Asymptotic behaviour of resolvent for N-body Schrödinger operators near a threshold

Xue Ping WANG^∗ Département de Mathématiques UMR 6629 du CNRS Université de Nantes F-44322 Nantes Cedex 3, FRANCE e-mail: wang@math.univ-nantes.fr

Abstract

In this paper, we analyze the spectral properties of N-body Schrödinger operators near its first threshold, the bottom of the essential spectrum, and give the asymptotics of the resolvent in weighted Sobolev spaces.

1 Introduction

Let P denote the N-body Schrödinger operator obtained after the removal of the center of mass from the total energy operator − N∑ j=1 1 2m_j

Δ_{xj} + ∑ 1≤i<j≤N

V_{ij}(x_i − x_j), x_j ∈ R^3, (1.1)

where x_j and m_j denote the position and mass of the j-th particle, V_{ij} is assumed to be real and relatively compact with respect to −Δ in L^2(R^3) and satisfies the decay

|V_{ij}(y)| ≤ C_{ij} |y|^{−ρ} (1.2)

for y ∈ R^3, |y| > R for some R > 0. In this paper we assume at least ρ > 2 and ρ varies according to the results to obtain. P is regarded as a self-adjoint operator in L^2(X), where X is the 3(N − 1) dimensional real vectorial space: X = {(x_1, · · · , x_N ) ∈ R^{3N} ;

∑_N j=1 m_jx_j = 0}.

Let A denote the set of all cluster decompositions of the N-particle system. For a ∈ A, let #a denote the number of clusters in a and P^a the Subhamiltonian associated with a. For i, j ∈ {1, · · · , N}, we write (ij) ⊂ a if i and j belong to a same cluster in a. If a is a k-cluster decomposition a = (a_1, · · · , a_k), we denote

X^a = {x ∈ X; ∑ l∈a_j

m_lx_l = 0, j = 1, · · · , k}.

∗The author is grateful to the Erwin Schrödinger Institute where part of this work is carried out during the special semester “Scattering Theory”, where the results of this work were reported. Research partially supported by a grant from the Chinese Academy of Sciences

and X_a = {x ∈ X; x_i = x_j if (ij) ⊂ a_m for some m ∈ {1, · · · , k}}.

X^a and X_a give an orthogonal decomposition for X equiped with the quadratic form

q(x) = ( ∑ j 2m_j|x_j|^2), x ∈ X.

For x ∈ X, we have the corresponding orthogonal decomposition: x = x^a + x_a with x^a ∈ X^a and x_a ∈ X_a. The N-body Schrödinger operator P introduced above can be written in the form P = P_0 + V (x)

where P_0 is the Laplace-Beltrami operator on the Euclidean space (X, q) and

V (x) = ∑ a∈A V_a(x^a)

with V_a(x^a) = V_{ij}(x_i − x_j) if a is an (N-1)-cluster decomposition and (ij) ⊂ a, 0 otherwise. Remark that the method of this work can be applied to generalized N-body Schrödinger operators and in this case, the results depends on the dimension of the intercluster space. See [5] and [10] for two-body case.

Let −Δ^a ( −Δ_a, resp.) denote the restriction of P_0 on X^a ( on X_a, resp.). For a ∈ A, denote P^a = −Δ^a + ∑ b⊆a V_b(x^b), P_a = P^a − Δ_a,

I_a(x) = ∑ b⊈a

V_b(x^b).

P^a is the Subhamiltonian associated with the cluster decomposition a and I_a is the sum of all intercluster interactions. The detailed expression of P^a depends on the choice of coordinates on X^a and for those resulting from (1.1), see formulae given in [16] in some special coordinates. Let T = ∪_{a∈A,#a≥2}σ_p(P^a)

be the set of thresholds of P . The well-known HVZ theorem gives the bottom of the essential spectrum E_0 ≡ inf σ_{ess}(P ) of P by the formula

E_0 = min

a∈A,#a≥2

inf σ(P^a) = min_{a∈A,#a=2} inf σ(P^a).

Under general conditions, the positive eigenvalues of P are absent and its negative eigenvalues can only accumulate at the thresholds ([7],[12],[15]). Less is known about the spectral properties of P near a threshold (see [6] ). The purpose of this paper is to study the spectral properties of P near its first threshold E_0. The following assumption is made throghout this work:

there exists a unique decomposition, a_0 ∈ A, such that E_0 = inf σ(P^{a0} ). (1.3)

For N ≥ 3, by the HVZ Theorem, the assumption (1.3) implies that #a_0 = 2, E_0 is in the discrete spectrum of P^{a0} and there is ϵ_0 > 0 such that

inf σ(P^a) ≥ E_0 + ϵ_0, for a ∈ A, #a ≥ 2, a ≠ a_0.

Let φ_0 ∈ D(P^{a0} ) be an eigenfunction of P^{a0}

P^{a0} φ_0 = E_0φ_0, ‖φ_0‖ = 1. (1.4)

Let H^{m,s}, m, s ∈ R, be the weighted Sobolev space on X equiped with the norm

||u||_{m,s} = ( ∫ X |(1 + |x_{a0} |^2)^{s/2}(1 − △_x)^{m/2}u|^2dx)^{1/2}.

Note that we use only the weight in intercluster variables x_{a0} which is weaker than the weight usually used in the limiting absorption principle of P . Sometimes, we denote also by the same symbol H^{m,s} the weighted Sobolev space on X_{a0} equiped with the norm

||u||_{m,s} = ( ∫ X_{a0}

|(1 + |x_{a0} |^2)^{s/2}(1 − △_{a0} )^{m/2}u|^2dx_{a0} )^{1/2}.

Let < ·, · > ( (· · · , ·)_a, < ·, · >_a, resp.) denote the scalar product on L^2(X) ( on L^2(X^a), L^2(X_a), resp.).

In this paper, we identify H^{1,−s}, s ≥ 0, to the dual space of H^{−1,s} with the usual L^2 product as the dual product. Let L(m, s; m^′, s^′) = L(H^{m,s}, H^{m′,s′} ). It will be convenient to regard P as an operator in L(1, 0; −1, 0).

Definition. We say that E_0 is a resonance of P if the equation P u = E_0u has a solution u ∈ H^{1,−s}(X) \ L^2(X) for any s > 1/2. Following Jensen-Kato ([9] ), we call E_0 a regular point of P if E_0 is neither eigenvalue, nor resonance of P ; an exceptional point of the first kind (respectively, the second kind; the third kind) of P if it is a resonance but not an eigenvalue (respectively, an eigenvalue but not a resonance; both an eigenvalue and a resonance) of P .

Let R(z) = (P − z)^{−1}, z ∉ σ(P ). To prove the existence of the asymptotic expansions of R(z) for z near E_0, we need a detailed analysis of the spectral properties of P at E_0. The following result proved in Sections 3 and 4 plays an important role.

Theorem 1.1 Assume (1.2) with ρ > 2 and (1.3). If E_0 is an eigenvalue of P in L^2, its multiplicity is finite. If u ∈ H^{1,−s}, ∀s > 1/2 and P u = E_0u, then, u is a resonant function of P if and only if ∫ X I_{a0} (x)u(x)φ_0(x^{a0} ) dx ≠ 0. (1.5)

Here φ_0 is a normalized eigenfunction of P^{a0} associated with E_0. The resonance of P at E_0, if it does exist, is simple, which means that the eigenspace of P associated with E_0 is of codimension 1 in the kernel of P − E_0 in H^{1,−s}, ∀s > 1/2.

Let δ > 0 be small. Denote U_δ(E_0) = {z ∈ C; ℑz > 0, |z − E_0| < δ} and U_δ = U_δ(0). The main results of this work can be resumed as follows.

Theorem 1.2 Let λ = z − E_0 and (λ)^{1/2} be the branch such that ℑ(λ)^{1/2} > 0 for ℑλ > 0.

(a). Assume that E_0 is a regular point of P . Then, for k ∈ N, ρ > max{2, 2k + 1} and (2k + 1)/2 < s < ρ − (2k + 1)/2 for k ≥ 1 and 1 < s < ρ − 1 for k = 0, one has

R(z) = k∑ j=0 λ^{j/2}B^{(0)}_j + O(|λ|^{k/2+ϵ}), (1.6)

in L(−1, s; 1, −s), for λ ∈ U_δ and ϵ > 0.

(b). Suppose that E_0 is an exceptional point of the first kind of P . Assume ρ > max{2, 2k− 1}, k ∈ N with k ≥ 1. We have

R(z) = k−2∑

j=−1

λ^{j/2}B^{(1)}_j + O(|λ|^{(k−2)/2+ϵ}) (1.7)

in L(−1, s; 1, −s) with s > 1 if k = 1 and (2k − 1)/2 < s < ρ − (2k − 1)/2 if k ≥ 2. Here

B^{(1)}_{−1} = i < ·, u > u, (1.8)

and u is an E_0 resonant function of P normalized by 1 2 √ π ∫ X I_{a0} (x)u(x)φ_0(x^{a0} ) dx = 1. (1.9)

(c). Suppose that E_0 is an exceptional point of the second kind ( l= 2) or the third kind (l= 3) of P . Assume ρ > 2k − 1, k ∈ N with k ≥ 2. One has

R(z) = k−4∑

j=−2

λ^{j/2}B^{(l)}_j + O(|λ|^{(k−4)/2+ϵ}), l = 2, 3, (1.10)

in L(−1, s; 1, −s) for (2k − 1)/2 < s < ρ − (2k − 1)/2, λ ∈ U_δ with δ > 0 small enough and ϵ ∈]0, 1/2] verifies ϵ < (2s − 2k + 1)/4. Here

B^{(2)}_{−2} = B^{(3)}_{−2} = −Π_{E0} ,

and Π_{E0} is the orthogonal projection onto the eigenspace of P associated with the eigenvalue E_0.

Remarks (a). Under the assumption (1.3), the methods of this paper can be used to establish the asymptotics of the resolvent near the thresholds E ∈ σ_d(P^{a0} ) with E < min_{a∈A,#a≥2,a≠a0} inf σ(P^a). The projection Π used in Section 2 should then be replaced by the spectral projection associated to all eigenvalues less than or equal to E. (b). In the case where min a∈A,#a=2

inf σ(P^a) = min_{a∈A,#a≥3} inf σ(P^a),

the spectral properties of an N-body Schrödinger operator with rapidly decreasing pair potentials are sometimes similar to two-body Schrödinger operators with slowly decreasing potentials ( ρ < 2 ). In fact, the Efimov effect in three-body problems shows that in this case, even for compactly supported pair potentials, the discrete spectrum can be infinite. In these cases, the results of the form stated in Theorem 1.2 can not hold.

(c). It is an open question to establish the resolvent expansions near E_0 when it is attained by several two-cluster Subhamiltonians, i.e., when we replace the assumption (1.3) by the condition E_0 = min

a∈A,#a=2

inf σ(P^a) < min_{a∈A,#a≥3} inf σ(P^a).

For an N-body Schrödinger operator with identical particles, if this is only due to the internal symmetries, the method of this paper can still be applied to by fixing a representation. See [19] for the study of the discrete spectrum. More generally, one can also try to establish the asymptotics of resolvent near the two-cluster thresholds which are below all three-cluster thresholds. New ideas are needed in these cases.

For more precisions on the statement of results, see Proposition 3.3 and Theorems 3.10 and 4.11.

The expression of the coefficients B^{(l)}_j depends not only on l which classifies the spectral nature of P at E_0, but also on wether E_0 belongs to the discrete spectrum of an auxiliary operator P^′ defined in Section 2. For example, in the case E_0 ∉ σ_d(P^′), B^{(0)}_0 is given by

B^{(0)}_0 = R^′(E_0) + ϵ_+(E_0)(1 + G_0V_0)^{−1}G_0ϵ_−(E_0)

(see Proposition 3.3) and if E_0 ∈ σ_d(P^′), the expression of B^{(0)}_0 is more complicated and is given by (4.77) in Theorem 4.11 (a). Even though our results are in form similar to those known for two-body Schrödinger operators ([5], [9], [13]), the proof is technically involved. It is only after a tedious calculus that we arrive at the simple leading term in the case l = 1, 2, 3.

We expect the results of Theorem 1.2 to be useful in the study of low-energy many-body scattering ( see [3], [5], [9], [13] and [20] for two-body problems and [18] for results on manybody scattering matrices) and in the study of the finiteness or infiniteness of discrete spectrum of N-body Schrödinger operators in the presence of two-cluster resonances (see for example [17], [21] for the study of the Efimov effect in three-body problems).

The following is immediate consequences of Theorem 1.2.

(1). The results of Theorem 1.2 imply the absence of embedded eigenvalues in ]E_0, E_0 + δ[: Suppose ρ > 2 in the cases (a) and (b) and ρ > 3 in the cases (c). Then there exists δ > 0 such that the eigenvalues of P are absent in ]E_0, E_0 + δ[. This result was already proved by P. Perry in [14] by a different method.

(2). By the representation formulae (3.4) and (4.8) for the resolvent R(z) which are valid for ρ > 0, making use of the well-known methods for establishing the limiting absorption principle for two-body Schrödinger operators ([1], [12], [15]), we can show, under rather mild assumptions on the potentials, the existence of the boundary value of the resolvent

R(λ + i0) : H^{−1,s} → H^{1,−s}, s > 1/2,

for λ ∈]E_0, E_0 + δ[\σ_p(P ). Note that here only the weight in x_{a0} is used and that the situation is similar to the low-energy scattering in the Born-Oppenheimer approximation ([11]). (3). Applying Theorem 1.2, we can write down the asymptotic expansion of the derivative of the spectral projection of P near E_0 and obtain the time-decay of the quantum evolution e^{−itP} near E_0. For example, taking χ ∈ C^∞_0 (]E_0 − δ, E_0 + δ) with χ(E_0) = 1, one has, under appropriate assumptions on ρ, the asymptotic expansion

e^{−it(P −E0)}χ(P ) = Π_{E0} + t^{−1/2}C_1 + t^{−3/2}C_2 + · · · , t → ∞.

The C_j’s can be computed from Theorem 1.2. In particular, if E_0 is a regular point of P , Π_{E0} = C_1 = 0 and C_2 ≠ 0; if E_0 is an exceptional point of the first kind, Π_{E0} = 0 and C_1 =^1_π B^{(1)}_{−1} ≠ 0.

Let us now sketch the main ideas used in the proof of Theorem 1.2. Under the assumption (1.3), by resolving a Grushin problem associated to P − z, we obtain a representation for the resolvent R(z) in the form

R(z) = E(z) − E_+(z)E_{+−}(z)^{−1}E_−(z) for z near E_0, where E(z), E_±(z) and E_{+−}(z) are all holomorphic near E_0. E_{+−}(λ + E_0) is of the form

λ − (−Δ + V (λ)) or λ − ( −Δ + V (λ) C C^∗ 0 ) , depending on whether E_0 is an eigenvalue of P^′ or not. Here Δ is the 3-dimensional Laplacian, C : C^m → H^{1,s}, ∀s > 0, and V (λ) is a family of non-local operators, admitting a convergent expansion of the form

V (λ) = ∞∑ j=0 λ^jV_j, |λ| < δ.

Note that C may not be injective which implies that the resolvent of the unperturbed operator may have a pole at zero. To prove the existence of the asymptotic expansion of E_{+−}(z)^{−1}, we again resolve an appropriate Grushin problem in weighted Sobolev spaces to obtain a representation of the operators

(1 + (−Δ − λ)^{−1}V (λ))^{−1} and 1 + (( −Δ C C^∗ 0 ) − λ )_{−1} (

V (λ) 0 0 0 ) −1 . In the both cases, the singularities of E_{+−}(z)^{−1} near z = E_0 can be calculated from those of the inverse of a holomorphic matrix-valued function E_{+−}(λ) for λ near 0. To prove the existence of an asymptotic expansion of E_{+−}(λ)^{−1} near λ = 0, we need detailed informations on eigenfunctions and resonant functions of the operators

−Δ + V_0 and ( −Δ + V_0 C C^∗ 0 )

at 0 and to relate them to those of P at E_0. Notice that in the presence of threshold eigenvalue, the operator V_1 intervenes in the leading term. Our approach allows to optimize the decay assumption on ρ. For example, to obtain the leading term we just need ρ > 2 in the case of an exceptional point of the first kind and ρ > 3 in the case of an exceptional point of the second or the third kind.

The plan of this paper is as follows. In Section 2, we introduce an auxiliary operator P^′ and prove that it has only discrete spectrum near E_0. In Section 3, under the assumption that E_0 is not an eigenvalue of the operator P^′, we study two Grushin problems to reduce the study of R(z) to the inverse of a matrix-valued holomorphic function and establish the asymptotic expansion of R(z) according to the spectral properties of E_0 with respect to P . In Section 4, the case where E_0 is an eigenvalue of P^′ is studied. We analyze the zero eigenvalue and the zero resonance of a matrix-valued operator and establish again the asymptotics of R(z) according to the spectral properties of E_0 with respect to P . The proof of Theorems 1.1 and 1.2 is given in Section 3 or in Section 4 according to the situation E_0 belongs to σ_d(P^′) or not.

2 Preliminaries

Throughout this paper, the conditions (1.2) and (1.3) are assumed. ¿From now on, we denote a = a_0. Let φ_0 be an normalized eigenfunction of P^a associated with E_0. Let Π be the projection in L^2(X) defined by

Πf = φ_0 ⊗ (f, φ_0)_a, f ∈ L^2(X).

Put Π^′ = 1 − Π and P^′ = Π^′P Π^′.

Lemma 2.1 There exists ϵ^′_0 > 0 such that the essential spectrum of P^′ = Π^′P Π^′ satisfies σ_{ess}(P^′) ⊂ [E_0 + ϵ^′_0, ∞[.

Proof. Let {J_b; b ∈ A, #b = 2} be a partition of unity such that ∑ J_b(x)2 = 1 on X, J_b(x) = 1 for x outside a compact set and |x^b| ≤ c_0|x| for some c_0 > 0 and |∂^αJ_b(x)| ≤ C_α < x >^{−|α|} on X, for all α ∈ N^{3(N−1)}. Write P = (−△_b + P^b) + I_b = P_b + I_b.

From the IMS-localization formula (cf. Lemma 3.2 in [CFKS]), we have P^′ = Π^′( ∑ #b=2

J_bP J_b − ∑ #b=2

|∇J_b|^2)Π^′ = Π^′( ∑ #b=2

J_b(P_b + I_b)J_b − ∑ #b=2

|∇J_b|^2)Π^′ = Π^′( ∑ #b=2

J_bP_bJ_b + ∑ #b=2

I_bJ_b2 − ∑ #b=2

|∇J_b|^2)Π^′ ≡ Π^′( ∑ #b=2

J_bP_bJ_b)Π^′ + K.

Due to the assumption (1.2), Π^′|∇J_b|Π^′ and Π^′I_bJ_b2Π^′ are relativement compact perturbation of Π^′P_0Π^′ and of P^′, so is K.

For b ≠ a, by (1.3), inf σ(P_b) = inf σ(P^b) ≥ E_0 + ϵ_0. Therefore, ∑ #b=2,b≠a

Π^′J_bP_bJ_bΠ^′ ≥ (E_0 + ϵ_0) ∑ #b=2,b≠a

Π^′J^2_b Π^′ (2.1)

For b = a, we decompose Π^′J_aP_aJ_aΠ^′ as Π^′J_aP_aJ_aΠ^′ = J_aΠ^′P_aΠ^′J_a + K_1 where K_1 = [Π^′, J_a]P_aJ_aΠ^′ + J_aΠ^′P_a[Π^′, J_a].

Note that [Π^′, J_a] = [Π, 1 − J_a]. Let A = (1 − J_a)Π. AA^∗ is of the integral kernel (1 − J_a(x))φ_0(x^a)φ_0(y^a)(1 − J_a(y)). Since φ_0 is exponentially decreasing on X^a and 1 − J_a(x) has support in {|x^a| > δ|x|}, δ > 0, AA^∗ is a Hilbert-Schmidt operator. In particular, A is compact, and so is the commutator [Π^′, J_a]. This proves that K_1 is relatively compact with respect to P^′. Since E_0 is the lowest eigenvalue of P^a, there exists ϵ_1 > 0 such that Π^′P_aΠ^′ ≥ (E_0 + ϵ_1)Π^′.

We obtain Π^′J_aP_aJ_aΠ^′ ≥ (E_0 + ϵ_1)J_aΠ^′J_a + K_1 (2.2) = (E_0 + ϵ_1)Π^′J^2_a Π^′ + K_2, where K_2 = (E_0 + ϵ_1)(J_aΠ^′J_a − Π^′J^2_a Π^′) + K_1 is still a relatively compact perturbation of P^′ by the arguments used above. Let ϵ^′_0 = min{ϵ_0, ϵ_1}. One deduces from (2.1) and (2.2) that P^′ = ∑ #b=2

Π^′J_bP_bJ_bΠ^′ + K

≥ (E_0 + ϵ^′_0)Π^′ + K_3 ≥ (E_0 + ϵ^′_0) + K_3 where K_3 = K_2 + K is relatively compact and we have used the fact that E_0 + ϵ^′_0 < 0, so (E_0 + ϵ^′_0)Π ≤ 0. By Weyl’s Theorem on essential spectrum, we obtain σ_{ess}(P^′) = σ_{ess}( ∑ #b=2

Π^′J_bP_bJ_bΠ^′) ⊂ [E_0 + ϵ^′_0, ∞[.

In the following, in order to give the asymptotics of the resolvent R(z) = (P − z)^{−1} for z ∈ U_δ(E_0), we shall distinguish the cases E_0 ∈ σ_d(P^′) and E_0 ∉ σ_d(P^′).

Let R_0(z) = (−Δ_a − z)^{−1}, ℑz > 0. Since dim X_a = 3, R_0(z) can be continuously extended to C_+ as operator in L(−1, s; 1, −s^′), s, s^′ > 1/2, s + s^′ > 2 and has an asymptotic expansion near 0 of the form R_0(λ) = ∑ j=0 kλ^{j/2}G_j + O(λ^{k/2}), in L(−1, r^′; 1, −r), r^′, r > k + 1/2, (2.3)

where G_0 ∈ L(−1, s^′; 1, −s), s, s^′ > 1/2, s + s^′ > 2, G_j ∈ L(−1, s^′; 1, −s), s, s^′ > j + 1/2, for j ≥ 1.

The G_j’s are integral operators whose kernel can be computed explicitly. Remark that if a = (a_{0,1}, a_{0,2}) and x^′ denotes the relative position of the two mass centers, then

Δ_a = ( 1 2M_{a0,1} + 1 2M_{a0,2}

)Δ_x′ ,

M_{a0,j} = ∑ k∈a_{0,j} mk. It is more convenient to use the orthonormal coordinates x0 on Xa so

that the kernel of G_j is just given by

K_j(x_0, y_0) = i^j 4πj!

|x_0 − y_0|^{j−1}. (2.4)

The following lemma is useful to optimize remainder estimates. Lemma 2.2 For s > 1/2, 0 < r < 2s − 1, 0 < r ≤ 1, we have || < x >^{−s} R_0(λ + i0) < x >^{−s} || ≤ C_{s,r}|λ|^{−1+r}, λ ∈]0, 1]. (2.5) More generally, let s > k + 1/2 for k ∈ N^∗ and s > 1 for k = 1. One has,

|| < x >^{−s} (R_0(λ + i0) − k∑ j=0 λ^{j/2}G_j) < x >^{−s} || ≤ C_{s,s}′_{,r}|λ|^{k/2+ϵ}, λ ∈]0, 1], (2.6)

for 0 < ϵ < min{1/2, (2s − 2k − 1)/4}. ϵ can be taken to be 1/2 if (2s − 2k − 1)/4 > 1/2. Here x ∈ R^3 and ‖ · ‖ denotes the norm on L(L^2(R^3)).

Lemma 2.2 can be easily deduced by dilation and complex interpolation. In fact, since R_0(1 + i0) ∈ L(−1, s; 1, −s), s > 1/2, we deduce by a dilation || < λ^{1/2}x >^{−s} R_0(λ + i0) < λ^{1/2}x >^{−s} || ≤ C_s|λ|^{−1}. (2.7) For s > 1/2, || < x >^{−s} R_0(λ + i0) < x >^{−s} || ≤ C_s|λ|^{−1}, 0 < λ ≤ 1.

On the other hand, we have, for s > 1, || < x >^{−s} R_0(λ + i0) < x >^{−s} || ≤ C_s, (2.8) for 0 < λ ≤ 1. (2.5) follows from a complex interpolation. Using (2.3), (2.6) can be proved similarly.

3 The case E_0 ∉ σ_d(P^′)

In this section, we suppose that E_0 ∉ σ_d(P^′) and δ > 0 is chosen small so that σ(P^′) ∩ {|z − E_0| < δ} = ∅. In this case, we can reduce the N-body problem to a generalized two-body operator with non-linear spectral parameter. 3.1 A reduction.

We begin with the study of the Grushin problem

P(z) =

P − z φ_0 ⊗ · (·, φ_0)_a 0

: D(P ) × L^2(X_a) → L^2(X) × L^2(X_a), (3.1)

where D(P ) is the domain of the operator P . We want to prove that P(z) is invertible in a small neighbourhood of E_0. To see this, let P^′ = Π^′P Π^′, and R^′(z) = (Π^′P Π^′ − z)^{−1}Π^′, where Π = φ_0 ⊗ (·, φ_0)_a : L^2(X) → L^2(X) and Π^′ = 1 − Π. Let Q(z) be defined by

Q(z) =

R^′(z) φ_0 ⊗ · (·, φ_0)_a z − (P (φ_0 ⊗ ·), φ_0)_a .

Then, in L^2(X) × L^2(X_a),

P(z)Q(z) =

(P − z)R^′(z) + Π P (φ_0 ⊗ ·) − ΠP Π(φ_0 ⊗ ·) 0 1 = 1 +

ΠI_aR^′(z) Π^′I_a(φ_0 ⊗ ·) 0 0 . Let B = ΠI_aR^′(z) Π^′I_a(φ_0 ⊗ ·) 0 0 .

It is easy to check that B3 = 0. Therefore, 1 + B is invertible and therefore P(z) is invertible on the right. Similarly, one can show that P(z) is invertible on the left. Consequently, P(z) is invertible and one has P(z)^{−1} = Q(z)(1 − B + B2). (3.2) Writing the inverse of P(z) in the form

P(z)^{−1} = ϵ(z) ϵ_+(z) ϵ_−(z) ϵ_{+−}(z)

, (3.3)

we can compute that ϵ(z) = R^′(z), ϵ_+(z) = −R^′(z)I_a(φ_0 ⊗ ·) + (φ_0 ⊗ ·), ϵ_−(z) = (·, φ_0)_a − (I_aR^′(z)·, φ_0)_a, ϵ_{+−}(z) = (z − E_0) − (−△_{xa} + Ĩ_a(x_a)) + (I_aR^′(z)I_a(φ_0 ⊗ ·), φ_0)_a, where Ĩ_a(x_a) = (I_aφ_0, φ_0)_a.

Making use of the relations P(z)P(z)^{−1} = 1 and P(z)^{−1}P(z) = 1, we obtain the following identities (P − z)ϵ(z) + φ_0 ⊗ (ϵ_−(z)·) = 1 (P − z)ϵ_+(z) + φ_0 ⊗ (ϵ_{+−}(z)·) = 0 ϵ(z)(P − z) + ϵ_+(z)(·, φ_0)_a = 1 ϵ_−(z)(P − z) + ϵ_{+−}(z)(·, φ_0)_a = 0.

As usual (see e.g. [8]), we deduce from the above relations the expression of the resolvent R(z) R(z) = ϵ(z) − ϵ_+(z)ϵ_{+−}(z)^{−1}ϵ_−(z). (3.4) The formula (3.4) is valid for any z with ℑz > 0 without the assumption that E_0 ∉ σ(P^′). With the assumption E_0 ∉ σ(P^′), R^′(z) is holomorphic in a small neighbourhood of E_0, so are ϵ_+(z), ϵ_{+−}(z) and ϵ_−(z). The asymptotic behaviour of R(z) near E_0 is then determined by that of ϵ_{+−}(z)^{−1}. To study the resonance of P at E_0, we remark that by the method of commutators, the relation (3.4) initially established in L^2 remains valid in any weighted-L^2 space.

Set λ = z − E_0 and write ϵ_{+−}(z) as ϵ_{+−}(z) = λ − (−△_{xa} + V (λ)), where V (λ) = Ĩ_a(x_a)) − (I_aR^′(λ + E_0)I_a(φ_0 ⊗ ·), φ_0)_a (3.5) is holomorphic near λ = 0. V (λ) has a convergent expansion near λ = 0

V (λ) = ∞∑ j=0 λ^jV_j

with V_0 = Ĩ_a(x_a)) − (I_aR^′(E_0)I_a(φ_0 ⊗ ·), φ_0)_a V_j = −(I_a(R^′(E_0))^{j+1}I_a(φ_0 ⊗ ·), φ_0)_a, j ≥ 1.

Note that for j ≥ 1, V_j = (I_a(R^′(E_0))^{j+1}I_a(φ_0 ⊗ ·), φ_0)_a ∈ L(0, s; 0, s + 2ρ), ∀s ∈ R. In this work, it is important to note that V_1 = −(I_a(R^′(E_0))^2I_a(φ_0 ⊗ ·), φ_0)_a is a negative operator on L^2(X_a). (3.6) Making use of the relation ϵ_{+−}(z)^{−1} = −(1 + R_0(λ)V (λ))^{−1}R_0(λ), we are reduced to establishing the asymptotic expansion of (1 + R_0(λ)V (λ))^{−1} in suitable spaces.

Proposition 3.1 For k ∈ N, ρ > max{2, 2k + 1} and (2k + 1)/2 < s < ρ − (2k + 1)/2, one has for W (λ) = 1 + R_0(λ)V (λ)

W (λ) = k∑ j=0 λ^{j/2}W_j + O(|λ|^{k/2+ϵ}), (3.7)

in L(1, −s; 1, −s), for λ ∈ U_δ and ϵ ∈]0, 1/2] verifies ϵ < (2s − 2k − 1)/4. Here W_0 = 1 + G_0V_0, W_1 = G_1V_0, W_2 = G_2V_0 + G_0V_1, W_3 = G_3V_0 + G_1V_1.

Proposition 3.1 follows from the results of Section 2 and the expansion of V (λ) near 0. From (3.4), we can deduce the following asymptotic expansion of the resolvent in the case where E_0 is a regular point of P .

Proposition 3.2 Assume that E_0 is a regular point for P . Then, for k ∈ N, ρ > max{2, 2k+ 1}, s > 1 if k = 0 and (2k + 1)/2 < s < ρ − (2k + 1)/2 if k ≥ 1, one has

R(z) = k∑ j=0 λ^{j/2}B^{(0)}_j + O(|λ|^{k/2+ϵ}), (3.8)

in L(−1, s; 1, −s), for λ = z − E_0 ∈ U_δ and ϵ > 0 is the same as in Proposition 3.2. Here B^{(0)}_0 = R^′(E_0) + ϵ_+(E_0)C_0G_0ϵ_−(E_0), (3.9) B^{(0)}_1 = ϵ_+(E_0)(C_0G_1 + C_1G_0)ϵ_−(E_0), (3.10) with C_0 = (1 + G_0V_0)^{−1} and C_1 = −C_0G_1V_0C_0.

Proof. By the assumption and Proposition 3.1, 0 is a regular point for ϵ_{+−}(E_0) = −Δ + V_0. In this case, C_0 ∈ L(1, −s; 1, −s) for 1/2 < s < ρ − 1/2 and one has (1 + R_0(λ)V (λ))^{−1} = C_0 + λ^{1/2}C_1 + · · · where C_0, C_1 are as above. Consequently, one has in suitable spaces −ϵ^{−1}_{+−}(λ) = (1 + R_0(λ)V (λ))^{−1}R_0(λ) = C_0G_0 + λ^{1/2}(C_0G_1 + C_1G_0) + · · · Proposition 3.2 follows from (3.4).

3.2 Spectral properties of P at the threshold

Definition. We say that 0 is a resonance of ϵ_{+−}(E_0) if the equation ϵ_{+−}(E_0)v = 0 has a solution v ∈ H^{1,−s}(X_a) for any s > 1/2 and v ∉ L^2(X_a). As for P , we call 0 a regular point or an exceptional point of the first, the second or the third kind of ϵ_{+−}(E_0) according to the spectral properties of 0 with respect to ϵ_{+−}(E_0).

It is well-known that E_0 is an eigenvalue of P if and only if 0 is an eigenvalue of ϵ_{+−}(E_0). As to resonance, we have the similar result.

Proposition 3.3 E_0 is a resonance of P if and only if 0 is a resonance of ϵ_{+−}(E_0).

Proof. Using (3.3) for P(E_0)^{−1}, we obtain the following equations

(P − E_0)ϵ_+(E_0) + φ_0 ⊗ ϵ_{+−}(E_0) = 0,

ϵ_−(E_0)(P − E_0) + ϵ_{+−}(E_0)(·, φ_0)_a = 0. These relations are still valid in L^{2,s}, s ∈ R.

Assume that zero is a resonance of ϵ_{+−}(E_0). Let v be a resonant function

v ∈ H^{1,−s}(X_a), ∀s > 1/2, and ϵ_{+−}(E_0)v = 0.

Then, u ≡ ϵ_+(E_0)v = −R^′(E_0)(I_a(φ_0 ⊗ v)) + φ_0 ⊗ v is in H^{1,−s}(X), ∀s > 1/2, and satisfies (P − E_0)u = 0. We claim that u ∉ L^2(X). In fact, φ_0 ⊗v ∈ L^{2,−s} \L^2 and since I_a(φ_0 ⊗v) ∈ L^{2,ρ−s}, so does R^′(E_0)(I_a(φ_0 ⊗v)). So, u ∈ L^{2,−s} \L^2.

Conversely, if E_0 is a resonance of P and u an associated resonant function, set v = (u, φ_0)_a. v ∈ H^{1,−s}, ∀s > 1/2, and ϵ_{+−}(E_0)v = 0. v ∉ L^2, because by the relation

ϵ(z)(P − z) + ϵ_+(z)(·, φ_0)_a = I,

u = ϵ_+(E_0)v. If v ∈ L^2, u would also be in L^2, which contradicts the fact that u is a resonant function, which shows that 0 is a resonance of ϵ_{+−}(E_0).

The proof of Proposition 3.3 shows that the dimensions of resonant spaces are the same. Theorem 1.1 in the case E_0 ∉ σ_d(P^′) is derived from Proposition 3.3.

Proof of Theorem 1.1 in the case E_0 ∉ σ_d(P^′). Remark that ϵ_{+−}(E_0) = −(−Δ_a + V_0) is a two-body Schrödinger operator. Although V_0 is non-local, the analysis of [9] is still valid in this case. In particular, one can show that the kernel of ϵ_{+−}(E_0) in H^{1,−s}, ∀s > 1/2, is of finite dimension and that if v is a resonant function of ϵ_{+−}(E_0), then

< V_0v, 1 >_a≠ 0.

As a consequence, the 0 resonance of ϵ_{+−}(E_0) is at most simple, so is the E_0 resonance of P , by Proposition 3.3. It follows that if E_0 is an eigenvalue of P , its multiplicity is finite. By the proof of Proposition 3.3, u is resonant function of P if and only if it can be written in the form u = ϵ_+(E_0)v, where v is a resonant function of ϵ_{+−}(E_0). Since u ∈ H^{1,−s}, ∀s > 1/2, ρ > 2 and φ_0 is rapidly decreasing on X_a, I_auφ_0 ∈ L1(X). This gives ∫ I_auφ_0 dx = ∫ I_a(ϵ_+(E_0)v)φ_0 dx = ∫ [(I_a − I_aR^′(E_0)I_a)(φ_0 ⊗ v)]φ_0 dx =< V_0v, 1 >_a≠ 0,

3.3 Asymptotic expansions of (1 + R_0(λ)V (λ))^{−1}

In the case E_0 is not an eigenvalue of P (i.e. it may be a regular point or an exceptional point of the first kind of P ), the asymptotic expansion of (1 + R_0(λ)V (λ))^{−1} can be obtained by method of perturbation based on the known results for two-body Schrödinger operators. If E_0 is an eigenvalue of P , or equivalently, 0 is an eigenvalue of ϵ_{+−}(E_0) = −Δ + V_0, due to the presence of the term λV_1 in V (λ), the method of perturbation does not work. In the rest of this section, we present a self-contained proof in this general case, using once again the Grushin’s method.

Recall that G_0 = (−Δ)^{−1} ∈ L(−1, s^′; 1, −s), s + s^′ > 2, s, s^′ > 1 2 , and (1 + G_0V_0) ∈ L(1, −s; 1, −s)

for 1/2 < s < ρ − 1/2. Let

K = Ker (1 + G_0V_0) ⊂ H^{1,−s}, K^∗ = Ker (1 + G_0V_0)^∗ ⊂ H^{−1,s}.

As in [JK], one can show that K is independent of s > 1/2 and is spanned by the resonant states and the eigenfunctions of −Δ + V_0. The resonance, if it exists, is always simple and the resonant function ϕ is characterized by the relation

< V_0ϕ, 1 >_a= ∫ (V_0ϕ)(x)dx ≠ 0.

One can easily check that V_0 is injective from K into K^∗ and V^∗_0 = V_0 is injective from K^∗ into K. Consequently, V_0 is bijective from K onto K^∗. This shows that dim K = dim K^∗ and the form ϕ →< ϕ, −V_0ϕ >_a

is non-degenerate on K. Using the positivity of −Δ, one can prove that this form is definite positive. Let μ = dim K.

We can choose a basis {ϕ_1, · · · , ϕ_μ} of K such that

< ϕ_i, −V_0ϕ_j >_a= δ_{ij}. (3.11)

Recall that the 0-resonance, if it does exist, is simple for −Δ + V_0. Consequently, we can choose the basis {ϕ_j} such that ϕ_j, j ≥ 2, are eigenfunctions. Denote

ϕ^∗_j = −V_0ϕ_j, j = 1, · · · , μ, (3.12)

which form a basis of K^∗.

In order to get the expansion of (1 + R_0(λ)V (λ))^{−1}, we consider

A(λ) =

W (λ) T S 0 : H^{1,−s} × C^μ → H^{1,−s} × C^μ,

where s > 1/2, operators T and S are defined as follows:

T c_1 . . c_μ = μ∑ j=1 c_jϕ_j, c_1 . . c_μ

∈ C^μ, and Sf =

< f, −V_0ϕ_1 >_a . . < f, −V_0ϕ_μ >_a

, f ∈ H^{1,−s}.

Define Q : H^{1,−s} → H^{1,−s} by

Qf = μ∑ j=1 < f, ϕ^∗_j >_a ϕ_j .

Then, T S = Q on H^{1,−s} and ST = I_μ on C^μ.

Lemma 3.4 One has the decomposition

H^{1,−s} = K ⊕ Range (1 + G_0V_0). (3.13)

Q is the projection from H^{1,−s}, s > 1/2, onto K with Range Q = Range (1 + G_0V_0).

Proof. For u ∈ K ∩ Range (1 + G_0V_0), we have, for some v, (1 + G_0V_0)u = 0 and u = (1 + G_0V_0)v. Thus, u = −G_0V_0u and

< −V_0u, u >_a=< −V_0u, v + G_0V_0v >_a= − < V_0(1 + G_0V_0)u, v >_a= 0.

Since −V_0 defines a positive definite form on K, this implies u = 0. This proves that K ∩ Range (1 + G_0V_0) = {0}. Since G_0V_0 is compact on H^{1,−s}, Range (1 + G_0V_0) is closed and is equal to ( Ker (1 + G_0V_0)^∗)^⊥. For any u ∈ H^{1,−s}, we write u = Qu + (u − Qu) and we can check that u − Qu ∈ ( Ker (1 + G_0V_0)^∗)^⊥. This proves H^{1,−s} = K ⊕ Range (1 + G_0V_0).

It is easy to verify that Q is the projection onto K corresponding to this decomposition of H^{1,−s}.

Denote F = Range (1 + G_0V_0). Then, Q^′ = 1 − Q is a projection from H^{1,−s} onto F .

Proposition 3.5 Q^′(1 + G_0V_0)Q^′ is bijective on F . For λ ∈ U_δ, δ > 0 small enough, Q^′W (λ)Q^′ is invertible on F . Let

D(λ) = (Q^′W (λ)Q^′)^{−1}Q^′.

Then if ρ > 2, one has D(λ) = D_0 + O(|λ|^ϵ), (3.14)

in L(1, −s; 1, −s), s > 1/2. Here 0 < ϵ < min{1/2, (2s − 1)/4}. More generally, if k ≥ 1 and ρ > 2k + 1, one has

D(λ) = k∑ j=0 λ^{j/2}D_j + O(|λ|^{k/2+ϵ}), (3.15)

in L(1, −s; 1, −s), (2k + 1)/2 < s < ρ − (2k + 1)/2. Here ϵ > 0 is the same as in Lemma 2.2 and D_0 = (Q^′(1 + G_0V_0)Q^′)^{−1}Q^′, D_1 = −D_0W_1D_0.

Proof. For u ∈ F , such that Q^′(1 + G_0V_0)Q^′u = 0, we have Q^′u = u and 0 = Q^′(1 + G_0V_0)Q^′u = (1 + G_0V_0)u − Q(1 + G_0V_0)u = (1 + G_0V_0)u. This means u ∈ K and u = 0, by Lemma 3.4. This proves that Q^′(1 + G_0V_0)Q^′ is injective on F . Since Q^′G_0V_0Q^′ is compact on F , the Fredholm’s alternative theorem shows that Q^′(1 + G_0V_0)Q^′ is also surjective on F . Consequently, D_0 = (Q^′(1 + G_0V_0)Q^′)^{−1}Q^′, (3.16) belongs to L(1, −s; 1, −s), s > 1/2. The second part of the Proposition follows from Lemma 2.2 and Proposition 3.1 .

Using the operator D(λ), we can construct an approximate inverse of A(λ). Set

B(λ) = ( D(λ) T S −SW (λ)T ) : H^{1,−s} × C^μ → H^{1,−s} × C^μ, s > 1/2.

Proposition 3.6 For λ ∈ U_δ, the operator A(λ) is invertible from H^{1,−s} ×C^μ to H^{1,−s} ×C^μ. The inverse A(λ)^{−1} can be written in the form

A(λ)^{−1} =

E(λ) E_+(λ) E_−(λ) E_{+−}(λ) ,

where E(λ) = D(λ), E_+(λ) = T − D(λ)Y, (3.17) E_−(λ) = S − SX, E_{+−}(λ) = −SW (λ)T + SXY, (3.18) with X = QW (λ)Q^′D(λ), Y = Q^′W (λ)T.

Proof. By direct calculus, we have, in L(H^{1,−s} × C^μ, H^{1,−s} × C^μ),

A(λ)B(λ) =

W (λ)D(λ) + T S W (λ)T − T SW (λ)T SD(λ) ST

. (3.19)

Since ST = 1 and T S = Q, we can simplify the above expression to obtain

A(λ)B(λ) = 1 + X Y 0 0 . (3.20)

Here X and Y are defined as above. We can check that X2 = 0 and Y 2 = 0. So the left hand-side of the last equation is invertible. This proves A(λ) has a right inverse. Similarly, we can show that it has also a left inverse. A(λ) is thus invertible and

A(λ)^{−1} = B(λ) 1 + X Y 0 0 −1 . (3.21)

An easy calculus gives the desired result.

As before, we obtain from Proposition 3.6 an expression for the inverse of W (λ): W (λ)^{−1} = E(λ) − E_+(λ)E_{+−}(λ)^{−1}E_−(λ). (3.22) Remark also that if ρ > 2k + 1, E_±(λ) have an asymptotic expansion of the form

E_±(λ) = k∑ j=0 λ^{j/2}E_{±,j} + O(|λ|^{k/2+ϵ}), (3.23)

in L(C^μ; H^{1,−s}) or L(H^{1,−s}; C^μ), s > k + 1/2, where E_{−,0} = S, E_{−,1} = −SW_1D_0, and E_{+,0} = T, E_{+,1} = −D_0W_1T.

To study the asymptotics of W (λ)^{−1} near 0, we are led to the study of that for E_{+−}(λ)^{−1} near 0, which is just a μ × μ-matrix valued function.

Lemma 3.7 Assume ρ > 2k − 1 and k ≥ 2. One has:

E_{+−}(λ) = k∑ j=1 λ^{j/2}E_{+−,j} + O(|λ|^{k/2+ϵ}), (3.24)

for 0 < ϵ < min{1/2, (ρ − 2k + 1)/4}. Here

E_{+−,1} = −SW_1T, (3.25) E_{+−,2} = −SW_2T + SW_1D_0W_1T, (3.26) E_{+−,3} = −SW_3T + S(W_1D_1W_1 + W_2D_0W_1 + W_1D_0W_2)T (3.27)

and ϵ > 0 is the same as in Proposition 3.5. In addition, if 0 is an exceptional point of the first kind (in this case μ = 1),

E_{+−,1} = c_0 := i 4π | < V_0ϕ_1, 1 >_a |^2 ≠ 0. (3.28)

If 0 is an exceptional point of the second kind, then,

E_{+−,1} = 0, E_{+−,2} = (< (1 − V_1)ϕ_i, ϕ_j >_a)_{1≤i,j≤μ}. (3.29)

If 0 is both an eigenvalue and a resonance, E_{+−,1} and E_{+−,2} can be written in the form:

E_{+−,1} = c_0 0 · · · 0 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

, (3.30)

E_{+−,2} = v_1 v_2 · · · v_μ v̄_2 < (1 − V_1)ϕ_2, ϕ_2 >_a · · · < (1 − V_1)ϕ_2, ϕ_μ >_a . . . . ... . . v̄_μ < (1 − V_1)ϕ_μ, ϕ_2 >_a · · · < (1 − V_1)ϕ_μ, ϕ_μ >_a

. (3.31)

Here c_0 ≠ 0 has the same expression as in (3.28) and v_j ∈ C.

Proof. From Proposition 3.6, one has

E_{+−}(λ) = −SW (λ)T + SW (λ)D(λ)W (λ)T,

where W (λ) = 1 + R_0(λ)V (λ). −SW (λ)T = (< W (λ)ϕ_i, V_0ϕ_j >_a)_{1≤i,j≤μ}. Note that in general, ϕ_j ∈ H^{1,−s} for any s > 1/2 and ϕ_j ∈ H^{1,0} if it is an eigenfunction. For ρ > k + 1, we have an expansion of the form (3.24) for −SW (λ)T and if 0 is not a resonance, we just need ρ > k + 1/2 to obtain the same result. Remark that

S(1 + G_0V_0) = (1 + G_0V_0)T = 0.

SW (λ) and W (λ)T have asymptotic expansions beginning with λ^{1/2}. In order to obtain an expansion of SW (λ)D(λ)W (λ)T up to the oder λ^{k/2}, we just need to expand each factor up to the oder λ^{(k−1)/2}. By Proposition 3.1 and Proposition 3.5, the condition ρ > 2(k − 1) is sufficient. This proves (3.24).

To precise the leading term, we remark that in the case of an exceptional point of the first kind, the 0 resonance is simple and the resonant function ϕ_1 is characterized by the condition

< V_0ϕ_1, 1 >_a≠ 0.

Since G_1 is an integral operator with the constant integral kernel^i_{4π} ,

−SW_1T =< G_1V_0ϕ_1, V_0ϕ_1 >_a= i 4π | < V_0ϕ_1, 1 >_a |^2 ≠ 0.

In the case of an exceptional point of the second kind , we have ϕ_j ∈ L^2 for all j and thus, < V_0ϕ_j, 1 >_a= 0, j = 1, · · · , μ. The same calculus as above shows E_{+−,1} = 0. For the same reason, we have also SW_1D_0W_1T = 0. Consequently,

E_{+−,2} = −S(G_2V_0 + G_0V_1)T = (< (G_2V_0 + G_0V_1)ϕ_i, V_0ϕ_j >_a)_{i,j=1,···,μ}

Moreover, since ϕ_j ∈ L^2 and < V_0ϕ_j, 1 >_a= 0, j = 1, · · · , μ, we can check that

< G_2V_0ϕ_i, V_0ϕ_j >_a=< ϕ_i, ϕ_j >_a .

In fact, writing G_2 = λ^{−1}(R_0(λ) − G_0 − λ^{1/2}G_1) + O(|λ|^ϵ), one has G_2V_0ϕ_i = −R_0(λ)ϕ_i + O(|λ|^ϵ)V_0ϕ_i, and < G_2V_0ϕ_i, V_0ϕ_j >_a= − < ϕ_i, R_0(λ)V_0ϕ_j >_a +O(|λ|^ϵ).

R_0(λ)V_0ϕ_j = −ϕ_j − λR_0(λ)ϕ_j. Since ϕ_j ∈ L^2, for λ = iγ with γ ∈ R_+, γR_0(−iγ) converges to 0 in the strong operator topology on L^2. Therefore, taking the limit λ = iγ → 0, γ ∈ R_+, we obtain < G_2V_0ϕ_i, V_0ϕ_j >_a=< ϕ_i, ϕ_j >_a .

It is clear that < G_0V_1ϕ_i, V_0ϕ_j >_a= − < V_1ϕ_i, ϕ_j >_a. This proves (3.29).

The case of an exceptional point of the third kind can be calculated in the same way. Note in particular that in this case,

< V_0ϕ_1, 1 >_a≠ 0, < V_0ϕ_j , 1 >_a= 0, for j = 2, · · · , μ,

which implies that W_1ϕ_j = 0 for j ≥ 2. This allows to show that the (i, j)-entry, i ≥ 2, j ≥ 2, of E_{+−,1} is zero, while that of E_{+−,2} is < (1 − V_1)ϕ_i, ϕ_j >_a.

Remark If 0 is an exceptional point of the first kind, under the assumption ρ > 2, one can obtain the leading term in (3.24). In fact, W (λ)T = ((R_0(λ) − G_0)V (λ) + G_0V_1(λ))T , where V_1(λ) = V (λ) − V_0 = O(λ < x >^{−2ρ}). Applying (2.6) with k = 0 and s = ρ/2

W (λ)T = O(λ^r)

in L(C; H^{1,−ρ/2}) for any r < (ρ − 1)/4. Similarly, one has SW (λ) = O(λ^r) in L(H^{1,−ρ/2}; C). This gives SW (λ)D(λ)W (λ)T = O(λ^{2r}). Since ρ > 2, we can take r such that 2r > 1/2. We obtain from the proof of Lemma 3.7 that

E_{+−}(λ) = λ^{1/2}E_{+−,1} + O(|λ|^{1/2+ϵ}).

This will allow us to obtain the leading term of the asymptotics of the resolvent in the case of an exceptional point of the first kind under the assumption ρ > 2.

Note that in the case of an exceptional point of the second or third kind, the span of {ϕ_1, · · · , ϕ_μ} or {ϕ_2, · · · , ϕ_μ} is just the 0-eigenspace of −Δ + V_0. Let Π_0 be the spectral projection in L^2 onto the 0-eigenspace of −Δ + V_0.

Proposition 3.8 (a). Suppose that 0 an exceptional point of the first kind. For ρ > 2k − 1, k ≥ 2, (2k − 1)/2 < s < ρ − (2k − 1)/2, we have

(1 + R_0(λ)V (λ))^{−1} = k−2∑

j=−1

λ^{j/2}C^{(1)}_j + O(|λ|^{(k−2)/2+ϵ}) (3.32)

where C^{(1)}_{−1} = −c^{−1}_0 Q. (3.33)

If ρ > 2, one has (1 + R_0(λ)V (λ))^{−1} = −λ^{−1/2}c^{−1}_0 Q + O(λ^{−1/2+ϵ}).

(b). Suppose that 0 is an exceptional point of the second kind. For ρ > 2k − 1, k ∈ N with k ≥ 2, (2k − 1)/2 < s < ρ − (2k − 1)/2, we have

(1 + R_0(λ)V (λ))^{−1} = k−4∑

j=−2

λ^{j/2}C^{(2)}_j + O(|λ|^{(k−4)/2+ϵ}) (3.34)

where C^{(2)}_{−2} = (Π_0(1 − V_1)Π_0)^{−1}Π_0V_0, C^{(2)}_{−1} = −C^{(2)}_{−2} G_3V_0C^{(2)}_{−2} . (3.35)

(c). Suppose that 0 is an exceptional point of the third kind. For ρ > 2k − 1, k ∈ N with k ≥ 2, (2k − 1)/2 < s < ρ − (2k − 1)/2, we have

(1 + R_0(λ)V (λ))^{−1} = k−4∑

j=−2

λ^{j/2}C^{(3)}_j + O(|λ|^{(k−4)/2+ϵ}) (3.36)

where

C^{(3)}_{−2} = (Π_0(1 − V_1)Π_0)^{−1}Π_0V_0, (3.37)

C^{(3)}_{−1} = −C^{(3)}_{−2} G_3V_0C^{(3)}_{−2} + c^{−1}_0 (1 + A)T_1T^∗_1 (1 + A^∗)V_0 (3.38)

with A = C^{(3)}_{−2} W_2.

Here λ ∈ U_δ with δ > 0 small and ϵ ∈]0, 1/2] verifies ϵ < (2s − 2k + 1)/4 and the expansions are valid in L(1, −s; 1, −s).

Proof. (a). If 0 is an exceptional point of the first kind, then, Lemma 3.7 shows that for ρ > 2k − 1, k ≥ 2,

E_{+−}(λ) = c_0λ^{1/2}(1 + k−1∑ j=1 λ^{j/2}c^{−1}_0 E_{+−,j+1} + O(|λ|^{(k−1)/2+ϵ})).

Since c_0 ≠ 0, E_{+−}(λ) is invertible for λ sufficiently small and E_{+−}(λ)^{−1} has an expansion up to the order λ^{(k−2)/2} with the leading term c^{−1}_0 λ^{−1/2}. To obtain (3.32), we apply (3.22) and Proposition 3.6 to the order k − 2 and (3.23) to the order k − 1.

The case ρ > 2 follows from the Remark after Lemma 3.7.

(b). In this case, for ρ > 2k − 1, k ≥ 2, one has

E_{+−}(λ) = λE_{+−,2} + k∑ j=3 λ^{j/2}E_{+−,j} + O(|λ|^{k/2+ϵ}).

Let T^∗ : L^2 → C^μ be the adjoint of T . So S = −T^∗V_0. By Lemma 3.7, E_{+−,2} = T^∗(1 − V_1)T . Since V_1 ≤ 0, T^∗(1 − V_1)T is invertible. So, E_{+−}(λ) is invertible for λ small and we have an asymptotic expansion for E_{+−}(λ)^{−1} to the order λ^{(k−4)/2} with the leading term λ^{−1}(T^∗(1 − V_1)T )^{−1}. Then, (3.34) follows from (3.22) and Proposition 3.6 to the order k − 4 and (3.23) to the order k − 2.

Since S = −T^∗V_0, we have

C^{(2)}_{−2} = −T (T^∗(1 − V_1)T )^{−1}S = T (T^∗(1 − V_1)T )^{−1}T^∗V_0.

To express C^{(2)}_{−2} in terms of the spectral projection Π_0, we remark that Π_0 = T (T T^∗)^{−1}T^∗, Π_0T = T, T^∗Π_0 = T^∗.

It is then easy to check (Π_0(1 − V_1)Π_0)T (T^∗(1 − V_1)T )^{−1}T^∗ = T (T T^∗)^{−1}T^∗ = Π_0 and T (T^∗(1 − V_1)T )^{−1}T^∗(Π_0(1 − V_1)Π_0) = T (T T^∗)^{−1}T^∗ = Π_0.

Therefore, T (T^∗(1 − V_1)T )^{−1}T^∗ = (Π_0(1 − V_1)Π_0)^{−1}Π_0 and

C^{(2)}_{−2} = (Π_0(1 − V_1)Π_0)^{−1}Π_0V_0.

For C^{(2)}_{−1} , we note that E_{+−,3} is reduced to −SW_3T and we have E_{+−}(λ)^{−1}

= λ^{−1}(T^∗(1 − V_1)T )^{−1} + λ^{−1/2}(T^∗(1 − V_1)T )^{−1}SW_3T (T^∗(1 − V_1)T )^{−1} + · · · Hence, C^{(2)}_{−1} = −(T^∗(1 − V_1)T )^{−1}SW_3T (T^∗(1 − V_1)T )^{−1}S = −C^{(2)}_{−2} W_3C^{(2)}_{−2} = −C^{(2)}_{−2} G_3V_0C^{(2)}_{−2} (c). In the case where 0 is both an eigenvalue and a resonance, both E_{+−,1} and E_{+−,2} are non nul. To prove the existence of an asymptotic expansion, we need to study λ^{1/2}E_{+−,1} +λE_{+−,2}. Note that ρ > 2k − 1, k ≥ 2, one has

E_{+−}(λ) = λ^{1/2}E_{+−,1} + λE_{+−,2} + k∑ j=3 λ^{j/2}E_{+−,j} + O(|λ|^{k/2+ϵ}).

λ^{1/2}E_{+−,1} + λE_{+−,2} can be written in the form

λ^{1/2}E_{+−,1} + λE_{+−,2} = ( λ^{1/2}c_0 + λv_1 λv^{′∗} λv^′ λM ) , where v^′ ∈ C^{μ−1} and M = (< (1 − V_1)ϕ_i, ϕ_j >_a)_{2≤i,j≤μ}. Since V_1 ≤ 0, M is invertible. We can compute

(λ^{1/2}E_{+−,1} + λE_{+−,2}) ( λ^{−1/2}c^{−1}_0 0

0 λ^{−1}M^{−1} ) = 1 + ( λ^{1/2}c^{−1}_0 v_1 v^{′∗}M^{−1} λ^{1/2}c^{−1}_0 v^′ 0 )

The right hand side of the above equation is invertible for λ small and the inverse is given by ( b(λ) −b(λ)v^{′∗}M^{−1} −λ^{1/2}c^{−1}_0 b(λ)v^′ 1 + c^{−1}_0 b(λ)v^′v^{′∗}M^{−1} ) , where b(λ) = (1+λ^{1/2}c^{−1}_0 (v_1 −v^{′T} M^{−1}v^′))^{−1}. This shows that λ^{1/2}E_{+−,1} +λE_{+−,2} is invertible for λ small and its inverse is given by

Ψ(λ) ≡ (λ^{1/2}E_{+−,1} + λE_{+−,2})^{−1}

= λ^{−1} ( 0 0 0 M^{−1} ) + λ^{−1/2}c^{−1}_0 b(λ) ( 1 −v^{′∗}M^{−1} −M^{−1}v^′ M^{−1}v^′v^{′∗}M^{−1} ) . Therefore, E_{+−}(λ) is invertible for λ ∈ U_δ and

E_{+−}(λ)^{−1}

= Ψ(λ)(1 + ( k∑ j=3 λ^{j/2}E_{+−,j} + O(|λ|^{k/2+ϵ}))Ψ(λ))^{−1}

= Ψ(λ)(1 − ( k∑ j=3 λ^{j/2}E_{+−,j} + O(|λ|^{k/2+ϵ})Ψ(λ)) + · · ·)

= λ^{−1} ( 0 0 0 M^{−1} ) + λ^{−1/2}c^{−1}_0 ( 1 −v^{′∗}M^{−1} −M^{−1}v^′ M^{−1}v^′v^{′∗}M^{−1} )

−λ^{−1/2} ( 0 0 0 M^{−1} ) E_{+−,3} ( 0 0 0 M^{−1} ) + O(1)

The existence of the expansion (3.36) is deduced as in the first two cases. Remark that C^{(3)}_{−2} and C^{(3)}_{−1} are determined by

−T E_{+−}(λ)^{−1}S = λ^{−1}C^{(3)}_{−2} + λ^{−1/2}C^{(3)}_{−1} + · · ·

To compute them, write T = (T_1, T^′), S = ( S_1 S^′ ) , where T_1 and S_1 are just the first components in T and S. As in (b), we have,

T^′M^{−1}T^{′∗} = (Π_0(1 − V_1)Π_0)^{−1}Π_0.

So C^{(3)}_{−2} = (Π_0(1 − V_1)Π_0)^{−1}Π_0V_0. Compared with C^{(2)}_{−1} , C^{(3)}_{−1} has only an additional term from the 0-resonance −c^{−1}_0 T ( 1 −v^{′∗}M^{−1} −M^{−1}v^′ M^{−1}v^′v^{′∗}M^{−1} ) S = c^{−1}_0 (T_1T^∗_1 − T_1v^{′∗}M^{−1}T^{′∗} − T^′M^{−1}v^′T^∗_1 + T^′M^{−1}v^′v^{′∗}M^{−1}T^{′∗})V_0.

Note that v^′ = S^′W_2T_1 = −T^{′∗}V_0W_2T_1 and T^′M^{−1}T^{′∗}V_0 = C^{(3)}_{−2} . The above equation is equal to = c^{−1}_0 (T_1T^∗_1 + T_1T^∗_1 W^∗_2 C^{(3)∗}_{−2} + C^{(3)}_{−2} W_2T_1T^∗_1 + C^{(3)}_{−2} W_2T_1T^∗_1 W^∗_2 C^{(3)∗}_{−2} )V_0.

This proves the formula for C^{(3)}_{−1} .

Note that if V_1 = 0, one can choose suitably the resonant function ϕ_1 such that v^′ = 0.

3.4 Asymptotic expansions of R(z) when E_0 ∉ σ_d(P^′) Now we are ready to deduce the asymptotics of the resolvent R(z) near E_0. This is based on the following representation and Proposition 3.8.

R(z) = ϵ(z) − ϵ_+(z)ϵ_{+−}(z)^{−1}ϵ_−(z) (3.39) = ϵ(z) + ϵ_+(z)(1 + R_0(λ)V (λ))^{−1}R_0(λ)ϵ_−(z), with λ = z − E_0.

Theorem 3.9 (a). Assume ρ > max{2, 2k − 1} for some k ∈ N with k ≥ 1. Suppose that E_0 is an exceptional point of the first kind of P . We have

R(z) = k−2∑

j=−1

λ^{j/2}B^{(1)}_j + O(|λ|^{(k−2)/2+ϵ}) (3.40)

where B^{(1)}_{−1} = i < ·, u > u, (3.41) with u an E_0 resonant function of P satisfying 1 2 √ π ∫ X I_a(x)u(x)φ_0(x^a) dx = 1. (3.42)

(b). Assume ρ > 2k − 1 for some k ∈ N with k ≥ 2. Suppose that E_0 is an exceptional point of the second kind of P . One has

R(z) = k−4∑

j=−2

λ^{j/2}B^{(2)}_j + O(|λ|^{(k−4)/2+ϵ}) (3.43)

where B^{(2)}_{−2} = −Π_{E0} , (3.44) B^{(2)}_{−1} = ϵ_+(E_0)(C^{(2)}_{−1} G_0 + C^{(2)}_{−2} G_1)ϵ_−(E_0). (3.45) (c). Assume ρ > 2k − 1 for some k ∈ N with k ≥ 2. Suppose that E_0 is an exceptional point of the third kind of P . One has

R(z) = k−4∑

j=−2

λ^{j/2}B^{(3)}_j + O(|λ|^{(k−4)/2+ϵ}) (3.46)

where B^{(3)}_{−2} = −Π_{E0} , (3.47) B^{(3)}_{−1} = ϵ_+(E_0)(C^{(3)}_{−1} G_0 + C^{(3)}_{−2} G_1)ϵ_−(E_0). (3.48) Π_{E0} denotes the spectral projection of P onto its E_0-eigenspace. The expansions are valid in L(−1, s; 1, −s) for (2k − 1)/2 < s < ρ − (2k − 1)/2 if k ≥ 2, for 1 < s < ρ − 1 if k = 1, λ ∈ U_δ with δ > 0 small enough and ϵ ∈]0, 1/2] verifies ϵ < (2s − 2k + 1)/4.

Proof. Since ϵ(z), ϵ_+(z) and ϵ_−(z) are holomorphic near E_0, making use of (3.39), the existence of the expansions (3.40) follows from Lemma 2.2 and Proposition 3.8. We need only to give the precision on the leading terms.

(a). By Proposition 3.8 (a), we have

B^{(1)}_{−1} = −c^{−1}_0 ϵ_+(E_0)QG_0ϵ_−(E_0)

= −c^{−1}_0 < G_0ϵ_−(E_0)·, −V_0ϕ_1 >_a ϵ_+(E_0)ϕ_1.

The proof of Proposition 3.3 shows that u_0 = ϵ_+(E_0)ϕ_1 is a resonant function of P . Since ϵ_−(E_0)^∗ = ϵ_+(E_0) and G_0V_0ϕ_1 = −ϕ_1.

< G_0ϵ_−(E_0)·, −V_0ϕ_1 >_a=< ·, ϵ_+(E_0)ϕ_1 > .

So B^{(1)}_{−1} = −c^{−1}_0 < ·, u_0 > u_0. Let u = 2 √ π < V_0ϕ_1, 1 >_a ϵ_+(E_0)ϕ_1.

Then u is a resonant function of P and B^{(1)}_{−1} = i < ·, u > u. To verify the condition (3.42) on u, put ϕ = 2 √ π < V_0ϕ_1, 1 >_a ϕ_1.

Then, u = ϵ_+(E_0) and 1 2 √ π < V_0ϕ, 1 >_a= 1.

As in the proof of Corollary 3.4, we have 1 2 √ π ∫ X I_a(x)u(x)φ_0(x^a) dx = 1 2 √ π < V_0ϕ, 1 >_a= 1.

(b). In this case,

B^{(2)}_{−2} = ϵ_+(E_0)(Π_0(1 − V_1)Π_0)^{−1}Π_0V_0G_0ϵ_−(E_0).

= −ϵ_+(E_0)(Π_0(1 − V_1)Π_0)^{−1}Π_0ϵ_−(E_0).

Denote v_j = ϵ_+(E_0)ϕ_j. Then {v_j, j = 1, · · · , μ} is a basis of the E_0-eigenspace of P . Let U = ϵ_+(E_0)T . Then, T^∗ϵ_−(E_0) = U^∗. We can calculate

U^∗U = T^∗(1 − (R^′(E_0)I_a(φ_0 ⊗ ·), φ_0)_a −(I_aR^′(E_0)(φ_0 ⊗ ·), φ_0)_a + (I_aR^′(E_0)^2I_a(φ_0 ⊗ ·), φ_0)_a)T = T^∗(1 − V_1)T,

because (R^′(E_0)I_a(φ_0 ⊗ ·), φ_0)_a = (I_aR^′(E_0)(φ_0 ⊗ ·), φ_0)_a = 0. As seen in the proof of Proposition 3.8, B^{(2)}_{−2} = −ϵ_+(E_0)T (T^∗(1 − V_1)T )^{−1}T^∗ϵ_−(E_0) can be simplified to −U(U^∗U)^{−1}U^∗ = −Π_{E0} .

The case (c) can be proved in the same way. The details are omitted.

4 The case E_0 ∈ σ_d(P^′)

In this section, we suppose that E_0 ∈ σ_d(P^′). Let m be its multiplicity and ψ_1, · · · , ψ_m be the orthonormal eigenfunctions of P^′:

P^′ψ_j = E_0ψ_j, j = 1, · · · , m.

We denote Π_1 = Π,

Π_2u = m∑ j=1 < u, ψ_j > ψ_j, u ∈ L^2(X).

Recall that Π is defined in Section 3. Let Π^′_j = 1 − Π_j, j = 1, 2, and Π^{′′} = 1 − Π_1 − Π_2. Since the ranges of Π_1 and Π_2 are orthogonal, Π^{′′} is an orthogonal projection and

Π^{′′} = Π^′_1Π^′_2 = Π^′_2Π^′_1.

Let P^{′′} = Π^{′′}P Π^{′′} and R^{′′}(z) = (P^{′′} − z)^{−1}Π^{′′}. R^{′′}(z) is well-defined in a small neighbourhood of E_0 and is holomorphic there.

Denote H^{r,s} = H^{r,s}(X_a) × C^m equiped with the norm (‖u‖^2_{r,s} + |v|^2)^{1/2} for (u, v) ∈ H^{r,s}(X_a) × C^m. Let H = L^2(X_a) × C^m. Consider the operator

P(z) =

P − z E0_+

E^0_− 0

: D(P ) × H → L^2(X) × H, (4.1)

where E^0_+ = ( E^0_{+,1} E^0_{+,2} ) : H → L^2(X) (4.2)

is defined by

E^0_{+,1}f = φ_0 ⊗ f, f ∈ L^2(X_a),

E^0_{+,2}c = m∑ j=1 c_jψ_j, c = c_1 . . c_m

∈ C^m,

and E^0_− = ( E^0_{−,1} E^0_{−,2} ) = E^{0∗}_+ : L^2(X) → H.

One has E^0_+E^0_− = Π_1 + Π_2 on L^2(X), E^0_−E^0_+ = 1 on H. (4.3)

As in Section 3, we can construct the inverse of P(z) by first considering an approximate one. Let R_0(z) =

R^{′′}(z) E0_+

E^0_− E^0_{+−}

, (4.4)

where E^0_{+−}(z) = E^0_−(z − P )E^0_+.

A direct calculus gives

P(z)R_0(z) =

(P − z)R^{′′}(z) + Π_1 + Π_2 (P − z)E0_+ + E^0_+E^0_{+−}(z)

E^0_−R^{′′}(z) 1

= 1 + A B 0 0 ,

where A = (Π_1I_a + Π_2P )R^{′′}(z), B = Π^{′′}P E^0_+.

Note that Π_2Π^{′′} = Π_2 and Π^′_1Π^{′′} = Π^{′′}. Π_2P Π^{′′} = Π_2P^′Π^{′′} = E_0Π_2Π^{′′} = 0. This gives A = Π_1I_aR^{′′}(z), (4.5) B = Π^{′′}P E^0_+. (4.6)

Since A2 = B2 = 0, 1+ A B 0 0 is invertible. This proves that P(z) admits a right inverse.

Similarly, we can show that P(z) admits also a left inverse. So, P(z) is invertible and we can calculate

P(z)^{−1} = R_0(z) 1 + −A AB − B 0 0

= E(z) E_+(z) E_−(z) E_{+−}(z)

, (4.7)

where E(z) = R^{′′}(z)(1 − A) = R^{′′}(z), E_+(z) = R^{′′}(z)(AB − B) + E^0_+ = (1 − R^{′′}(z)Π^{′′}P )E^0_+, E_−(z) = E^0_−(1 − A), E_{+−}(z) = E^0_{+−}(z) + E^0_−(AB − B).

¿From the above formulae, we derive the representation for the resolvent R(z) R(z) = E(z) − E_+(z)E_{+−}(z)^{−1}E_−(z). (4.8) E(z), E_+(z), E_−(z) and E_{+−}(z) are all holomorphic near E_0. Decomposing E_±0 into

E^0_+ = (E^0_{+,1}, E^0_{+,2}), E^0_− = ( E^0_{−,1} E^0_{−,2} ) , we have E_{+−}(z) = E^0_{+−}(z) + E^0_−(AB − B) = E^0_−(z − P + (Π_1I_aR^{′′}(z) − 1)Π^{′′}P )E^0_+ = ( E^0_{−,1}(z − P + Π_1I_aR^{′′}(z)I_a)E^0_{+,1} −E^0_{−,1}P E^0_{+,2}

−E^0_{−,2}P E^0_{+,1} E^0_{−,2}(z − P )E^0_{+,2} )

= ( E^0_{−,1}(z − P + I_aR^{′′}(z)I_a)E^0_{+,1} −E^0_{−,1}I_aE^0_{+,2} −E^0_{−,2}I_aE^0_{+,1} (z − E_0) )

≡ ( P_e(z) −C −C^∗ z − E_0 ) , (4.9)

where P_e(z) = E^0_{−,1}(z − P + I_aR^{′′}(z)I_a)E^0_{+,1}

= z − E_0 − (−Δ_a + (I_aφ_0, φ_0)_a − (I_aR^{′′}(z)I_a(φ_0 ⊗ ·), φ_0)_a) and C = E^0_{−,1}I_aE^0_{+,2} : C^m → L^2(X_a) and C^∗ = E^0_{−,2}I_aE^0_{+,1} : L^2(X_a) → C^m are given by

Cv = m∑ j=1 v_jϕ_j, ϕ_j = (I_aψ_j, φ_0)_a, j = 1, · · · , m, (4.10)

C^∗ϕ =

< I_aφ_0ϕ, ψ_1 > . . < I_aφ_0ϕ, ψ_m >

. (4.11)

Note that ψ_j, j = 1, · · · , m, are rapidly decreasing on X. C^∗ extends to an operator from H^{1,−s} to C^m, ∀s.

Lemma 4.1 Assume that rank {ϕ_1, · · · , ϕ_m} = m_1 < m. Then E_0 is an eigenvalue of P with multiplicity at least equal to m − m_1. Proof. Let (c_1, · · · , c_m) ∈ C^m \ {0} be such that c_1ϕ_1 + · · · + c_mϕ_m = 0.

Put ψ =

∑_m

j=1 c_jψ_j. Then, (I_aψ, φ_0)_a = 0 and P^′ψ = E_0ψ.

One can check that (P ψ, φ_0)_a = ((−Δ_a + P^a + I_a)ψ, φ_0)_a = (−Δ_a + E_0)((ψ, φ_0)_a) = 0 because ψ is in the range of Π^′_1, which implies (ψ, φ_0)_a = 0 in L^2(X_a). The above equation shows that P ψ is in the range of Π^′_1 and that P ψ = Π^′_1P ψ = P^′ψ = E_0ψ. ψ is an eigenfunction of P associated with E_0. The claim on the multiplicity is easy to verify.

As before, set λ = z − E_0. We write E_{+−}(z) in the form

E_{+−}(z) = λ − ( −Δ + V (λ) C

C^∗ 0 ) (4.12)

where V (λ) = (I_aφ_0, φ_0)_a − (I_aR^{′′}(λ + E_0)I_a(φ_0 ⊗ ·), φ_0)_a is holomorphic in λ near 0. We shall often expand it in the form V (λ) = V_0 + λV_1 + λ2V_2 + · · · , λ → 0. (4.13) In the following Δ denotes Δ_a. Put

P(λ) = ( −Δ + V (λ) C

C^∗ 0 ) , P_0 = ( −Δ C C^∗ 0 ) (4.14)

We shall regard P_0 as the unperturbed operator and treat P(λ) as a perturbation of P_0.

4.1 Asymptotics of (P_0 − λ)^{−1} Lemma 4.2 Let Q be a self-adjoint operator in L^2(X_a). Let λ ∈ U_δ. Then, Ker (C^∗(Q − λ)^{−1}C) = Ker C.

Proof. If v ∈ C^m is in Ker C^∗(Q − λ)^{−1}C,

< (Q − λ)^{−1}Cv, Cv >= 0.

Note that ℑ(Q − λ)^{−1} > 0 for ℑλ > 0. This gives Cv = 0. So v ∈ Ker C. This shows that Ker C^∗(Q − λ)^{−1}C ⊆ Ker C. The inclusion in the other sense is trivial.

Let π_0 be the orthogonal projection from C^m onto Ker C and π^′_0 = 1 − π_0. π^′_0 is the projection onto Range C^∗. Lemma 4.2 implies that C^∗(Q − λ)^{−1}C is bijective from Range C^∗ onto Range C^∗ and (π^′_0C^∗(Q − λ)^{−1}Cπ^′_0)^{−1}π_0 exists. (4.15) In the following, we shall use this result with Q = −Δ. In this case, Lemma 4.2 remains true for λ = 0. In fact, if C^∗G_0Cv = 0, v ∈ C^m, then < G_0Cv, Cv >_a= 0 which implies Cv = 0 in H^{1,s}. So v ∈ Ker C. The implication in the other sense is trivial. This proves that Ker C^∗G_0C = Ker C.

To give the asymptotics of R_0(λ) = (P_0 − λ)^{−1}, we look at the system: ( −Δ C C^∗ 0 ) ( u_1 u_2 ) − λ ( u_1 u_2 ) = ( v_1 v_2 ) (4.16)

u = (u_1, u_2), v = (v_1, v_2) are in H. This is equivalent with

u_1 = (−Δ − λ)^{−1}[−Cu_2 + v_1], v_2 = C^∗(−Δ − λ)^{−1}[−Cu_2 + v_1] − λu_2.

C^∗(−Δ − λ)^{−1}C + λ is invertible for λ ∈ U_δ. To see this, we note that C^∗(−Δ − λ)^{−1}C + λ can be decomposed as

C^∗(−Δ − λ)^{−1}C + λ = λπ_0 + π^′_0(C^∗(−Δ − λ)^{−1}C + λ)π^′_0

and has an asymptotic expansion up to any order given by

C^∗G_0C + λ^{1/2}C^∗G_1C + λ(1 + C^∗G_2C) + · · · (4.17)

Since, by Lemma 4.2 with Q = −Δ and λ = 0, π^′_0C^∗G_0Cπ^′_0 is invertible on the range of π^′_0, π^′_0(C^∗(−Δ − λ)^{−1}C + λ)π^′_0 is also invertible there for λ small and we obtain

(C^∗(−Δ − λ)^{−1}C + λ)^{−1} = λ^{−1}π_0 + (π^′_0(C^∗(−Δ − λ)^{−1}C + λ)π^′_0)^{−1}π^′_0. (4.18)

The solution of (4.16) is given by

u_1 = (−Δ − λ)^{−1}[−Cu_2 + v_1], (4.19) u_2 = (C^∗(−Δ − λ)^{−1}C + λ)^{−1}[C^∗(−Δ − λ)^{−1}v_1 − v_2]. (4.20)

The expressions for u_1 and u_2 in terms of v_1 and v_2 give the following

Proposition 4.3 For λ ∈ U_δ,

R_0(λ) = ( (−Δ − λ)^{−1} − D(λ)F (λ)D^†(λ) D(λ)F (λ) F (λ)D^†(λ) −λ^{−1}π_0 − F (λ) ) (4.21)

where

D(λ) = (−Δ − λ)^{−1}C D^†(λ) = C^∗(−Δ − λ)^{−1} F (λ) = (π^′_0(C^∗(−Δ − λ)^{−1}C + λ)π^′_0)^{−1}π^′_0.

All these operators admit a complete expansion in the powers of λ^{1/2} in suitable spaces. In particular, F (λ) = F_0 + λ^{1/2}F_1 + λF_2 · · · : C^m → C^m with

F_0 = (π^′_0C^∗G_0Cπ^′_0)^{−1}π^′_0, F_1 = −F_0C^∗G_1CF_0, F_2 = −F_0(1 + C^∗G_2C)F_0 + (F_0C^∗G_1C)2F_0.

4.2 Spectral properties of P at the threshold Let P = P(0) = ( −Δ + V_0 C C^∗ 0 ) . We shall say that 0 is a resonance of P if the equation ( −Δ + V_0 C

C^∗ 0 ) ( u_1 u_2 ) = 0 (4.22)

has a solution for u = (u_1, u_2) ∈ H^{1,−s} = H^{1,−s}(X_a) × C^m for any s > 1/2 and u_1 ∉ L^2.

As in Section 3, one can show the following

Lemma 4.4 E_0 is an eigenvalue (resonance, resp.) of P if and only if 0 is an eigenvalue (resonance, resp.) of P and the dimension of the eigenspaces ( the resonant spaces, resp.) is the same.

(4.22) is equivalent with { (−Δ + V_0)u_1 + Cu_2 = 0 C^∗u_1 = 0

(4.23)

or { (1 + G_0V_0)u_1 + G_0Cu_2 = 0 C^∗u_1 = 0

(4.24)

This shows that u_1 ∈ Ker C^∗, C^∗G_0Cu_2 = −C^∗G_0V_0u_1.

Write u_2 = v_1 + v_2 with v_1 ∈ Ker C and v_2 ∈ Range C^∗. Since C^∗G_0C is invertible on the range of C^∗, v_2 is uniquely determined by u_1

v_2 = −(π^′_0C^∗G_0Cπ^′_0)^{−1}π^′_0C^∗G_0V_0u_1 = −F_0C^∗G_0V_0u_1. (4.25)

Therefore, u_1 satisfies { (−Δ + V_0 − CF_0C^∗G_0V_0)u_1 = 0 C^∗u_1 = 0

(4.26) Set π_1 = C(π^′_0C^∗G_0Cπ^′_0)^{−1}π^′_0C^∗G_0. (4.27) Then π_12 = π_1 and π_1 is the projection of H^{−1,s} onto Range (C) with the kernel Ker π_1 = Ker (C^∗G_0).

Let π^′_1 = 1 − π_1. π^′_1 is the projection H^{−1,s} → Ker C^∗G_0. Put

V^#_0 = π^′_1V_0.

Summing up, we have proved the following

Proposition 4.5 Let u = (u_1, u_2) ∈ H^{1,−s} = H^{1,−s}(X_a) × C^k. Then, ( −Δ + V_0 C C^∗ 0 ) ( u_1 u_2 ) = 0 (4.28)

if and only if u_1 satisfies { (−Δ + V^#_0 )u_1 = 0 C^∗u_1 = 0

(4.29)

and then u_2 is given by u_2 = v_1 + v_2, v_1 ∈ Ker C, v_2 = −π_1V_0u_1. (4.30)

In the following, we shall say that u_1 is an eigenvalue or a resonance of −Δ + V^#_0 if there exists u_1 ∈ H^{1,−s}, s suitable, satisfying (4.29). The spectral nature of 0 with respect to −Δ + V^#_0 is classified as for P . Although V^#_0 is non-local and non-selfadjoint, we can still mimic the proof of Lemma 3.3 of [9] for two-body Schrödinger operators to derive the following

Corollary 4.6 The kernel of P in H^{1,−s}, ∀s > 1/2, is of finite dimension. The resonance of P at 0 (hence the resonance of P at E_0) is at most simple and if u_1 ∈ H^{1,−s}, ∀s > 1/2, is a solution of (4.29), then u_1 ∈ L^2 if and only if

< V^#_0 u_1, 1 >= 0 and in this case, (u_1, u_2) with u_2 given by (4.30) is an eigenfunction of P.

Theorem 1.1 in the case E_0 ∈ σ_d(P^′) can be derived from Proposition 4.5 and its Corollary.

Proof of Theorem 1.1 in the case E_0 ∈ σ_d(P^′). Note that u = (u_1, u_2) is a solution of (4.28) if and only if w = E_+(E_0)u is in the kernel of P − E_0 in H^{1,−s} and that w ∈ L^2 if and only if u ∈ H. Making use of the expression of E_+(E_0), one has ∫ X I_a(x)w(x)φ_0(x^a) dx = < (I_a(E_{+,1,0}u_1 + E_{+,2,0}u_2), φ_0)_a, 1 >_a = < (1 − CF_0C^∗G_0)V_0u_1, 1 >_a=< V^#_0 u_1, 1 >_a= 0.

This finishes the proof of Theorem 1.1.

As in Section 3, the main step in obtaining an asymptotic expansion of the resolvent R(z) is to establish that for E_{+−}(z)^{−1}. As before, we shall apply the method of Grushin to reduce to a holomorphic family of matrices whose behaviour near 0 depends on the threshold properties of P . We write P(λ) = P_0 + V(λ), where V(λ) = ( V (λ) 0 0 0 ) . (4.31) Then, −E_{+−}(z)^{−1} = (1 + R_0(λ)V(λ))^{−1}R_0(λ). (4.32) Using Proposition 4.3, we can compute

T(λ) ≡ R_0(λ)V(λ) = ( A(λ) 0 B(λ) 0 )

where A(λ) = ((−Δ − λ)^{−1} − D(λ)F (λ)D^†(λ))V (λ) (4.33) B(λ) = F (λ)D^†(λ)V (λ). (4.34) An elementary calculus shows that

(1 + T(λ))^{−1} = ( (1 + A(λ))^{−1} 0 −B(λ)(1 + A(λ))^{−1} 1 ) (4.35) Set T_0 = T(0) = ( (G_0 − D(0)F_0D^†(0))V_0 0 F_0D^†(0)V_0 0 ) . T_0 is a compact operator on H^{1,−s}, 1/2 < s < ρ − 1/2. The kernel, K, of 1 + T_0 in H^{1,−s} is related to that of P.

Let (u, v) ∈ Ker (1 + T_0). Then, { (1 + (G_0 − D(0)F_0D^†(0))V_0)u = 0 F_0D^†(0)V_0u + v = 0 Therefore, v is uniquely determined by u v = −F_0D^†(0)V_0u. (4.36) It is clear that v ∈ range C^∗. The equation for u shows that C^∗u = −(C^∗G_0 − C^∗G_0CF_0C^∗G_0)V_0u As in the proof of Proposition 4.5, we can show that C^∗G_0CF_0 = C^∗G_0C(π^′_0C^∗G_0Cπ^′_0)^{−1}π^′_0 = C^∗G_0C(C^∗G_0C)^{−1}π^′_0 = π^′_0, where π^′_0 is the projection onto RangeC^∗ with Ker π^′_0 = Ker C. This proves C^∗u = −(C^∗G_0 − π^′_0C^∗G_0)V_0u = 0 Consequently, u ∈ Ker C^∗ and u satisfies the equation (−Δ + V_0 − CF_0C^∗G_0V_0)u = 0.

We have proved that (u, v) ∈ Ker (1 + T_0) if and only if (−Δ + V^#_0 )u = 0, v = −F_0C^∗G_0V_0u. (4.37) This shows that (u, v) is in Ker P with v ∈ Range C^∗. These arguments can be reversed. The relation between T_0 and A(0) gives immediately the following

Proposition 4.7 The kernel of 1 + T_0 in H^{1,−s} is given by (4.37) and coincides with that of P in H^{1,−s} × Range C^∗. u ∈ Ker (1 + A(0)) if and only if (u, v) ∈ Ker (1 + T_0) with v given by v = −F_0C^∗G_0V_0u .

Note that we can decompose

Ker P = Ker (1 + T_0) ⊕ ({0} × Ker C).

Note that the part {0} × Ker C of the kernel of P is already taken into account in R_0(λ). This separation is necessary for our method to work.

Proposition 4.8 Let A_0 = A(0). Then one has

(a). π^∗_1 = 0, π^{′∗}_1 = 1 on Ker (1 + A_0). (b). G_0π_1 = π^∗_1G_0, G_0π^′_1 = π^{′∗}_1 G_0 and C^∗G_0π^′_1 = 0. (c). < G_2V^#_0 u, V^#_0 v >=< u, v > for u, v ∈ Ker (1 + A_0) ∩ L^2.

Proof. Recall that π^′_1 = 1 − π_1 and π_1 = CF_0C^∗G_0. Since Ker (1 + A_0) ⊂ Ker C^∗ by proposition 4.7, (a) is evident.

To see (b), we remark G_0π_1 = G_0CF_0C^∗G_0 = π^∗_1G_0 and C^∗G_0π_1 = C^∗G_0CF_0C^∗G_0 = π^′_0C^∗G_0 = C^∗G_0.

Therefore, C^∗G_0π^′_1 = 0.

(c). It can be proved as in Lemma 3.8.

4.3 Asymptotic expansions of (1 + A(λ))^{−1} The asymptotic expansion of (1 + A(λ))^{−1} can be obtained as in Section 3.3 by the method of Grushin, but the calculus is more complicated. We begin with the following preparatory result.

Lemma 4.9 Let ρ > max{2, 2k + 1}, k ∈ N.

A(λ) = k∑ j=0 λ^{j/2}A_j + O(λ^{k/2+ϵ}), λ → 0, (4.38)

in L(1, −s; 1, −s) for 1 < s < ρ − 1 if k = 0 and (2k + 1)/2 < s < ρ − (2k + 1)/2 if k ≥ 1. Here ϵ > 0 can be chosen as in Lemma 2.2 and

A_0 = G_0π^′_1V_0 (4.39) A_1 = G_1π^′_1V_0 + G_0M_1V_0 (4.40) A_2 = G_0π^′_1V_1 + G_0M_2V_0 + G_1M_1V_0 + G_2π^′_1V_0 (4.41)

with M_1 = −CF_0C^∗G_1π^′_1,

M_2 = −CF_2C^∗G_0 − CF_1C^∗G_1 − CF_0C^∗G_2.

Proof. We can write A(λ) = R_0(λ)(1 − CF (λ)C^∗R_0(λ))V (λ) Notice that C^∗ : H^{1,−s} → C^m is well defined for any s ∈ R. Therefore, for any k ∈ N and s > (2k + 1)/2,

1 − CF (λ)C^∗R_0(λ) = k∑ j=0 λ^{j/2}M_j + O(λ^{k/2+ϵ}), in L(−1, s; −1, s), (4.42)

where M_0 = 1 − CF_0C^∗G_0 = π^′_1, π^′_1 being the projection onto Ker C^∗G_0 and M_1 = −CF_1C^∗G_0 − CF_0C^∗G_1, M_2 = −CF_2C^∗G_0 − CF_1C^∗G_1 − CF_0C^∗G_2.

Note that F_1 = −F_0C^∗G_1CF_0 and CF_0C^∗G_0 = π_1. one has

M_1 = CF_0C^∗G_1CF_0C^∗G_0 − CF_0C^∗G_1 = CF_0C^∗G_1(π_1 − 1) = −CF_0C^∗G_1π^′_1. (4.38) then follows from the asymptotic expansions of R_0(λ) and V (λ) in suitable spaces.

Let ν = dim Ker (1 + A(0)) = dim Ker (1 + T_0) and θ = dim Ker C. Then, ν + θ = dim Ker P. (4.43) By Proposition 4.8, π^{′∗}_1 = 1 on Ker (1 + A_0). The map ( Ker (1 + A_0))2 ∋ (u, v) →< u, −V_0v >_a=< u, −V^#_0 v >_a∈ C is a Hermitian form and is positive, since < −V^#_0 u, u >_a=< −Δu, u >_a is positive on Ker (1 + A_0). As in Section 3, we can show that it is non degenerate. Consequently, we can choose a basis {u_1, · · · , u_ν } of Ker (1 + A_0) such that < u_i, −V_0u_j >_a= δ_{ij}, (4.44) and if the 0-resonance of −Δ + V^#_0 exists, we take {u_j} such that u_1 is a resonant function and u_j, j ≥ 2, are eigenfunctions.

Proposition 4.10 (a). Suppose that 0 is a regular point for −Δ + V^#_0 ( in this case, ν = θ = 0). Then for ρ > max{2, 2k + 1}, k ∈ N, we have

(1 + A(λ))^{−1} = k∑ j=0 λ^{j/2}A^{(0)}_j + O(|λ|^{k/2+ϵ}) (4.45)

in L(1, −s; 1, −s) for 1 < s < ρ − 1 when k = 0 and (2k + 1)/2 < s < ρ − (2k + 1)/2 when k ≥ 1. Here A^{(0)}_0 = (1 + A_0)^{−1}. (4.46) (b). Suppose that 0 is an exceptional point of the first kind of −Δ + V^#_0 (in this case, ν = 1, θ = 0). For ρ > max{2, 2k − 1}, k ≥ 1, we have

(1 + A(λ))^{−1} = k−2∑

j=−1

λ^{j/2}A^{(1)}_j + O(|λ|^{(k−2)/2+ϵ}) (4.47) in L(1, −s; 1, −s) for 1 < s < ρ − 1 when k = 1 and (2k − 1)/2 < s < ρ − (2k − 1)/2 when k ≥ 2, where

A^{(1)}_{−1} = −c^{−1}_0 < ·, −V_0u_1 >_a u_1 with c_0 = i 4π | < V^#_0 u_1, 1 >_a |^2. (4.48)

(c). Suppose that 0 is an exceptional point of the second ( l = 2 ) or the third ( l = 3) kind of −Δ + V^#_0 . For ρ > 2k − 1, k ∈ N with k ≥ 2, (2k − 1)/2 < s < ρ − (2k − 1)/2, we have

(1 + A(λ))^{−1} = k−4∑

j=−2

λ^{j/2}A^{(l)}_j + O(|λ|^{(k−4)/2+ϵ}) (4.49)

where A^{(l)}_{−2} = (Π_0(1 − V_1 + W^∗W )Π_0)^{−1}Π_0V_0, l = 2, 3. (4.50)

Here Π_0 is the orthogonal projection in L^2 onto the 0 eigenspace of −Δ + V^#_0 and

W = F_0C^∗G_0V_0.

The above expansions are valid in L(1, −s; 1, −s) for λ ∈ U_δ with δ > 0 small and ϵ > 0 is the same as in proposition 3.9.

Proof. The method is the same as in Subsection 3.3. We just sketch the main steps for (b) and (c).

In order to get the expansion of (1 + A(λ))^{−1}, we consider

F(λ) =

1 + A(λ) T S 0 : H^{1,−s} × C^ν → H^{1,−s} × C^ν ,

where s > 1/2, operators T and S are defined by

T c_1 . . c_ν = ν∑ j=1 c_ju_j, c_1 . . c_ν

∈ C^ν ,

and Sf =

< f, −V_0u_1 >_a . . < f, −V_0u_ν >_a

, f ∈ H^{1,−s}.

Let Qf =

∑_ν

j=1 < f, −V_0u_j >_a u_j. Then,

T S = Q on H^{1,−s} and ST = I_ν on C^ν .

Q is the projection from H^{1,−s} onto the range of T with Ker Q = Ker S. The following relations can be easily verified:

S(1 + A_0) = 0, (1 + A_0)T = 0, (4.51) SQ = S, QT = T . (4.52)

Let Q^′ = 1 − Q. Then one can show that

D(λ) = (Q^′(1 + A(λ))Q^′)^{−1}Q^′.

is well-defined near λ = 0 and

D(λ) = k∑ j=0 λ^{j/2}D_j + O(|λ|^{k/2+ϵ}), (4.53)

in L(1, −s; 1, −s), (2k + 1)/2 < s < ρ − (2k + 1)/2 and D_0 = (Q^′(1 + A_0)Q^′)^{−1}Q^′, D_1 = −D_0A_1D_0.

In the case Ker (1 + A_0) = {0}, ν = 0 and Q^′ = 1. In this case, (a) follows from (4.53).

In the general case, we construct the inverse of F(λ) and give a representation formula for (1 + A(λ))^{−1}.

Using the operator D(λ), we can first construct an approximate inverse G(λ),

G(λ) = ( D(λ) T

S −S(1 + A(λ))T ) : H^{1,−s} × C^ν → H^{1,−s} × C^ν , s > 1/2.

of F(λ) to show that F(λ) is invertible and then to calculate explicitly the inverse

F(λ)^{−1} =

E(λ) E_+(λ) E_−(λ) E_{+−}(λ) , where E(λ) = D(λ), (4.54) E_+(λ) = T − D(λ)Q^′(1 + A(λ))T , (4.55) E_−(λ) = S − SQ(1 + A(λ))Q^′D(λ), (4.56) E_{+−}(λ) = S(−1 + (1 + A(λ))Q^′D(λ)Q^′)(1 + A(λ))T . (4.57) As before, we obtain from this inverse an expression for the inverse of 1 + A(λ): (1 + A(λ))^{−1} = E(λ) − E_+(λ)E_{+−}(λ)^{−1}E_−(λ). (4.58) Remark also that if ρ > 2k + 1, E_±(λ) have an asymptotics expansion up to an error O(|λ|^{k/2+ϵ}). E_±(λ) = k∑ j=0 λ^{j/2}E_{±,j} + O(|λ|^{k/2+ϵ}), (4.59)

in L(C^μ; H^{1,−s}) or L(H^{1,−s}; C^μ), s > k + 1/2, where E_{−,0} = S, E_{−,1} = −SA_1D_0, and E_{+,0} = T , E_{+,1} = −D_0A_1T .

For E_{+−}(λ), we have a similar result of Lemma 3.7. Assume ρ > 2k − 1 and k ≥ 2. One has:

E_{+−}(λ) = k∑ j=1 λ^{j/2}E_{+−,j} + O(|λ|^{k/2+ϵ}). (4.60)

Here E_{+−,1} = −SA_1T , (4.61) E_{+−,2} = −SA_2T + SA_1D_0A_1T , (4.62) E_{+−,3} = −SA_3T + S(A_1D_1A_1 + A_2D_0A_1 + A_1D_0A_2)T (4.63) and ϵ > 0 is the same as in Proposition 3.5.

We should calculate the leading terms of E_{+−}(λ) to show that E_{+−}(λ)^{−1} admits an asymptotic expansion. We carry out the computation in the most general case, i.e., 0 is an eigenvalue and a resonance of −Δ + V^#_0 .

Since A_1 = G_1V^#_0 + G_0M_1V_0,

E_{+−,1} = (< (G_1V^#_0 + G_0M_1V_0)u_i, V_0u_j >_a)_{i,j=1,···,ν} = (< G_1V^#_0 u_i, V_0u_j >_a − < G_0CF_0C^∗G_1V^∗_0 u_i, u_j >_a)_{i,j=1,···,ν} = (< π^{′∗}_1 G_1V^#_0 u_i, V_0u_j >_a)_{i,j=1,···,ν} (4.64)

G_1 being an integral operator with the constant integral kernel i/(4π),

< G_1V^#_0 u_i, V^#_0 u_j >_a= i 4π < V^#_0 u_i, 1 >_a < V^#_0 u_j, 1 >_a

By the characterization of resonant functions, < V^#_0 u_i, 1 >_a≠ 0 only when i = 1. So we obtain

E_{+−,1} = c_0 0 · · · 0 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

, (4.65)

with c_0 = i 4π | < V^#_0 u_1, 1 >_a |^2 ≠ 0

Write E_{+−,2} as

E_{+−,2} = (< A_2u_i, V_0u_j >_a − < A_1D_0A_1u_i, V_0u_j >_a)_{i,j=1,···,ν} .

Note that A_1 = G_1V^#_0 − G_0CF_0C^∗G_1V^#_0 = π^{′∗}_1 G_1V^#_0 .

Making use of the fact < V^#_0 u_j, 1 >_a= 0 for j ≥ 2, we can compute

< A_1D_0A_1u_i, V^#_0 u_j >_a

= < G_1V^#_0 D_0π^{′∗}_1 G_1V^#_0 u_i, V^#_0 u_j >_a = 0, if (i, j) ≠ (1, 1) Set b_{11} =< G_1V^#_0 D_0π^{′∗}_1 G_1V^#_0 u_1, V^#_0 u_1 >_a .

Then,

(< A_1D_0A_1u_i, V^#_0 u_j >_a)_{i,j=1,···,ν} = b_{11} 0 · · · 0 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

. (4.66)

The operator A_2 is given by

A_2 = G_0π^′_1V_1 + G_2V^#_0 + G_1M_1V_0 + G_0M_2V_0 with M_1 = −CF_0C^∗G_1π^′_1, M_2 = = −CF_2C^∗G_0 − CF_1C^∗G_1 − CF_0C^∗G_2.

Using the formulae of F_1 and F_2, we can calculate G_0M_2V_0 = −G_0C(F_2C^∗G_0 + F_1C^∗G_1 + F_0C^∗G_2)V_0 = −G_0C((−F_0(1 + C^∗G_2C)F_0 + (F_0C^∗G_1C)^2F_0)C^∗G_0 −F_0C^∗G_1CF_0C^∗G_1 + F_0C^∗G_2)V_0 = G_0C(F_02C^∗G_0 − F_0C^∗G_2π^′_1 + F_0C^∗G_1CF_0C^∗G_1π^′_1)V_0 = (G_0CF_02C^∗G_0 − π^∗_1G_2π^′_1 + π^∗_1G_1CF_0C^∗G_1π^′_1)V_0.

We can put A_2 into a more explicit form A_2 = G_0π^′_1V_1 + G_0CF_02C^∗G_0V_0 + π^{′∗}_1 G_2π^′_1V_0 − π^{′∗}_1 G_1CF_0C^∗G_1π^′_1V_0. (4.67) The contribution to E_{+−,2} of each term of A_2 can be calculated as follows. Since G_0π^′_1 = π^{′∗}_1 G_0, < G_0π^′_1V_1u_i, V_0u_j >_a = < π^{′∗}_1 G_0V_1u_i, V_0u_j >_a =< V_1u_i, G_0V^#_0 u_j >_a = − < V_1u_i, u_j >_a .

Let W = F_0C^∗G_0V_0. Then < G_0CF_02C^∗G_0V_0u_i, V_0u_j >_a=< W^∗W u_i, u_j >_a .

By Proposition 4.8 (c), one has < π^{′∗}_1 G_2V^#_0 u_i, V_0u_j >_a = < G_2V^#_0 u_i, V^#_0 u_j >_a = < u_i, u_j >_a for i, j = 2, · · · , ν. By the characterization of resonant function,

− < π^{′∗}_1 G_1CF_0C^∗G_1V^#_0 u_i, V_0u_j >_a= − < G_1CF_0C^∗G_1V^#_0 u_i, V^#_0 u_j >_a= 0, for (i, j) ≠ (1, 1).

In the basis (u_1, · · · , u_ν ), E_{+−,2} can be written in the form

E_{+−,2} = a_1 a_2 · · · a_ν ā_2 e_{22} · · · e_{2ν} . . . . ... . . ā_ν e_{ν2} · · · e_{νν}

(4.68)

Here a_j ∈ C and e_{ij} =< (1 − V_1 + W^∗W )u_i, u_j >_a . (4.69) It is important to notice that V_1 ≤ 0. Consequently, the matrix e = e_{22} · · · e_{2ν} . . ... . . e_{ν2} · · · e_{νν} is invertible.

The expressions for E_{+−,1} and E_{+−,2} are similar to those obtained in Section 3. Following the discussions in the proof of Proposition 3.9, we can show that λ^{1/2}E_{+−,1} + λE_{+−,2} is invertible for λ near 0 and that E_{+−}(λ)^{−1} admits an asymptotic expansion near λ = 0 . ¿From (4.58), we deduce the existence of the asymptotic expansion of (1 + A(λ))^{−1} near λ = 0. The leading term in the expansions and the condition on ρ can be checked as in Proposition 3.9. The details are left to the reader.

4.4 Asymptotic expansions of R(z) when E_0 ∈ σ_d(P^′). To establish the expansion of R(z) we use

R(z) = E(z) + E_+(z)(1 + R_0(λ)V(λ))^{−1}R_0(λ)E_−(z). (4.70)

Making use of the formulae

(1 + T(λ))^{−1} = ( (1 + A(λ))^{−1} 0 −B(λ)(1 + A(λ))^{−1} 1 ) (4.71) and R_0(λ) = ( (−Δ − λ)^{−1} − D(λ)F (λ)D^†(λ) D(λ)F (λ) F (λ)D^†(λ) −λ^{−1}π_0 − F (λ) ) , (4.72)

we can compute explicitly M(λ) ≡ (1 + R_0(λ)V(λ))^{−1}R_0(λ)

M(λ) = ( m_{11}(λ) m_{12}(λ) m_{21}(λ) m_{22}(λ) ) (4.73)

where

m_{11}(λ) = (1 + A(λ))^{−1}(G_0 − G_0CF_0C^∗G_0 + O(λ^{1/2})) = (1 + A(λ))^{−1}(G_0π^′_1 + O(λ^{1/2})), m_{12}(λ) = (1 + A(λ))^{−1}(G_0CF_0 + O(λ^{1/2})), m_{21}(λ) = −(F_0C^∗G_0V_0 + O(λ^{1/2}))m_{11}(λ) + F_0C^∗G_0 + O(λ^{1/2}), m_{22}(λ) = −(F_0C^∗G_0V_0 + O(λ^{1/2}))m_{12}(λ) − λ^{−1}π_0 − F_0 + O(λ^{1/2}).

Let k ∈ N. Under suitable assumptions on ρ and s depending on k and on the nature of the threshold, we have m_{ij} (λ) = k∑ l=−2

λ^{l/2}m^{(l)}_{ij} + O(λ^{k/2+ϵ}).

M(λ) has an asymptotic expansion of the form

M(λ) = k∑ j=−2

λ^{j/2}M_j + O(λ^{k/2+ϵ}), (4.74)

where M_j = ( m^{(j)}_{11} m^{(j)}_{12} m^{(j)}_{21} m^{(j)}_{22} )

M_{−2} = M_{−1} = 0 if E_0 is a regular point of P . M_{−2} = 0 if E_0 is an exceptional point of the first kind. Note that E(z), E_±(z) are holomorphic near z = E_0. Thus we can write

E(z) = R^{′′}(z) = ∞∑ j=0 λ^jE_j,

E_+(z) = = (1 − R^{′′}(z)Π^{′′}P )E^0_+ = ∞∑ j=0 λ^jE_{+,j},

E_−(z) = E^0_−(1 − Π_1I_aR^{′′}(z)) = ∞∑ j=0 λ^jE_{−,j}

As for E^0_±, we put E_{+,j} = (E_{+,1,j} , E_{+,2,j}), E_{−,j} = ( E_{−,1,j} E_{−,2,j} ) . It follows that in suitable spaces R(z) has an asymptotic expansion of the form R(z) = ∑ j≥−2

λ^{j/2}(E_{j/2} + ∑ l_1+l_2+l_3=j

E_{+,l1/2}M_{l2} E_{−,l3/2}). (4.75)

Here E_{j/2}, E_{±,j/2} are set to 0 if j/2 ∉ N. More precisely, one has the following Theorem 4.11 (a). Assume that E_0 is neither eigenvalue, nor resonance of P . Then, for k ∈ N, ρ > max{2, 2k + 1} and (2k + 1)/2 < s < ρ − (2k + 1)/2 for k ≥ 1 and 1 < s < ρ − 1 for k = 0, one has R(z) = k∑ j=0 λ^{j/2}B^{(0)}_j + O(|λ|^{k/2+ϵ}), (4.76) in L(−1, s; 1, −s). Here B^{(0)}_0 = R^{′′}(E_0) + C_1(G_0π^′_1E_{−,1,0} + C^∗_2 ) − C_2V_0(1 + G_0V^#_0 )^{−1}C^∗_2 (4.77) +C_2(1 − V_0(1 + G_0V^#_0 )^{−1}G_0π^′_1E_{−,1,0} − K_0 with E_{−,1,0} = ((1 − I_aR^{′′}(E_0))·, φ_0)_a, C_1 = (1 − R^{′′}(E_0)I_a)(φ_0 ⊗ ((1 + G_0V^#_0 )^{−1}·)), C_2 = K_0(φ_0 ⊗ G_0·) and K_0 = (Π_2I_aE^0_{+,1}G_0E^0_{−,1}I_aΠ_2)^{−1}Π_2.

(b). Suppose that E_0 is an exceptional point of the first kind of P . Assume ρ > max{2, 2k− 1}, k ∈ N with k ≥ 1. We have

R(z) = k−2∑

j=−1

λ^{j/2}B^{(1)}_j + O(|λ|^{(k−2)/2+ϵ}) (4.78)

in L(−1, s; 1, −s) with s > 1 if k = 1 and (2k − 1)/2 < s < ρ − (2k − 1)/2 if k ≥ 2. Here B^{(1)}_{−1} = i < ·, u > u, (4.79) and u is an E_0 resonant function of P satisfying 1 2 √ π ∫ X I_a(x)u(x)φ_0(x^a) dx = 1.

(c). Suppose that E_0 is an exceptional point of the second or the third kind of P . Assume ρ > 2k − 1, k ∈ N with k ≥ 2. One has

R(z) = k−4∑

j=−2

λ^{j/2}B^{(l)}_j + O(|λ|^{(k−4)/2+ϵ}), l = 2, 3, (4.80)

in L(−1, s; 1, −s) for (2k − 1)/2 < s < ρ − (2k − 1)/2, λ ∈ U_δ with δ > 0 small enough and ϵ ∈]0, 1/2] verifying ϵ < (2s − 2k + 1)/4. Here B^{(2)}_{−2} = B^{(3)}_{−2} = −Π_{E0} , with Π_{E0} the orthogonal projection onto the eigenspace of P associated with the eigenvalue E_0.

Proof. We just give the symbolic calculus of the leading term in each case and leave to the reader the care to check the condition on ρ and s.

(a). In the case where E_0 is a regular point of P , Ker (1 + A_0) = {0}, π_0 = 0 and M_{−2} = M_{−1} = 0. The entries of M_0 are given by m^{(0)}_{11} = (1 + G_0V^#_0 )^{−1}G_0π^′_1, m^{(0)}_{12} = (1 + G_0V^#_0 )^{−1}G_0CF_0, m^{(0)}_{21} = F_0C^∗G_0(1 − V_0m^{(0)}_{11} ), m^{(0)}_{22} = −F_0C^∗G_0V_0m^{(0)}_{12} − F_0.

Here F_0 = (C^∗G_0C)^{−1}. Recall that Note that E_{+,1,0} = (1 − R^{′′}(E_0)I_aΠ_1)E^0_{+,1}, E_{+,2,0} = E^0_{+,2}, E_{−,1,0} = E^0_{−,1}(1 − Π_1I_aR^{′′}(E_0)), E_{−,2,0} = E^0_{−,2}.

Therefore

B^{(0)}_0 = R^{′′}(E_0) + E_{+,0}M_0E_{−,0} = R^{′′}(E_0) + 2∑ i,j=1

E_{+,i,0}m^{(0)}_{ij} E_{−,j,0}

= R^{′′}(E_0) + C_1(G_0π^′_1E_{−,1,0} + C^∗_2 ) + C_2(1 − V_0(1 + G_0V^#_0 )^{−1}G_0π^′_1E_{−,1,0} −C_2V_0(1 + G_0V^#_0 )^{−1}C^∗_2 − E_{+,2,0}F_0E_{−,2,0} with C_1 = E_{+,1,0}(1 + G_0V^#_0 )^{−1}, C_2 = E_{+,2,0}F_0C^∗G_0.

Let K_0 = E_{+,2,0}F_0E_{−,2,0} and K_1 = E^0_{+,1}G_0 = φ_0 ⊗ G_0· : H^{−1,s}(X_a) → H^{1,−s}(X). Then, K_0 = (Π_2I_aE^0_{+,1}G_0E^0_{−,1}I_aΠ_2)^{−1}Π_2 and C_2 = K_0K_1.

This proves (a).

(b). Suppose that E_0 is an exceptional point of the first kind of P . Then π^′ = 0 and dim Ker (1 + A_0) = 1. In this case, B^{(1)}_{−2} = 0 and B^{(1)}_{−1} is given by B^{(1)}_{−1} = E_{+,0}M_{−1}E_{−,0}.

To give the desired formula for B^{(1)}_{−1} , we write down the the entries of M_{−1} m^{(−1)}_{11} = A^{(1)}_{−1}G_0π^′_1, m^{(−1)}_{12} = A^{(1)}_{−1}G_0CF_0, m^{(−1)}_{21} = −F_0C^∗G_0V_0m^{(−1)}_{11} , m^{(−1)}_{22} = −F_0C^∗G_0V_0m^{(−1)}_{12} .

m^{(−1)}_{11} = −c^{−1}_0 < G_0π^′_1·, −V_0u_1 >_a u_1 = −c^{−1}_0 < ·, u_1 >_a u_1, where u_1 is a resonant function normalized by < u_1, −V_0u_1 >_a= 1. m^{(−1)}_{12} = −c^{−1}_0 < G_0CF_0·, −V_0u_1 >_a u_1 = −c^{−1}_0 < ·, v_1 >_a u_1, where v_1 = −F_0C^∗G_0V_0u_1.

It follows that m^{(−1)}_{21} = −c^{−1}_0 < ·, u_1 >_a v_1, and m^{(−1)}_{22} = −c^{−1}_0 < ·, v_1 >_a v_1.

Note that according to Proposition 4.7, w = (u_1, v_1) ∈ Ker (1 + T_0) is a resonant function of P. This proves that M_{−1} : H^{−1,s} → H^{1,−s} can be written in the form M_{−1} = −c^{−1}_0 < ·, w > w. Let u = 2 √ π < V^#_0 u_1, 1 >_a

E_{+,0}w = 2 √ π < V^#_0 u_1, 1 >_a

(E_{+,1,0}u_1 + E_{+,2,0}v_1). (4.81)

Then, u is a resonant function of P and B^{(1)}_{−1} = E_{+,0}M_{−1}E_{−,0} = i < ·, u > u.

The normalizing condition on u becomes now ∫ X I_a(x)u(x)φ_0(x^a) dx = 2 √ π < V^#_0 u_1, 1 >_a

< (I_a(E_{+,1,0}u_1 + E_{+,2,0}v_1), φ_0)_a, 1 >_a = 2 √ π < V^#_0 u_1, 1 >_a

< V_0u_1 + Cv_1, 1 >_a = 2 √ π < V^#_0 u_1, 1 >_a

< (1 − CF_0C^∗G_0)V_0u_1, 1 >_a = 2 √ π < V^#_0 u_1, 1 >_a

< π^′_1V_0u_1, 1 >_a= 2 √ π. This proves (b).

(c). Suppose that E_0 is an exceptional point of the second kind. Then, B^{(2)}_{−2} = E_{+,0}M_{−2}E_{−,0}, where the the entries of M_{−2} are given by m^{(−2)}_{11} = XV_0G_0π^′_1 = −X, m^{(−2)}_{12} = XV_0G_0CF_0 = XW^∗, m^{(−2)}_{21} = −F_0C^∗G_0V_0m^{(−2)}_{11} = −W X, m^{(−2)}_{22} = −F_0C^∗G_0V_0m^{(−2)}_{12} − π_0 = −W XW^∗ − π_0, with X = (Π_0(1 − V_1 + W^∗W )Π_0)^{−1}Π_0, W = F_0C^∗G_0V_0.

Suppose first π_0 = 0. Then, B^{(2)}_{−2} can be written in the form

B^{(2)}_{−2} = −E_{+,0} ( 1 −W ) · X · (1, −W^∗)E_{−,0}.

In the case π_0 = 0, Ker (1 + T_0) = Ker P and E_{0,+} : Ker P → Ker (P − E_0) is bijective. Note also that ( u v ) ∈ Ker (1 + T_0) if and only if u ∈ Ker (1 + A_0) and v = −W u.

This shows that K ≡ E_{+,0} ( 1 −W ) : Range Π_0 → Ker (P − E_0)

is bijective. (1, −W^∗)E_{−,0} = K^∗. We can calculate

K = E_{+,1,0} − E_{+,2,0}W and K^∗K = E_{−,1,0}E_{+,1,0} − W^∗E_{−,2,0}E_{+,1,0} − E_{−,1,0}E_{+,2,0}W + W^∗E_{−,2,0}E_{+,2,0}W = E_{−,1,0}E_{+,1,0} + W^∗E_{−,2,0}E_{+,2,0}W.

Making use of the formulae for E_{±,j,0}, j = 1, 2, one derives that

E_{−,1,0}E_{+,1,0} = E^0_{−,1}(1 + Π_1I_aR^{′′}(E_0)2I_a)E^0_{+,1} = 1 − V_1 W^∗E_{−,2,0}E_{+,2,0}W = W^∗W.

Therefore, −B^{(2)}_{−2} = KXK^∗ satisfies

(KXK^∗)2 = KX(1 − V_1 + W^∗W )XK^∗ = KXK^∗.

Therefore, KXK^∗ is the projection onto the range of KΠ_0 with the kernel equal to Ker Π_0K^∗. KXK^∗ is thus the orthogonal projection onto the range of KΠ_0. Since the range of KΠ_0 is just the eigenspace of P associated with E_0, we conclude

KXK^∗ = Π_{E0} .

This proves (c) for l = 2 in the case π_0 = 0.

In the case π_0 ≠ 0,

B^{(2)}_{−2} = −E_{+,0} ( 1 −W ) X(1, −W^∗)E_{−,0} − E_{+,2,0}π_0E_{−,2,0}

= −KXK^∗ − E_{+,2,0}π_0E_{−,2,0}.

The fact that π_0W = 0 implies that

K^∗E_{+,2,0}π_0 = −W^∗0π_0 = 0 and π_0E_{−,2,0}K = −π_0W = 0.

This allows to verify

(−B^{(2)}_{−2} )2 = (KXK^∗ + E_{+,2,0}π_0E_{−,2,0})2

= (KXK^∗)2 + KXK^∗E_{+,2,0}π_0E_{−,2,0} + E_{+,2,0}π_0E_{−,2,0}KXK^∗ + E_{+,2,0}π_0E_{−,2,0} = KXK^∗ + E_{+,2,0}π_0E_{−,2,0} = −B^{(2)}_{−2} .

This shows that −B^{(2)}_{−2} is a projection. Note that

E_{+,0} : Ker P = Ker (1 + T_0) ⊕ ({0} × Range π_0) → Ker (P − E_0)

is bijective. One can check that the range of −B^{(2)}_{−2} is equal to Range KΠ_0 ⊕ Range E_{+,2,0}π_0 which is equal to Ker (P −E_0) and the kernel of −B^{(2)}_{−2} is equal to Ker (Π_0K^∗)∩ Ker (π_0E^∗_{0,+}), which is orthogonal to Range KΠ_0 ⊕ Range E_{+,2,0}π_0. This proves that −B^{(2)}_{−2} = Π_{E0} for l = 2 in the general case.

The case of an exceptional point of the third kind ( l = 3 ) can be treated exactly in the same way as for l = 2, since by Proposition 4.10, the resonance at E_0 does not contribute to the leading term.

References

[1] S. Agmon, Spectral properties of Schrödinger operators and scattering theory, Ann. Scuola Norm. Sup. Pisa, Ser. IV2 (1975), 151–218.

[2] S. Agmon, Lectures on Exponential Decay of Solutions of Second Order Elliptic Equations, Math. Notes 29, Princeton Univ. Press.

[3] S. Albeverio, D. Bollé, F. Gesztesy and R. Hoegh-Krohn, Low-energy parameters in nonrelativistic scattering theory, Ann. Physics, 148(1983), 308-326.

[4] M. Ben-Artzi, Y. Dermenjian and J.-C. Guillot, Analyticity properties and estimates of resolvent kernels near thresholds, Commun. in PDE, 25(2000), 1753-1770.

[5] D. Bollé, Schrödinger operators at threshold, pp. 173-196, in Ideas and Methods in Quantum and Statistical Physics, Cambridge Univ. Press, Cambridge, 1992.

[6] H.L. Cycon , R.G. Froese, W. Kirsch and B. Simon Schrödinger Operators, with Application to Quantum Mechanics and Global Geometry, Springer-Verlag, 1984.

[7] R.G. Froese and I. Herbst, Exponential bounds and absence of positive eigenvalues for N-body Schrödinger operators, Comm. Math. Phys., 87(1982), 429-447.

[8] B. Helffer and J. Sjöstrand, Résonance en limite semiclassique, Bull. Soc. Math. France, Mémoire 24/25 (1986).

[9] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time decay of wave functions, Duke Math. J., 46(1979), 583-611.

[10] A. Jensen and G. Nenciu, A unified approach to resolvent expansions at thresholds, Reviews in Math. Phys., 13(2001), 717-754.

[11] M. Klein, A. Martinez and X. P. Wang, On the Born-Oppenheimer approximation of wave operators in molecular scattering, Commun. in Math. Phys., 152(1993), 73-95.

[12] E. Mourre, Absence of singular continuous spectrum for certain self-adjoint operators, Comm. Math. Phys., 78(1981), 391-408.

[13] R. G. Newton, Noncentral potentials: the generalized Levinson theorem and the structure of the spectrum, J. Math. Phys., 18(1977), 1582-1588.

[14] P. Perry, Exponential bounds and semifiniteness of point spectrum for N-body Schrödinger operators, Commun. Math. Phys., 92 (1984), 481-483.

[15] P. Perry, I.M. Sigal and B. Simon, Spectral analysis of N-body Schrödinger operators, Ann. Math., 114(1981),519-567.

[16] M. Reed and B. Simon, Methods of Modern Mathematical Physics, III. Scattering Theory, Academic Press, 1978.

[17] A. V. Sobolev, The Efimov effect. Discrete spectrum asymptotics, Commun. Math. Phys., 156(1993), 101-126.

[18] A. Vasy, Scattering matrices in many-body scattering, Commun. Math. Phys., 200 (1999), 105-124.

[19] S. A. Vugal’ter and G. M. Zhislin, On the asymptotics of the discrete spectrum of a given symmetry of multiparticle Hamiltonians, Tans. Moscow Math. Soc., 54(1993), 165-189.

[20] X. P. Wang, Continuity of time-delay operators and low energy resolvent estimates. Proc.

of the Royal Society of Edinburgh, 105A(1987), 229-242.

[21] D. R. Yafaev, On the theory of the discrete spectrum of the three-particle Schrödinger operator, Math. USSR-Sb., 23 (1974), 535-559.