EXISTENCE OF TWO-CLUSTER THRESHOLD RESONANCES AND THE N-BODY EFIMOV EFFECT

XUE PING WANG AND YUEFEI WANG

Abstract. We prove the existence of two-cluster threshold resonances in N-body problems and study their perturbation by inter-cluster interactions. As application, we construct concrete examples based on Yukawa potentials for which the N-body Efimov effect happens with N ≥ 4.

1. Introduction In [15], the first author of the present work proved the existence of the N-body Efimov effect for N ≥ 4 which says that if the bottom of essential spectrum is attained by a unique three-cluster decomposition and if the three resulting two-cluster Subhamiltonians possess a threshold resonance at this threshold, then the number of discrete eigenvalues is always infinite even if the interaction potentials decay rapidly at the infinity. This phenomenon is similar to the famous three-body Efimov effect, discovered by the physicist V. Efimov ([4]) and studied in mathematics literature by many authors. See, for example, [8, 9, 10, 11, 17]. For N-body quantum systems with N ≥ 4, it has been unknown since a long time whether the Efimov effect exists. In [1], R. D. Amado and F. C. Greenwood argued that the zero eigenvalue and zero resonance of (N − 1)-particle subsystems do not produce an infinite number of eigenvalues in N-body problems when N ≥ 4. Note that in spite of the title, the result

2000 Mathematics Subject Classification. 35P25, 47A40, 81U10.

Key words and phrases. N-body Schrödinger operators, threshold resonance, the Efimov effect. Research supported in part by a grant of Outstanding Overseas Chinese Scholars Fund of Chinese Academy of Sciences. 1

2 XUE PING WANG AND YUEFEI WANG

of [15] is not in discrepancy with [1], because it corresponds to a different spectral configuration, and that a mathematical proof of the affirmation of [1] is always lacking. After the work [15], a question has then naturally been raised as how to give concrete examples such that all conditions acquired in [15] are satisfied, especially the existence of two-cluster threshold energy resonances with any number of particles. Trivial examples can be constructed from two-body zero resonance by adding some particles with independent variables. The goal of this work is to show the existence of two-cluster threshold resonances and the Efimov effect for a class of non-trivial interactions. We will show that mathematically, one can produce the N-body Efimov effect by adjusting parameters in Yukawa type interactions of the form −^{αe−ϵα|x|}_{|x|} , α, ϵ > 0. Yet, even for such concrete potentials, our proof for the existence of twocluster N-body threshold resonance is abstract. We leave the interested reader make numerical simulation or physical experiment.

Our example will be given in terms of atomic type four-body Schrödinger operators. This leads us to consider generalized N-body Schrödinger operators which include both atomic-type and regular N-body operators. Let P denote a generalized N-body Schrödinger operator of the form P = −Δ + ∑ a∈A V_a(x^a) in L^2(X), where A denotes the set of all cluster decompositions of the N-particle system labelled by {1, · · · , N}, x^a ∈ X^a and {X^a} is a family of linear subspaces of X satisfying some axioms. See [3]. A typical example of such operators is regular N-body Schrödinger operator obtained by removing the mass-center from the operator

− N∑ j=1 1 2m_j

Δ_{xj} + ∑ 1≤i<j≤N

V_{ij}(x_i − x_j), x_j ∈ R^3, (1.1)

where x_j and m_j denote the position and mass of the j-th particle. P is regarded as a self-adjoint operator in L^2(X), where X is the 3(N − 1) dimensional real vectorial

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 3

space: X = {(x_1, · · · , x_N ) ∈ R^{3N} ;

∑_N

j=1 m_jx_j = 0}. For a ∈ A, let #a denote the number of clusters in a and P^a the Subhamiltonian associated with a. For i, j ∈ {1, · · · , N}, i ≠ j, we write (ij) ∈ a if i and j belong to a same cluster in a. If a, b are two cluster decompositions, we write b ⊂ a if b is a refinement of a. If a be a k-cluster decomposition a = (a_1, · · · , a_k), then X^a = {x ∈ X; ∑ l∈a_j mlxl = 0, j =

1, · · · , k} the intra-cluster space and X_a = {x ∈ X; x_i = x_j if (ij) ∈ a_m for some m ∈ {1, · · · , k}} the inter-cluster space. X^a and X_a give an orthogonal decomposition for X relative to the quadratic form q(x) = ∑ j 2m_j|x_j|^2, x ∈ X. For x ∈ X, we have the orthogonal decomposition: x = x^a + x_a with x^a ∈ X^a and x_a ∈ X_a. The N-body Schrödinger operator, P , obtained above can be written in the form P = P_0 + V (x) where P_0 = −Δ is the Laplace-Beltrami operator on the Euclidean space (X, q) and V (x) = ∑ a∈A V_a(x^a) with V_a(x^a) = V_{ij} (x_i − x_j) if a is an (N − 1)- cluster decomposition and (ij) ∈ a; V_a(x^a) = 0, otherwise. The atomic-type Nbody operators can also be written in the form of generalized N-body operators. Let −Δ^a (−Δ_a, resp.) denote the restriction of P_0 on X^a (on X_a, resp.). For a ∈ A, denote P^a = −Δ^a + ∑ b⊆a V_b(x^b), P_a = P^a − Δ_a, I_a(x) = ∑ b⊈a Vb(x

b). P^a is the Subhamiltonian associated with the cluster decomposition a and I_a is the sum of all inter-cluster interactions. Assume that V_a(x^a) is real and relatively form-compact with respect to −Δ^a in L^2(X^a), satisfying the decay

|V_a(x^a)| ≤ C⟨x^a⟩^{−ρ0} , ρ_0 > 2, (1.2)

for x^a outside some compact of X^a. P is regarded as self-adjoint operator in L^2(X) with form domain H^1(X). Let T = ∪_{a∈A,#a≥2}σ_p(P^a) be the set of thresholds of P . The HVZ theorem says that the bottom of the essential spectrum, E_0 ≜ inf σ_{ess}(P ), of P is given by

E_0 = min

a∈A,#a≥2

inf σ(P^a) = min_{a∈A,#a=2} inf σ(P^a).

4 XUE PING WANG AND YUEFEI WANG

Assume that E_0 is attained by a unique three-cluster threshold, b, with b = (b_1, b_2, b_3).

inf σ(P^b) = E_0 = inf σ_{ess}(P ). (1.3) Let a_k = (b_i ∪b_j, b_k), where i, j and k take different values in {1, 2, 3}. Throughout this paper, we suppose that dim X^{aj} ∩ X_b = 3, which is always satisfied for the operator obtained from (1.1). By HVZ Theorem, one has σ(P^{ak} ) = [E_0, ∞[. We assume that these are the only cluster decompositions attaining E_0:

inf σ(P^a) = E_0, a ∈ {b, a_1, a_2, a_3}; inf σ(P^a) > E_0, a ∉ {b, a_1, a_2, a_3}, #a ≥ 2. (1.4) Assume that the inter-cluster interactions related to b are attractive:

V_a(x^a) ≤ 0, for a ⊈ b. (1.5)

Definition. Let Q be a generalized N-body Schrödinger operator with N ≥ 3. Let E_0 = inf σ_{ess}(Q). (a). Q is called unique two-cluster if there exits only one two-cluster decomposition a_0 such that inf σ(Q^{a0} ) = E_0. (b). E_0 is called a threshold resonance of Q if the equation Qu = E_0u has a solution u ∈ H^{1,−s}(X) \ L^2(X) for any s >^1_2 .

In our work, Q plays the role of one of the two-cluster Subhamiltonians P^{aj} and a_0 = b. Under the assumptions (1.2) and (1.4), the analysis of threshold resonances made in [14] is valid for P^{aj} . One knows that if E_0 is a resonance of P^{aj} , then it is simple and the corresponding resonant state u behaves like

u(x^{aj} ) = O(e^{−δ|xb|}|x^{aj}_b |^{−1}), |x^{aj} | → ∞, δ > 0. (1.6)

Note the threshold resonances studied in [14] is two-cluster in nature and it is an interesting open question to study the many-cluster threshold resonances.

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 5

Theorem 1.1 ([15]). Let N ≥ 4. Let the conditions (1.2) with ρ > 2, (1.4) and (1.5) be satisfied. Assume that each of the two-cluster Subhamiltonians P^{aj} , j = 1, 2, 3, have a threshold resonance at E_0. Let N(λ) denote the number of the eigenvalues of P below λ < E_0. Then, there exists C_0 > 0 depending only on the reduced masses of b_1, b_2, b_3 such that N(λ) ≥ C_0| log |λ − E_0||, λ → E_0. (1.7)

Assumption (1.4) may be realized when some particles are remarkably distinct from the others. In this work, we study the existence of two-cluster threshold resonances by varying some coupling constant. We will prove the following

Theorem 1.2. Let Q be an N-body operator with potentials V_c satisfying (1.2) and let a be a two-cluster decomposition. Assume that V_c ≤ 0 for all c ⊈ a, I_a = ∑ c⊈a Vc ≠ 0,

E_0 = inf σ(Q^a) ∈ σ_d(Q^a). Denote Q(g) = Q_a + gI_a. Let g_0 be the critical coupling constant defined by

g_0 = sup{g ≥ 0; inf σ(Q(g)) = inf σ_{ess}(Q(g)) = E_0}. (1.8)

Then, if Q(g_0) is unique two-cluster, E_0 is a threshold resonance of Q(g_0).

We will also give a sufficient condition to guarantee the unique two-cluster property of Q(g_0) and study the perturbation of threshold resonance (Theorem 3.1), which is in some sense a converse of Theorem 1.2.

The idea of varying coupling constant limit is used in [7] for the study of absorption of discrete eigenvalues into a unique two-cluster threshold. In [7], the authors deduced their results by splitting some reduced operator into sum of a compact continuous part and a bounded holomorphic part. Our proof of Theorem 1.2 relies on the idea of [14], where the notion of N-body threshold resonance is introduced. In the

6 XUE PING WANG AND YUEFEI WANG

proof of existence of resonant state (Proposition 2.3), the compactness of the whole reduced operator is essential.

Using Theorem 1.2, we will show that for appropriate constant α_1 > 0, ϵ > 0 small enough, there exists g_j ∈]0, 1[, j = 1, 2, 3, such that Theorem 1.1 holds for the atomic-type four-body Schrödinger operator with Yukawa potentials

P = −Δ_{x1} − Δ_{x2} − Δ_{x3} − α_1e^{−ϵα1|x1|} |x_1|

− g_1 e^{−ϵ|x2−x3|} |x_2 − x_3|

(1.9)

−g_2( e^{−ϵ|x2|} |x_2| + e^{−ϵ|x1−x2|} |x_1 − x_2|

) − g_3( e^{−ϵ|x3|} |x_3| + e^{−ϵ|x1−x3|} |x_1 − x_3|

), x_j ∈ R^3.

The plan of this work is as follows. In Section 2, we prove the existence of two-cluster threshold resonance. In section 3, we show that if E_0 is a two threshold resonance of Q(g) for g = g_0, it is shifted to the left to become a non-degenerate discrete eigenvalue when g increases. These results are applied to the study of the N-body Efimov effect in Section 4: we give more explicit sufficient conditions under which Theorem 1.1 holds and establish a lower bounded on the number of discrete eigenvalues of P (g) as g → g_0 and g > g_0, where P = P (g_0) satisfies the assumptions of Theorem 1.1.

Notation. For s ∈ R and k ∈ Z, we denote by L^{2,s} and H^{k,s} the weighted-L^2 and weighted-Sobolev spaces L^2(⟨x⟩^{2s}dx) and H^k(⟨x⟩^{2s}dx), respectively, and by L(s; s^′) and L(k, s; k^′, s^′) the space of bounded operators from L^{2,s} to L^{2,s′} and from H^{k,s} to H^{k′,s′} , respectively.

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 7

2. Existence of two-cluster threshold resonances The N-body Hamiltonian Q = −Δ + ∑ c∈A V_c studied in Sections 2 and 3 corresponds to a two-cluster Subhamiltonian in the Efimov effect with four or more particles. Thus let N ≥ 3. Let a be a two-cluster decomposition such that dim X_a = 3. Set E_0 = inf σ(Q^a). Assume that E_0 is in σ_d(Q^a). Let φ_a be an associated eigenfunction: Q^aφ_a = E_0φ_a, ‖φ_a‖ = 1. We want to show that by varying the coupling constant g in Q(g) = Q_a + gI_a(x), we can find a critical value g_0 such that E_0 is a threshold resonance of Q(g_0). Let Π denote the orthogonal projection in L^2(X) induced by φ_a

Πu = (φ_a, u)_a ⊗ φ_a, u ∈ L^2(X),

where (, ·, ·)_a denotes the scalar product in x^a-variables. Let Π^′ = 1 − Π. Assume that for any b ∈ A, b ⊈ a, V_b ≤ 0, and V_b is −Δ-form compact and outside some bounded set in X^b, |V_b(x^b)| ≤ C|x^b|^{−ρ0} , ρ_0 > 2. (2.1)

Assume that the intercluster interaction I_a is not identically zero. Put

Q(g) = Q^a − Δ_a + gI_a, Q^′(g) = Π^′Q(g)Π^′, (2.2)

where g > 0 is a coupling constant. It is naturel to expect that for g small, the bottom of the essential spectrum of Q(g) remains to be E_0, while for g large, it may be shifted to the left.

Lemma 2.1. Let V_b be −Δ_xb -form compact. There exists μ_0 > 0 such that if

g‖(−Δ_xb + 1)^{−1/2}V_b(−Δ_xb + 1)^{−1/2}‖ ≤ μ_0, (2.3)

then inf σ_{ess}(Q(g)) = E_0 and a is the unique two-cluster decomposition which attains E_0: ∀a^′ ∈ A, #a^′ = 2 and a^′ ≠ a, inf σ(Q^{a′} ) > E_0.

8 XUE PING WANG AND YUEFEI WANG

Proof. Since E_0 is the discrete spectrum of Q^a, by HVZ theorem, for any b ∈ A, b ⊂ a, (which means that b is a decomposition finer than a)one has

Q^b ≥ E_0 + ϵ_b

for some ϵ_b > 0. Let a^′ be another two-cluster decomposition of the N-body system with a^′ ≠ a. Take b = a ∩ a^′. Then, b ⊂ a and the Subhamiltonian associated to a^′ can be decomposed as Q_a′ (g) = Q_b + g ∑ c⊆a^′,c⊈a

V_c (2.4)

An argument of perturbation shows that if μ_0 is small enough, one has Q_a′ ≥ E_0+ϵ_b/2. By HVZ Theorem, inf σ_{ess}(Q(g)) = min_{#c=2} inf σ(Q^c(g)) = inf σ(Q^a) = E_0. ■

For potentials satisfying (2.1), with Lemma 2.1, one can apply the result on finiteness of discrete spectrum in N-body problems ([5, 13]) to conclude that Q(g) has only a finite number of discrete eigenvalues for g > 0 small. In particular, if g > 0 is small enough, there is no discrete spectrum and E(g) ≜ inf σ(Q(g)) verifies E(g) = inf σ_{ess}(Q(g)) = E_0. Set

g_0 = sup{g > 0; E(g) = E_0, inf σ_{ess}(Q(g)) = E_0}. (2.5)

By Lemma 2.1, one has g_0 > 0. Since I_a ≤ 0 and I_a ≠ 0, one can show that for g large enough, there exists some Subhamiltonian Q^{a′} (g), a^′ ≠ a, such that inf σ(Q^{a′} (g)) < E_0. Therefore g_0 ∈]0, +∞[ is well-defined. It may happen that when g increases from 0 to g_0, the bottom of the essential spectrum, E_0, of Q(g_0) is attained by several two-cluster Subhamiltonians. In the following, we give the proof of Theorem 1.2, under the condition that Q(g_0) is still unique two-cluster. By Theorem 3.3 (a) of [15], E_0 is not an eigenvalue of Q(g_0). Therefore, to prove Theorem 1.2, we need only to construct a non-trivial solution for the equation (Q(g_0)−E_0)u = 0 with u ∈ H^{1,−s} for

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 9

any s >^1_2 . Then E_0 is a threshold resonance of Q(g_0). The construction of a resonant state is based on the reduction made in [14].

According to whether or not E_0 is in σ_p(Q^′(g)), the spectral property of Q(g) at E_0 is determined either by an operator of the form −Δ_{xa} + V_0 or by an operator of the form −Δ_{xa} + V_0 C C^∗ 0 where V_0 is some effective potential and C some finite rank operator. Part (b) of the following Lemma shows that we are actually in the first simpler situation.

Lemma 2.2. Assume that Q_a is the unique two-cluster Subhamiltonian of Q(g_0) which attains the bottom of its spectrum. There exists δ_0 > 0 such that for |g−g_0| < δ_0, one has (a). inf σ_{ess}(Q(g)) = E_0;

(b). Q^′(g) ≥ (E_0 + ϵ_0)Π^′, for some ϵ_0 > 0.

Proof. (a). By the unique two-cluster assumption for Q(g_0), one has for any twocluster decomposition b ≠ a Q_b(g_0) ≥ (E_0 + ϵ_b) for some ϵ_b > 0. The same argument as in Lemma 2.1 shows that

inf σ_{ess}(Q(g) = inf_{#b=2} σ(Q^b(g)) = inf σ(Q^a) = E_0

for g near g_0.

(b). We note that E_0 ∉ σ_p(Q^′(g_0)). In fact, if E_0 ∈ σ_p(Q^′(g_0)), the associated eigenfunction ψ with ‖ψ‖ = 1, would verify Π^′ψ = ψ and

E_0 =< Q^′(g_0)ψ, ψ >=< Q(g_0)ψ, ψ > .

Since Q(g_0) ≥ E_0, this would imply Q(g_0)ψ = E_0ψ, which is impossible because by (a) of Theorem 3.3 [15], E_0 is not an eigenvalue of Q(g_0). By Lemma 2.1 of [14], one has

10 XUE PING WANG AND YUEFEI WANG

inf σ_{ess}(Q^′(g_0)) ≥ (E_0 + δ) for some δ > 0. Since Q^′(g_0) ≥ E_0Π^′ and E_0 ∉ σ_p(Q^′(g_0)), one sees that Q^′(g_0) ≥ (E_0 + ϵ)Π^′ for some ϵ > 0. An easy argument of perturbation shows that for g sufficiently near g_0, Q^′(g) = Q^′(g_0) + (g − g_0)Π^′I_aΠ^′ ≥ (E_0 + ϵ/2)Π^′. ■ Lemma 2.2 (a) shows that for g ∈]g_0, g_0 +δ_0[, δ_0 > 0 small, E(g) is in the discrete spectrum of Q(g). It is clear that E(g) → E_0 as g → g_0.

With Lemma 2.2 (b), we can apply the reduction of Section 3 in [14] which says that for E near E_0, E is an eigenvalue (resp., threshold resonance) of Q(g) if and only if 0 is an eigenvalue (resp., threshold resonance) of operator ϵ_{+−}(λ)

ϵ_{+−}(λ, g) = λ − (−Δ_{xa} + V (λ, g)) (2.6)

where λ = E − E_0, R^′(z, g) = (Q^′(g) − z)^{−1}Π^′ and

V (λ, g) = ([gI_a − g^2I_aR^′(λ + E_0, g)I_a](φ_a ⊗ ·), φ_a)_a.

Note that I_a ≤ 0 and R^′(λ + E_0, g) ≥ 0 for λ near 0. V (λ, g) is a negative self-adjoint operator, analytic in λ near 0 and g near g_0. Set

K(λ, g) = (−Δ_{xa} − λ)^{−1}V (λ, g). (2.7)

Then, K(λ, g) : H^{1,−s} → H^{1,−s} is compact operator-valued for 1/2 < s < (ρ_0 − 1)/2 and is continuous in λ near 0 and g near g_0. Clearly, u belongs to the kernel of ϵ_{+−}(λ, g) in H^{1,−s} if and only if

(1 + K(λ, g))u = 0 (2.8)

Proposition 2.3. One has: dim ker(1 + K(0, g_0))_H1,−s = 1.

Proof. By the assumption on Q(g_0), for any g > g_0 sufficiently close to g_0, E(g) is an eigenvalue of Q(g) with E(g) < E_0 and E(g) → E_0 as g → g_0. Therefore, there

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 11

exists a family of functions u(g) ∈ H^1 such that

u(g) = −K(λ(g), g)u(g), ‖u(g)‖_H1,−s = 1, λ(g) = E(g) − E_0.

The compactness of K(λ(g), g) allows to extract a subsequence {u(g_k)} of {u(g)} such that u(g_k) = −K(λ(g_k), g_k)u(g_k) converges (strongly) in H^{1,−s}. Let u_0 denote its limit. It is clear that u_0 = −K(0, g_0)u_0, ‖u_0‖_H1,−s = 1. This proves that 0 is an eigenvalue of 1 + K(0, g_0). Theorem 3.3 (a) of [15] implies that 0 is not an eigenvalue of −Δ_{xa} + V_0, where V_0 = V (0, g_0). Therefore u_0 ∉ H^1. Since the threshold resonance of −Δ_{xa} + V_0 at zero is at most simple ([6, 14]), one sees that ker(1 + K(0, g_0)) in H^{1,−s} is of dimension one and is spanned by u_0. ■

Proof of Theorem 1.2. Since (−Δ_{xa} + V_0)u_0 = 0, a direct calculation shows that

ψ_0 = φ_a ⊗ u_0 − g_0R^′(E_0, g_0)I_a(φ_a ⊗ u_0) ≠ 0

verifies (Q(g_0)−E_0)ψ_0 = 0. See [14]. Since u_0 ∈ H^{1,−s}(X_a)\H^1(X_a), ψ_0 ∈ H^{1,−s}(X)\ H^1(X) for any s > 1/2. E_0 is thus a threshold resonance of Q(g_0). ■

Corollary 2.4. Let Q = Q_a + I_a, where a is a two-cluster decomposition, I_a = ∑ b⊈a Vb, Vb ≤ 0, such that E0 ≜ inf σ(Q

a) ∈ σ_d(Q^a) and that Q^{a′} > E_0 for any other two-cluster decompositions a^′ ≠ a. Assume in addition that Q has at least one discrete eigenvalue strictly below E_0. Then, E_0 is a threshold resonance of Q(g_0).

Proof. It suffices to remark that g_0 defined by (2.5) is given by

g_0 = inf{g ∈]0, 1]; inf σ(Q(g)) < E_0}, (2.9)

and g_0 ∈]0, 1[. Q(g_0) is still unique two-cluster, because for any a^′ ∈ A with #a^′ = 2 and a^′ ≠ a, (2.4) shows that the Subhamiltonian of Q(g_0) associated with a^′ satisfies Q^{a′} (g_0) ≥ Q^{a′} (1) > E_0 for g_0 ∈]0, 1[. Theorem 1.2 gives the desired result. ■

12 XUE PING WANG AND YUEFEI WANG

As an application of Corollary 2.4, we give a concrete example for the existence of two-cluster threshold resonance for three-body atomic-type Schrödinger operator with Yukawa-type potentials. Similar examples can be constructed for any number of particles.

Example. Consider an atomic-type three-body Schrödinger operator with Yukawa potentials

Q(g) = −Δ_{x1} − Δ_{x2} − α_1e^{−ϵα1|x1|}

|x_1|

− g( α_2e^{−ϵα2|x2|}

|x_2| + α_3e^{−ϵα3|x1−x2|} |x_1 − x_2|

) (2.10)

where the nucleus is fixed at the origine, x_j ∈ R^3, α_i, ϵ and g are suitable positive constants with α_1 > max{α_2, α_3}. We want to show Corollary 2.4 can be applied with a = {(01), (2)}. Consider first the two-body operator

Q(α, ϵ) = −Δ − αe^{−αϵ|x|} |x| , x ∈ R^3,

with α, ϵ > 0. By the change of variables y = αx, one sees that Q(α, ϵ) is unitarily equivalent with α^2Q_1(ϵ) where

Q_1(ϵ) = −Δ_y − e^{−ϵ|y|} |y| . Using the perturbation theory around Q_1(0) = −Δ_y −^1_{|y|} , one sees that for ϵ > 0 small, inf σ(Q_1(ϵ)) = − 1 4 + c_0ϵ + O(ϵ^2).

This shows that there exists ϵ_0 > 0 such that

inf σ(Q(α, ϵ)) = α^2(− 1 4 + c_0ϵ + O(ϵ^2)) < 0 (2.11)

for all 0 < ϵ < ϵ_0, α > 0. For g = 1, let P_j denote the three two-body Subhamiltonians of Q(1) associated with the cluster decompositions {(01), 2}, {(02), (1)}, {(12), (0)},

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 13

respectively. Using (2.11), one sees that their respectives bottoms of spectrum are given by E_j = α^2_j (− 1 4 + O(ϵ)), j = 1, 2, E_3 = α^2_3(− 1 8 + O(ϵ)), which are all negative if ϵ > 0 is small enough. So Q(1) is unique two-cluster, since inf σ_{ess}(Q(1)) = E_1 < min{E_2, E_3}. By minimax principle, one can easily check that Q(1) has at least one discrete eigenvalue e_0 with e_0 ≤ E_1 +E_2 < E_1. By Corollary 2.4, there exists some g_0 ∈]0, 1[ such that E_0 = E_1 is a two-cluster threshold resonance of Q(g_0).

3. Perturbation of two-cluster threshold resonances In this Section, we want to show that under inter-cluster perturbation, a twocluster threshold resonance may be shifted to the left to produce discrete eigenvalue of the N-body system. Let a ∈ A be a two-cluster decomposition of an N-body system such that dim X_a = 3. With the notation of Section 2, assume that • E_0 ≜ inf σ(Q^a) ∈ σ_d(Q^a);

• For any b ⊈ a, V_b(x^b) = O(⟨x^b⟩^{−ρ0} ), ρ_0 > 2, and V_b ≤ 0 with I_a ≜ ∑ b⊈a Va ≠ 0; • Let Q(g) = Q_a + gI_a. Assume that there exists g_0 > 0 such that Q(g_0) ≥ 0, Q(g_0) is unique two-cluster at E_0 and E_0 is a threshold resonance of Q(g_0).

Note that different from Section 2, here we do not assume that g_0 is the critical coupling constant such that inf σ(Q(g)) < E_0 for any g > g_0.

Theorem 3.1. Under the above assumptions, there exists δ_0 > 0 such that for g ∈ ]g_0, g_0 + δ_0[, Q(g) possesses only one eigenvalue E(g) ∈]E_0 − δ_0, E_0[ which is nondegenerated and satisfies E(g) = E_0 + E_1(g − g_0)^2 + o((g − g_0)^2), (3.1)

14 XUE PING WANG AND YUEFEI WANG

as g → g_0, where E_1 < 0.

Proof. We use the idea of [14] and only sketch the proof. Under the assumptions of Theorem 3.1, as in Section 2, one has Q^′(g) ≥ (E_0 + ϵ_0/2)Π^′ for g near g_0. We can then apply the reduction made in Section 3 of [14] which implies that for δ_0 > 0 small enough such that E ∈]E_0 − δ_0, E_0 + δ_0[, |g − g_0| < δ_0, E is an eigenvalue or threshold resonance of Q(g) if and only if 0 is an eigenvalue or threshold resonance of ϵ_{+−}(λ, g) with the same multiplicity, where λ = E − E_0 and ϵ_{+−}(λ, g) is given by (2.6). Let

G_0 = lim

z→0,ℑz>0

(−Δ_{xa} − z)^{−1} : H^{−1,s} → H^{1,−s′} , s, s^′ > 1/2, s + s^′ > 2.

Denote V_0 = V (0, g_0). The zero resonance of ϵ_{+−}(0, g_0) is simple ([6, 14]) and Theorem 3.3 (a) of [15] says that 0 is not an eigenvalue of ϵ_{+−}(0, g_0). Therefore the kernel of ϵ_{+−}(0, g_0) in H^{1,−s} is of dimension one. Let u_0 be the resonant state of ϵ_{+−}(0, g_0) normalized by < u^∗_0, u_0 >_a= 1, where u^∗_0 = −V_0u_0. Let W (λ, g) = 1 + K(λ, g) with K(λ, g) defined as in Section 2. Study the Grushin problem associated with the operator

P(λ, g) =

W (λ, g) T S 0 : H^{1,−s} × C → H^{1,−s} × C,

where s > 1/2, T : C ∋ c → cu_0 ∈ H^{1,−s} and S : H^{1,−s} ∋ f →< u^∗_0, f >∈ C. Define Q : H^{1,−s} → H^{1,−s} by Qf =< u^∗_0, f >_a u_0. Denote F = Range (1 + G_0V_0). Then, Q^′ = 1 − Q is a projection from H^{1,−s} onto F and Q^′(1 + G_0V_0)Q^′ is invertible on F . For λ near 0 and g near g_0, one has

Q^′W (λ, g)Q^′(Q^′(1 + G_0V_0)Q^′)^{−1}Q^′ = Q^′ + Q^′(K(λ, g) − K(0, g_0))Q^′(Q^′(1 + G_0V_0)Q^′)^{−1}Q^′ (3.2) = Q^′ + O(|λ|^ϵ + |g − g_0|), ϵ > 0,

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 15

in L(1, −s; 1, −s). We deduce that Q^′W (λ, g)Q^′ is invertible on F for |λ| small and g near g_0. Let D(λ, g) = (Q^′W (λ, g)Q^′)^{−1}Q^′.

Then for any s > 1/2, one has D(λ, g) = (Q^′W (0, g_0)Q^′)^{−1}Q^′ + O(|λ|^ϵ + |g − g_0|), (3.3) as operator on H^{1,−s}. Using D(λ, g) to construct an approximate inverse, one can show that for λ near 0 and g near g_0, the operator P(λ, g) is invertible from H^{1,−s} × C to H^{1,−s} × C with the inverse given by

P(λ, g)^{−1} =

E(λ, g) E_+(λ, g) E_−(λ, g) E_{+−}(λ, g) ,

where E(λ, g) = D(λ, g), E_+(λ, g) = T − D(λ, g)Y, (3.4) E_−(λ, g) = S − SX, E_{+−}(λ, g) = −SW (λ, g)T + SXY, (3.5) with X = QW (λ, g)Q^′D(λ, g), Y = Q^′W (λ, g)T.

Note that E_{+−}(λ, g) is a scalar and that 0 is an eigenvalue of 1 + K(λ, g) if and only if E_{+−}(λ, g) =< V_0u_0, (1 − W (λ, g)Q^′D(λ, g)Q^′)W (λ, g)u_0 >= 0.

One has the asymptotic expansion (−Δ_a − λ)^{−1} = G_0 + iλ^{1/2}G_1 + O(|λ|^{1/2+δ}) as operator from H^{−1,s} to H^{1,−s} with s > 3/2, for some δ > 0. Set γ = g − g_0, V_0 = V (0, g_0). One has V (λ, g) = V_0 + γB_1 + λC_1 + O((|γ| + |λ|)^2)

16 XUE PING WANG AND YUEFEI WANG

as operator from H^{1,s} to H^{1,s+ρ0} , where B_1 = ([I_a − 2g_0I_aR^′(E_0, g_0)I_a](φ_a ⊗ ·), φ_a)_a (3.6) +(g^2_0I_aR^′(E_0, g_0))I_aR^′(E_0, g_0)I_a(φ_a ⊗ ·), φ_a)_a ≤ 0 (3.7) as a sum of three negative self-adjoint operators in x_a-variables. Since u_0 ∈ H^{1,−s} for any s > 1/2, V_0u_0 ∈ H^{−1,s0} for some 3/2 < s_0 < ρ_0 − 1/2. By a direct calculation, one obtains E_{+−}(λ, g) = b_1γ + c_1iλ^{1/2} + O(γ^2 + γ|λ|^{1/2} + |λ|^{1/2+δ0} ) (3.8) where b_1 = − < u_0, B_1u_0 >_a, c_1 = 1 4π | < V_0(u_0), 1 >_a |^2.

c_1 > 0 because u_0 is a resonant state so that < V_0(u_0), 1 >_a≠ 0 ([14]), and b_1 ≥ − < I_a(φ_a ⊗ u_0), (φ_a ⊗ u_0) >> 0, because I_a ≤ 0 and is not identically zero. It follows from (3.8) that for each γ > 0 small enough, λ → E_{+−}(λ, g_0 + γ) has a zero Λ(g_0 + γ) < 0 satisfying Λ(g_0 + γ) = E_1γ^2 + O(γ^{2+ϵ}), (3.9) where E_1 < 0. This shows that the generalized eigenvalue problem (Q(g) − E)u = 0, E ∈]E − δ_0, E + δ_0[, u ∈ H^{1,−s}, has only one solution (E(g), u(g)) with E(g) = E_0 +Λ(g). Since E(g) < inf σ_{ess}(Q(g)), by the method of a priori energy estimate, one can show that u(g) ∈ H^1. Thus, E(g) is the unique eigenvalue of Q(g) in ]E−δ_0, E+δ_0[ and E(g) is simple. This proves Theorem 3.1. ■ If g_0 be defined as in Section 2, under the conditions of Theorem 1.2, one can apply Theorem 3.1 to conclude that E(g) = inf σ(Q(g)) satisfies E(g) = E_0 + E_1(g − g_0)^2 + o((g − g_0)^2), (3.10)

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 17

as g → g_0 and g > g_0. (3.10) is known for C^∞_0 potentials ([7]). If all potentials are dilation analytic, one can show that E_{+−}(λ, g) has homomorphic extension for λ ∈ C in a small rotated half-disk around 0 and for g near g_0. From (3.8), we can derive that for g < g_0 and g near g_0, λ → E_{+−}(λ, g) has a zero Λ(g) ∈ C with ℜΛ(g) > 0 and ℑΛ(g) < 0. E_0 + Λ(g) is then a resonance of Q(g) as pole of its resolvent.

4. Applications to the N-body Efimov effect Let P = −Δ + ∑ a V_a(x^a) be an N-body Schrödinger operators, N ≥ 4. Let b ∈ A with #b = 3, E_0 = inf σ(P^b). Assume that

• (1.5) is satisfied and inf σ(P^a) > E_0, a ∉ {b, a_1, a_2, a_3}; • each P^{aj} admits a discrete eigenvalue strictly below E_0.

Note that I_b can be decomposed as I_b = I_1 + I_2 + I_3 with I_j = ∑ c⊈b,c⊆a_j Vc(x c). Theorem 4.1. Under the above conditions, let P^{aj} (g) = P^b − Δ_x^aj_b + gI_j, where −Δ_x^aj_b = −Δ|_X^aj_{∩Xb} . Then there exists g_j ∈]0, 1[ such that E_0 is a threshold resonance of P^{aj} = P^{aj} (g_j), j = 1, 2, 3. In particular, Theorem 1.1 holds for the N-body operator P = P_b +

∑_3 j=1 g_jI_j.

Proof. Theorem 4.1 follows easily from Corollary 2.4. In fact, P^b can be regarded as a two-cluster Subhamiltonian of P^{aj} = P^b −Δ_x^aj_b +I_j, j = 1, 2, 3. The assumptions made on P^b imply that P^b is the only two-cluster Subhamiltonian of P^{aj} such that inf σ(P^c) = inf σ_{ess}(P^{aj} ), c ⊂ a_j, c ≠ a_j, that is, P^{aj} is unique two-cluster. Since P^{aj} admits at least one discrete eigenvalue strictly below E_0 = inf σ(P^b), Corollary 2.4 with Q = P^{aj} , j = 1, 2, 3, says that there exits g_j ∈]0, 1[ such that P^{aj} = P^{aj} (g_j) = P^b − Δ_x^aj_b + g_jI_j satisfies that inf σ(P^{aj} ) = E_0 and that E_0 is a threshold resonance of P^{aj} . Now, for the N-body Hamiltonian P = P_b +

∑_3 j=1 g_jI_j, one has inf σ(P^c) ≥ inf σ(P^c) > E_0 for c ∉ {b, a_1, a_2, a_3}. Therefore, (1.4) is satisfied for P . It is clear that all conditions of Theorem 1.1 are verified for P . ■

18 XUE PING WANG AND YUEFEI WANG

Let us give an example of atomic-type four-body Schrödinger operator with Yukawa potentials such that all conditions of Theorem 1.1 are satisfied. Consider an atomic-type four-body quantum system labelled by {0, 1, 2, 3}, where the particle 0 denotes the nucleus with position at the origine in R^3. Let x_j ∈ R^3 denote the relative position between the j-th electron and the nucleus. Consider the four-body Schrödinger operator with Yukawa potentials

P (α, γ, ϵ) = 3∑ j=1 (−Δ_{xj} + V_j (x_j)) + ∑ 1≤j<k≤3

V_{jk}(x_j − x_k), (4.1)

where V_β(y) = − γ_βα_βe^{−ϵβ αβ |y|} |y| with α = (α_β), γ = (γ_β), ϵ = (ϵ_β), the subscript β taking values in i or (jk) for i, j, k ∈ {1, 2, 3}, j < k. Here α_β, ϵ_β > 0 and γ_β ∈]0, 1]. Let b = {(01), (2), (3)} be the three-cluster decomposition of the four-body system. The three resulting two-cluster decompositions are

a_1 = {(01), (23)}, a_2 = {(012), (3)}, a_3 = {(013), (2)}.

Let Q(α) be the four-body Schrödinger operator with Coulomb potentials

Q(α) = 3∑ j=1 (−Δ_{xj} + W_j(x_j)) + ∑ 1≤j<k≤3

W_{jk}(x_j − x_k) (4.2)

where W_β(y) = − α_β |y| . Let E^′ = min{inf(σ(Q^c(α)); c ∈ A, #c = 2, c ⊉ b}. E^′ is independent of α_1. Take

α_1 > 2 √ −E^′ and γ_1 = 1. (4.3)

Denote P^b = −Δ_{x1} − α_1e^{−ϵ1α1|x1|} |x_1|

, E_0 = inf σ(P^b). (4.4)

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 19

Let ϵ_β > 0 be small enough such that the infimum of the spectrum of each two-particle Subhamiltonian −Δ_y − α_βe^{−ϵβ αβ |y|} |y| is a negative eigenvalue. Then

E_0 = inf σ(P^b) = α^2_1 4 (−1 + O(ϵ_1)) (4.5)

for ϵ_1 small enough. Since P^a(α, γ, ϵ) ≥ Q^a(α) for any a ∈ A and for any γ_β ∈]0, 1], one has

inf σ(P^b) < E^′ ≤ min{inf(σ(P^c(α, γ, ϵ)); c ∈ A, #c = 2, c ⊉ b}. (4.6)

This shows that for any γ_β ∈]0, 1], β ≠ 1, inf σ_{ess}(P (α, γ, ϵ)) = E_0 and that it can only be attained by the Subhamiltonians associated with a ∈ {b, a_1, a_2, a_3}. Note that P^b(α, γ, ϵ) can be regarded as a two-cluster Subhamiltonian of P^{aj} (α, γ, ϵ). By the example given in Section 2, for k = 2, 3, there exists γ_k = γ_{1k} = g_k ∈]0, 1[ such that

P^{ak} = −Δ_{x1} − Δ_{xk} − α_1e^{−ϵ1α1|x1|}

|x_1|

− g_k( α_ke^{−ϵkαk|xk|}

|x_k| + α_{1k}e^{−ϵ1kα1k|x1−xk|} |x_1 − x_k| ) satisfies

inf σ(P^{ak} ) = inf σ(P^b) = E_0 and E_0 is a threshold resonance of P^{ak} , k = 2, 3. (4.7)

Using y = x_2 − x_3 as part of intra-cluster coordinates, one can write P^{a1} as

P^{a1} = −Δ_{x1} − 2Δ_y − α_1e^{−ϵ1α1|x1|} |x_1| − γ_{23}α_{23}e^{−ϵ23α23|y|} |y| . This is a particular case of the example of Section 2. Let g_1 be defined

g_1 = sup{γ_{23} > 0; −2Δ_y − γ_{23}α_{23}e^{−ϵ23α23|y|} |y| ≥ 0}.

Then, (4.7) is also satisfied for k = 1 with γ_{23} = g_1. All assumptions of Theorem 1.1 are thus satisfied and Theorem 1.1 affirms that the Efimov effect takes place for P (α, γ, ϵ) with the parameters adjusted as above. In particular, if α_β = 1 for β ≠ 1,

20 XUE PING WANG AND YUEFEI WANG

and ϵ_β = ϵ, our result claims that for any α_1 > 2 √ −E^′ and for any ϵ > 0 small enough, there exists g_j ∈]0, 1[, j = 1, 2, 3, such that the Efimov effect happens at the energy E_0 = −^{α21}_4 + O(ϵ) for the atomic-type four-body Schrödinger operator

P = −Δ_{x1} − Δ_{x2} − Δ_{x3} − α_1e^{−ϵα1|x1|} |x_1|

− g_1 e^{−ϵ|x2−x3|} |x_2 − x_3| −g_2( e^{−ϵ|x2|} |x_2| + e^{−ϵ|x1−x2|} |x_1 − x_2|

) − g_3( e^{−ϵ|x3|} |x_3| + e^{−ϵ|x1−x3|} |x_1 − x_3|

). (4.8)

As application of Theorem 3.1, we give the following result which is an improvement of Theorem 5.1 of [15], where the additional condition V_c ∈ C^∞_0 for c ⊈ b was needed.

Theorem 4.2. Let b ∈ A with #b = 3 and P (g) = P_b + gI_b. Assume the conditions of Theorem 1.1 satisfied for P = P (g_0). Then for g > g_0 and g near g_0, the total number of discrete eigenvalues, N (g), of P (g) is finite and satisfies

N (g) ≥ 2C_0| log(g − g_0)| − C_1, (4.9)

as g → g_0. Here C_0 > 0 is the same as in Theorem 1.1 and C_1 is a constant independent of g.

With the results of Sections 2 and 3, one has for g > g_0 and g near g_0,

Σ_3(g) ≜ min_{#c=3} inf σ(P^c(g)) = E_0 and Σ_2(g) ≜ min_{#c=2} inf σ(P^c(g)) = min_{1≤j≤3} inf σ(P^{aj} (g)).

Applying theorem 3.1 to P^{aj} (g) with P^a replaced by P^b, one has

inf σ(P^{aj} (g)) = E_0 + E_{1,j} (g − g_0)^2 + o((g − g_0)^2), E_{1,j} < 0.

THRESHOLD RESONANCES AND THE EFIMOV EFFECT 21

This shows that

Σ_2(g) = E_0 + E_1(g − g_0)^2 + o((g − g_0)^2) < Σ_3(g)

where E_1 = min_j{E_{1,j}} < 0. Since ρ_0 > 2, the number of discrete eigenvalues of P (g) is finite. Noticing that P (g) ≤ P (g_0) for g > g_0, one has N (g) ≥ N(Σ_2(g)). Theorem 1.1 gives the desired result.

References

[1] R. D. Amado, F. C. Greenwood, There is no Efimov effect for four or more particles. Phys.

Rev. D, 7(3) (1973), 2517–2519.

[2] R. D. Amado, J. V. Noble, On Efimov’s effect: A new pathology of three-particle systems. Phys.

Lett. B, 35(1971), 25-27; II. Phys. Lett. D, 5(3)(1972), 1992-2002.

[3] J. Dereziński, C. Gérard, Scattering theory of classical and quantum N-particle systems. Texts and Monographs in Physics. Springer-Verlag, Berlin, 1997.

[4] V. Efimov, Energy levels arising from resonant two-body forces in a three-body systems. Phys.

Lett. B, 33 (1970), 563-564.

[5] W.D. Evans and R.T. Lewis, N-body Schrödinger operators with finitely many bound states.

Trans. Amer. Math. Soc., 322(2)(1990), 593-626.

[6] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time decay of wave functions, Duke Math. J., 46(1979), 583-611.

[7] M. Klaus, B. Simon, Coupling constant thresholds in nonrelativistic quantum mechanics II.

Two cluster thresholds in N-body systems, Commun. Math. Phys., 78(1980/1981), 153-168. [8] Yu. N. Ovchinnikov, I.M. Sigal, Number of bound states of three-body systems and Efimov’s effect, Ann. Physics, 123(2) (1979), 274-295.

[9] A. V. Sobolev, The Efimov effect. Discrete spectrum asymptotics, Commun. Math. Phys., 156(1993), 101-126.

[10] H. Tamura, The Efimov effect of three-body Schrödinger operators. J. Funct. Anal., 95 (1991), no. 2, 433–459.

22 XUE PING WANG AND YUEFEI WANG [11] H. Tamura, The Efimov effect of three-body Schrödinger operators: asymptotics for the number of negative eigenvalues. Nagoya Math. J. 130 (1993), 55–83.

[12] S. A. Vugal’ter and G. M. Zhislin, On the discrete spectrum of Schrödinger operators of multiparticle systems with two-particle virtual levels, Dolk. Akad. Nauk. SSSR, 267(4) (1982), 784-786.

[13] S. A. Vugal’ter and G. M. Zhislin, On the finiteness of discrete spectrum in the n-particle problem. Rep. Math. Phys. 19 (1984), no. 1, 39–90.

[14] X. P. Wang, Asymptotic behavior of the resolvent of N-body Schrödinger operators near a threshold, Ann. Henri Poincaré, 4(2003), 553-600.

[15] X. P. Wang, On the existence of the N-body Efimov effect, J. Funct. Analysis, 209(2004), 137-161.

[16] X. P. Wang, Threshold energy resonance in geometric scattering, Matemática Contemporânea, 26(2004), 135-164.

[17] D. R. Yafaev, On the theory of the discrete spectrum of the three-particle Schrödinger operator, Math. USSR-Sb., 23 (1974), 535-559.

Département de Mathématiques, UMR 6629 du CNRS, Université de Nantes, 44322 Nantes Cedex 3, FRANCE, e-mail: xue-ping.wang@univ-nantes.fr

Institute of Mathematics, The Chinese Academy of Sciences, 100871 Beijing, CHINA e-mail: yfwang@math.amss.ac.cn