Inverse Problem Related to Channel Scattering Operators

X.P. Wang Département de Mathématiques, CNRS UMR 6629 Université de Nantes 2, rue de la Houssinière 44322 Nantes Cedex 3, FRANCE

Abstract

In this paper, we study the inverse scattering related to channel scattering operator S_{αβ} in many-body problems. If the incoming and outgoing channels are associated with a same, but arbitary cluster decomposition, a, of the N-particle system, we prove that all effective interactions between the mass-centers of the clusters in a can be recovered from the high energy asymptotics of scattering matrices S_{αβ}(λ).

1 Introduction

It is known that in many-body problems, the free channel scattering operator determines uniquely all interactions of a generalized many-body Schrödinger operator. See [3] by timedependent (or geometrical) method and [14] by stationary method. For inverse scattering with fixed energy, Novikov announced a result in 3-body problems by using Faddeev’s method and assumptions ([8]) and Vasy [13] proved that the three-body free channel scattering matrix determines all two-body scattering matrices and that the uniqueness of inverse scattering in three-body problems with exponentially decaying potentials follows the known results in two-body problems without implicit assumption. More recently, Novikov [9] gives new proofs and improvements for some results of [14].

In this work, we shall study the inverse scattering problem related to a channel scattering operator with two arbitrary channels associated to a same cluster decomposition. If the incoming and outgoing channels are associated to a same two-cluster decomposition, this problem was studied by Enss-Weder in [3] ( see also in [4] for long-range potentials). From the point of view of physics, corresponding to a k-cluster decomposition of an N-particle system, there is a natural k-particle system describing the relative motions of these k clusters, which consists of the mass-centers of clusters. Giving a scattering channel means fixing the state of the Subhamiltonian and the evolution of the whole system will then mainly be described by the intercluster motions. So in some sense, a scattering operator with k-cluster outgoing and incoming channel can be compared with the free channel scattering operator of the k-body system of mass-centers. Since it is known that the free channel scattering operator in an N-body problem determines uniquely all possible interactions, one expects that a scattering operator with arbitary incoming and outgoing scattering channels associated with a k-cluster decomposition should be sufficient to determine all possible effective interactions between the mass-centers. The result proved in this work justifies this intuition. (See Theorem 1.1 below.)

Now let us introduce some notation related to the scattering theory of N-body Schrödinger operators. In the current literature on the subject, one works more frequently with generalized N-body Schrödinger operators, which are notationally more concise and make more clear the underlying geometrical structure. See [1]. To make the present work as self-contained as possible, we introduce here the notation related to generalized N-body Schrödinger operators (see also the author’s previous works [14, 15]). The usual N-body Schrödinger operator obtained after the removal of mass-center from the total energy operator − N∑ j=1 h̄^2 2m_j Δ_{xj} + ∑ i<j V_{ij} (x_i − x_j), x_j ∈ R^n, (1.1)

is a particular case which only involves pair interactions.

Let A be the set of all possible cluster decompositions of an N-body system labeled by {1, 2, · · · , N}. Denote by #a the number of clusters of a ∈ A. For a, b ∈ A, we write b ⊂ a if the cluster decomposition b is a refinement of a. The following two decompositions are of particular use: a_{max} = {(1, 2, · · · , N)}, a_{min} = {(1), (2), · · · , (N)}. For a, b ∈ A, we define a ∩ b and a ∪ b as follows. The clusters in a ∩ b are the non-void intersections of those in a with those in b, while those in a ∪ b are obtained by the equivalence relation i ∼ j if i, j are in a same cluster of a or in a same cluster of b. Let X be a vectorial space of dimension d, q(·) a Euclidean structure on X ( in the above example, X = R^{n(N −1)} and q(x) = ( ∑ j 2m_j |x_j|^2)|_X, if h̄ is set to 1). To each a ∈ A, it is assigned a subspace X^a ⊆ X with (i). X^{amax} = X, X^{amin} = {0}; (ii). X^a ⊂ X^b if a ⊂ b; (iii). X^{a∪b} = X^a + X^b, for all a, b ∈ A. For each a ∈ A, we denote by X_a the orthogonal complement (with respect to the Euclidean structure on X) of X^a in X: X = X^a ⊕ X_a. Accordingly, a generic point x ∈ X can be decomposed as: x = x^a + x_a. Sometimes, we also write it as x = (x^a, x_a).

Let Δ be the Laplace-Beltrami operator on Euclidean space (X, q). The generalized Nbody Schrödinger operators to be studied in this work are operators of the form:

P = −Δ + ∑ a∈A V_a(x^a). (1.2)

Here x^a = π^ax with π^a the orthogonal projection from X onto X^a. The physical N-body Schrödinger operators can always be put into the above form ([1]). To simplify notation, we just assume X = R^d, d ≥ 2 and q is the canonical structure over X. This can be reached just by a change of coordinates.

Denote −Δ^a ( −Δ_a, resp.) the Laplacian in x^a-variables (x_a- variables, resp.) and D^a = −i∂/∂x^a, D_a = −i∂/∂x_a. Put P^a = −Δ^a + ∑ b⊆a V_b(x^b), P_a = P^a − Δ_a,

I_a(x) = ∑ b⊈a V_b(x^b).

P^a is the Subhamiltonian associated with the cluster decomposition a and I_a is the sum of all intercluster interactions. The detailed expression of P^a depends on the choice of coordinates on X^a and for those resulting from (1.1), see formulae given in [11] in some special coordinates. Let T denote the set of thresholds (including the eigenvalues) of P : T = ∪_aσ_{pp}(P^a). Put Σ_a = S_a \ ∪_{b⊈a}X_b. (1.3)

Due to the geometry of an N-body system, one can check that Σ_a = S_a if #a = 2. The norm and the scalar product in L^2(X_a), ( in L^2(S_a), respectively), will be denoted by ‖ · ‖_a and < ·, · >_a ( by | · |_a, (·, ·)_a, respectively), while those in L^2(X) will be denoted by ‖ · ‖ and < ·, · >. Let a be a non-trivial cluster decomposition (i.e., a ∈ A with #a ≥ 2). A scattering channel α stands for a collection of data (a, E_α, φ_α), where E_α ∈ σ_{pp}(P^a) and φ_α is a normalized eigenfunction: P^aφ_α = E_αφ_α.

When a = a_{min} (i.e., #a = N), one uses the convention that P^a = 0, P_a = −Δ and in this case, the only scattering channel is α = (a_{min}, 0, 1) which is usually call the free channel. We shall say that α is a scattering channel with non-threshold energy, if E_α ∈ σ_{pp}(P^a) \ ∪_{b⊂a}σ_{pp}(P^b). Let J_α : L^2(X_a) → L^2(X) the channel identification:

(J_αf)(x) = φ_α(x^a)f(x_a).

Let ρ > 1. Assume that V_a, a ∈ A, are real functions satisfying |∂^γ_y V_a(y)| ≤ C⟨y⟩^{−ρ−|γ|}, (1.4) for all y ∈ X^a and γ ∈ N^{na} with |γ| ≤ max{d/2 + 1, 3}, where ⟨y⟩ = (1 + |y|^2)^{1/2}. Remark that the smoothness assumption on potentials is more than necessary and with a bit more technical works, mild local singularities can be included.

Under the assumption (1.4), it is well known that the channel wave operators W_{α,±} = s- lim_{t→±∞} U(t)^∗U_a(t)J_α exist for any scattering channel α and are complete ([12]). Here U(t) and U_a(t) are unitary groups generated by P and P_a, respectively.

Now let α = (a, E_α, ψ_α) and β = (b, E_β, ψ_β) be two given scattering channels. Let

S_{αβ} = W^∗_{β,+}W_{α,−}, in L^2(X),

be the scattering operator with incoming channel α and outgoing channel β. The purpose of this work is to study which informations on the potentials one can derive from S_{αβ}.

To state our result, we need to introduce the notion of effective interactions between the clusters for a given couple of scattering channels (see also [3, 4] in two-cluster case). Let a ∈ A be a k-cluster decomposition of an N-particle system: a = (a_1, · · · , a_k). The mass-centers of the clusters a_j form a k-particle system. To make clear the role of this new k-particle system, we introduce a generalized k-body Schrödinger operator as follows. For b ∈ A, a ⊂ b, we denote A_{a,b} = {c ∈ A; a ∪ c = b}. Remark that if k = 2, then the only b ∈ A with b ⊃ a is b = a_{max}. In this case, A_{a,b} = {c ∈ A; c ⊈ a}. In general case k ≥ 2, let b_j ∈ A such that a = b_0 ⊂ b_1 ⊂ · · · ⊂ b_{k−1} = a_{max} with #b_j = #a − j = k − j. Then we can check that {c ∈ A; c ⊈ a} = ∪^{k−1}_{j=1} A_{a,bj} , and A_{a,bj} ∩ A_{a,bj}0 = ∅, if j ≠ j^′. For b ∈ A, b ⊃ a, we define x^b_a = π^bπ_ax and V_{a,b}(x^b) = ∑ c∈A_{a,b} V_c(x^c). V_{a,b} represents the interactions between those clusters in a which are included in a same cluster in b. Let α = (a, E_α, ψ_α), β = (a, E_β, ψ_β) be two scattering channels associated to a. Set

V^b_{αβ}(x^b_a) = ∫ X^a V_{a,b}(x^b)ψ_α(x^a)ψ_β(x^a)dx^a, (1.5)

I_{αβ}(x_a) = ∫ X^a I_a(x)ψ_α(x^a)ψ_β(x^a)dx^a. (1.6)

V^b_{αβ}(x^b_a) will be called effective potential between the mass-centers of those clusters of a which are included in a same cluster of b. When b = a_{max}, the superscript will be omitted. Notice that when #a = 2, the only cluster decomposition b with b ⊃ a is b = a_{max} and in this case, V_{a,b} = I_a, V^b_{αβ} = I_{αβ}. Let the mass-centers of the clusters of a be labeled by {1^′, · · · , k^′}. Any b ∈ A with b ⊃ a can be naturally identified with a cluster decomposition b^′ of {1^′, · · · , k^′}. Let A^′ be the set of all possible cluster decompositions for {1^′, · · · , k^′} Introduce

Y = X_a, Y^b 0 = X^b_a ≡ π^bπ_a(X), Y_b0 = (Y^b 0 )^⊥ = X_b.

Then it is clear that P^′ = −Δ_y + ∑ b0_{∈A}0 U_b0(y^b 0 ) (1.7)

is a generalized k-body Schrödinger operator , where U_b0(y^b 0 ) = V^b_{αβ}(x^b_a) and y^b 0 = x^b_a.

The main result of this work is the following

Theorem 1.1 Let a ∈ A with #a ≥ 2. Under the condition (1.4), assume in addition that dim X^b_a ≥ 2, ∀b ∈ A, b ⊃ a. (1.8) and that the eigenfunctions ψ_α, ψ_β have some decay in X^a:

ψ_γ ∈ L^{2,εγ} (X^a), γ = α, β, (1.9)

with ε_α ≥ 0, ε_β ≥ 0 and ε_α + ε_β > 1, where L^{2,s} is the weighted L^2-space: L^{2,s}(X; dx) = L^2(X; ⟨x⟩^{2s}dx). Then, the scattering operator S_{αβ} from the channel α to the channel β determines uniquely all effective potentials V^b_{αβ}, b ⊃ a, defined in (1.5).

Remarks 1.1. (a). Theorem 1.1 says that the inverse scattering informations obtained from the channel scattering operator S_{αβ} can be compared with those obtained from the free channel scattering operator for P^′ on Y. This result is physically intuitive. Notice also that if α, β are the free channel, Theorem 1.1 is reduced to the known result proved in [3] and [14]. In fact, in this case, the assumption (1.9) is always satisfied (X^a = {0} is compact) and V^b_{αβ} is just V_b for all b ∈ A.

(b). The case #a = 2 was studied in [3, 4] using time-dependent method under the assumption on the eigenfunctions that

(1 + R)^σ{ ∫ |x^a|≥R |ψ_γ(x^a)|^2dx^a}^{1/2} ∈ L^1(R; dR),

for some σ ≥ 0 and γ = α, β. This condition can be compared to Enss’ formulation of shortrange condition in potential scattering. Our result implies that if one of the eigenfunction is “short-range”, the other can be arbitrary. In particular, if one of the scattering channel is of non-threshold energy, the other can be arbitary.

(c). The result of Theorem 1.1 in the case #a ≥ 3, a ≠ a_{min}, is new. This happens, for example, when N = 4 and a = {(12), (3), (4)}.

The proof of Theorem 1.1 is based on the stationary methods developed in [15], where the high energy asymptotics of scattering matrices in weak sense were studied. In this work, we shall still look at the weak high energy asymptotics of scattering matrices, but for test functions with smaller and smaller support as the energy λ tends to infinity and prove that

(T_{αβ}(λ)h_1(·, λ), h_2(·, λ))_a = 1 16π^2λ

< I^ω_{αβ}h^ω_1 , h^ω_2 >_L2_{(Πω)} +O(λ^{−1−δ}), δ > 0, (1.10)

as λ → ∞. Here T_{αβ}(λ) =^i_{2π} (δ_{αβ} − S_{αβ}(λ)), S_{αβ}(λ) being the scattering matrices related to S_{αβ}, h_j (·, λ) ∈ C^∞_0 (Σ_a), j = 1, 2, are contructed from suitable test functions h_j using spectral representation for P^a and for a function f, we denoted

f^ω(y) = ∫ R f(y + tω)dt, whenever it is well defined. See Theorem 3.1 for more precisions. Due to the λ-dependence of the support of test functions, some arguments of [15] (in particular, those based on stationary phase method) are no longer valid in this work. The consequence of (1.10) in inverse scattering is that in the case #a = 2, it allows to determine I^ω_{αβ} for all ω ∈ S_a and hence I_{αβ} by Radon transform. In the case #a > 2, in order to recover all effective potentials V^b_{αβ}, b ⊃ a, we need to study in details the case where some centers of mass of clusters in a spread out faster faster than the others. To do this, our idea is to consider P^a as a Subhamiltonian of P^b and study the relative scattering for P^b in the channels α and β and establish the high energy asymptotics (1.10) for all relative scattering matrices (Theorem 3.1). The V^b_{αβ}’s are then recontructed by an induction on #b − #a.

The organization of this work is as follows: We shall prove in Section 2 that for all b ⊃ a, the channel wave operators relative to P^b can be reconstructed from those relative to P . In Section 3, we study the high energy asymptotics of scattering matrices. The method used here is stationary: we use the microlocal resolvent estimates to give the representation of scattering matrices and study the high energy asymptotics of the latter in week sense. Finally in Section 4, we reconstruct all effective potentials by an induction on #a − #b. In the case #b = #a − 1, P^a is a two-cluster Subhamiltonian of P^b and the method of inverse scattering for two-body problems can be applied. In the general case #a − #b ≥ 2, we take a sequence of cluster decompositions a = b_1 ⊂ b_2 ⊂ · · · ⊂ b_k = b where #b_{j+1} = #b_j − 1. Therefore P^{bj} can be regarded as a two-cluster Subhamiltonian of P^{bj+1} and the results of Sections 2 and 4 enable us to use an inductive argument to obtain all effective potentials V^{bj}_{αβ}, j = 2, · · · , k, in particular, V^b_{αβ}, b ⊃ a.

The results of this work are announced in [15].

2 Relative Scattering for a Subhamiltonian

Let a, b ∈ A with a ⊂ b. One has:X^a ⊂ X^b and X = X^a ⊕ X^b_a ⊕ X_b, where X^a_b = π_aπ^bX = π^bπ_aX. P^a can thus be regarded as a Subhamiltonian of P^b,

P^b = P^a + ∑ c⊆b,c⊄a V_c(x^c) − Δ_xb_a,

We shall write in the following

P^b_a = P^a − Δ_xb_a , I^b_a = I_a − I_b = ∑ c⊈a,c⊆b V_c(x^c),

U^b(t) = e^{−itP b} , U^b_a(t) = e^{−itP ba} , U^b_{a,0}(t) = e^{itΔxb}a . For a given scattering channel α = (a, E_α, ψ_α), we can consider the scattering in the channel α relative to the Subhamiltonian P^b. Denote still by J_α: L^2(X^b_a) → L^2(X^b) the channel identification J_αf(x^b) = ψ_α(x^a)f(x^b_a), f ∈ L^2(X^b_a). Define the wave operators

Ω^b_{α,±} = s- lim_{t→±∞} U^b(t)^∗U^b_a(t)J_α, in L^2(X^b). (2.1)

Under the assumption (1.4), these wave operators exist. The following result shows that Ω^b_{α,±} can be recovered from Ω_{α,±}.

Theorem 2.1 Let ω ∈ S_b \ (∪_{c⊈b}X_c) and f ∈ S(X_b), f̂ ∈ C^∞_0 and ‖f‖_L2 = 1. Denote f_n(x_b) = e^{inω·xb}f(x_b). Define Ω^{(n)}_{α,±} : L^2(X^b_a) → L^2(X^b) by

(Ω^{(n)}_{α,±}φ)(x^b) =< Ω_{α,±}(φ ⊗ f_n), f_n >_b, φ ∈ L^2(X^b_a). (2.2)

Then s- lim Ω^{(n)}_{α,±} = Ω^b_{α,±} (2.3)

as operators from L^2(X^b_a) to L^2(X^b).

Proof. Theorem 2.1 can be compared with Theorem 2 in [14]. But the proof of Theorem 2 can only be carried over under the additional assumption that ψ_α ∈ L^{2,εα} (X^a) with ε_α > 0. Here we give a direct proof for Theorem 2.1 in general case. We treat only the outgoing wave operators and write henceforth Ω^{(n)}_{α,+} as Ω^{(n)}_α and Ω^b_{α,+} as Ω^b_α. Since ‖Ω^{(n)}_α ‖ ≤ 1 for all n, it suffices to prove (2.3) on a dense subset of L^2(X^b_a), say D = {φ ∈ S(X^b_a); φ̂ ∈ C^∞_0 and supp φ̂ ∩ (∪_{c⊆b,c⊈a}X_c) = ∅}. One has:

Ω^{(n)}_α φ − ψ_αφ = i ∫_∞ 0 < U(t)^∗I_aU_a(t)J_α(φ ⊗ f_n), f_n >_b dt. (2.4) The integral in (2.4) is convergent uniformly with respect to n. To see this, we introduce a cut-off on R: χ_− ∈ C^∞, 0 ≤ χ_− ≤ 1, such that χ_−(r) = 1 for r ≤ 1, 0 for r ≥ 2. Let χ_+ = 1−χ_−. Since the support of the Fourier transform of φf_n is away from ∪_{c⊈a}X_c uniformly with respect to n, we can find some δ > 0 such that for any c ⊈ a, ‖χ_−(|x^c|/(δt))U_a(t)J_α(φ ⊗ f_n)‖ ≤ C_N < t >^{−N} , for any N, t ≥ 1, (2.5) uniformly in n. Notice that V_c(x^c)χ_+(|x^c|/(δt)) = O(t^{−ρ}) by the assumption (1.4). This gives ‖I_aU_a(t)J_α(φ ⊗ f_n)‖ ≤ C < t >^{−ρ}, for t ≥ 1, uniformly in n. (2.6) So the integral in (2.4) is uniformly convergent with respect to n.

Now we propose to compute the limit of the integrand in (2.4) as n → ∞ for each fixed t. We denote u(x) = ψ_α(x^a)φ(x^b_a)f(x_b), I_a = I_b + I^b_a.

For the piece corresponding to I_b, we have: ‖ < U(t)^∗I_bU_a(t)J_α(φ ⊗ f_n), f_n >_b ‖_L2_{(X}b_) ≤ ‖I_be^{−it(Da+nω)2} u‖ = ‖I_b(x + 2tnω)e^{−itD2a} u‖. For any c ⊈ b, π^cω ≠ 0. So lim_{n→∞} I_b(x + 2tnω) = 0 pointwisely in x and t > 0. The fact that u ∈ L^2 gives by Dominated Convergence Theorem that lim_{n→∞} < U(t)^∗I_bU_a(t)J_α(φ ⊗ f_n), f_n >_b= 0 (2.7) in L^2(X^b) for any t > 0. For the piece corresponding to I^b_a in (2.4), taking notice that π^cω = 0 for any c ⊆ b, we can write it as < e^{it((D+nω)2+V )}e^{−it(Db+nω)2} I^b_aU^b_a(t)u, f >_b = U^b(t)^∗I^b_aU^b_a(t)(ψ_α ⊗ φ)+ < (e^{it((D+nω)2+V )}e^{−it(Db+nω)2} − U^b(t)^∗)I^b_aU^b_a(t)u, f >_b, and < (e^{it((D+nω)2+V )}e^{−it(Db+nω)2} − U^b(t)^∗)I^b_aU^b_a(t)u, f >_b = ∫ t 0 < (e^{is((D+nω)2+V )}I_be^{−is(Db+nω)2} U^b(s − t)I^b_aU^b_a(t)u, f >_b ds. As in the proof of (2.7), one can show that the above integral tends to 0 as n → ∞. This shows lim_{n→∞} < e^{it((D+nω)2+V )}e^{−it(Db+nω)2} I^b_aU^b_a(t)u, f >_b= U^b(t)^∗I^b_aU^b_a(t)(ψ_α ⊗ φ) in L^2(X^b).

Since the integral in (2.4) is uniformly convergent with respect to n, we can take the limit under integration and obtain from (2.4) that for any φ ∈ D,

lim_{n→∞} Ω^{(n)}_α φ = ψ_αφ + i ∫_∞ 0 U^b(t)^∗I^b_aU^b_a(t)J_αφdt = Ω^b_αφ, in L^2(X^b). 2

A consequence of Theorem 2.1 needed in the proof of Theorem 1.1 is the following

Corollary 2.2 Let α, β be two arbitrary scattering channels. Set S^b_{αβ} = (Ω^b_{β,+})^∗Ω^b_{α,−} and S^{(n)}_{αβ} φ =< S_{αβ}(φ ⊗ f_n), f_n >_a, φ ∈ L^2(X^b_a). Then

s- lim_{n→∞} S^{(n)}_{αβ} = S^b_{αβ},

as operators from L^2(X^b_a) to L^2(X^b).

Corollary 2.2 is useful in the study of inverse scattering for S_{αβ} at high energy. An interesting open question is to see whether one can obtain the scattering matrices related to S^b_{αβ} from those related to S_{αβ} at a fixed energy λ. This kind of result should be useful to studying the inverse problem with fixed energy. See [8, 9, 13] for the case where α, β are the free channel in three-body problems.

3 High Energy Asymptotics

In this Section, we look for the leading term of the high energy asymptotics of scattering matrices associated to S^b_{αβ}, the scattering operator for the operators (P^b_a , P^b) with the incoming channel α and the outgoing channel β. Let us first give a formula for the representation of the scattering matrices. To simplify notations, we just write down the results in the case b = a_{max} and the superscript b will be omitted. The other cases can be treated completely similarly. Put T_{αβ} = i 2π {S_{αβ} − δ_{αβ}}. Let F_α : L^2(X_a) → H_α ≡ L^2(I_α; L^2(S_a)), I_α =]E_α, +∞[, be defined by: (F_αf)(λ, θ) = c_α(λ) ∫ e^{−i} √_{(λ−Eα) θ·xa} f(x_a)dx_a, (λ, θ) ∈ I_α × S_a, (3.1)

where c_α(λ) = 2^{−1/2}(2π)^{−na/2}(λ − E_α)^{(na−2)/4}, with n_a = dim X_a. We can verify that ‖F_αf‖_{Hα} = ‖f‖_a. Put F_α = F_αJ^∗_α . By the Sobolev’s lemma, F_α defines a family of maps, F_α(λ), λ ∈ I_α, from L^{2,s}(X_a), s > 1/2, to L^2(S_a): (F_α(λ)f)(θ) = (F_αf)(λ, θ),

The spectral representation for the Subhamiltonian P_a with scattering channel α is now defined by F_α(λ) = F_α(λ)J^∗_α . (3.2) One has F_α(λ)P_aF(λ)^∗ = λ

in the sense of non-bounded operators in H_α. Similarly, we can construct a spectral representation F_β for the Subhamiltonian P_a with scattering channel β.

Denote now I_{αβ} =] max{E_α, E_β}, +∞[ . Then F_αT_{αβ}F^∗_β can be represented by a family of operators {T_{αβ}(λ) = F_α(λ)T_{αβ}F_β(λ)^∗; λ ∈ I_{αβ}} which act on L^2(S_a). Similarly, we can also construct from S^b_{α,β}, b ⊃ a, a family of operators T^b_{αβ}(λ), which now act on L^2(S^b_a). Notice that T_{αβ}(λ) is a priori only defined almost everywhere in λ. For the representation of scattering matrices, see [15, 17].

Take f_j ∈ S(X^b_a) such that f̂_j is of compact support. Let ω ∈ S^b_a \ (∪_{c⊈a}X_c) be a fixed direction. Set f_{1,α}(θ, λ) = F_α(λ)(e^{i√λ−Eαω·xba} f_1)(θ), f_{2,β}(θ, λ) = F_β(λ)(e^{i√λ−Eαω·xba} f_1)(θ), θ ∈ S^b_a. Theorem 3.1 Under the assumptions (1.4) and (1.9), one has: (T^b_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a = 1 16π^2λ

< I^{b,ω}_{αβ} f^ω_2 , f^ω_1 >_L2_{(Π}b_{ω)} +O(λ^{−1−δ0} ), (3.3)

as λ → ∞. Here we denoted for a function f

f^ω(y) = ∫ R f(y + tω)dt, whenever it is well defined and

I^b_{αβ}(x^b_a) = ∫ X^a I^b_a(x^b)ψ_α(x^a)ψ_β(x^a)dx^a, I^b_a = I_a − I_b,

and Π^b_ω = {x^b_a ∈ X^b_a; x^b_a · ω = 0}, δ_0 = min{1/2, (ε_α + ε_β − 1)/2, (ρ − 1 − ε)/2} for any 0 < ε < ρ − 1. For notational reasons, we shall only give the proof of Theorem 3.1 for b = a_{max} and omit henceforth the superscript b.

First, we give a representation formula for (T_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a. Note that the support of f_{j,γ}(·, λ) is in a neighbourhood of ω of radius O(λ^{−1/2}). So we can find χ ∈ C^∞_0 (X_a) with support in X_a \ (∪_{c⊈a}X_c) such that (T_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a = (T^χ_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a, where T^χ_{αβ}(λ) = F_α(λ)χ(D_a)T_{αβ}χ(D_a)F_β(λ)^∗. χ is λ-dependent, but can be chosen so that |∂^γχ| = O(λ^{−|γ|/2}) uniformly in ξ_a and λ > 1.

To give a representation formula for (T_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a , we take j ∈ C^∞_0 (R) with j(t) = 0 if t < 1/2 and j(t) = 1 if t ≥ 1. Put: j_a(x) = ∏ c∈A,c⊈a j( |x^c| η|x| ), and J_a(x) = j_a(x)j(|x|/μ^{1/2}) + (1 − j(|x|/μ^{1/2})), μ > 1. (3.4) The parameter μ is introduced for technical reasons. As in [14], we can check that for η > 0 small enough, J_a(x) is equal to 1 for x in a conic neighbourhood of ±ω ∈ S_a ⊂ S^{d−1}. Consequently, one has:

|x̂ · ξ̂| ≤ 1 − ε_1, ε_1 > 0, (3.5) for (x, ξ) in the support of ∇J_a(x)χ(ξ_a) and λ sufficiently large. Here x̂ = x/|x| and ξ̂_a = ξ_a/|ξ_a|. With these notations, we have for any μ > 1:

T^χ_{αβ}(λ) = F_α(λ){χ(D_a)J_a(x) − Q^∗_aR(λ + i0)}Q_aF_β(λ)^∗, for λ ∈ I_{αβ}. (3.6) Here Q_a is defined by Q_a = {I_a(x)J_a(x) + [−Δ, J_a]}χ(D_a). (3.7) By Theorem 2.5 in [16], T^χ_{αβ}(λ) is strongly continuous for in λ. See also Yafaev [17] for other kind of representations for scattering matrices. From now on, we set μ = λ in J_a. Proposition 3.2 Under the assumptions (1.4) and (1.9), one has (F_α(λ)Q^∗_aR(λ + i0)Q_aF_β(λ)^∗f_{2,β}(·, λ), f_{1,α}(·, λ))_a = O(λ^{−1−δ} ). (3.8) Here δ > 0 is given by δ = min{1/2, (ε_α + ε_β − 1)/2, (ρ + ε_α − 1)/2, (ρ + ε_β − 1)/2}.

Proof. Recall that in [16], we prove that for φ_γ ∈ C^∞_0 (Σ_a), γ = α, β, (F_α(λ)Q^∗_aR(λ + i0)Q_aF_β(λ)^∗φ_β, φ_α)_a = O(λ^{−1/2−δ}).

See Proposition 3.2 of [16]. In the present case, φ_γ = f_{j,γ} (·, λ) is λ-dependent and ‖f_{j,γ}(·, λ)‖_L2_{(Sa)} = O(λ^{−1/4}) for γ = α, β and j = 1 or 2. We can mimic the arguments of [16] to prove (3.8) and the details are left to interested readers. 2 Now let us look at the term (F_α(λ)χ(D_a)J_a(x)Q_aF_β(λ)^∗f_{2,β}(·, λ), f_{1,α}(·, λ))_a. Denote λ_γ = λ − E_γ, e_γ = e^i √_{λγ xa·ω} ψ_γ(x^a) and g_β(x, λ) = 2π(F_β(λ)^∗f_{2,β}(·, λ))(x), g_α(x, λ) = 2π(F_α(λ)^∗f_{1,α}(·, λ))(x).

Lemma 3.3 Let χ_± be a bounded smooth function on R introduced in the proof of Theorem 2.1. Then for γ = α or β, s > 1/2, there exist C, λ_0 depending on supp f̂ such that ‖⟨x_a⟩^{s−1}χ_−(|x_a · ω|/⟨x_a⟩)g_γ (·, λ)‖ ≤ Cλ^{−1/2}‖⟨x_a⟩^sf‖, (3.9) ‖⟨x⟩^{εγ −1/2}χ_+(|x^a|/(ε⟨x⟩))g_γ (·, λ)‖ ≤ Cλ^{−1/2}‖⟨x_a⟩^sf‖, (3.10) uniformly in λ > λ_0 and R > 1.

Proof. Notice that the support of the Fourier transform of e^i √_{λγ xa·ω} f(x_a) is contained in a region Ω = {|ξ_a − √ λω| ≤ C_1} and if λ is big enough, |x_a · ξ_a| ≤ (1 − η)|x_a||ξ_a| for ξ_a ∈ Ω and x_a such that |x_a · ω| ≤ (1 − ε)|x_a|. The first estimate of Lemma 3.3 then follows from microlocal resolvent estimates for −Δ_a. See for example [15].

To prove the second one, we just apply the estimate ‖⟨x⟩^{εγ −1/2}χ_+(|x^a|/(ε⟨x⟩))F_γ (λ)^∗‖_{L(L}2_{(Sa),L}2_{(X))} ≤ Cλ^{−1/4}. which can be derived from the resolvent estimates of Agmon-Hörmander (cf. [6]). See also (2.20) in [15] where the estimate with ε_γ = 0 is proved. (3.10) then follows from the above estimate and the following well known one: for any s > 1/2, there is C > 0, such that ‖F_γ(λ)⟨x_a⟩^{−s}‖_{L(L}2_{(Xa),L}2_{(Sa))} ≤ Cλ^{−1/4}, λ > 1. 2 Proposition 3.4 Under the assumptions (1.4) and (1.9), one has < J_a[−Δ, J_a]g_β, g_α >= O(λ^{−1−(εα+εβ −1)/2}), as λ → ∞. Proof. We begin by noticing that the support of ∇J_a is contained in {|x| ≥ C √ λ}∩{|x_a·ω| ≤ (1 − ε_0)|x|} for some ε_0 > 0 and ∇J_a(x) = O(λ^{−τ/2}⟨x⟩^{−(1−τ )}) for any τ ∈ [0, 1]. Let χ_± be chosen as in the proof of Theorem 2.1. By (3.10), | < χ_+(|x^a|/(ε⟨x⟩))J_a[−Δ, J_a]g_β, g_α > | ≤ Cλ^{−1−(εα+εβ −1)/2}. On the support of χ_−(|x^a|/(ε⟨x⟩))∇J_a(x), |x^a| ≤ ε(1 − 2ε)⟨x⟩, |x · ω| ≤ (1 − ε_0)|x|. Taking ε > 0 sufficiently small, we get on this support |x_a · ω| ≤ (1 − ε_0/2)|x_a|. So we can apply (3.9) (with s > 2N) to this piece and obtain < χ_−(|x^a|/(ε⟨x⟩))J_a[−Δ, J_a]g_β, g_α > | ≤ Cλ^{−N} . This proves Proposition 3.4. 2

Similarly, one can also prove that < (1 − J_a)I_ag_β, g_α >= O(λ^{−1−(εα +εβ −1)/2}). From Propositions 3.2 and 3.4, it results that (T_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a = 1 4π^2

< I_ag_β, g_α > +O(λ^{−1−δ}). (3.11)

Now to finish the proof of Theorem 3.1, we need to pick out the leading term in < I_ag_β, g_α > as λ → ∞. Notice that g_γ (x, λ) = lim_{ε→0} ∫ R e^{−it(H0,a−λγ )−ε|t|}(e_γf)dt (3.12) = e_γ lim_{ε→0} ∫ R e^{−it(H0,a+2} √_{λγω·Da)−ε|t|} f(x_a)dt = e_γ 2 √ λ_γ ∫ R e^{i t2√λγ H0,a} f(x_a + tω)dt

Here γ equals α or β and f can be f_1 or f_2. This motivates us to take h_γ(x, λ) = e_γ 2 √ λ_γ ∫ R f(x_a + tω)dt

as an approximation for g_γ . Put r_γ = g_γ − h_γ.

Lemma 3.5 If s > 1/2, ‖⟨x_a · ω⟩^{−s}r_γ‖ ≤ C_s/ √ λ, (3.13) and if s > 3/2, ‖⟨x_a · ω⟩^{−s}r_γ‖ ≤ C_s/λ. (3.14) For any ε > 0, N > 0, there is C > 0 such that ‖⟨x_a · ω⟩^N χ_−( |x_a · ω| ⟨x_a⟩ )r_γ‖ ≤ C/λ. (3.15) Proof. (3.13) is clear, since it is true separately for g_γ and for r_γ. To prove (3.14), we write

r_γ = ie_γ 4λ_γ [( H_{0,a} 2 √ λ_γ + ω · D_a + i0)^{−1}(ω · D_a + i0)^{−1}

−( H_{0,a} 2 √ λ_γ + ω · D_a − i0)^{−1}(ω · D_a − i0)^{−1}]H_{0,a}χ(D_a)f,

where χ ∈ C^∞_0 , χ(ξ_a) = 1 near the support of f̂ . Remark that ω · x_a is a conjugate operator in the sense of Mourre both for^{H0,a}_2√_{λγ} + ω · D_a and for ω · D_a when λ >> 1. (3.14) follows from Mourre’s theory. (3.15) can be most easily seen by writing down the Fourier transform of r_γ in time-dependent version and by applying the non-stationary phase method for λ >> 1. 2

Proof of Theorem 3.1. We rewrite (3.11) in the form (T_{αβ}(λ)f_{2,β}(·, λ), f_{1,α}(·, λ))_a = 1 4π^2 {< I_ah_β, h_α > + < I_ar_β, h_α > + < I_ah_β, r_α > + < I_ar_β, r_α >} + O(λ^{−1−δ} ). It is easy to see that

< I_ah_β, h_α >= 1 4λ < e i^{Eα}�^{Eβ} √ λα+√_{λβ} xa·ω I_{αβ}f^ω_2 , f^ω_1 >_a +O(λ^{−3/2}) = 1 4λ < I^ω_{αβ}f^ω_2 , f^ω_1 >_L2_{(Π}ω_) +O(λ^{−1}R(t)), t → ∞,

where R(t) = t^{− min{1/2,(ρ−1)/2}} if ρ ≠ 2 and R(t) = t^{−1/2} ln t if ρ = 2. This gives the leading term in Theorem 3.1. To estimate < I_ar_β, h_α >, let χ_± be chosen as before. Then by Lemma 3.5, < χ_−( |x_a · ω| ⟨x_a⟩ )I_ar_β, h_α >= O(λ^{−3/2}). On the support of χ_−(^{|xa|}_{ε⟨x⟩} )χ_+(^{|xa·ω|}_{⟨xa⟩} ), one has, for any c ∈ A, c ⊈ a, |x^c| ≥ |x_a · ω||π^cω| − |y| − |x^a|, where y is the orthogonal projection of x_a to Π^ω. Since π^cω ≠ 0 for all c ⊈ a, one has |x^c| ≥ c_0|x_a|, c_0 > 0, for ε > 0 sufficiently small. So in this region I_a = O(⟨x_a⟩^{−ρ}). An easy interpolation of the results of Lemma 3.5 gives that for any ε > 0 and 0 ≤ t ≤ 1, ‖⟨x_a · ω⟩^{−1/2−ε−t}r_γ‖ ≤ C/λ^{(1+t)/2}. This proves < χ_−( |x^a| ε⟨x⟩ )χ_+( |x_a · ω| ⟨x_a⟩ )I_ar_β, h_α >= O(λ^{−1−(ρ−1−ε)/2}) for any ε > 0. Similar arguments to the proof of (3.10) show that

< χ_+( |x^a| ε⟨x⟩ )χ_+( |x_a · ω| ⟨x_a⟩ )I_ar_β, h_α >= O(λ^{−1−(εα +εβ −1−ε)/2}). This shows < I_ar_β, h_α >= O(λ^{−1−δ0} ). The same estimates hold also for < I_ah_β, r_α > and < I_ar_β, r_α >. Theorem 3.1 is proved. 2

4 Proof of Theorem 1.1

The proof of Theorem 1.1 uses an induction on #a − #b. Let us begin with the case #a = 2. In this case, the only cluster decomposition b ∈ A with a ⊂ b is b = a_{max}, and Σ_a = S_a. There is then only one effective potential I_{αβ}, which is of short-range by the assumptions (1.4) and (1.9): I_{αβ} = O(⟨x_a⟩^{−ρ1} ) for some ρ_1 > 1. Theorem 3.1 says then that lim_{λ→∞} λ(T_{αβ}(λ)f_{2,β}, f_{1,α})_a = 1 16π^2

< I^ω_{αβ}f^ω_2 , f^ω_1 >_L2_{(Π}ω_) for all f_j ∈ S(X_a) with compactly supported Fourier transform. This means that the high energy asymptotics of scattering matrices determine I^ω_{αβ} for all ω ∈ S_a. Since dim X_a ≥ 2, ∪_{ω∈Sa}Π^ω = X_a, I_{αβ} can be recontructed by the standard argument using Radon transform (see, for example, [5]). Here we present a self-contained argument based on the following elementary lemma.

Lemma 4.1 Let k ≥ 2 and ω = (cos θ, sin θ, 0, · · · , 0) ∈ S^{k−1}, ν = (sin θ, − cos θ, 0, · · · , 0), θ ∈ [0, π]. Let u be a measurable function on R^k such that t → sup_{θ∈[0,π]} |u(x + tw)| ∈ L^1(R; dt), for a.e. x ∈ Π^ω = {y ∈ R^k, y · ω = 0}. Let u^ω = ∫ R u(x + tω)dt. Suppose that u^ω ∈ L^1_{loc}(Π^ω) and lim_{x∈Π}ω_{,x→∞} u^ω(x) = 0 uniformly in θ ∈ [0, π]. Then for v ∈ S(X^k), one has < û, v̂ >_S0_{,S} = (2π)^{k−1} ∫ π 0 ( ∫ Πω u^ω(x^′)|D_ν |v^ω(x^′)dx^′)dθ. (4.1) Here D_ν is the derivation in the direction ν.

Proof. Assume first that u ∈ S. To prove (4.1) in this case, we introduce the new variables ξ_1 = η_2 sin θ, ξ_2 = −η_2 cos θ, ξ_j = η_j, j = 3 · · · k, with η_j ∈ R and θ ∈ [0, π]. We have the formula for this change of variables: ∫ R^k f(ξ)dξ = ∫ π 0 ( ∫ R^k�1

f(η_2 sin θ, −η_2 cos θ, · · · , η_k)|η_2|dη^′)dθ. (4.2) Write x^′ = (x_2, · · · , x_k), η^′ = (η_2, · · · , η_k) ∈ R^{k−1} and ω = ω(θ) = (cos θ, sin θ, 0, · · · , 0) ∈ S^{k−1}. An easy computation shows that the inverse Fourier transform in η^′ of f̂(η_2 sin θ, −η_2 cos θ, η_3, · · · , η_k) is 1 (2π)^{k−1} ∫ R^k�1 e^{iη} 0_{·x}0^ f (η_2 sin θ, −η_2 cos θ, · · · , η_k)dη^′ = ∫ R f(y_1 cos θ + x_2 sin θ, y_1 sin θ − x_2 cos θ, x_3, · · · , x_k)dy_1 = f^ω(x^′).

Here we have identified x^′ ∈ R^{k−1} with the orthogonal projection of x ∈ R^k onto Π^ω (which is (x_2 sin θ, −x_2 cos θ, x_3, · · · , x_k)). This gives ∫ û(ξ)v̂(ξ)dξ = ∫ π 0 ( ∫ R^k�1

û(η_2 sin θ, −η_2 cos θ, · · · , η_k)v̂(η_2 sin θ, −η_2 cos θ, · · · , η_k)|η_2|dη^′)dθ

= (2π)^{k−1} ∫ π 0 ( ∫ R^k�1 u^ω(x^′)|D_{x2} |v^ω(x^′)dx^′)dθ, which proves (4.1) in the case u ∈ S.

In the general case, notice that the assumptions on u ensure that |D_ν |u^ω ∈ S^′(Π^ω) and that one can construct by cut-off and regularization a sequence {u_n} with u_n ∈ S, u_n → u in S^′ and |D_ν |u^ω_n → |D_ν |u^ω in S^′(Π^ω) uniformly for θ ∈ [0, π]. The lemma follows by taking the limit n → ∞ in (4.1) applied to u_n. 2

By pushing further the arguments used in the above lemma, we can also give a reconstruction formula of u from u^ω, but it is equivalent to a two-dimensional inverse Radon transform([5]). Notice that all the assumptions on u are satisfied if |u(x)| ≤ C⟨x⟩^{−1−ε}, ∀x. Since dim X_a ≥ 2, Lemma 4.1 shows that I_{αβ} is uniquely determined by {I^ω_{αβ}, ω ∈ S_a}. Remark that in the case #a = 2, Theorem 2.1 is not needed.

Assume now that #a = k ≥ 3. For each b ∈ A with b ⊃ a, there is an effective potential V^b_{αβ}. When #b = #a − 1, P^a can be regarded as a two-cluster Subhamiltonian of P^b. The results on relative scattering (Theorems 2.1 and 3.1) applied to this b allow us to reconstruct V^b_{αβ} from T_{αβ}(λ) by the arguments used above. In general case, we use an induction on #a−#b. Assume that #a − #b = k and that all effective potentials V^c_{αβ} with c ⊃ a, #a − #c < k are reconstructed. To see that the scattering matrices T_{αβ}(λ) determine the effective potential V^b_{αβ}, we take a family of cluster decompositions b_j ∈ A such that

a = b_1 ⊂ b_2 ⊂ b_2 · · · ⊂ b_k = b

and #b_j = #b_{j+1} + 1. Applying Theorems 2.1 and 3.1 to b, we see that T_{αβ}(λ) determines I^{b,ω}_{αβ} = ∫ R I^b_{αβ}(x^b_a + tω)dt, ∀ω ∈ S^b_a \ (∪_{c⊈a}X_c). Remark that {c ∈ A; c ⊈ a, c ⊂ b} = ∪^k_{j=2}A_{a,bj} and I^{b,ω}_{αβ} = k−1∑ j=2 V^{bj ,ω}_{αβ} + V^{b,ω}_{αβ} .

By the induction hypothesis, all V^{bj,ω}_{αβ} , 2 ≤ j ≤ k − 1, are known. So V^{b,ω}_{αβ} = I^{b,ω}_{αβ} − ∑k_{−1} j=2 V^{bj,ω}_{αβ} is recovered from the high energy asymptotics of T^b_{αβ}(λ) for all ω ∈ S^b_a \ (∪_{c⊈a}X_c). However, V_{a,b} = ∑ c∪a=b Vc(x c) and in this case, |x^a| + |x^c| ≥ c|x^b| for all c ∈ A_{a,b}. The assumptions (1.4) and (1.9) give V^b_{αβ} = O(⟨x^b_a⟩^{−ρ1} ) for some ρ_1 > 1. This means that V^{b,ω}_{αβ} is well defined for all ω ∈ S^b_a ( actually continuous in ω under our assumptions). So V^{b,ω}_{αβ} is uniquely determined by T^b_{αβ}(λ) for all ω ∈ S^b_a. Since dim X^b_a ≥ 2, the arguments used before allow to reconstruct the effective potential V^b_{αβ}, b ⊃ a. Theorem 1.1 is proved. 2

References

[1] S. Agmon, Lectures on Exponential Decay of Solutions to Second Order Elliptic Equations, Princeton Univ. Press, Princeton, NJ, 1982.

[2] K. Chadan and P.C. Sabatier, Inverse Problems in Quantum Scattering Theory, Springer, New York, 1989.

[3] V. Enss and R. Weder, The geometrical approach to multidimensional inverse scattering, J. of Math. Physics, 36(1995), 3902-3921.

[4] V. Enss and R. Weder, Inverse two-cluster scattering, Inverse Problems, 12(1996), 409- 418.

[5] I.M. Guelfand, M.I. Graev, N. Ja. Vilenkin, Les distributions, Dunod, Paris, 1970. [6] L. Hörmander, The Analysis of Linear Partial Differential Operators, Vol. 4, Springer, New York, 1985.

[7] R. Newton, Inverse Schrödinger Scattering in Three Dimensions, Springer, New York, 1989.

[8] R. Novikov, Scattering inverse pour l’opérateur de Schrödinger à trois-corps, exposé au Séminaire des EDP, Nantes, 1995.

[9] R. Novikov, On inverse scattering for the N-body Schrödinger equation, preprint, Univ.

Nantes, November 1996.

[10] P. Perry, I.M. Sigal and B. Simon, Spectral analysis of N-body Schrödinger operators , Ann. of Math., 114(1981), 519-567.

[11] M. Reed and B. Simon, Methods of Modern Mathematical Physics, III. Scattering Theory, Academic Press, New York, 1979.

[12] I.M. Sigal and A. Soffer, The N-particle scattering problem: asymptotic completeness for short range systems, Ann. of Math. 126(1987), 35-108.

[13] A. Vasy, Structure of the resolvent for three-body potentials, Duke Math. J.. [14] X.P. Wang, On the uniqueness of inverse scattering for N-body systems, Inverse Problems, 10(1994), 765-784.

[15] X.P. Wang, High energy asymptotics for N-body scattering matrices with arbitrary channels, Ann. de l’I.H.P., Vol. 65(1996), 81-108.

[16] X.P. Wang, Scattering inverse pour l’opérateur de Schrödinger à N-corps, exposé à la conférence “Journées de Scattering II”, Univ. Bordeaux I, juin 1995 et Rapport de Recherche, No. 97/03-3, Univ. Nantes, mars 1997.

[17] D.R. Yafaev, Resolvent estimates and scattering matrix for N-particle Hamiltonians, Int.

Eq. and Op. Theory, 21(1995), 93-126.