z′)

(ii) A ∈ O(µ), where µ is a weight, if and only if Z A→ C is C∞ in Z and
for every multi-index γ ∈ N2d there exists Cγ > 0 such that

|∂γ
zA(z)| ≤ Cγµ(z), ∀z ∈ Z.

(iii) We say that A is a semiclassical observable of weight µ if there exist
~0 > 0 and a sequence Aj ∈ O(µ), j ∈ N, such that for every N ∈ N and
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every γ ∈ N2d there exists CN > 0 such that for all ~ ∈]0, ~0[ we have

sup
Z
µ−1(z)

∣∣∣∣∣∣∂γ
z

A(~, z)−
∑

0≤j≤N

~jAj(z)

∣∣∣∣∣∣ ≤ CN~N+1. (13)

A0 is called the principal symbol, A1 the sub-principal symbol of Â. The set
of semi-classical observables of weight µ is denoted by Osc(µ). Its range by
the ~-Weyl quantization is denoted Ôsc(µ).
If µ(z) = µm(z) = (1 + |z|)m, m ∈ R, we say that the observable is of
weight m.

Notation : For any A and Aj satisfying (13), we will write : A(~) �∑
j≥0 ~jAj in Osc(µ).

Let us now recall from [1] a statement for the propagation of observable
which will be useful for applications to bound states.
Assume that H ∈ Osc(µ). Let Ω be a bounded* open set in the phase space
Z. We assume that the closure Ω of Ω is invariant by the flow Φt := Φt

H0

(∀t ∈ R) and that there exists an increasing function s from ]0,∞[ in
[1,+∞[ satisfying s(T ) ≥ T and such that the following estimates are
satisfied:

sup
z∈Ω,|t|≤T

∣∣∂γ
z Φt(z)

∣∣ ≤ Cγs(T )|γ| (14)

where Cγ depends only on γ ∈ N2d. Then we have:

Theorem 1.2. For every smooth observable A, with compact support in Ω,
Â(t) is a semiclassical observable of weight −∞, with semiclassical symbol
supported in Ω, such that

A(t, ~) �
∑
j≥0

Aj(t)~j

where

A0(t, z) = A(Φt(z)), A1(t, z) =
∫ t

0

{A(Φτ ),H1}(Φt−τ (z))dτ (15)

and for j ≥ 2, by induction,

Aj(t, z) =
∑

|(α,β)|+k+`=j+1
0≤`≤j−1

C(α, β)
∫ t

0

[(∂α
p ∂

β
q Hk)(∂α

q ∂
β
pA`)(τ)](Φt−τ (z))dτ, (16)

with C(α, β) =
(−1)|β| − (−1)|α|

α!β!2|α|+|β|
i−1−|(α,β)|. (17)

Furthermore we have the following estimates in L2 operator-norm of the
remainder term.

‖Â(t)−
∑

0≤j≤N

~jÂj(t)‖L2 ≤ CN~N+1(1 + |t|)N+1s(|t|)(2N+εd)|t|. (18)



vii

where CN is independent on t and ~, εd is a universal constant (εd =
5d+ 10).

Remark 1.3. Using classical result on ODE (Gronwall inequality), we
always have estimates with exponential time: s(T ) = eΛT for some Λ > 0.
If the classical system is integrable, non singular in Ω, then we can choose
s(T ) = 1 + T ([1]). In particular the semiclassical régime is still valid in
time intervals [−T~, T~] where T~ = 1−ε

2Λ | log ~| for the general case and
T~ = ~ε−1/3 in the integrable case, for arbitrary ε > 0.

Remark 1.4. If the expansion of H in ~ is even (in particular if H is
“classical” : H = H0) then the ~-expansion of A(t) is even and in the
remainder estimate (18) the term 2N in the exponent becomes 3N/2. This
kind of improvement may be useful for some applications, as one can see
in [9].

2 Propagation of Gaussian Coherent States

Let us consider in this section the time dependent Schrödinger equation

i~
∂ψz,t

∂t
= Ĥψz,t, ψz,0 = ψz, (19)

where Ĥ is a semiclassical self-adjoint Hamiltonian of weight m ∈ R and
ψz is a coherent state peacked at z ∈ Z. So we have

ψz,t = U(t)ψz, with U(t) = e
−it

~ Ĥ (20)

A well known method to construct asymptotic solutions of (19) is the WKB
expansion. One the main difficulty of WKB methods comes from the oc-
curing of caustic so that the shape of WKB approximations change dra-
matically when time increases (caustics may appear at times of order 1 in
the Planck scale ~, as we can see, for example for the harmonic oscillator
propagator). To get rid of the caustics we can replace the real phase of
the WKB method by complex valued phases. Here we shall report on a
related but more explicit approach using elementary properties of coherent
states. Coherent states are used in partial differential equations from a long
time, starting with Schrödinger himself and following by many authors (see
[14, 6, 3, 20, 25, 19] for applications and historical comments).

We shall follow the presentation given in [25]. Let us now recall some basic
definitions concerning coherent states. We start with the ground state of
the harmonic oscillator,

g0(x) = π−d/4 exp
(
−|x|2/2

)
. (21)
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For z = (q, p) ∈ R2d, the Weyl-Heisenberg operator of translation by z in
phase space is

T~(z) = exp
(
i

~
(p · x− q · ~Dx)

)
(22)

Let us define the dilation operator Λ~ψ(x) = ~−d/4ψ
(
x~−1/2

)
. So the

coherent state picked on z is defined by ψz = T~(z)g0. A more explicit
expression for ψz is

ψz(x) = e
i
~ (p·x− q·p

2 )ψ0(x− q) (23)

For ~ = 1 we shall denote ψz = gz and T~(z) = T (z).
It is well known that {ψz}z∈R2d is an “overcomplete basis” in L2(Rd). So
for every trace-class observable B̂ in L2(Rd) we have

Tr(B̂) = (2π~)−d

∫
Z

〈B̂ψz, ψz〉dz (24)

where < ·, · > is the scalar product in L2(Rd).
Under rather general assumptions, an asymptotic expansion for the quan-

tum evolution of coherent states, U(t)ψz, was obtained in [6], with an error
term of order O(~∞), with some control for large time of order O(log(~−1))
(Ehrenfest time).

Recall that zt = (qt, pt) is the solution of (8) starting from z = (q, p).
For simplicity it is assumed that z ∈ Ω, where Ω is like in section.1 and the
flow satisfies 14. let us define

δt(z) = S(t, z)− qt · pt − q · p
2

where S(t, z) =
∫ t

0

ps · q̇sds− tH0(z) (25)

is the classical action. The Jacobi stability matrix, Ft, is the linearized
flow associated with (8) at the point zt of the classical trajectory. Ft is
also the Hamiltonian flow defined by the quadratic Hamiltonian K2(t, ζ) =
1
2∂

2
z,zH(zt)ζ · ζ for ζ ∈ R2d, where ∂2

z,zH is the Hessian matrix of H(z) in
the variables z. We have F0 = I and Ft is a symplectic, 2d× 2d matrix. It
can be written as four d× d blocks :

Ft =
(
At Bt

Ct Dt

)
. (26)

We also need to introduce the quantization of Ft which can be defined
as the quantum propagator M[Ft], with Planck constant equal 1, for the
quadratic Hamiltonian Opw

1 [K2(t)]. In particular we have the following use-
ful formulas

M[Ft]g0(x) = π−d/4 (det(At + iBt))
−1/2 eiΓtx·x/2 (27)

M[Ft]−1Opw
1 [L]M[Ft] = Opw

1 [L ◦ Ft] (28)
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where Γt = (Ct + iDt)(At + iBt)−1 and L is any classical (smooth) observ-
able defined on Z. Γt is a complex symmetric, d× d matrix, with positive
definite imaginary part given as follows

Im Γt = (AA′ +BB′)−1 (29)

where A′ denote the transposed matrix of A.
Let us now state the following result [6, 25]

Theorem 2.1. Under the above assumptions, there exists a family of poly-
nomials {bj(t, x)}j∈N in d real variables x = (x1, · · · , xd), with time depen-
dent coefficients, such that for every |t| ≤ T , ~ ∈]0, 1], N ∈ N, we have∥∥∥∥∥∥U(t)ψz − exp

(
iδt(z)

~

)
T (zt)Λ~M[Ft]

 ∑
0≤j≤N

~j/2bj(t)g0

∥∥∥∥∥∥
L2(Rd)

≤

CNs(T )(3N+εd)(1 + T )N+1~(N+1)/2 (30)

where s(T ) can be choosen like en section.2, formula 14, and the constant
CN is independent on T and ~.

Remark 2.2. 1) This result is proved in [6]. Theorem 2.1 and applied at
finite time to give a proof of the Gutzwiller trace formula.
In [25] Gevrey type estimates for CN , N large, have been computed

2) The polynomials bj(t, x) can be explicitly computed by induction along

the classical trajectories z(t). In particular b0(t, x) = exp
(
−i
∫ t

0
H1(zs)ds

)
.

3) As for evolution of observable we get a critical time T ′~ for the validity
of semiclassical approximation. In the general case σ(T ) = eΛT and T ′~ =
1−ε
6Λ | log ~|. In the integrable case we can choose T ′~ = ~ε−1/8. These validity
times are smaller than those found for propagation of observables.

3 Semiclassical Trace Asymptotics

All Hamiltonians considered here satisfy the following general technical
assumptions:
(TA1) µ0(z) := 1+|H0(z)| is a weight function on Z andH is a semiclassical
observable with weight µ0 and principal symbol H0.
(TA2) E is a fixed energy such there exist a < E < b and H−1

0 [a, b] is a
bounded closed set in the phase space Z. Moreover E is non critical for H0

i.e ∇H0(z) 6= 0 for every z ∈ ΣE where ΣE = H−1
0 (E). So the Liouville

measure is well defined on ΣE ,

dνE(z) =
dΣE(z)
|∇H0(z)|

,
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where dΣE is the canonical measure on the hypersurface ΣE .
Our main goal in this section is to revisit the following spectral distribution:

Ξρ,A(E, ~) =
∑
j≥0

ρ

(
Ej − E

~

)
Ajj(~) (31)

where the Fourier transform ρ̃ of ρ has a compact support. The ideal ρ
should be the Dirac delta function, which need too much informations. So
we will try to control large support for ρ̃. To do that we take
ρT (t) = Tρ1(tT ) with T ≥ 1, where ρ1 is non negative, even, smooth real
function,

∫
R ρ1(t)dt = 1, supp{ρ̃1} ⊂ [−1, 1], ρ̃1(t) = 1 for |t| ≤ 1/2.

By applying the propagation theorem for coherent states stated in section.3,
we can write ΞρT ,A(E, ~) as a Fourier integral with an explicit complex
phase. The classical dynamics enter the game in a second step, to analyse
the critical points of the phase. Let us describe the steps (see [3] for the
details).
(i) modulo a negligible error, we can replace Â by Âχ = χ(Ĥ)Âχ(Ĥ) where
χ is smooth with support in a small neighborhood of E like ]E−δ~, E+δ~[
such that lim

~→0
δ~ = 0.

(ii) using inverse Fourier formula we have the following time dependent
representation:

ΞρT ,A(E, ~) =
1
2π

∫
R
ρ̃1

(
t

T

)
Tr
(
Âχe

it
~ (E−Ĥ)

)
dt (32)

(iii) if B is a symbol then we have B̂ψz = B(z)ψz + · · · where the · · · are
correction terms in half power of ~ which depend on the Taylor expansion
of B at z
(iv) putting all things together, after some computations, we get for every
N ≥ 1:

Ξρ1,A(E, ~) = (2π~)−d

∫
Rt×R2d

z

ρ̃1

(
t

T

)
a(N)(t, z, ~)e

i
~ ΨE(t,z)dtdz+RN,T,~.

(33)
The phase ΨE is given by

ΨE(t, z) = t(E −H0(z)) +
1
2

∫ t

0

σ(zs − z, żs)ds+

i

4
(Id −Wt)(z̆ − z̆t) · (z̆ − z̆t), (34)

with z̆ = q+ip if z = (q, p) andWt = ZtY
−1
t where Yt = Ct−Bt+i(At+Dt),

Zt = At −Dt + i(Bt + Ct).
The amplitude a(N) has the following property

a(N)(t, z, ~) =
∑

0≤j≤N

aj(t, z)~j , (35)
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where each aj(t, z) is smooth, with support in variable z included in the
neighborhood Ω = H−1

0 [E−δE , E+δE ] of ΣE , and estimated in t as follows

|aj(t, z)| ≤ Cjs(T )6j(1 + T )2j (36)

In particular for j = 0 we have

a0(t, z) = π−d/2 [det(Yt])
−1/2 exp

(
−i
∫ t

0

H1(zs)ds
)

(37)

The remainder term satisfies

RN,T,~ ≤ CNs(T )6N+εd(1 + T )2N+1~N+1 (38)

Form the above computations we can easily see that the main contributions
as ~ → 0 in ΞρT ,A(E, ~) come from the periods of the classical flow as it is
expected. Let us first remark that we have

2ImΨE(t, z) ≥ 〈Im Γt(Γt + i)−1(z̆ − z̆t),Γt + i)−1(z̆ − z̆t)〉

Here 〈, 〉 is the Hermitean product on C. Because of positivity of Im Γt we
get the following lower bound: there exists c0 > 0 such that for every T
and |t| ≤ T we have

ImΨE(t, z) + |∂tΨE(t, z)|2 ≥ c0
(
|H0(z)− E|2 + s(T )−4|z − zt|2

)
. (39)

The stationary phase theorem with complex phase [17], vol.1, gives easily
the contribution of the 0-period.

Theorem 3.1. If T0 is choosen small enough, such that
T0 < sup{t > 0, ∀z ∈ ΣE , Φt(z) 6= z}, then we have the following asymp-
totic expansion:

ΞρT0 ,A(E, ~) � (2π~)−d
∑
j≥0

αA,j(E)~j+1 (40)

where the coefficient αA,j do not depend on ρ. In particular

αA,0(E) =
∫

ΣE

A(z)dνE(z), αA,1(E) =
∫

ΣE

H1(z)A(z)dνE(z) (41)

By using a Tauberian argument [24], a Weyl formula with an error term
O(~1−d) can be obtained from 40.
The contributions of periodic trajectories can be computed if we had some
specific assumptions on the classical dynamics. However Petkov-Popov [22]
succeed to give a very general trace formula modulo an error o(~1−d) using
the Hörmander’s Fourier integral operator theory. With our coherent states
analysis it is possible to recover their result. Let us recall that in [3] this
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coherent states analysis is used to give a proof of the Gutzwiller trace
formula. Let us recall now the rigorous statement.
The main assumption is the following. Let PE,T be the set of all periodic
orbits on ΣE with periods Tγ , 0 < |Tγ | ≤ T (including repetitions and
change of orientation). T ∗γ is the primitive period of γ. Assume that all γ
in PE,T are nondegenerate, i.e. 1 is not an eigenvalue for the corresponding
“Poincaré map”, Pγ . It is the same to say that 1 is an eigenvalue of FTγ

with algebraic multiplicity 2. In particular, this implies that PE,T is a finite
union of closed path with periods Tγj , −T ≤ Tγ1 < · · · < TγN

≤ T .

Theorem 3.2 (Trace Gutzwiller Formula). Under the above assump-
tions, for every smooth test function ρ such that supp{ρ̃} ⊂] − T, T [ , the
following asymptotic expansion holds true, modulo O(~∞),

Ξρ,A(E, ~) � (2π~)−dρ̃(0)
∑
j≥0

cA,j(ρ̃)~j+1

+
∑

γ∈PE,T

(2π)d/2−1 exp
(
i

(
Sγ

~
+
σγπ

2

))
|det(I− Pγ)|−1/2.

∑
j≥0

dγ
A,j(ρ̃)~

j

 (42)

where σγ is the Maslov index of γ ( σγ ∈ Z ), Sγ =
∮

γ
pdq is the classical

action along γ, cA,j(ρ̃) are distributions in ρ̃ supported in {0}, in particular

cA,0(ρ̃) = ρ̃(0)αA,0(E), cA,1(ρ̃) = ρ̃(0)αA,1(E).

dγ
j (ρ̃) are distributions in ρ̃ with support {Tγ}. In particular

dγ
0(ρ̃) = ρ̃(Tγ) exp

(
−i
∫ T∗

γ

0

H1(zu)du

)∫ T∗
γ

0

A(zs)ds (43)

Remark 3.3. By the same method it is possible as well to consider inte-
grable systems to get Berry-Tabor formula or more generally systems sat-
isfying the clean intersection property [3].

For larger time we can use the time dependent estimates given above
to improve the remainder estimate in the Weyl asymptotic formula, like
Volovoy did for elliptic operators on compact manifolds [27]. For that, let
us introduce some control on the measure of the set of periodic path. We
call this property condition (NPC). Let be JE =]E − δ, E + δ[ a small
neighborhood of energy E and sE(T ) an increasing function like in 14 for
the open set ΩE = H−1

0 (JE). We assume for simplicity here that sE is
either an exponential (sE(T ) = exp(ΛT b), Λ > 0, b > 0) or a polynomial
(sE(T ) = (1 + T )a, a ≥ 1).
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The condition is the following:
(NPC) ∀T0 > 0, there exist positive constants c1, c2, κ1, κ2 such that for all
λ ∈ JE we have

νλ

{
z ∈ Σλ, ∃t, T0 ≤ |t| ≤ T, |Φt(z)− z| ≤ c1s(T )−κ1

}
≤ c2s(T )−κ2

(44)
The following result, proved with using stationary phase arguments, esti-
mate the contribution of the “almost periodic points ”:

Proposition 3.4. For all 0 < T0 < T , Let us denote
ρT0T (t) = (1− ρT0)(t)ρT (t), where 0 < T0 < T . Then we have

ΞρT0T ,A(E, ~) ≤ C3s(T )−κ3~1−d + C4s(T )κ4~2−d (45)

for some positive constants C3, C4, κ3, κ4.

Let us now introduce the integrated spectral density

σA,I(~) =
∑
Ej∈I

Ajj(~) (46)

where I = [E′, E] is such that for some λ′ < E′ < E < λ, H−1
0 [λ′, λ] is a

bounded closed set in Z and E′, E are regular for H0. We have the following
two terms Weyl asymptotics with a remainder estimate

Theorem 3.5. Assume that there exist open intervals JE and JE′ satisfy-
ing the condition (NPC). Then we have

σA,I(~) = (2π~)−d

∫
H−1

0 (I)

A(z)dz − (2π)−d~1−d ×(∫
ΣE

A(z)H1(z)dν(z)−
∫

ΣE′

A(z)H1(z)dν(z)

)
+O

(
~1−dη(~)

)
(47)

where η(~) = | log(~|−1/b if sE(T ) = exp(ΛT b) and η(~) = ~ε, for some
ε > 0, if sE(T ) = (1 + T )a. Furthermore if IE,δ1,δ2(~) = [E + δ1~, E + δ2~]
with δ1 < δ2 then we have∑
E+δ1~≤Ej≤E+δ2~

Ajj(~) = (2π~)1−d(δ2 − δ1)
∫

ΣE

A(z)dνE +O
(
~1−dη(~)

)
(48)

Remark 3.6. (i) Formula 48 was first proved in [2], without remainder
estimate.
(ii) Theorem 3.5 is deduced from proposition 3.4 by a tauberian argument
like in [23, 27, 2]
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As it was done in [5], by the same technics used above it is possible to give
semiclassical asymptotic expansion for the Wilkinson variance introduced
before. Let us first write the time dependent representation formula

V(ρ,g,A)(~, E, τ) =
~−1

4π2

∫ ∫
R×R

ρ̃(t)g̃(u− t/2).

Tr
(
ÂuÂ exp− it

~

(
Ĥ − E +

~τ
2

))
eiuτdtdu (49)

We know from section.2 that Âu := U(−u)ÂU(u) is a semiclassical ob-
servable, with uniform estimates for |τ | ≤ C log(~−1). So for ρ like in 42
(smooth with compact support) we can choose g Gaussian. It is enough to
assume that g is a smooth fonction such that |g̃(τ)| ≤ Ce−|τ |/ε, for ε > 0
small enough (depending only on s(T )). Then under the same conditions
as for the Gutzwiller trace formula we have

Theorem 3.7 (Wilkinson Trace Formula).

V(ρ,g,A)(~, E, τ) � (2π~)−d
∑
j≥0

cA,j(τ, ρ̃, g)~j +

∑
γ∈PE,T

(2π)d/2−1 exp
(
i

(
Sγ

~
+
σγπ

2

))
|det(I− Pγ)|−1/2

∑
j≥0

dγ
A,j(τ, ρ̃, g)~

j−1

 (50)

where cA,j(τ, ρ̃, g) are distributions in ρ̃ supported in {0}, in particular

cA,0(τ, ρ̃, g) = ρ̃(0)
∫
g̃(t)eitτCA(E, t)dt (51)

where CA(E, t) is the classical autocorrelation function

CA(E, t) =
∫

ΣE

A(z)A(Φt(z)dνE(z) (52)

Moreover, dγ
j (τ, ρ̃, g) are distributions in ρ̃ with support {Tγ}. In particular

dγ
0(τ, ρ̃, g) = ρ̃(Tγ) exp

(
−i
∫ T∗

γ

0

(H1(zu) + τ/2)du

)
·∫

R
Cγ

A(u)g̃
(
Tγ

2
− u

)
eiuτdu (53)

where Cγ
A(u) =

∫ T∗
γ

0
A(zu+t)A(zt)dt is the autocorrelation function along

γ.

Remark 3.8. In [7] a similar result was found in the theory of linear
response. As a distribution in g, dγ

0(ρ̃, g) can be conveniently writen with
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the Fourier coefficient of the T ∗γ -periodic function Cγ
A(u). So we get∫

R
Cγ

A(u)g̃
(
u− Tγ

2

)
eiuτdu =

2π
T ∗γ

∑
k∈Z

Cγ
A,kg

(
2πk
T ∗γ

+ τ

)
exp

(
i

(
2πk
T ∗γ

+ τ

)
Tγ

2

)
(54)

with the Fourier decomposition Cγ
A(u) =

1
T ∗γ

∑
k∈Z

Cγ
A,k exp

(
2iπku
T ∗γ

)
This shows, in particular, that dγ

0(τ, ρ̃, g) is a distribution in g supported
in the discrete set { 2πk

T∗
γ

+ τ, k ∈ Z}.

4 Quantum Ergodicity and Mixing

This section revisits some results first proved par Sunada [26] and Zelditch[29]
for compact manifolds. Our presentation is somehow different and some es-
timates are improved. Let us begin with a rough estimate concerning the
matrix elements Ajk(~) and ωj,k(~). Let be an energy interval I = [E′, E],
an observable A ∈ O(µ) for some weight µ. Assume that for some λ′ <
E′ < E < λ, H−1

0 [λ′, λ] is compact. Let us choose χ a smooth cutoff sup-
ported in ]λ′, λ[, such that χ = 1 on I. Let us introduce the new observable
Âχ = χ(Ĥ)Âχ(Ĥ). Then starting from the equality

i

~
〈[Âχ, Ĥ]ϕj , ϕk〉 = ωj,k(~)Ajk(~),

by induction, we get for every N ≥ 1, |ωj,k(~)|N |Ajk(~)| ≤ CN where CN

is independent on ~.
The following result, proved in [5] and following Helton’s trick, show that
a single non periodical trajectory disturbs very much the energy spectrum.

Theorem 4.1. Suppose that on ΣE there exists at least one periodical
classical trajectory. Let be 0 < ~n such that lim

n→0
~n = 0. Then for every

ε > 0 and c > 0, the following set{
ωj,k(~n), n ∈ N, Ej , Ek ∈ [E − c~1−ε

n , E + c~1−ε
n ]

}
is dense in R.

Sketch of proof: For every observables A,B ∈ O(0) and every inte-
grable function f let us introduce Âf =

∫
R f(t)Âtdt where Ât = U(−t)ÂU(t).

An easy formal computation, assuming for simplicity that ϕj is an orthonor-
mal basis in L2(Rd), gives

Tr(Âf B̂) =
∑
j,k

Ajk(~)Bkj(~)f̃(ωj,k(~)) (55)
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Assume that f̃(ωj,k(~n)) = 0 for all j, k, n. Taking the limit n → +∞,
we get

∫
Z
A(Φt(z)B(z)f(t)dtdz = 0. Using existence of one non periodical

trajectory we construct suitable observables such that for every smooth,
with compact support function k(t) we can get

∫
R k(t)f(t)dt = 0 hence

f ≡ 0. �
We shall now consider some specific dynamical properties for the flow on

the energy shell ΣE , equipped with the flow invariant Liouville measure.
For A ∈ L1(ΣE), let us denote its average 〈A〉E =

∫
ΣE

A(z)dν̄E(z).

Definition 4.2. (i) Φt is ergodic on ΣE if for every measurable function
A on ΣE we have

{∀t ∈ R, A ◦ Φt = A} ⇐⇒ {A = constant a.e on ΣE} (56)

(ii) Φt is weakly mixing on ΣE if for every A ∈ L2(ΣE) we have

lim
T→∞

1
2T

∫ T

−T

CA(E, t)dt = 〈A〉2E (57)

Let us introduce the unitary group in L2(ΣE) defined as (U(t)A)(z) =
A(Φt(z)). A consequence of spectral theory is existence, for every A ∈
L2(ΣE), of a finite Borel measure µA on the real axis R such that

〈U(t)A.A〉E =
∫

R
eitθdµA(θ).

Then we have the following spectral characterizations:

{Φt ergodic} ⇐⇒ {supp{µA} = {0} ⇒ A = constant} (58)
{Φt weakly mixing} ⇐⇒

{
A ∈ L2(ΣE), 〈A〉E = 0 ⇒ µA is continuous

}
(59)

Let us consider a small slice of energy, Iε
~ = [E − c~1−ε, E − c~1−ε], where

ε ≥ 0. The quantum analogue of the Liouville measure and the spectral
measures for a flow can be defined as follows.
We have Spec[Ĥ] ∩ Iε

~ = {E1 ≤ E2 ≤ · · ·ENε
~
} with multiplicities and we

introduce the spectral projectors Πε
~ of Ĥ on Iε

~ so that Tr(Πε
~) = Nε

~ .
Using Weyl asymptotics, it is not difficult to prove, for every ε > 0,

lim
~→0

1
Nε

~
Tr(Πε

~Â) =
∫

ΣE

A(z)dν̄E(z) (60)

It is well known that we can modify the quantization Â with an error O(~)
such that A 7→ Ajj is a positive Radon measure. This is done by taking
Ajj = 〈Opaw

~ Aϕj , ϕj〉, where Opaw
~ is the antiWick quantization, easily de-

fined using coherent states analysis of section.1:
Opaw

~ η(q) = (2π~)−d
∫

Z
A(z)〈η, ψz〉ψz(q)dz. So we can write Ajj(~) =
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Z
Adυj(z) where dυj is a probability measure on Z. Then, for every ε > 0,

we have for the weak convergence of measures

lim
~→0

1
Nε

~

∑
{Ej∈Iε

~}

dυj = dν̄E (61)

We can also define, modulo O(~∞), the Borel measures dmA,~,∫
R
f(θ)dmA,~(θ) =

1
Nε

~

∑
Ej ,Ek∈Iε

~

f(ωj,k(~))|Ajk(~)|2 (62)

We also have ∫
R
f(θ)dmA,~(θ) =

1
Nε

~
Tr(Πε

~ÂfΠε
~Â) (63)

Taking the classical limit we have the weak convergence of dmA,~ to dµA

lim
~→0

∫
R
f(θ)dmA,~(θ) =

∫
R
f(θ)dµA(θ) (64)

The ergodic quantum theorem can be stated as follows

Theorem 4.3. Let us assume here ε = 0 and denote N0
~ = N~, I0

~ = I0
~.

If the classical system is ergodic on ΣE then we have

lim
~→0

1
N~

∑
{Ej∈I~}

∣∣∣∣∫ Adυj − 〈A〉E
∣∣∣∣2 = 0 (65)

Furthermore is we have some estimate on the rate of classical ergodicity,
and if the (NPC) condition is fulfilled, then we get a control of the quantum
ergodicity. So let us assume that for some 0 < a ≤ 1 we have

∫
ΣE

∣∣∣∣∣ 1
2T

∫ T

−T

A(Φt(z))dt− 〈A〉E

∣∣∣∣∣
2

dνE(z) = O(T−a) (66)

then there exists C > 0 such that

1
N~

∑
{Ej∈I~}

∣∣∣∣∫ Adυj − 〈A〉E
∣∣∣∣2 ≤ C| log(~)|−a (67)

The inverse problem was discussed by Sunada [26] and Zelditch [29]. It
is still open. But a partial result can be proved by considering contribution
of nearby non diagonal matrix elements.

Theorem 4.4. Let us assume that the condition (NPC) is satisfied. Then
the classical flow is ergodic on ΣE if and only if for every A ∈ O(0)
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such that 〈A〉E = 0 and every α :]0, 1] 7→]0,+∞[ such that lim
~→0

α(~) = 0,

lim
~→0

α(~)| log(~)| = +∞ we have

lim
~→0

1
N~

∑
{Ej∈I~,

|ωjk(~)|≤α(~)}

|Ajk(~)|2 = 0 (68)

We can also get a similar result for weak-mixing systems.

Theorem 4.5. Let us assume that the condition (NPC) is satisfied. Then
the classical flow is weakly-mixing on ΣE if and only if for every λ ∈ R,
every A ∈ O(0) such that 〈A〉E = 0 and every α :]0, 1] 7→]0,+∞[ such that
lim
~→0

α(~) = 0, lim
~→0

α(~)| log(~)| = +∞ we have

lim
~→0

1
N~

∑
{Ej∈I~,

|ωjk(~)−λ|≤α(~)}

|Ajk(~)|2 = 0 (69)

The starting points to prove these results are the following trace formu-
lae. For the ergodic case we use∑

{Ej ,Ek∈I~}

∣∣∣Ajk(~)M̃T (ωjk(~))
∣∣∣2 = Tr

(
ÂMT

)2

(70)

with MT (u) = 1
2T I[−T,T ]

and for the weak-mixing case,

∑
{Ej ,Ek∈I~}

|Ajk(~)|2M̃ (2)
T (ωjk(~)− λ)) = Tr

(∫
R

eitλÂtÂM
(2)
T

(t)dt
)

(71)

with M (2)
T = MT ?MT (? denotes the convolution product). Then the two

theorems are proved by computing carrefully the semiclassical limits of r.h.s
�

Remark 4.6. The definition of quantum ergodicity or quantum weak mix-
ing proposed by Sunada and Zelditch is property 65 or 69 with a(~) ≡ 0. It
is not known if these definitions are equivalent to the classical ones.
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