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1. Introduction

We tackle the inverse problems of reconstructing an unknown finite measure ux on a set % C R% from observations of
generalized moments of wy,

Y=/ @ (x)dpx (),
X

where @ : X — R¥is a given map. This problem has been notably studied in Econometrics models involving endogenous
variables, that can be stated in the question of recovering a function g from observations

Y=g(X)+U,

where the centered noise U is correlated with the explanatory variable X, i.e. E(U|X) # 0. Such problems can be solved using
an auxiliary variable W that is correlated with X but uncorrelated with the noise U. Indeed, the observation of a variable W
satisfying E(U|W) = 0 provides some information on the function g in the form of linear constraints that can be used to
estimate g. Some of the main references on this topic are Chamberlain (1987), Hansen (1982) and Owen (1991).

The problem of recovering the unknown measure wy is said to be ill-posed, in particular, because a solution to the
equationy = f @ duy is not unique. For inverse problems with known operator @, regularization techniques have been
implemented in order to turn the problem into a convex optimization program for which a solution is uniquely defined.
Precisely, a solution is obtained as the minimizer of a convex functional v +— J(v) subject to the linear constraint f ddv =y
when y is observed, or more generally, subject to a convex constraint of the form f @dv € Ky in presence of noise, for
some convex set Ky. Several types of regularizing functionals have been introduced in the literature. In this general setting,
the inversion procedure is deterministic, i.e. the noise distribution is not used in the definition of the regularized solution.
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Bayesian approaches to inverse problems allow one to handle the noise distribution, provided it is known, yet in general, a
distribution like the normal distribution is postulated (see Evans and Stark (2002) for a survey). However in many real-
world inverse problems, the noise distribution is unknown, and only the output y is easily observable, contrary to the
input to the operator. Consequently very few paired data are available to reliably estimate the noise distribution, thereby
causing robustness deficiencies on the retrieved parameters. Nonetheless, even if the noise distribution is unavailable to
the practitioner, she often knows the noise level, i.e. the maximal magnitude of the disturbance term, say n > 0, and this
information may be reflected by taking a constraint set Ky of diameter 21.

We focus on a regularization functional with grounding in information theory, leading to maximum entropy solutions to
the inverse problem. The method, known as maximum entropy on the mean (MEM), provides a very simple and natural
manner to incorporate constraints on the support and the range of the solution, as discussed in Gamboa and Gassiat
(1997). In a deterministic framework, maximum entropy solutions have been studied in Borwein et al. (2003), Borwein and
Lewis (1991), while some other studies exist in a Bayesian setting (Gamboa, 1999; Gamboa and Gassiat, 1997), in seismic
tomography (Fermin et al., 2006), in image analysis (Gzyl and Zeev, 2002) and in survey sampling (Gamboa et al., 2011).

In many actual situations, the map @ is unknown and only an approximation @, is available. In this paper, we introduce
an approximate maximum entropy on the mean (AMEM) estimate fi,,, , of the measure 1y to be reconstructed. This estimate
is expressed in the form of a discrete measure concentrated on n points of X. In our main result, we prove that the
convergence in L?-norm of the sequence {®,,}men toward @ is sufficient to ensure the weak convergence at an explicit
rate of the estimator ji, , to the solution of the initial inverse problem as m — oo and n — oco. Moreover, this approximate
framework can be encountered when dealing with instrumental variables in Econometrics and we will provide a new
estimation procedure in this setting.

The paper is organized as follows. Section 2 introduces some notations and the definition of the AMEM estimate. We
state our main result (Theorem 3.1) in Section 3 and an application to instrumental variables is studied in Section 4. The
Appendix is devoted to the proofs of our results.

2. The AMEM estimate

Let @ be a continuous and bounded map defined on a subset X of R? and taking values in R¥. We note B(X) the Borel
o-field of X and M (X) the set of finite measures on X. Let ux € M(X) be an unknown measure satisfying the constraint
y = f @dux. Assume we observe a perturbed version y°» of y:

Y = f D (x)dux(x) + &, (1)
X

where ¢ is an error term supposed bounded in norm from above by some positive constant n, representing the maximal
noise level. Such problems are encountered in various fields of sciences, like medical imaging, time-series analysis,
speech processing, image denoising, spectroscopy, geophysical sciences, crystallography, and tomography, see for example
Decarreau et al. (1992), Hermann and Noll (2000), and Skilling (1986). This problem has also been extensively studied in
the literature in Econometrics and more specifically in instrumental variable models that can be formalized using linear
moment constraints as in Chamberlain (1987), Hansen (1982) and Owen (1991).

As an alternative to standard regularization methods such as Tikhonov and Galerkin (see for instance Engl et al. (1996)),
we aim at reconstructing the measure uy with a maximum entropy procedure. In image analysis this measure may be
viewed as the intensity at each pixel of the image, blurred by an unknown filter. Other applications in seismic tomography
can be found in Fermin et al. (2006), while we discuss an application to Econometrics in Section 4.

Let us introduce some definitions and notations. For two probability measures v, u, we define the relative entropy of v with
respect to i by

d
Hw|p) = /log (i) dv ifv < pu, H(v|pn) = 400 otherwise.

Although the relative entropy defines a notion of proximity between measures, this quantity is not a distance (in particular
it is not symmetric). We denote by Ky the closed ball of R¥ centered at the observation y°* and of radius 7. For P a measure
and g a function, we shall use the notation Pg = f gdP. The true measure uy is known to satisfy the moment condition
ux® € Ky, however, the map @ being unknown, we consider the approximate moment condition

/ (Dm(X)d,ux(X) € Ky. (2)
X

Let us now explain the construction of the AMEM estimator. Let X1, ..., X, be a discretization of the space X;, for which the
associated empirical measure P, = % Z?:] Jx, is assumed to converge weakly to some distribution Px having full support
on X. The X;’s may be i.i.d. realizations of a random variable X with distribution Py, or a deterministic design, in which case
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Py is known by the statistician. We search for an estimator of ptx which can be written as a weighted version of the empirical
measure P,:

1 n
Ln(@) =~ > ziby
i=1

for some vector z = (z1,...,2,)’ € R". The objective is to find a suitable vector of weights z for which the associated
discrete measure L,(z) is a good estimation of y. The problem of estimating uy is then turned into a parametric problem
where the parameter of interest z is of dimension n.

LetZ = (Z4,...,Z,) be avector of n i.i.d. realizations drawn from a measure v; and consider the random measure L,(Z).
From a Bayesian point of view, the measure v?" can be interpreted as a prior distribution on the parameter z. Define v*
as the probability measure minimizing the relative entropy H (-|v§§’”) under the constraint that the approximate moment
condition (2) holds in mean,

Eyr [ / q>mdLn(Z)] - % > Pn(XDE.(Z) € K.
x i=1

The measure v* may be seen as an a posteriori distribution from a Bayesian point of view. The estimator [i, , is obtained as
the expectation of L,,(Z) under v*,

. 1<
fimn = Bue [Ln@)] = ~ ;E (Z:)5x..

The existence of v* requires the existence of a vector zy in the convex hull of the support of v?“ such that f ®,dL,(z9) € Ky.
It is shown in Loubes and Pelletier (2008) that under the Assumptions of Theorem 3.1, this condition tends to be verified
with probability 1as m — oo and n — oo. Hence for m and n large enough, the AMEM estimate /i, , is well defined with
high probability, and asymptotically with probability 1.

3. Convergence of the AMEM estimate

For all probability measure v on R, we shall denote by A, and A} the log-Laplace and Cramer transforms of v, respectively,
defined by:

A (s) = log/ e*dv(x) and Aj(s) =sup{su — A, ()}, seR.
R

uekR

The log-Laplace transform A, is a twice differentiable convex function and A} is called its convex conjugate. Define the
functional

d
L, (n|Px) = / Asz (ﬁ) dPy if u < Py, L, (u|Px) = +oo otherwise.
X X

The quantity I,, (14|Px) is called the f-divergence of 1 with respect to Py associated to the convex function A} . The notion
of f-divergence was introduced by Csiszar as a generalization of the relative entropy. We refer to Csiszar (1967) for more
details.

We note by €, the set of continuous bounded functions on X. For all g € €y, we denote by |-|; the semi-norm defined for

HE M(X)by |l = |fgdu|. We recall that the family of semi-norms {|-|; , g € Cp} defines the weak topology: a sequence
{ttn}nen converges weakly toward w if, and only if, lim,_ o |4y — tlg = 0, forall g € G,

We make the following assumptions.
A1l. The minimization problem admits at least one solution, i.e. there exists a continuous function gy taking values in the

convex hull of the support of v; such that f gy dPy € Ky.
A2. The function A7, is bounded.

A3. The approximating sequence @, converges to @ in L?(Py). Its rate of convergence is given by
| — @12 = VE|Pn(X) — 2> = 0(g, "),

for some growing sequence {¢m }men-
A4. The function G : x > Sup,,cy ||Pm(x)|| is square integrable: f G?dPy < oo.
A5. For all m € N, the components of &, are linearly independent.

We are now in a position to state our main result.

Theorem 3.1 (Convergence of the AMEM Estimate). Suppose that A1 and A2 hold and let 1§ be the minimizer of the functional
wu = 1, (u|Px) subject to the constraint f @du € Ky.
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e The AMEM estimate jin.n is given by
dllm,n(x) = A:;Z(ﬁ)m,na (pm(X)))dPn(X),

where ¥y, , minimizes over RK, Hyp n(v) = PpAy, (v, @m)) — infyeg, (v, ¥).
e If A3-A5 also hold, fin, , converges weakly to juy as m, n — oo and its rate of convergence is expressed as follows,

Vg € Cp, |llm,n - ,U,;Z|g = O(‘Pn:l) + Km,n,
with sup,cy Km.n = Op(n~12).

The condition A2 is a rather strong requirement on the choice of the prior v;. It is equivalent to assuming that A,, is
dominated by a quadratic function. This condition is satisfied, for instance, for Gaussian priors or if v; has compact support.
As aresult, the function H : v = PxA,, ({v, ®)) — infyc, (v, y) attains its minimum at a unique point v* belonging to the
interior of its domain R. If this assumption is not met, it is shown in Borwein and Lewis (1993) and Gamboa and Gassiat
(1997) that the minimizers of I,,, (-|Px) over the set of finite measures satisfying the moment constraint may have a singular
part with respect to Py.

The construction of the AMEM estimate relies on a discretization of the space X according to the probability Px. Therefore
by varying the support of Py, the practitioner may easily incorporate some a priori knowledge concerning the support of the
solution. Similarly, the AMEM estimate also depends on the measure v;, which determines the domain of Al’jz, and so the
range of the solution.

4. Application to instrumental variable estimation

A natural field of application is given by nonparametric regression models involving instrumental variables. This kind
of problem has been extensively studied in the literature in Econometrics, we refer, for instance, to Florens (2003), Hansen
and Singleton (1982) and Newey (1990). In some cases, the instrumental variable estimation framework can be viewed as
an inverse problem with unknown operator that can be solved using the AMEM procedure.

Let X1, ..., X, be here a discretization of the space X such that the associated empirical distribution P, converges weakly
toward a known distribution Px having full support on X. Let g : XX — R, be an unknown function for which we observe
a noisy evaluation at each point X;,

Yi=gX)+U, i=1,...,n,

where the Uj's are centered real valued random variables. Contrary to the classical regression framework, we suppose
here that the noises U; are correlated with the X;'s (i.e. E(U;j|X;) # 0), which causes identification issues. This kind of
model is used, for instance, to deal with simultaneous causality between supply and demand in economic markets. Assume
that we want to estimate nonparametrically the price Y of a good with respect to its production X, the noise U in the
corresponding model turns out to be correlated with X due to the mutual influence between the price and the production.
To overcome this difficulty, econometricians assume there exist instrumental variables, that affect the price only through the
produced quantity (for example, the amount of rain in the case of an agricultural product). Hence, we assume we observe
simultaneously with (X;, Y;), an additional variable W; € R¥ such that E(W;|X;) # 0 and E(U;|W;) = 0. In particular, we
have the relation

y = EWY) = E(Wg(X)). (3)

In most cases, using the instrumental variable W is not sufficient to solve the identification issue, but it still provides some
information that may be rendered in the form of linear constraints on g. Indeed, setting @ : x — E(W|X = x) and
duy (x) = gdPx(x), x € X, the Eq. (3) can be written as

y:/¢(x)dux(x)-

Here, y is unknown but we observe a noisy version y°* = n~! 2?21 W;X; that is close to y with high probability and
asymptotically with probability one. The conditional expectation @ is also unknown but can be estimated from the data
by nonparametric procedures, yielding a converging sequence {®,}. As a result, it is possible to estimate the measure .y
by the AMEM procedure, considering an approximate moment condition of the form f @,du € Ky. We obtain a sequence
of estimators fi,, which is shown in Theorem 3.1 to converge weakly toward the minimizer ;1 of the convex functional
I,,, (-|Px) subject to the moment constraint. Equivalently, the method ensures the convergence in a weak sense of the density
g = dfi,/dP, of the AMEM estimator toward the functiong* := du} /dPx.In particular, the identification issue on g is solved
by incorporating some a priori knowledge on uy through the choice of the design X1, . . ., X, and the limit distribution Py.
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Appendix
A.1. Technical lemmas

We use the following notations

vy = argmin Hp(v) = argmin {]P’XAVZ((cDm, v)) — inf (v,y)} ,
veRK veRK yeky

Um.n = argmin Hy, ,(v) = argmin {IP’nAVZ((qﬁm, v)) —
veRK veRkK

(v,y>} ,

inf
yeKy
v* = argmin H(v) = argmin {]PXAUZ((QD, v)) — inf (v,y)} .
veRkK veRK yeky
Lemma A.1. If Assumptions 1-5 hold,
SUP [|Om.n — vipll = Op(n~"/2).

meN

Proof. Forallx € X, v € R¥, set

hn(v, %) = Ay, (@ (x), v)) — inf (v, y).
yekKy

The parameter vy, , is defined as the minimizer of the empirical contrast function v + Hy, 5(v) = Pphy(v, -). To prove the
result, we need to show that h,, (v, x) satisfies the conditions of Corollary 5.53 in van der Vaart (1998). First remark that Hp,
is convex, which ensures the convergence in probability of its minimizer vy, , toward v,. Since Ky is the ball centered in yobs
and of radius »n, we may write

hn (v, X) = Ay, (@n(X), ) — (v, Y) + v

By A2, we know there exists a K > 0 such that A]_(s) < Ks + 1forall s € R. For all vy, v; in a neighborhood W of v, we
have by the triangular inequality and the mean value theorem

(V1. ) = hm(v2, )] < [ Ay, (P, v1) = Au, (P, v2))| + [(01 = 02, 5°%) + 1 [[[v1]] = [lv2lll]|
[Kllv2ll [@mll + 14 [yl + 0] v — vl
< [K8 G+ 1+ [yl + n] llvr — vall,

where G is the function defined in A4 and where we set § = sup,c [[v]. Since v}, converges toward v*, we may assume,
without loss of generality, that " and § are fixed for m sufficiently large. Hence the function h,, satisfies the first condition
of Corollary 5.53 in van der Vaart (1998),

I (1, ) — h (v2, )| < Rflvy — vy,

where i : x > K8 G(x) + 1+ ||[y°®|| + 5 does not depend and m and is such that Pxh? < oo. For all v € R¥, let V;,(v) be
the Hessian matrix of Hy, at point v, which is well defined for all v # 0. Assume that v;;, # 0, we need to prove that Vi, (v;;)
is non-negative definite. The case v}, = 0 can be treated separately without difficulty using Theorem 5.52 in van der Vaart

(1998), by considering the derivative at 0% of the functions t — V,(tv), v € R*. Let 9; be the derivative with respect to the
i-th component. For v # 0, we have

Vi ()] = 0i0iHn(v) = Px[3:idjhn (v, )]
= Px[®, @, AL, (P, V)] + 1 3N (v)

IA

where we set N : v — ||v||. Thus, Vi, (v;;,) can be split into the sum Ap, + 7By, with
(An)j = Px[@L @1 AL (P, vED], Bw)y = B3N (V).

Ap is a Gram matrix, therefore it is positive definite, by A5. Moreover, since the A, converge toward the positive-definite
matrix A = (PX[Q>'Q>JA’V’Z((<D, v*))1)1<ij<k» we conclude there exist an integer M and a constant ¢ > 0 such that, for all

a € R,

inf a’Ana > clla|®.
m>M

By convexity of the map N(-) on R¥ \ {0}, the matrix By, is non-negative definite and so is V;,(v) = Ay + 1nBnm. Hence, Hy,
undergoes the assumptions of Corollary 5.53 in van der Vaart (1998), uniformly for m € N, which proves the result. O
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Lemma A.2. If Asssumptions 1-5 hold,
vy = V¥l = 0(¢y, ).

Proof. Using successively the mean value theorem and Cauchy-Schwarz’s inequality, we find
|Hn(v) —HW)| = [Px[Ay, (P, v)) — Ay, (@ (x), v)]]|
< K[l IGllz + VI @m — @Iz

We deduce that H,, converges uniformly on every compact set toward H as m — oo. By convexity of Hy,, this warrants the
convergence of v;;, toward v*. Moreover,

VHn(v) — VH®) = Px [Pn A, ((Pn, v)) — A, (P, )]
= Px [(@n — @) A}, (P, ) + LA}, (P, ) — AL, (D, V))]] -
In the same way as previously, we find
IVHm(v) = VHO)|| < |®m — ll2 0] (KIPmlli2 + 1+ 12112147, llo0) -

which proves that VH,, converges toward VH, uniformly on every compact set. Noticing that VH(v;;) = VH(v}) —
VH,, (v¥), it follows that |[VH(v})| = O(g,,'). Note V (v*) the Hessian matrix of H at v*. We know it is positive definite
by a similar reasoning as in the proof of Lemma A.1. Writing the Taylor expansion

VH(vy) = V)" —vy) + o(|[v* — vilD,

we conclude [[v* — v || = O(¢,"). O

A.2. Proof of Theorem 3.1

The first part of the theorem is proved in Theorem 3.1 in Loubes and Pelletier (2008). We here focus on the proof of the
second part. We use the following notations

,&m,n = A:;Z((f)m,na Pp))P, and ,u,:fn = A:;Z((U:—,» Dp))Pyx.

Forg € Cp, write | fimn — ,u;‘}|g < |fmn — 1, |g + | — m |g. We shall bound each term separately. We have

mn = |, = | AL, (P, Oma))Pr — AL, (P, vp )Py |,
< A, (@, Dmn)) P = AL, (P, VEDPa| + [ AL, (@, )Py = AL, (P, V)P
We obtain for all x € X,
| AL, (P (X), Dmn)) — AL, (P (X), v < 1A, oo [ Pm G| Dm0 — vyl
by Cauchy-Schwarz'’s inequality. We get
|4, (@ D) Pr = AL, (P Vi DPa] | = 8 ool AL, oo I9mn — vyl PoG.

vz
Using Slutsky’s lemma and Lemma A.1, we conclude

sup |A:;Z(<(pm, ﬁm,n))]Pn - A:;Z(<¢ma U;))Pn|g = OP(nil/z)-

meN

The rate of convergence of the term |A;Z (Pm, vi))Py — A/Vz (Pm, vi))Px ]g follows directly from the uniform law of large
numbers. We obtain

SUP [ ftmn — Kiy|; = Op(n™"/2).
meN
The second step is to bound the term | o — % |g. We follow the same guidelines,

|t = x|y = AL, (@Pm, v )Px — AL, (@, v)Px],
< A}, ((@m, vy )Px — AL, (P, v)Px |, + [A], (P, v*)Px — A} (@, v"))Px]

.
In the same way as previously, the first term is bounded as follows

| AL, (@, 03 )Bx — AL, (D, v D], < 147 loollglloe EN@mOOI 10, — v*]]
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which is shown to be of order O(¢,, 1) in Lemma A.2. For the last term, we have in the same way
| A0, ( Py v)Px = AL, (@, 0 DPx|, < 11T, oo 18 ]loo Bl P (X) — S X1l

Regrouping all the terms, we get

ﬁm,n - ﬂ;k(|g = Kmn + O((p,;]),

where Ky, < |[Lm,n - /,L:1|g satisfies sup,cy kmn = Op(n~1/2).
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