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Main theorem

Theorem [R22]

Let X be a closed, connected, oriented pseudomanifold. )
The Hochschild cohomology of the blown-up complex N%(X)

(HH(R(X), /50X)), U, [, -1, 8)

is a Batalin-Vilkovisky algebra.




1. BV algebras
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Loop homology

cst

A
M m-manifold. LM = C°(S*,M). M LM
~— —

evo

loop product
[ 2 H,([,M) ® HJ(,CM) — Hi+jfm(£M)
loop bracket

{_7 _} : H,(EM) X HJ([,M) — Hi+j+1fm('CM)

with {a, b} = ax b — (—1)(AFDbFD 4 5

and operator A given by S* action. Reindex H. = Hyy m(LM)
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String topology

Theoreom (Chas-Sullivan [CS99])
(H,,o,{—,—}) a Gerstenhaber algebra:

@ e is graded commutative and associative,
e {—,—} is a Lie bracket of degree 1: Va, b, c € H.,

o {a, b} — _(_1)(|a|+1 (|b|+1) {b a}

o {a,{b,c}} = {{a, b}, c} + (-1l p, {4, c}}
o {a,bec}={a,b}ec+ (—1)tll2-Npe{a c}.

Theorem [CS99]

(H,,e,{—,—},A) is a Batalin Vilkovisky algebra:

e Ao A =0,
o (—1){a, b} = A(aeb) — Aaeb—(~1)1?lae Ab.
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Hochschild cohomology |

Definition

The Hochschild cohomology of an algebra A is
HH*(A, A) := Exte(A, A) = H.Homae (P, A)

with P — A a cofibrant resolution of A.

Theorem (Gerstenhaber [Ger63], Getzler [Get93])

The Hochschild cohomology (HH*(A, A),U, [—, —]) of a DGA A'is
a Gerstenhaber algebra.

.
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Hochschild cohomology |l

Theorem (Menichi [Men09])

M compact, connected, oriented smooth m—manifold.

(HH*(C*(M), C*(M)), U [, =], A)

is a Batalin-Vilkovisky algebra.

A on HH*(C*(M), C*(M)V)
HH*(C*(M), C*(M)") = HH*(C*(M), C*(M))
by derived Poincaré duality: we have quasi-isomorphisms
(C*(M))Y = P = C*(M)

with P a cofibrant approximation of C*(M).
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Theorem ([CJ02], [Mer04], [FTVO07])

We have a BV-algebra isomorphism

HH*(C*(M), C*(M)) =~ H,(LM).
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Poincaré duality
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Different approaches

Two approaches to Poincaré duality:
© geometrical: via intersection product

@ structural: cup & cap products
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Transversality

Definition

M manifold, N & P submanifolds are transverse if

Vxe NNP, T,M=T.N+ TP.

@ (:(

Proposition

dim(N rh P) = dim(N) + dim(P) — dim(M).
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Poincaré Duality

intersection product: M: H;{(M) @ H{(M) — Hiij—m(M).

Proposition

M is a closed, oriented, smooth m—manifold. The bilinear form

Hi(M; Q) ® Hm—i(M; Q) = Ho(M; Q) — Q

is non degenerate.

Theorem (Poincaré duality)

For0<i<m

Hm_i(M; Q) =~ Hom(H;(M; Q); Q) ~ H'(M; Q).
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Chain-level intersection product

h: Co(M) @ C.(M) — C.(M) partial product. C"(M) its domain.
Theorem (McClure [McC06])

M compact, oriented, PL manifold. The inclusion

Cl — M) @ cPH(M)

is a quasi-isomorphism.

Proposition

The intersection product in homology is induced by the composite

cPH(M) @ €LY (M) — CI(M) — CfH(M).
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Cup and Cap products

We have cup and cap which are defined at the (co)chain level.
U: CP(M)® CI(M) — CPTI(M)
A CPM) ® Co(M) — Cq_pl(M)

Proposition
(C*(M),V) is an algebra. C,(M) is a C*(M) module.

Theorem (Poincaré duality)

We have an isomorphism of algebras

(H*(M),0) =" (1, (M), ).

~
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Back to Hochschild cohomology

M compact, connected, oriented smooth m—manifold.
H.(LM) Z HH*(C*(M), C*(M)¥)
W /
H(:st)\ HH*(n,C*(M)Y)
H.(M) ~ H(C*(M)Y)
with Jones isomorphism J [Jon87].

The unit n : Q — A induces HH*(n, C*(M)Y)
HH*(C*(M), C*(M)) = HH*(Q, C*(M)") = H(C*(M)").

J o H(cst)([M]) gives a morphism P — C*(M)V.
By Poincaré duality we can show that it is a quasi-isomorphism.
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Derived Poincaré duality algebra

We have quasi-isomorphisms
(C*(M))Y & P = C*(M)
with P a cofibrant approximation of C*(M).
In other words,
C*(M) ~ (C*(M))" in D(C*-bimodules).

We say that C*(M) is a Derived Poincaré duality algebra.
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Recap

M compact, connected, oriented, smooth m—manifold.

(co)chain complex (M) * algebra for U
C.(M) | C*(M)-module for N
Poincaré duality C*(M) _”N[’V’] C.(M)

Geometric Poincaré duality | Ho(M; Q) ® Hpm_+(M; Q) — Q
Derived Poincaré duality (C*(M))V & P = C*(M)
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What about spaces with singularities 7

@ No Poincaré duality
@ Goresky, McPherson [GM80]: intersection cohomology IsH*
o Chataur, Saralegui, Tanré [CST20]: blown up complex %
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Intersection homology



Poincaré duality fails since Hi(X,Q) % Ha(X, Q).
Need to control how chain intersect singularities.
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Failure of Poincaré duality |l

P

dim(NNP) = 0 and dim(N)+dim(P)—dim(X)+e = 0+1-2 = —1

dim(N N P) # dim(N) 4 dim(P) — dim(X)

Solution: add some margin of error on singular part.
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Pseudomanifolds

Definition

filtered space X of formal dimension n
=X 1CXoCXiC...C X=X

S;, i-strata of X: connected components of X; \ Xj_i.
Sx = {strata of X}, regular strata: n-strata, singular strata

V

Definition

X pseudomanifold
o X filtered space
@ j-strata are j-manifolds

@ locally cone like

Example: S? Vv §?
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Intersection chains

Definition

A map p: Sx — Z such that p(S,) = 0 is called a perversity.

Definition
A singular chain of degree /, o is of p-intersection if
e dim(c NS) <i+dim(S) — fdim(X) + p(S),
o dim(doNS) <i—1+dim(S)— fdim(X)+p(S) VS € Sx.
p-intersection chain complex /PC,
p-intersection homology /PH,

Dually, we have p-intersection cochain complex /[5C*.
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Properties of singular homology

Properties (stratified Eilenberg-Steerod axioms)
@ Invariance under stratified homotopy
@ Cone formula

@ Mayer-Vietoris sequences

\.

Theorem (Goresky-McPherson-Poincaré duality [GM80])

If X is a connected, oriented, closed n-pseudomanifold then, we
have a non degenerate bilinear form

h: IPH;(X; Q) ® IPPH,_i(X; Q) = Q.

.

Not natural, not satisfied for any ring
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Blown-up intersection cochains

Blown-up cochain complex

N%(_;R): PM — pDGA

.

Properties

@ computes /zH*

@ cup and cap products defined at (co)chain level

o Poincaré duality: 7%(X; R) =—% IPC,_,(X; R)

~

A\
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X is a connected, oriented, closed n-pseudomanifold.

(co)chain complex Vi(X) 2lgebra for U

P FC.(X) | NE(X)-module for N
Poincaré duality fy(x) =" e x)
Geometric Poincaré duality | h: /*H,(X; Q) ® ID*H,_ *(X Q) —Q
Derived Poincaré duality (N:(X))Y < B(N%(X)) = Ni(X)

Define Hochschild cohomology for N%, find algebraic structures,
interpret them topologically.
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Hochschild (co)homology for pDGA
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Perverse objects

N%(X) is a perverse cochain complex
N%(X) : Perve — Ch(R)

Proposition

Let (C,X¢, Home,T) be a closed symmetric monoidal category
then the category of perverse objects on C is also closed
symmetric monoidal (CPe", X, Homgper , Tpper ).

N%(X) is a perverse differential graded algebra (pDGA).

/\

NX N

Tld&U U&id]\

NR(NKN) 22— (NKN)R N
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Hochschild (co)homology

Bar construction: B(A) = @penARA KA = AR T(A) X A.

Definition
A pDGA and N A-bimodule, the Hochschild (co)chains are given

by HC*(A, N) := N Kz B(A) ~ N K T(A),

HG (A, N) := Homae(B(A), N) = Hom(cp(gyyrer (T (A), N).
where A¢ = AKX A°P. )
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Derived functors

Theorem ([Hov09])

o We have a model category structure on Ch(R)P: a
morphism is a weak equivalence (or a fibration) if and only if it
SO perversity wise.

@ We have a model category structure on A-modules. )

Tor (Ny, No) = Hy(P Kpe No)
EXtZe(N]_, Nz) = H*HomAe(P, Nz)

with P — Nj a cofibrant resolution of Nj.

.
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Equivalent definitions

Theorem ([BMR13], [R22])

Let M be a pDG A-modules, the following statements are
equivalent.

@ M is cofibrant,

@ M is semi-projective,

@ M is a retract of semi-free pDG A-module.

Proposition

B(A) is a cofibrant resolution of A if
o Ais cofibrant in Ch(R)Fer,

@ or R is a field.
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Algebraic structures |

Theorem [R22]

The Hochschild cohomology (HHZ(A, A),U, [—, —]) of a pDGA A is
a Gerstenhaber algebra. We have

o cup product: —U —: HHZ X HHZ — HH;[%

. . r s r+s+1
o bracket: [—, —]: HH; X HHZ — HH TS

k-1
fuglail...|a] = Zif[311-0-|3i]g[3i+1|---|3k]
i—1
[f.g] =fog—(~1)*EHgof
with

fog[al\...|ak] = Z j:f[aﬂ...]a,-]g[a,-+1]...]aj]]ajH]...]ak].
1<i<j<k
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Algebraic structures ||

Theorem [R22]
The Hochschild cohomology

(HH(R3(X), /5(X)), U, [, -1, 8)

is a Batalin-Vilkovisky algebra.

On HH,(N%(X), N:(X)), Connes boundary
k
bC(ao[31| v |ak]) = Z il[a,-| . ]a,,|ao| v |a,-,1]
On (HHL(fI5(X), Nz(X)))v ~ HH*(R1(X), F5(X)Y)

(bCYF)(aolan]. .- |ak]) = |f|Zif 1[ai| ... |anlao| . .- |ai_1]).
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Work in progress

@ Spectral sequence to compute HH*,

o Topological interpretation of algebraic structures.
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Thank you for your attention.
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