INVERSE SCATTERING WITH FIXED ENERGY FOR DILATION-ANALYTIC POTENTIALS

ANDRÁS VASY AND XUE-PING WANG

Abstract. For N-body Schrödinger operators P = −Δ+ ∑ 1≤i<j≤N Vij ,

N ≥ 3, we show that the free-channel to free-channel scattering matrix S_0(λ) with one energy λ > 0 uniquely determines all V_{ij} in the class of dilation analytic Schwartz potentials. The same question for two-body Schrödinger operators remains open.

1. Introduction

The uniqueness of quantum inverse scattering problems for Schrödinger operators has a long history. See [3, 6, 12] and the references quoted therein. For the inverse scattering with fixed energy for twobody Schrödinger operators, one usually requires the potential to be exponentially decaying [9, 11, 13, 14, 17]. In the two dimensional case, one needs in addition the smallness of potentials. If these conditions are not satisfied, the uniqueness of inverse scattering with fixed energy may fail. See [7, 8] for such examples. However, the exponential decay on potential is only a sufficient condition for the uniqueness of inverse scattering with fixed energy. See [10] for the uniqueness of a class of smooth rational potentials in dimension d ≥ 3. For inverse problem in N-body scattering, see [4, 5, 15, 23, 24] for high energy case, and [18, 19, 20, 21] for fixed energy case with exponentially decreasing potentials. In this note, we shall show that the N-body scattering matrix, N ≥ 3, at a fixed energy determines uniquely all potentials in the class of dilation-analytic Schwartz functions.

Let us introduce some notation commonly used in N-body problems. Let P denote the N-body Schrödinger operator with the mass-center

2000 Mathematics Subject Classification. 35P25, 81U10, 81U40. Key words and phrases. Inverse scattering, dilation analyticity, N-body problems.

The first author is partially supported by NSF grant #DMS-0201092, and a Fellowship from the Alfred P. Sloan Foundation. The second author is partially supported by a grant for Outstanding Overseas Chinese Scholars of the Chinese Academy of Sciences. 1

removed from the total energy operator − N∑ j=1 1 2m_j

Δ_{xj} + ∑ 1≤i<j≤N

V_{ij}(x_i − x_j), (1.1)

where x_j ∈ R^d, d ≥ 2, denotes the position and m_j > 0 the mass of the j-th particle, and V_{ij} is assumed to be real smooth satisfying

|V_{ij} (y)| ≤ C_{ij}⟨y⟩^{−ρ}, ρ > 1, (1.2)

for y ∈ R^d. Here ⟨y⟩ = (1 + |y|^2)^12 . P is regarded as a self-adjoint operator in L^2(X), where X is the (N − 1)d dimensional space: X = {(x_1, · · · , x_N ) ∈ R^{Nd};

∑_N

j=1 m_jx_j = 0}. Let A denote the set of all cluster decompositions of the N-particle system. For a ∈ A, let #a denote the number of clusters in a and P^a the subhamiltonian associated with a. For i, j ∈ {1, · · · , N}, i ≠ j, we write (ij) ∈ a if i and j belong to a same cluster in a. If a, b are two cluster decompositions, we write b ⊂ a if b is a refinement of a. Let a be a k-cluster decomposition a = (a_1, · · · , a_k). We denote X^a = {x ∈ X; ∑ l∈a_j mlxl = 0, j = 1, · · · , k}

and X_a = {x ∈ X; x_i = x_j if (ij) ∈ a_m for some m ∈ {1, · · · , k}}. X^a and X_a give an orthogonal decomposition for X relative to the quadratic form q(x) = ∑ j 2m_j|x_j|^2, x ∈ X. Denote by X^∗ (resp., X^{a∗}, X^∗_a) the dual space of X (resp., X^a, X_a). X^∗ is equipped with the dual metric, q^∗, of q. Let S_0 (S_a, S^a, resp.) denote the unit sphere in X (in X_a, X^a, resp.). Let π^a and π_a denote the orthogonal projection from X onto X^a and X_a, respectively. For x ∈ X, let x^a = π^ax and x_a = π_ax so that we have the orthogonal decomposition: x = x^a + x_a with x^a ∈ X^a and x_a ∈ X_a. The N-body Schrödinger operator P introduced above can be written in the form P = P_0 + V (x) where P_0 is the Laplace-Beltrami operator on the Euclidean space (X, q) and V (x) = ∑ a∈A V_a(x^a) with V_a(x^a) = V_{ij}(x_i −x_j) if a is an (N −1)-cluster decomposition and (ij) ∈ a; V_a(x^a) = 0, otherwise. Let −Δ^a (−Δ_a, resp.) denote the restriction of P_0 on X^a (on X_a, resp.). For a ∈ A, denote P^a = −Δ^a + ∑ b⊆a V_b(x^b), P_a = P^a − Δ_a, I_a(x) = ∑ b⊈a Vb(x b). P^a is the subhamiltonian associated with the cluster decomposition a and I_a is the sum of all inter-cluster interactions. The free-channel to free-channel scattering operator is defined by

S_0 = W^∗_{+,0}W_{−,0}, (1.3)

where W_{±,0} = s- lim_{t→±} e^{itP} e^{−itP0} , in L^2(X).

In many-body problems, there exists generically an infinite number of scattering channels and to each couple of scattering channels, one can define a scattering operator which describes the associated scattering process. It is also interesting to study inverse scattering problems related to other channel scattering operators. See [5, 18, 20, 24].

Let F_0 : L^2(X) → L^2(R_+; L^2(S_0)) be the spectral representation for P_0: F(λ)P_0F(λ)^∗ = λ, λ ∈ R_+. Since S_0 commutes with P_0, S_0 is also diagonalized by F_0. The free-channel to free-channel scattering matrix is defined by

S_0(λ) = F(λ)S_0F(λ)^∗, a.e. λ ∈ R_+. (1.4)

It is still unknown whether S_0(λ) can be defined pointwise in λ as a bounded operator on L^2(S_0). However, using micolocalized resolvent estimates or the propagation of singularities for N-body operators, one can show that the distributional kernel (i.e. the scattering amplitude), S_0(λ; ω, ω^′), of S_0(λ) is well-defined for each λ for angular momenta in S_0 \ (∪_{#a≥2}X_a). The N-body inverse scattering is to determine the potentials V_{ij}, 1 ≤ i < j ≤ N, from the scattering amplitude S_0(λ; ω, ω^′) with a fixed energy λ.

We are interested in the inverse scattering for dilation-analytic Schwartz potentials.

Definition 1.1. Let V (y) be −Δ-bounded as multiplication on L^2(R^d). V is said to be dilation-analytic, if there is ϵ_0 > 0 such that the family of operators R ∋ θ → V (e^θy)(−Δ_y + 1)^{−1} extends to a compact operatorvalued holomorphic function for θ ∈ C with |ℑθ| < ϵ_0.

Our result is the following

Theorem 1.2. Let N ≥ 3 and d ≥ 2. Assume that V_{ij} ∈ S(R^d), 1 ≤ i < j ≤ N. Suppose that

V_{ij} (y) = U_{ij} (y) + W_{ij}(y) (1.5)

where U_{ij} is dilation-analytic and W_{ij} decays exponentially: W_{ij}(y) = O(e^{−a|y|}) for some a > 0. Then the scattering matrix S_0(λ) for one fixed energy λ > 0 determines all potentials V_{ij} , 1 ≤ i < j ≤ N.

Remark 1.3. (a). If U_{ij} = 0, the N-body inverse scattering with fixed energy was studied in [21, 18, 19]. Because of the restrictions of [13], the known result in two-body inverse scattering with fixed energy in d = 2 requires the potentials to be small. Here we do not need this smallness assumption.

(b). As an example of the class of potentials in which Theorem 1.2 holds, we can take V_{ij}(y) = a_{ij}e^{−bij ⟨y⟩ρij} (1.6) where a_{ij} ∈ R, b_{ij} > 0, 0 < ρ_{ij} ≤ 1. The result in the case 0 < ρ_{ij} < 1 is new. To our knowledge, the result like Theorem 1.2 is unknown for two-body Schrödinger operators.

Theorem 1.2 is a consequence of the structure of the free-channel to free-channel scattering matrix and the analyticity in energy variable of two-body scattering matrix for dilation-analytic potentials.

2. Recovering the scattering matrix of subhamiltonians

For a ∈ A, #a ≥ 2, the free-channel to free-channel scattering operator for the subhamiltonian P^a is defined by

S^a_0 = (W^a_{+,0})^∗W^a_{−,0}, (2.1)

where W^a_{±,0} = s- lim_{t→±} e^{itP a} e^{−itP a0} , in L^2(X^a),

where P^a_0 is P^a with all potentials equal to zero. Let S^a_0 (λ) denote the scattering matrix. One has (Theorem 3 of [20])

Theorem 2.1. Let V_{ij} ∈ S(R^d) for all 1 ≤ i < j ≤ N. Then the free-channel to free-channel scattering matrix S_0(λ) at one energy λ determines the free-channel to free-channel scattering matrix for all two-body subhamiltonians S^a_0 (μ) (a ∈ A, #a = N − 1) for all energies 0 < μ < λ.

The proof of this theorem in [20] relies on the structure of S_0(λ). (Note that S_0(λ) there is normalized slightly differently, namely geometrically, see the last sentence of this paragraph.) To get a rough idea for this, we first recall that as a consequence of the propagation of singularities (meaning lack of rapid decay at infinity) for tempered distributional eigenfunctions of P , proved in [22], the wave front set of S_0(λ)g, for distributions g supported away from X_a, a ≠ 0, lies inside the image of WF(g) under the generalized broken bicharacteristic relation. In other words the wave front relation of S_0(λ) is a subset of the generalized broken bicharacteristic relation. Thus, location of singularities of S_0(λ)g can be described rather precisely. Intuitively, one may think of broken bicharacteristics as classical trajectories ‘scaled out to infinity’, with bound states in subsystems adding a quantum mechanical aspect to their definition; see [20, 22]. In the absence of bound states in any proper subsystem, their projection to the sphere S_0 would be piecewise arcs of great circles, of total length π, where the ‘breaks’ can only happen at the X_a, and are such that the tangent vectors of the incoming and outgoing segments at a break point in S_0 ∩ X_a differ by a vector normal to X_a. We also note that the distance π along a great circle corresponds to the antipodal map: free particles entering from one direction exit in the opposite direction! Our (i.e. the wave operator) normalization of the scattering matrix composes the relation linking the beginning and end points of these curves with the antipodal map, by factoring out the free motion.

Now, generalized bicharacteristics can be quite complicated, but it is easy to show that certain points p in the wave front relation of S_0(λ), which can thus be connected by a generalized broken bicharacteristic, can in fact only be connected by very special ones: namely ones that lie in the complement of X_b for all b with #b ≤ N − 1, with the exception of a single point which in turn lies in X_a for an (N − 1)-cluster a, with (ij) ∈ a. In other words, these broken bicharacteristics only hit a single (N −1)-cluster a, i.e. describe interactions of particles in which (modulo smoothing, hence negligible effects) only particles i and j collided.

In a neighborhood of these special points p, on the other hand, S_0(λ) is microlocally a Fourier integral operator, i.e. its singularities can be described very precisely. In fact, as was already exploited in [21, Proposition 6.4], this is the Fourier integral operator given by the free-channel to free-channel scattering matrix of Δ_0 + V_{ij} , at energies μ, 0 < μ < λ, where μ depends on p. It is then easy to see (and this is the crux of the proof in [20]) that S^a_0 (μ) is determined by S_0(λ) for 0 < μ < λ, since the set of these points p is actually large enough.

This argument is rather sketchy; we refer the reader to [20] for the detailed proof.

3. Proof of Theorem 1.2

To prove Theorem 1.2, we need the following result on the analyticity in the energy variable of two-body scattering matrix.

Theorem 3.1. Let P = −Δ+V (x) be a two-body Schrödinger operator on R^d with potential V (x) = U(x) + W (x) where W is smooth and exponentially decaying W (x) = O(e^{−a|x|}) for some a > 0, and U is smooth dilation-analytic short-range: ∃ρ > 1 such that

|U(e^θx)| ≤ C⟨x⟩^{−ρ}, x ∈ R^d

for θ in a small complex neighborhood of 0 ∈ C. Then, one has (a). The resolvent R(z) = (P −z)^{−1}, ℑz > 0, extends meromophically into the domain D = {z ∈ C; |ℑz| < ϵ_0ℜz, ℑz > −b} for some ϵ_0 > 0 and b > 0.

(b) The scattering matrix S(λ), λ > 0, for the pair (−Δ, −Δ+V (x)) extends meromorphically into D with the same poles as R(z).

This result is known under different conditions. See in [1] for shortrange dilation analytic potential (W = 0) for any dimension and [2] for d ≥ 3 under more general conditions than those of Theorem 3.1. Being unable to find an appropriate reference for the case d = 2, we indicate here how to modify the arguments of [2] to treat the case d = 2.

The space dimension plays a role in the study of local singularities, which arise due to the global use of polar coordinates, namely their use even near the origin. Unlike in the case d ≥ 3, the operators

D̂_j = ∂ ∂x_j + d − 1 2r^2 x_j − ik x_j r , r = |x|, j = 1, · · · , d,

introduced in [2] are not defined from H^2 to L^2 when d = 2. Also, the multiplication by e^{−ikr}, k ∈ C^−, does not map H^2 to H^2. In fact, for d = 2,^1_r is not −Δ-bounded, but only −Δ-form bounded with relative bound 0. So when d = 2, D̂_j is not continuous from H^2 to L^2, but is still continuous from H^1 to H^{−1}, and the multiplication by e^{−ikr} is continuous from H^1 to H^1. If we regard P as self-adjoint operator defined with form-domain H^1, the limiting absorption principle then holds in L(H^{−1,s}; H^{1,−s}) for any s > 1/2. So to treat the case d = 2, we can replace the weighted H^2 (resp., L^2) spaces used in [2] by H^1 (resp., H^{−1}) spaces with the same weight. With this modification, the compositions of operators used in [2] are well defined.

The condition d ≥ 3 also appears in the proof of [2, Lemma 1.6] which asserts that as operator-valued function in L(L^2(S^{d−1}), H^{2,−s}(R^d)) for s > 1/2, T^{+∗}_0 (k) defined by

(T^{+∗}_0 (k)f)(x) = (2π)^{− d2} ∫ S^{d−1}

e^{−ikr+ikx·ω}f(ω) dω, (3.1)

where r = |x| and f ∈ L^2(S^{d−1}), extends continuously to C̃^− = {z ∈ C; ℑz ≤ 0, z ≠ 0} and is analytic in C^− = {z ∈ C; ℑz < 0}. The authors of [2] used the expansion of the kernel of T^{+∗}_0 (k) in terms of spherical harmonics and Bessel functions, where the condition d ≥ 3 appears. Their proof is actually still valid in the case d = 2. Here we present an easy alternative proof for the analyticity of T^{+∗}_0 (k) in C^− for d ≥ 2. Let us estimate the complex derivative

(∂_kT^{+∗}_0 (k)f)(x) = −i(2π)^{− d2} ∫ S^{d−1}

e^{−ikr+ikx·ω}r(1 − ω · θ)f(ω) dω,

where x = rθ. Let k = a − ib ∈ C^−, b > 0. Splitting the above integral into two pieces according to |1 − ω · θ| > r^{−1+ϵ} and |1 − ω · θ| ≤ r^{−1+ϵ} for r ≥ 1 and 0 < ϵ < 1, one obtains

|∂_k(T^{+∗}_0 (k)f)(x)|^2 ≤ C‖f‖^2e^{−2brϵ} r^2 +C ∫ |1−ω·θ|≤r^{−1+ϵ}

|f(ω)|^2dω ∫ S^{d−1}

e^{−2br(1−ω·θ)}|r(1 − ω · θ)|^2 dω

Since ω → (1 − ω · θ) has a unique non degenerate minimum on the sphere at ω = θ, one has ∫ S^{d−1}

e^{−2br(1−ω·θ)}|r(1 − ω · θ)|^2 dω ≤ Cr^{− (d−1)2}

and ∫

S^{d−1}_θ ∫ |1−ω·θ|≤r^{−1+ϵ}

|f(ω)|^2dωdθ ≤ Cr^{−(1−ϵ) (d−1)2} ‖f‖^2.

For s > 1/2, taking 0 < ϵ <^{2(2s−1)}_{d−1} , one has

‖⟨x⟩^{−s}∂_kT^{+∗}_0 (k)f)‖^2 ≤ C(b, s)‖f‖^2 (3.2)

It follows that C^− ∋ k → T^{+∗}_0 (k) ∈ L(L^2(S^{d−1}), L^{2,−s}(R^d)) is analytic for s > 1/2. The continuity of T^{+∗}_0 (k) in C̃^− near R \ {0} can be proved by standard technique of the limiting absorption principle. An easy argument shows that the same is true if we regard T^{+∗}_0 (k) as L(L^2(S^{d−1}), H^{1,−s}(R^d))-valued function. This shows the validity of the second part of [2, Lemma 1.6] for d ≥ 2 with L(L^2(S^{d−1}), H^{2,−s}(R^d)) replaced by L(L^2(S^{d−1}), H^{1,−s}(R^d)). The first part of [2, Lemma 1.6] follows by taking the adjoint.

The other arguments of [2] can be adapted with minor modifications to prove Theorem 3.1 for d = 2.

Proof of Theorem 1.2. Theorem 1.2 follows easily from Theorems 2.1 and 3.1. In fact, let a ∈ A be an N − 1 cluster decomposition where the particles i and j are in the same cluster. Then S^a_0 (μ) is just the two-body scattering matrix of (−Δ_y, −Δ_y + V_{ij} (y)) and by Theorem 2.1, S^a_0 (μ), 0 < μ < λ is uniquely determined by S_0(λ). On the other hand, under the conditions of Theorem 1.2, the positive eigenvalues of −Δ_y +V_{ij}(y) are absent. Theorem 3.1 implies that the scattering matrix S^a_0 (λ) is analytic on ]0, +∞[. Therefore, S^a_0 (μ) for μ ∈]0, λ[ determines uniquely S^a_0 (μ) for all μ ∈ R_+ . It is well-known that in the case d ≥ 2, V_{ij} can be recovered from the asymptotics of S^a_0 (μ), μ → +∞ (see

[4, 6, 16]). Therefore, for d ≥ 2, all V_{ij} are uniquely determined by one scattering matrix S_0(λ). �

To end this note, let us indicate that in [8], the authors constructed rapidly decaying transparent potentials for two-body Schrödinger operators in two-dimensional case. R. Novikov told the second author that it may be possible to study the analyticity this class of transparent potentials. Results of inverse scattering are dimension-dependent. An interesting open question is to see if the result of Theorem 1.2 holds for two-body Schrödinger operators in dimension d ≥ 3.

References

[1] E. Balslev, Analytic scattering of two-body Schrödinger operators, J. Funct.

Analysis, 29(1978), 375-396.

[2] E. Balslev, E. Skibsted, Resonance theory of two-body Schrödinger operators.

Ann. Inst. H. Poincaré Phys. Théor. 51(2) (1989), 129-154.

[3] K. Chadan, P.C. Sabatier, Inverse Problems in Quantum Scattering Theory, Springer, New York, 1989.

[4] V. Enss, R. Weder, The geometrical approach to multidimensional inverse scattering, J. of Math. Physics, 36(1995), 3902-3921.

[5] V. Enss, R. Weder, Inverse two-cluster scattering, Inverse Problems 12(4)(1996), 409-418.

[6] L. D. Faddeev, The uniqueness of solutions for the scattering inverse problem, Vestnik Leningrad Univ., 7(1956), 126-130.

[7] P. G. Grinevich, Rational solutions of the Veselov-Novikov equations are reflectionless two-dimensional potentials at fixed energy, Theor. and Math. Phys., 69(2)(1986), 307-310.

[8] P. G. Grinevich, R. G. Novikov, Transparent potentials at fixed energy in dimension two. Fixed energy dispersion relations for the fast decaying potentials, Commun. Math. Phys., 174(2) (1995), 409-446.

[9] G. M. Henkin, R. G. Novikov, The ∂-equation in the multidimensional inverse scattering problem. (Russian) Uspekhi Mat. Nauk 42 (1987), no. 3(255), 93- 152.

[10] M. S. Joshi, A. Sá Barreto, Recovering asymptotics of short-range potentials, Commun. Math. Phys., 193(1998), 197-208.

[11] A.I. Nachmann, Global unniqueness for a two-dimensional boundary problem, Ann. of Math., 143(1)(1996), 389-436.

[12] R. Newton, Inverse Schrödinger Scattering in Three Dimensions, Springer, New York, 1989.

[13] R. G. Novikov, The inverse scattering problem on a fixed energy level for the two-dimensional Schrödinger operator. J. Funct. Anal. 103 (1992), no. 2, 409- 463.

[14] R. G. Novikov, The inverse scattering problem at fixed energy for the threedimensional Schrödinger equation with an exponentially decreasing potential. Comm. Math. Phys. 161 (1994), no. 3, 569-595.

[15] R. G. Novikov, On inverse scattering for the N-body Schrödinger equation. J.

Funct. Anal. 159(2) (1998), 492-536.

[16] Y. Saito, Some properties of scattering amplitude, Osaka J. Math., 19(1982), 527-547.

[17] J. Sylvester, G. Uhlmann, A global uniqueness theorem for an inverse boundary value problem, Ann. of Math., 125 (1987), 153-169.

[18] G. Uhlmann, A. Vasy, Low-energy inverse problems in three-body scattering, Inverse Problems, 18(3)(2002), 719-736.

[19] G. Uhlmann, A. Vasy, Fixed energy inverse problem for exponentially decaying potentials, Methods and Applications of Analysis, 9 (2002), 239-248.

[20] G. Uhlmann, A. Vasy, Inverse problems in N-body scattering, Contemporary Mathematics, to appear.

[21] A. Vasy, Structure of the resolvent for three-body potentials, Duke Math. J., 90(1997), 379-434.

[22] A. Vasy, Propagation of singularities in many-body scattering in the presence of bound states, J. Funct. Analysis, 184(2001), 177-272.

[23] X.P. Wang, On the uniqueness of inverse scattering for N-body systems, Inverse Problems, 10(1994), 765-784.

[24] X.P. Wang, An inverse problem related to channel scattering operators. Asymptotic Anal. 18 (1998), 147-164.

Department of Mathematics, Massachusetts Institute of Technology, Cambridge MA 02139, U.S.A.

Département de Mathématiques, Université de Nantes, F-44322 Nantes Cedex 03, France