Semi-classical measures and the Helmholtz Equation

Xue Ping WANG^∗ Département de Mathématiques Laboratoire Jean Leray, UMR 6629 du CNRS Université de Nantes F-44322 Nantes Cedex 3, FRANCE

e-mail: wang@math.univ-nantes.fr

Abstract

We review and improve uniform resolvent estimates for a family of operators. We show how such results can be applied to the study of the high frequency Helmholtz equation by method of semi-classical measures. For the source term concentrated near a point, our approach provides a complete solution to calculate the semi-classical measure.

1 Introduction

The Helmholtz equation describes the propagation of light wave in material medium. Recently, there is a renewed interest in the study of the Helmholtz equation related to the design of very high power laser devices such as Laser Méga-Joule in France or the National Ignition Facility in the USA. The laser field, A(x), can be very accurately modelized and computed by the solution of the Helmholtz equation

ΔA(x) + k^2_0(1 − N(x))A(x) + ik_0ν(x)A(x) = 0 (1.1)

where k_0 is the wave number of laser in vacuum, N(x) is a smooth positive function representing the adimensional electronic density of material medium and ν(x) is positive smooth function representing the absorption coefficient of the laser energy by material medium. Since laser can not propagate in the medium with the electronic density bigger than 1, it is assumed that 0 ≤ N(x) < 1. The equation (1.1) may be posed in an unbounded domain with known incident excitation A_0. The equation is then complemented

∗Based on lectures given at CIMPA-UNESCO’s School on “Partial Differential Equations and Applications”, held in Lanzhou, China, July 19-30, 2004. Research partially supported by a grant of Outstanding Overseas Chinese Scholars of Chinese Academy of Sciences

by a so-called radiation condition on the boundary. The high oscillatory behavior of the solution to the Helmholtz equation makes the numerical resolution of (1.1) rather expensive. Fortunately, the wave length of laser in vacuum,^{2π}_{k0} , is much smaller than the scale of N. It is therefore naturel and important to study the Helmholtz equation in the high frequency limit k_0 → ∞. In this expository article, instead of studying boundary value problem related to a non-self-adjoint operator, we study the high frequency Helmholtz equation with a source term

(Δ + ϵ^{−2}n(x)^2 + iϵ^{−1}α_ϵ)u_ϵ(x) = −S_ϵ(x) (1.2)

in R^d, d ≥ 1. Here ϵ ∼^1_{k0} > 0 is regarded as a small parameter, α_ϵ > 0 is a regularizing constant verifying

lim_{ϵ→0} α_ϵ = α ≥ 0 and if α = 0, ∃γ ∈]0, 1[ such that α_ϵ ≥ ϵ^γ . (1.3)

n(x) is the refraction index. Here we only discuss the case the source term is concentrated near a point x = 0 S_ϵ(x) = ϵ^{− 3+d2} S( x ϵ ) (1.4)

See [3, 6]. If the source term presents a concentration-oscillation phenomenon near a submanifold Γ of R^d, the problem is much more difficult due to the lack of decay in tangent direction of Γ. See [7] for constant refraction index and [35] for the variable refraction index under some technical conditions.

We assume that S(x) is smooth and decays sufficiently rapidly at the infinity. The equation (1.2) can be put into the form of semi-classical Schrödinger equation

(−h^2Δ + V (x) − E − iκ)u_h(x) = h^{1−d2} S( x h ) (1.5)

in R^d, d ≥ 1, where

h = ϵ, V (x) = E − n(x)^2, κ = κ(h) = hα_h.

Remark that if S(0) = 1, the right hand side can be regarded as a weak approximation of h^12 δ_0(x). We shall use tools from semi-classical scattering theory to study it by the approach of E. Wigner, i.e., the approach of semi-classical measure or Wigner measure.

The purpose of the work is to present the resolvent estimates depending on a parameter in a unified way and to apply them in the study of the Helmholtz equation by means of semi-classical measures. In Section 2, we recall basic properties of Wigner transform and semi-classical measures. The results of this part are due to [11, 12, 21]. We present in Section 3 a parameter-dependent version of the well-known Mourre’s method in quantum scattering theory and give uniform microlocal and Besov-space resolvent estimates. These estimates are applied in Section 4 to the high frequency Helmholtz equation. This enables us to prove some result conjectured in [3] in and to conclude the uniqueness of semi-classical measure associated with the Helmholtz equation in any space dimension.

2 Wigner transform and semi-classical measures

Semi-classical measures or Wigner measures were introduced by Wigner in 1932 in the study of semi-classical limit of quantum mechanics from the point of views of thermodynamic equilibrium. See [36]. For ψ ∈ L^2(R^d), the Wigner transform of ψ is defined by W (ψ)(x, ξ) = (2π)^{−d} ∫ R^d

e^{−iyξ̇}ψ(x + y 2 )ψ(x − y 2 ) dy, (2.1)

for (x, ξ) ∈ R^{2d}. W (ψ) is quadratic in ψ, but is linear with respect to the density function ρ(x, y) = ψ(x)ψ(y), a.e. in x, y. A remarkable property of Wigner transform is that if ψ = ψ_h(t) is solution to the Schrödinger equation { ih^{∂ψ}_{∂t} = −^{h2}_2 Δψ ψ_{|t=0} = ψ_0,

(2.2)

then the scaled Wigner transform, W_h(x, ξ; t) of ψ:

W_h(x, ξ; t) = 1 h^d

W (ψ)(x, ξ h ) is solution to the Liouville equation {_{∂Wh} ∂t + ξ · ∇_xW_h = 0 W_{h|t=0} =^1_{hd} W (ψ_0)(x,^ξ_h )

(2.3)

More generally, if there is an appropriate potential V (x), it was expected that the Wigner transform, W_h(t), of the solution ψ_h(t) to the Scrödinger equation ih ∂ψ_h(t) ∂t = (− h^2 2 Δ + V (x))ψ_h(t) (2.4)

converges to some limit f as h → 0, which satisfies the associated Liouville equation ∂f ∂t + ξ · ∇_xf − ∇V (x) · ∇_ξf = 0 in R^d_x × R^d_ξ × R_t. (2.5)

It is worth to notice that the solution of (2.5) can be written down explicitly in terms of solution of the Hamiltonian system of p(x, ξ) =^{ξ2}_2 + V (x). The approach of E. Wigner allows to relate formally the quantum mechanics to classical mechanics. However, the limit f is, in general, not a function, but only a measure. Rigorous justification of Wigner’s approach requires the study of measures obtained as week limit of the Wigner transform of a family of wave functions. This approach was justified for many linear and nonlinear evolution equations. See [21, 11, 12, 38, 39].

Another interest for studying semi-classical measure originates from the compensated compactness principle in methods of variations ([20]). Let {u_k} be a bounded sequence in L^2(R^d). Extracting a subsequence if necessary, we can assume without loss that this sequence converges weekly to some limit u ∈ L^2(R^d). The defect measure ν, associated with the sequence {u_k} is a Radon measure defined as the vague limit in sense of measure of the sequence |u_k(x) − u(x)|^2 as k → ∞. The defect measure is used to describe the loss of the compactness in elliptic variational problems, and can not be used to distinguish different oscillation directions. A simple example is that for v ∈ L^2(R^d) and ξ ∈ R^d \ {0}, the defect measure of the sequence u_k(x) = v(x)e^{ikx·ξ} is ν = |v(x)|^2dx, which is independent of ξ. Semi-classical measure, which may be regarded as refined version of defect measure, appears to be very useful in many problems. See [4].

2.1 Basic properties of Wigner transform

Let ψ ∈ L^2(R^d). Denote

ρ(x, y) = ψ(x)ψ(y), ρ̃(x, y) = ρ(x + y 2 , x − y 2 ), a. e. in (x, y) ∈ R^d × R^d.

It is clear that ρ̃ ∈ L^2(R^{2d}) ∩ C_∞(R^d_y; L^1(R^d_x)) ∩ C_∞(R^d_x; L^1(R^d_y)) where C_∞(R^d_y; L^1(R^d_x)) denotes the space of L^1_x-valued functions on R^d_y which tend to 0 as y → ∞. C_∞(R^d_y; L^1(R^d_x)) is equipped with the natural norm. The Wigner transform, W_ϵ(ψ), of ψ depending on a small parameter ϵ > 0, is defined by

W_ϵ(ψ)(x, ξ) = (2π)^{−d} ∫ R^d

e^{−iy·ξ}ψ(x + ϵy 2 )ψ(x − ϵy 2 ) dy

= (2πϵ)^{−d} ∫ R^d

e^{−iy·ξ/ϵ}ρ̃(x, y) dy (2.6)

Proposition 2.1 One has

‖W_ϵ(ψ)‖^2_L2 = (2πϵ)^{−d}‖ρ̃‖^2_L2 = (4πϵ)^{−d}‖ρ‖^2_L2 = (4πϵ)^{−d}‖ψ‖^4_L2 , (2.7) ∫ R^d_ξ

W_ϵ(ψ)(x, ξ) dξ = ρ(x, x), a.e. in x, (2.8) ∫ R^d_ξ

W_ϵ(ψ)(x, ξ)e^{−ϵξ2/2} dξ = (2πϵ)^{−d/2} ∫ R^d_y

ρ̃(x, ϵy)e^{−y2/(2ϵ)} dy. (2.9)

Proof. Remark that W_ϵ(ψ)(x, ξ) = (2πϵ)^{−d}F_{y→ξ}ρ̃(x, ξ/ϵ) where F_{y→ξ} is Fourier transform

F_{y→ξ}u(ξ) = ∫ R^d

e^{−iy·ξ}u(y) dy.

(2.7) follows from Plancherel formula for Fourier transform. (2.8) is trivial. (2.9) follows from the same calculation and the inverse Fourier transform of ξ → e^{−ϵξ2/2}. ■

With a direct calculation (see [21]), one can check that W_ϵ(ψ) ∗ ((πϵ)^{−d}e^{−(x2+ξ2)/ϵ}) = ( √ 2πϵ)^{−d}| ∫ R^d_z

e^{−(iξ·z+|x−z|2/2)/(2ϵ)}ψ(z)(2πϵ)^{−d/4}dz|^2 ≥ 0 (2.10) and ∫ ∫

R^{2d}

W_ϵ(ψ) ∗ ((πϵ)^{−d}e^{−(x2+ξ2)/ϵ})dxdξ = ‖ψ‖^2. (2.11) It is useful to introduce the bilinear mapping associated with Wigner transform which is quadratic in ψ. Define w_ϵ(f, g)(x, ξ) = (2π)^{−d} ∫ R^d

e^{−iy·ξ}f(x + ϵ y 2 )g(x − ϵ y 2 ) dy.

Clearly, w_ϵ(f, f) = W_ϵ(f). By the properties of Fourier transform on temperate distributions, w_ϵ extends to a continuous bilinear mapping from S^′(R^d) × S^′(R^d) to S^′(R^{2d}). One has, for f and g in L^2, ∫ R^d_ξ

w_ϵ(f, g)(x, ξ) dξ = f(x)g(x) (2.12) ∫ R^d_ξ

w_ϵ(f, g)(x, ξ) dx = 1 (2πϵ)^d f̂(ξ/ϵ)ĝ(ξ/ϵ) (2.13)

F_{ξ→v}(w_ϵ(f, g))(x, v) = f(x − ϵv/2)g(x + ϵv/2) (2.14) a.e. in x, ξ and v. For f, g ∈ S^′, one has < w_ϵ(f, g), a > = < a^w(x, ϵD)f, g >, ∀a ∈ S(R^{2d}), (2.15) w_ϵ(f, g) = w_ϵ(g, f), in S^′(R^{2d}) (2.16) where < ·, · > denotes the S^′ − S dual product. In this work, we denote b^w(x, ϵD) the pseudo-differential operator depending on the parameter ϵ, called a semi-classical pseudo-differential operator, with Weyl symbol b: (b^w(x, ϵD)u)(x) = 1 (2π)^d ∫ ∫ e^{i(x−y)·ξ}b( x + y 2 , ϵξ)u(y) dydξ.

For the theory of semi-classical pseudo-differential operators, see [26]. Proposition 2.2 (a). For f, g ∈ L^2(R^d_x), one has F_{ξ→v}w_ϵ(f, g)(x, v) ∈ C_0(R^d_v; L^1(R^d_x)) (2.17) F_{x→η}w_ϵ(f, g)(η, ξ) ∈ C_0(R^d_η; L^1(R^d_ξ )) (2.18) and their respective norms are uniformly bounded by ‖f‖‖g‖.

(b). Let a, b ∈ S(R^{2d}). Then,

< w_ϵ(f, g), ab >_S′_{,S} =< a^w(x, ϵD)f, b^w(x, ϵD)g >_S′_{,S} +r_ϵ (2.19) where |r_ϵ| ≤ ϵC(a, b)‖f‖g‖ for some C(a, b) independent of f, g and ϵ.

Proof. (a). (2.17) follows from (2.14) and sup_{v∈Rd} ‖f(· − ϵv/2)g(· + ϵv/2)‖_L1_{(R}d_{x)} ≤ ‖f‖_L2 ‖g‖_L2 .

(2.18) can be deduced from the following relation

F_{x→η}w_ϵ(f, g)(η, ξ) = 1 (2πϵ)^d f̂(ξ ϵ + η 2 )ĝ( ξ ϵ − η 2 ) and the Parseval formula.

(b). By (2.15), < w_ϵ(f, g), ab >=< g, (ab)^w(x, ϵD)f >. By the calculus of semiclassical pseudo-differential operators, (ab)^w(x, ϵD) = b^w(x, ϵD)a^w(x, ϵD)+ϵR^w(x, ϵD; ϵ), where R(ϵ) is a bounded family in S(R^{2d}). Since b^w(x, ϵD) is invariant by transposition, we obtain < w_ϵ(f, g), ab >=< a^w(x, ϵD)f, b^w(x, ϵD)g > +r_ϵ where r_ϵ = ϵ < g, R^w(x, ϵD; ϵ)f > satisfies the desired estimate, due to the uniform L^2-boundedness for semi-classical pseudo-differential operators with bounded symbol. ■ 2.2 Semi-classical measures

Let X denote the space X = {φ ∈ C_∞(R^{2d}_{x,ξ}; F_{ξ→z}φ(x, z) ∈ L^1(R^d_z; C_∞(R^d_x))} equipped with the norm

‖φ‖_X = ∫ R^d_z

sup_x |F_{ξ→z}φ(x, z)|dz.

X is a Banach algebra and S(R^{2d}), C^∞_0 (R^{2d}) are dense in X.

Let {u_n} be a bounded sequence in L^2(R^d). Denote U_{ϵ,n}(x, ξ) = W_ϵ(u_n)(x, ξ) Ũ_{ϵ,n}(x, ξ) = U_{ϵ,n} ∗ ( 1 (πϵ)^d e^{−(|x|2+|ξ|2)/(4ϵ)}).

Theorem 2.3 There exists a subsequence {u_{nk} } of {u_n}, ϵ_k → 0 and a positive bounded Radon measure μ on R^d such that for any a ∈ C^∞_0 (R^{2d})

lim_{k→∞} < a^w(x, ϵ_kD)u_{nk} , u_{nk} >= ∫ ∫ a(x, ξ)μ(dx, dξ). (2.20)

μ is called the semi-classical measure (or Wigner measure) associated with {u_{nk} }.

Proof. Let U_{ϵ,n} be defined as above. For any f ∈ X, one has ∫ R^{2d}

U_{ϵ,n}(x, ξ)f(x, ξ)dxdξ = 1 (2π)^d ∫ R^{2d}

F_{ξ→z}f(x, z)u_n(x + ϵz 2 )u_n(x − ϵz 2 ) dxdz.

It follows that | ∫ R^{2d}

U_{ϵ,n}(x, ξ)f(x, ξ)dxdξ| ≤ 1 (2π)^d

‖f‖_X‖u_n‖^2 ≤ C‖f‖_X.

This proves that {U_{ϵ,n}} is bounded in X^∗. Since X is separable, there exists a subsequence {U_{ϵk,nk} } of {U_{ϵ,n}} and μ ∈ X^∗ such that ϵ_k → 0 and {U_{ϵk,nk} } converges ∗-weakly to μ:

lim_{k→∞} ∫ U_{ϵk,nk} fdxdξ = ∫ R^{2d}

f(x, ξ)μ(dx, dξ), ∀f ∈ X.

By (2.15), for a ∈ C^∞_0 (R^{2d}), < a^w(x, ϵ_kD)u_{nk} , u_{nk} >_L2 =< U_{ϵk,nk} , a >_S′_{,S} .

It follows that < a^w(x, ϵ_kD)u_{nk} , u_{nk} >_L2 → ∫ R^{2d}

a(x, ξ)μ(dx, dξ), k → ∞.

It remains to prove that μ is a measure. For any a ∈ C^∞_0 (R^{2d}), take ϕ ∈ C^∞_0 with 0 ≤ ϕ ≤ 1 and ϕa = a. For η > 0, put b_η = ϕ √ a + η. Then, b_η ∈ C^∞_0 and b^2_η = a + ηϕ^2.

Making use of symbolic calculus of semi-classical pseudo-differential operators, we have a^w(x, ϵD) = b^w_η (x, ϵD)^2 − ηϕ^w(x, ϵD)^2 + O_η(ϵ), in L(L^2).

¿From this decomposition and the boundedness of {u_n}, one obtains that there exists C > 0 independent of η such that lim inf_{ϵ→0} < a^w(x, ϵD)u_n, u_n >≥ −Cη.

Since η > 0 is arbitrary, we get ∫ a(x, ξ)μ(dx, dξ) = lim_{k→∞} < a^w(x, ϵ_kD)u_{nk} , u_{nk} >≥ 0.

Therefore, μ is a positive distribution, thus a measure on R^{2d}. See [13]. It is clear that μ(R^{2d}) ≤ sup_k ‖u_{nk} ‖^2 < ∞. ■ When {u_n} is only bounded in L^2_{loc}, one can still show that there exists a subsequence {u_{nk} } of {u_n} and a positive Radon measure μ on R^{2d} such that

lim_{k→∞} < a^w(x, ϵ_kD)u_{nk} , u_{nk} >= ∫ ∫ a(x, ξ)μ(dx, dξ), ∀a ∈ C^∞_0 .

Let {u_ϵ} be bounded in L^2 with ϵ ∈ I where I is a countable set with 0 as the only accumulating point. Let U_ϵ = W_ϵ(u_ϵ). Let {Ũ_ϵ} be defined as above. By extracting successively subsequences, we can assume, by an abus of notation, that

u_ϵ ⇀ u ∈ L^2 U_ϵ^∗⇀ μ ∈ X^∗ Ũ_ϵ^∗⇀ μ̃ ∈ X^∗.

A sequence {v_ϵ} ⊂ L^2(R^d) will be said compact at infinity if

sup_ϵ ∫ |x|>R

|v_ϵ(x)|^2 dx → 0, as R → ∞. (2.21)

The main properties of semi-classical measures can be resumed in the following

Theorem 2.4 (a). One has μ = μ̃.

(b). μ ≥ |u(x)|^2δ_0(ξ) and

‖u‖^2 ≤ μ(R^{2d}) ≤ lim inf_{ϵ→0} ‖u_ϵ‖^2.

(c). |u_ϵ(x)|^2 converges weakly in sense of measures to ∫ R^d_ξ dμ(·, ξ) if and only if the

family {ϵ^{−d}|û(ξ/ϵ)|^2} is compact at infinity.

(d). The equality μ(R^{2d}) = lim_{ϵ→0} ‖u_ϵ‖^2 hold if and only if both {u_ϵ(x)} and {ϵ^{−d}|û(ξ/ϵ)|^2} are compact at infinity. In this case, {u_ϵ} converges strongly to u in L^2 if and only if μ = |u(x)|^2δ_0(ξ).

(e). Let μ be a positive finite Radon measure. Let u ∈ L^2 such that μ ≥ |u(x)|^2δ_0(ξ). Then there exists a sequence {u_ϵ} in L^2 such that u_ϵ⇀u in L^2, U_ϵ^∗⇀ μ in X^∗ and μ(R^{2d}) = lim_{ϵ→0} ‖u_ϵ‖^2.

This result shows that semi-classical measures contain information about the lack of compactness for a bounded sequence in L^2. For the proof of this theorem, we refer to [21].

Some examples (cf [21]) can help understand the nature of semi-classical measures.

Examples (1). Suppose {u_ϵ} is a sequence in L^2 converging to some u in L^2(R^d) as ϵ → 0. Then u_ϵ(x + ϵz 2 )u_ϵ(x − ϵz 2 ) → |u(x)|^2, in S^′(R^{2d}).

Then, it is clear that

U_ϵ = (2π)^{−d}F_{z→ξ}(u_ϵ(x + ϵz 2 )u_ϵ(x − ϵz 2 )) → |u(x)|^2δ_0(ξ)

in S^′(R^{2d}). This shows the semi-classical measure associated with a strong convergent sequence with limit u is μ = |u(x)|^2δ_0(ξ).

(2). Let u ∈ L^2(R^d), α > 0. Let u_ϵ(x) = ϵ^{−dα/2}u(x/ϵ^α). Then the Wigner transform U_ϵ of u_ϵ is given by

U_ϵ = (2π)^{−d}ϵ^{−dα/2}F_{z→ξ}(u(ϵ^{−α}x + ϵ^{1−α} z 2 )u(ϵ^{−α}x − ϵ^{1−α} z 2 )) If α < 1, a change of scale in x variables shows that the associated semi-classical measure is μ = ‖u‖^2δ_0(x)δ_0(ξ).

If α > 1, the same method shows that μ = 0.

If α = 1, then U_ϵ(x, ξ) = ϵ^{−d}U(x/ϵ, ξ) where U is the Wigner transform of u. In this case, U_ϵ → δ_0(x) ∫ U(y, ξ)dy, in S^′.

Since ∫ U(x, ξ)dξ =^1_{(2π)d} |û(ξ)|^2, one obtains μ = 1 (2π)^d δ_0(x)|û(ξ)|^2

(3). Let u ∈ L^2(R^d), α > 0 and (x_0, ξ_0) ∈ R^{2d}. Let u_ϵ(x) = ϵ^{−dα/2}u((x − x_0)/ϵ^α)e^{ix·ξ0/ϵ}. Then U_ϵ(x, ξ) = ϵ^{−d}U( x − x_0

ϵ^α , ξ − ξ_0 ϵ^{1−α} ). By the above method, one can calculate the associated semi-classical measures according to the values of α: μ = ‖u‖^2δ_0(x)δ_0(ξ) if 0 < α < 1, μ = 0 if α > 1 and μ =^1_{(2π)d} δ_{x0} (x)|û(ξ − ξ_0)|^2 if α = 1.

3 Uniform resolvent estimates

In order to study the semi-classical measure related to the high frequency Helmholtz equation (Δ + ϵ^{−2}n(x)^2 + iϵ^{−1}α_ϵ)u_ϵ(x) = −S_ϵ(x), (3.1) the first step is to show that the solution sequence {u_ϵ} is bounded in L^2_{loc}. In [3], this kind of estimates was obtained from Morrey-Compananto estimate obtained in [25]. Equation (3.1) can be rewritten as a semi-classical Schrödinger equation

(P (h) − (E + iκ))u_h = S^h(x), (3.2)

where h = ϵ, u_h = u_ϵ, S^h = −ϵ^2S_ϵ, κ = ϵα_ϵ, and

P (h) = −h^2Δ + V (x), V (x) = E − n^2(x), E > 0.

We want to give an estimate uniform in h, κ ∈]0, 1] for the resolvent

R(z, h) = (P (h) − z)^{−1}, z = E + iκ, in Besov spaces. When the refraction index n(x) satisfies n(x) = n_0 + O(⟨x⟩^{−ϵ}), as x → ∞, one has V (x) = O(⟨x⟩^{−ϵ}). P (h) is a two-body Schrödinger operator. If n(x) = n_1(x_1) + n_2(x_2) with x = (x_1, x_2) ∈ R^{d1} × R^{d2} , d_1 + d_2 = d, such that n_j(x_j) = n_{0,j} + O(⟨x_j⟩^{−ϵ}) with E = n^2_{0,1}+n^2_{0,2} > 0 , then P (h) is a three-body Schrödinger operator. Here we show how this can be done by methods from semi-classical resolvent estimates. Due to the particular form of the right hand side, we need semi-classical resolvent estimates in Besov spaces.

3.1 Mourre’s method depending on a parameter

We first state a parameter dependent version of Mourre’s method which is an important tool in quantum scattering theory. Given two families {P_ϵ}, {A_ϵ}, ϵ ∈]0, 1], in some Hilbert space, we shall say A_ϵ is uniformly conjugate operator of P_ϵ on an interval I ⊂ R if the following properties are satisfied:

1. Domains of P_ϵ and A_ϵ are independent of ϵ: D(P_ϵ) = D_1, D(A_ϵ) = D_2. For each ϵ, D = D_1 ∩ D_2 is dense in D_1 in the graph norm

‖u‖_{Γϵ} = ‖P_ϵu‖ + ‖u‖.

2. The unitary group e^{iθAϵ} , θ ∈ R is bounded from D_1 into itself and sup ϵ∈]0,1],|θ|≤1

‖e^{iθAϵ} u‖_{Γϵ} < ∞, ∀u ∈ D_1.

3. The quadratic form i[P_ϵ, A_ϵ] defined on D is bounded from below and extends to a self-adjoint operator B_ϵ with D(B_ϵ) ⊃ D_1 and B_ϵ is uniformly bounded from D_1 to H, i.e. ∃C > 0 such that

‖B_ϵu‖ ≤ C‖u‖_{Γϵ} , u ∈ D_1

uniformly in ϵ.

4. The form defined by i[B_ϵ, A_ϵ] on D extend to a uniformly bounded operator from D_1 to H.

5. (uniform Mourre’s estimate) There is m_ϵ > 0 such that

E_I (P_ϵ)i[P_ϵ, A_ϵ]E_I (P_ϵ) ≥ m_ϵE_I (P_ϵ) (3.3)

Remark that the usual Mourre’s estimate is of the form

E_I (P )i[P, A]E_I (P ) ≥ E_I (P )(c_0 + K)E_I (P ), (3.4)

for some c_0 > 0 and K a compact operator. If E ∉ σ_p(P ), E_I (P ) tends to 0 strongly. So, one can take δ > 0 small enough so that E_I (P )i[P, A]E_I (P ) ≥ c_1E_I (P ) for I = [E − δ, E + δ] and for some c_1 > 0. For Mourre’s method independent of parameter, see [23, 24, 16] and also [2] for more information. The following parameter-dependent version is useful in many situations.

Theorem 3.1 Assume that A_ϵ is a uniform conjugate operator of P_ϵ on I =]a, b[. Let R_ϵ(z) = (P_ϵ − z)^{−1} and E ∈ I.

(i) For any s > 1/2, and δ > 0, there exists C > 0 such that

‖⟨A_ϵ⟩^{−s}R_ϵ(E ± iκ)⟨A_ϵ⟩^{−s}‖ ≤ Cm^{−1}_ϵ (3.5)

Assume in addition that (P_ϵ+i)^{−1}[[B_ϵ, A_ϵ], A_ϵ](P_ϵ+i)^{−1} extends to uniformly bounded operator on H. One has the following

(ii). Let c_± ∈ R and let χ_± denote the characteristic functions of ] − ∞, c_−[ and ]c_+, +∞[, respectively. For any 1/2 < s < 2, there exists C > 0 such that

‖⟨A_ϵ⟩^{s−1}χ_∓(A_ϵ)R_ϵ(E ± iκ)⟨A_ϵ⟩^{−s}‖ ≤ Cm^{−1}_ϵ . (3.6)

(iii). For any r, s ∈ R, with (r)_+ + (s)_+ < 1, there is C > 0

‖⟨A_ϵ⟩^rχ_∓(A_ϵ)R_ϵ(E ± iκ)χ_±(A_ϵ)⟨A_ϵ⟩^s‖ ≤ Cm^{−1}_ϵ . (3.7)

The above estimates are uniform in ϵ, κ ∈]0, 1] and locally uniform for E ∈ I.

(i) of Theorem 3.1 implies the point spectrum of P_ϵ is absent in I and the spectrum of P_ϵ is absolutely continuous. Theorem 3.1 can be derived by following the Mourre’s original functional differential inequality method [23] and its subsequent improvement [10, 16, 33, 34]. The conditions in parts (ii) and (iii) imply that for each ϵ, P_ϵ is 2-smooth with respect to A_ϵ in sense of [16]. For the proof of Theorem 3.1, one can see [16] for fixed ϵ > 0 and [33, 34] for parameter-dependent version.

3.2 Uniform resolvent estimates in Besov spaces

We want to show that Mourre’s method can be used to obtain uniform resolvent estimates in Besov spaces for operators depending on a small parameter (See [35]). This idea goes back to Mourre [23, 24] and was used in [18, 37] for operators without small parameter. We use the ideas from [24, 18] in taking care of the dependence on the small parameter.

Let F be a self-adjoint operator in H. Let F_j, j ∈ N, denote the spectral projector of F onto the set Ω_j, where Ω_j = {λ ∈ R; 2^{j−1} ≤ |λ| < 2^j } for j ≥ 1 and Ω_0 = {λ ∈ R; |λ| < 1}. Introduce the abstract Besov spaces, B_s(F ), defined in terms of the operator F : B_s(F ) = {u ∈ H; ∞∑ k=0 2^{ks}‖F_ku‖ < ∞}, s ≥ 0.

Its dual space (B^F_s )^∗ w. r. t. the scalar product on H is a Banach space with the norm given by ‖u‖_{Bs(F )}∗ = sup_{j∈N} 2^{−js}‖F_ju‖.

When F is replaced by |x|, one recovers the usual Besov spaces B_s and B^∗_s .

Theorem 3.2 Let P_ϵ and A_ϵ be two families of self-adjoint operators in H. Assume that A_ϵ is uniformly conjugate to P_ϵ on an interval I =]a, b[ and that (P_ϵ+i)^{−1}[[B_ϵ, A_ϵ], A_ϵ](P_ϵ+ i)^{−1} extends to uniformly bounded operator on H. Let E ∈ I and s ≥^1_2 . One has: ‖R_ϵ(E ± iκ)‖_{L(Bs(Aϵ),Bs(Aϵ)}∗_) ≤ Cm^{−1}_ϵ (3.8) uniformly in 0 < ϵ, κ < 1. Here m_ϵ is the constant in the uniform Mourre estimate (5) and R_ϵ(z) = (P_ϵ − z)^{−1}.

Let l^{2,∞} denote the space of measurable functions g(t) on R such that ‖g‖_{2,∞} = { ∑ k∈Z |g|^2_k}^{12}

where |g|_k = ess sup {|g(t)|; k ≤ t < k + 1}, k ∈ Z. Proposition 3.3 Let f_1, f_2 ∈ l^{2,∞}.

‖f_1(A_ϵ)R_ϵ(E ± iκ)f_2(A_ϵ)‖ ≤ Cm^{−1}_ϵ ‖f_1‖_{2,∞}‖f_2‖_{2,∞}, (3.9) uniformly in 0 < κ < 1.

Proof. We follow the Mourre’s argument used in the proof of (III) of Theorem 1.2 in [24] (see also [18, 37]) in checking the ϵ-dependence. Let χ_n (χ_±, resp.) denote the characteristic function of [n, n + 1[, n ∈ Z, ( [0, +∞[, ] − ∞, 0[, resp.). Then for u, v ∈ H, | (f_1(A_ϵ)R_ϵ(E ± iκ)f_2(A_ϵ)u, v) | ≤ ∑ n,m∈Z

|f_1|_n|f_2|_m‖χ_n(A_ϵ)v‖ ‖χ_m(A_ϵ)u‖ ‖χ_n(A_ϵ)R_ϵ(E ± iκ)χ_m(A_ϵ)‖ ≤ 4‖u‖ ‖v‖ ‖f_1‖_{2,∞}‖f_2‖_{2,∞} sup_{n,m∈Z} ‖χ_n(A_ϵ)R_ϵ(E ± iκ)χ_m(A_ϵ)‖.

It remains to prove sup_{n,m} ‖χ_n(A_ϵ)R_ϵ(E ± iκ)χ_m(A_ϵ)‖ ≤ Cm^{−1}_ϵ (3.10) uniformly in κ ∈]0, 1]. Note that A_ϵ − n is still a conjugate operator of P_ϵ satisfying the uniform Mourre’s estimate with the same lower bound. Theorem 3.1 gives that ‖χ_n(A_ϵ)R_ϵ(E ± iκ)χ_n(A_ϵ)‖ ≤ Cm^{−1}_ϵ uniformly in n and κ. Decompose χ_n(A_ϵ)R_ϵ(E + iκ)χ_m(A_ϵ) as

χ_n(A_ϵ)R_ϵ(E + iκ)χ_m(A_ϵ)

= χ_n(A_ϵ){χ_+(A_ϵ − m)R(E + iκ, h) + χ_−(A_ϵ − m)R_ϵ(E − iκ) +2iκχ_−(A_ϵ − m)R_ϵ(E − iκ)R_ϵ(E + iκ)}χ_m(A_ϵ)

The first two terms can be bounded by Cm^{−1}_ϵ according to (3.6). For the third term, remark that

2κ‖χ_n(A_ϵ)R_ϵ(E − iκ)R_ϵ(E + iκ)χ_m(A_ϵ)‖ ≤ 4‖χ_n(A_ϵ)R_ϵ(E + iκ)χ_n(A_ϵ)‖^{12} ‖χ_m(A_ϵ)R_ϵ(E + iκ)χ_m(A_ϵ)‖^{12} ≤ Cm^{−1}_ϵ

uniformly in n, m and κ. (3.10) is proved. ■

Proof of Theorem 3.2. Let f ∈ B_s(A_ϵ). By Proposition 3.3, one has for s ≥^1_2

2^{−js}‖F_jR(E ± iκ)f‖ ≤ ∞∑ k=0 2^{−js}‖F_jR(E ± iκ)F_k‖‖F_kf‖

≤ Cm^{−1}_ϵ ∞∑ k=0 2^{−j(s− 12 )}2^{k/2}‖F_kf‖ ≤ Cm^{−1}_ϵ ‖f‖_{Bs(Aϵ)},

uniformly in ϵ, κ and j. This proves Theorem 3.2. ■

3.3 Applications to Schrödinger operators

3.3.1 Semi-classical resolvent estimates

An interesting application of the above abstract results is the resolvent estimate of semiclassical Schrödinger operators P (h) = −h^2Δ+V (x) near a non-trapping energy. Recall that the energy E > 0 is called non-trapping for the classical Hamiltonian p(x, ξ) = |ξ|^2 + V (x) if lim_{|t|→∞} |x(t; y, η)| = ∞, ∀ (y, η) ∈ p^{−1}(E). (3.11)

Here, (x(t; y, η), ξ(t; y, η)) is the solution of the classical Hamiltonian system associated with p(x, ξ): {_{∂x} ∂t = ∂_ξp(x, ξ), x(0; y, η) = y, ∂ξ ∂t = −∂_xp(x, ξ), ξ(0; y, η) = η.

(3.12)

The set of non-trapping energy is open in R_+.

The Mourre’s method depending on a parameter can also be applied generalized N-body Schrödinger operators. For the Helmholtz equation, this allows to include the case where the refraction index n(x) is a sum of functions of the form:

n(x) = M∑ j=1 n_j(x_j), n_j (x_j) = n_{j,0} + o(1), |x_j| → ∞, (3.13)

where n_{j,0} ≥ 0 with E = ∑ j n^2_{j,0} > 0, and x_j ∈ R^{dj} ⊆ R^d.

Let us recall some notation for generalized N-body Schrödinger operators. Let X be a d-dimensional Euclidean space equipped with a quadratic form q(·). To simplify notation, we assume that q(·) is the canonical form on X = R^d. Let A denote the set of all cluster decompositions of an N-body system labelled by {1, 2, · · · , N}. To each a ∈ A, it is assigned a subspace X_a of X with X_{amin} = X for some a_{min} ∈ A and ∩_{a∈A}X_a = {0}. Let A be partially ordered by

a ⊂ b iff X_b ⊂ X_a.

Assume also that for a, b ∈ A, the union of a and b, a ∪ b, belongs to A, and is defined so that X_a ∩ X_b = X_{a∪b}.

For the definition of a ∪ b in physical N-body Schrödinger operators, we refer to [34]. For each a, we denote X^a the orthogonal complement of X_a in X. We write the corresponding orthogonal decomposition of coordinates x as:

x = x^a + x_a.

With these notation, the N-body Schrödinger operators we are interested in are of the form:

P (h) = −h^2Δ + ∑ a∈A V_a(x^a), (3.14)

where h > 0 is a small parameter, Δ is the Laplacian on (X, q(·)). We assume that V_a satisfies |∂^α_y V_a(y)| ≤ C_αr(y)⟨y⟩^{−|α|}, y ∈ X^a, ∀ α ∈ N^{da} . (3.15)

Here r(y) → 0 as y → ∞.

For each a ∈ A, we denote #a the number of clusters in a, P^a(h) the cluster Hamiltonian:

P^a(h) = −h^2Δ^a + ∑ b⊆a V_b(x^b),

where Δ^a is the Laplacian in x^a-variables. Put

I_a(x) = ∑ b⊈a

V_b(x^b), P_a(h) = P^a(h) − h^2Δ_a,

where Δ_a is the Laplacian in x_a-variables. Then one has: P (h) = P_a(h) + I_a(x) for any cluster decomposition a. Let p^a denote the semi-classical symbol of P^a(h). Assume that

∀ a, p^a is non-trapping at the energy E. (3.16)

Note that when #a = 1, p^a = p is the classical hamiltonian of P (h).

Under the assumptions (3.15) and (3.16), one can construct a uniform conjugate operator, F (h), of P (h) near E in the form

F (h) = h(x · D + D · x)/2 + r^w(x, hD) where r^w(x, hD) is a self-adjoint bounded smoothing semi-classical pseudo-differential operator and one has

iχ(P (h))[P (h), F (h)]χ(P (h)) ≥ c_0hχ(P (h))^2, h ∈]0, 1], (3.17)

where c_0 > 0 is independent of h and χ is a smooth real function on R supported sufficiently near E. The following results are proved in [33, 34].

Theorem 3.4 (i). Assume the conditions (3.15). The resolvent estimate

‖⟨x⟩^{−s}R(λ ± iκ, h)⟨x⟩^{−s}‖ ≤ Ch^{−1}, (3.18)

holds for λ ∈ [E − δ, E + δ] uniformly in h, κ if and only if E is non-trapping for all p^a and s > 1/2.

(ii). Assume (3.15 and (3.16). Let χ_+ and χ_− denote the characteristic functions for [c_+, +∞[ and ] − ∞, c_−], c_± ∈ R. Then for any s > 1/2, there exists C > 0 such that

‖⟨F (h)⟩^{s−l}χ∓(F (h))R(E ± iκ, h)⟨x⟩^{−s}‖ ≤ Ch^{−1} (3.19)

For any any s, r ∈ R, one has

‖⟨F (h)⟩^sχ_∓(F (h))R(E ± iκ, h)χ_±(F (h))⟨F (h)⟩^r‖ ≤ Ch^{−1}. (3.20)

For two-body Schrödinger operators, under the non-trapping condition, the semiclassical resolvent estimate (3.18) was firstly proved in [28] by method of global parametrix. The necessity of non-trapping condition to obtain (3.18) was proved in [31]. Its proof based on Mourre’s method was given in [10]. Since then, there are many extensions and new proofs, among which we mention an interesting proof using method of semi-classical measures (see [5, 15]). The sufficient part in (3.18) for N = 3 is due to C. Gérard [8]. The general case N ≥ 3 is proved in [33]. In [33], the necessity of the non-trapping condition (3.16) is also proved. Remark that (3.19) and (3.20) are some kind of microlocal resolvent estimates. For microlocal resolvent estimates, see [14, 16, 19, 9, 34] for the case h > 0 is fixed. For semi-classical resolvent estimates with microlocalization, see [31, 32] in two-body case and also [34] in general N-body case.

One can apply Theorems 3.2 and 3.4 to P (h) to obtain Besov space semi-classical resolvent estimates.

Theorem 3.5 (Besov space estimate) Let s ≥^1_2 . Under the assumptions (3.15) and (3.16), one has:

‖R(E ± iκ, h)‖_{L(Bs,B}∗_{s )} ≤ Ch^{−1} (3.21)

uniformly in 0 < h, κ < 1.

Proof. Let F (h) denote the uniform conjugate operator of P (h) satisfying (3.17). Theorem 3.2 is true with A_ϵ replaced by F (h). Let χ ∈ C^∞_0 (R) with χ(t) = 1 for t near E. (1 − χ(P (h))^2)R(E ± iκ, h) is uniformly bounded in L(L^2, L^2), therefore also in L(B_s, B^∗_s ). Note that F (h) is a semi-classical pseudo-differential operator with Weyl symbol x · ξ + r(x, ξ) where r is a bounded symbol (cf [33]). We can show that for s ≥ 0, ‖⟨F (h)⟩^sχ(P (h))⟨x⟩^{−s}‖ ≤ C (3.22) uniformly in h. An argument of interpolation (cf [1, 13]) gives then ‖χ(P (h))‖_{L(Bs,Bs(F (h))} ≤ C uniformly in h. By duality, the same is true for χ(P (h)) as operator from (B^F_s )^∗ to B^∗_s . It follows that ‖χ(P (h))^2R(E ± iκ, h)‖_{L(Bs,B}∗_{s )} ≤ Ch^{−1}, which completes the proof of (3.21). ■ The regularity on potentials is only needed to make use of theory of pseudodifferential operators in the construction of uniform conjugate operator. As one can see from the next subsection that if we make the virial assumption 2E − 2V (x) − x∇V (x) ≥ c_0 > 0, ∀ x (3.23) which implies (3.16), the condition (x∇)^jV (x) ∈ L^∞ for 0 ≤ j ≤ 3 is sufficient to have the result of Theorems 3.4 and 3.5.

3.3.2 Potentials depending on a parameter Consider the Schrödinger operator P_ϵ = −Δ + V_ϵ(x) on R^d with potential depending on a parameter ϵ ∈]0, 1]. Assume that V_ϵ(x) is uniformly bounded on R^d and the multiplication operators (x · ∇_x)^jV_ϵ, j = 1, 2, 3, are −Δ-bounded uniformly in ϵ. Let E > 0. Assume further that there exist c_0 > 0 such that 2E − 2V_ϵ(x) − x · ∇V_ϵ(x) ≥ c_0, x ∈ R^d, (3.24) uniformly in ϵ.

For μ ∈ R, we denote by S_±(μ) the class of μ-dependent bounded symbols a_± on R^{2d} satisfying suppa_± ⊂ {(x, ξ); ±x · ξ ≥ ±μ⟨x⟩}, (3.25) a_± ∈ C^∞(R^{2d}), |∂^α_x ∂^β_ξ a_±(x, ξ)| ≤ C_{αβ}⟨x⟩^{−|α|}⟨ξ⟩^{−|β|}.

Denote by a(x, D) the pseudo-differential operator with symbol a defined by

a(x, D)u(x) = 1 (2π)^d ∫ R^{2d}

e^{i(x−y)·ξ}a(x, ξ)u(y)dydξ, u ∈ S(R^d)

Theorem 3.6 Let R_ϵ(z) = (P_ϵ −z)^{−1}. Under the above assumptions, there exists μ_0 > 0 such that the following estimates hold uniformly in ϵ, κ ∈]0, 1]. (i) For s ≥ 1/2, one has ‖R_ϵ(E ± iκ)‖_{L(Bs,B}∗_{s )} ≤ C. (3.26)

(ii). Let 1/2 < s < 2 and b_± ∈ S_±(∓μ_0), there exists C > 0 such that

‖⟨x⟩^{s−l}b_∓(x, D)R_ϵ(E ± iκ)⟨x⟩^{−s}‖ ≤ C (3.27)

(iii). For s ∈ R, put s_+ = max{s, 0}. Then, for s, r ∈ R with s_+ + r_+ < 1 and b_± ∈ S_±(∓μ_±) with μ_− < μ_+, one has

‖⟨x⟩^sb_∓(x, D)R_ϵ(E ± iκ)b_±(x, D)⟨x⟩^r‖ ≤ C. (3.28)

Proof. Let F_0 = (x · D_x + D_x · x)/2. Under the condition (3.24), one can see that F_0 is a uniform conjugate operator on the interval I = [E − δ, E + δ] for δ > 0 small enough and E_I (P_ϵ)i[P_ϵ, F_0]E_I (P_ϵ) ≥ c_0/2E_I (P_ϵ).

for all ϵ. By Theorem 3.2, one has

‖R_ϵ(E ± iκ)‖_{L(Bs(F0),Bs(F0)}∗_) ≤ C, s ≥ 1/2. (3.29)

(3.26) follows then from the argument of Theorem 3.5.

The proof of (ii) and (iii) follows the method of Theorem 2.1 of [34]. Consider the operator

F_ν = F_0 + μs(x), s(x) = x^2 ⟨x⟩ . Since i[−Δ, μs(x)] = μ(∇s(x) · D_x + D_x · ∇s(x)) ≥ −|μ|(|∇s(x)|^2 − Δ), one can show that there exists c_1, μ_1 > 0 such that

E_I (P_ϵ)i[P_ϵ, F_μ]E_I (P_ϵ) ≥ c_1E_I (P_ϵ).

uniformly in ϵ and μ with |μ| ≤ μ_1. Therefore, Theorem 3.2 holds with A_ϵ replaced by F_μ. By methods of [34], one can replace χ_±(F_μ), ⟨F_μ⟩ by b_±(x, D) and ⟨x⟩, respectively, with a uniform control over parameters. ■

In the case ϵ = 1, Theorem 3.6 for b_± ∈ S_±(μ), ∀μ > 0, was due to A. Jensen [16]. Remark that in applications, in order to construct a partition of unity in phase space R^{2d}_{x,ξ}, it is important to have Theorem 3.6 (ii) and (iii) for b_± ∈ S_±(∓μ_0) for some μ_0 > 0. See the proof of Theorem 4.1 below.

3.3.3 Remark on Morrey-Campanato estimates

In [25], the authors mentioned that it is interesting in itself to study Morrey-Campanato estimates for Schödinger operators. We indicate here how this kind of estimates can be deduced from Besov space estimates.

Denote the Morrey-Companato norm |||u|||^2 = sup_{R>0} 1 R ∫ |x|<R

|u|^2dx and N(f) the dual norm

N(f) = ∑ j∈Z ( 2^{j+1} ∫ C(j)

|f|^2dx

) 1_2

where C_j = {x ∈ R^d; 2^j ≤ |x| ≤ 2^{j+1}}.

Proposition 3.7 Let P_ϵ = −Δ + V_ϵ(x) be a Schrödinger operator on R^d, d ≥ 3. Under the assumptions of Theorem 3.6, one has |||(P_ϵ − (E ± iκ))^{−1}u||| ≤ CN(u), (3.30) for all u ∈ L^2_{loc} with N(u) < ∞, uniformly in ϵ, κ. Proof. Recall the Hardy inequality for d ≥ 3: ‖|x|^{−1}f‖^2_L2_{(R}d_) ≤ 4 (d − 2)^2

‖∇f‖^2_L2_{(R}d_), f ∈ C^∞_0 (R^d).

It follows that |x|^{−1}(1 − Δ)^{−1/2} and (1 − Δ)^{−1/2}|x|^{−1} are bounded as operators on L^2. By a complex interpolation, we obtain that for any 0 ≤ s ≤ 1, |x|^{−s}(1 − Δ)^{−s/2} and (1 − Δ)^{−s/2}|x|^{−s} ∈ L(L^2). (3.31) Let χ_1 be a cut-off on R^d with χ_1(x) = 1 for |x| ≤ 1, and 0 for |x| ≥ 2. Set χ_2 = 1 − χ_1. On supp χ_2, B 1_2 (resp., B^∗1_2 ) norm is equivalent with N(·) (resp., |||·|||). Since (−Δ+1)^{− 1}2 is bounded from B 1_2 to B 1_2 and from B^∗1_2 to B^∗1_2 , splitting u as u = χ_1u+χ_2u and applying (3.31) to χ_1u with appropriate^1_2 ≤ s ≤ 1, one has ‖(−Δ + 1)^{− 12} u‖_{B 12} ≤ CN(u) (3.32) |||(−Δ + 1)^{− 12} u||| ≤ C‖u‖_B∗_{12} (3.33) Let χ be the same cut-off function around E with support sufficiently near E. Then for all u ∈ C^∞_0 (R^d), one has |||(1 − χ(P_ϵ)^2)(P_ϵ − (E ± iκ))^{−1}u||| ≤ C‖(−Δ + 1)^{− 12} u‖, uniformly in ϵ, κ. By (3.32), |||(1 − χ(P_ϵ)^2)(P_ϵ − (E ± iκ))^{−1}u||| ≤ C^′N(u).

On the other hand, by (3.26), (3.32), (3.33) and the argument used above, one has |||χ(P_ϵ)^2(P_ϵ − (E ± iκ))^{−1}u||| ≤ C‖(P_ϵ − (E ± iκ))^{−1}χ(P_ϵ)u‖_B∗_{12} ≤ C_1‖χ(P_ϵ)u‖_{B 12} ≤ C_2N(u) for all u ∈ C^∞_0 , uniformly in ϵ, κ. Combining the above two estimates, we obtain the desired estimate for u ∈ C^∞_0 . An argument of density completes the proof of Proposition 3.7. ■ Note that condition (3.24) is satisfied for V_ϵ = E − n^2(ϵx) if n^2 verifies 2 ∑ j∈Z sup 2^j <|x|≤2^{j+1}

(x · ∇_xn^2(x))_−

n^2(x) < 1 and n^2(x) ≥ n_0 > 0. Thus, Proposition 3.7 can be regarded as an alternative approach to prove the Morrey-Campanato estimate (see [25]).

4 The high frequency Helmholtz equation

Now we study the Helmholtz equation with a source term concentrated near one point (Δ + ϵ^{−2}n(x)^2 + iϵ^{−1}α_ϵ)u_ϵ(x) = −S_ϵ(x) (4.1) in R^d, d ≥ 1. Here ϵ > 0 is regarded as a small parameter, α_ϵ > 0 is a regularizing constant and α_ϵ → α ≥ 0 when ϵ → 0, n(x) is the refraction index and S_ϵ(x) = ϵ^{− 3+d2} S( x ϵ ). (4.2) We assume that S(x) is smooth and decays sufficiently rapidly at the infinity. For n(x)^2, we assume that there exists E > 0 such that V (x) = E − n(x)^2 satisfies (x · ∇)^jV (x) is bounded on R^d for 0 ≤ j ≤ 3. (4.3) Assume also that there exists c_0 > 0 such that 2E − 2V (x) − x · ∇V (x) ≥ c_0, ∀ x ∈ R^d. (4.4) It is convenient to write (4.1) in the form (−h^2Δ + V (x) − E − iκ)u_h(x) = h^{1−d2} S( x h ) (4.5) where h = ϵ → 0, κ = κ(h) = hα_h.

Put w_ϵ(x) = ϵ^{d/2}u_ϵ(ϵx). Then w_ϵ is the solution of (−Δ + V (ϵx) − E − iκ)w_ϵ(x) = ϵ^{1/2}S(x) (4.6)

Theorem 4.1 Assume (4.3) and (4.4).

(a). Let S ∈ B 1_2 . One has w_ϵ ∈ B^∗1_2 and ‖w_ϵ‖_B∗_{12} ≤ Cϵ^{1/2}‖S‖_{B 12} (4.7) (b). Assume that ⟨x⟩^rS ∈ L^2 for some r > 3/2 and that V (x) is smooth with bounded derivatives and α_ϵ ≥ ϵ^γ for some γ ∈ R_+. (4.8) Suppose that E − V (0) > 0. Then ϵ^{−1/2}w_ϵ converges ∗-weakly to w_0 in B^∗1_2 where w_0 is the outgoing solution of the equation (−Δ + V (0) − E − i0)w_0(x) = S(x) (4.9) Remark The ∗-weak convergence of ϵ^{−1/2}w_ϵ to w_0 is conjectured in [3]. It is proved in [6] for d ≥ 3 under an assumption on the geometry of self intersection set near zero of the Hamilton flow. Under some additional decay assumptions, the results of [35], when simplified to the case of point source, proved that there exists a subsequence of {ϵ^{−1/2}w_ϵ} converging ∗-weakly to w_0 in B^∗1_2 . Here the decay of V (x) is not needed. Proof. (4.3) and (4.4) show that the conditions of Theorem 3.6 are satisfied with V_ϵ(x) = V (ϵx). So, Theorem 3.6 gives ‖(P_ϵ − E − iκ)^{−1}‖_{L(Bs,B}∗_{s )} ≤ C (4.10) uniformly in ϵandκ. (4.7) follows.

To prove (b), put R_ϵ(E + iκ) = (−Δ + V (ϵx) − E − iκ)^{−1} and R_0(E + iκ) = (−Δ + V (0) − E − iκ)^{−1}. Write ϵ^{−1/2}w_ϵ − R_0(E + iκ)S as v_ϵ = R_ϵ(E + iκ)(V (0) − V (ϵx))R_0(E + iκ)S Let ρ ∈ C^∞_0 (]E − 2, E + 2[) with ρ(λ) = 1 on [E − 1, E + 1] and r_ϵ = R_ϵ(E + iκ)(V (0) − V (ϵx))R_0(E + iκ)ρ(−Δ)S Then it is easy to check that lim_{ϵ→0} < v_ϵ − r_ϵ, f >= 0 (4.11) for any f ∈ C^∞_0 (R^d). Let χ_± ∈ C^∞(R) such that χ_+ + χ_− = 1 on R, χ_+ = 1 on [^1_2 , ∞[, and 0 on ]∞, −^1_2 ]. Let b_±(x, ξ) = χ_±( x · ξ μ_0⟨x⟩

)ρ_1(ξ/R), where μ_0 > 0 is small and ρ_1 ∈ C^∞_0 (R) and is equal to 1 near 0. Then b_± ∈ S_±(∓μ_0) and we can apply Theorem 3.6. Note that b_+(x, D) + b_−(x, D) = ρ_1(−Δ/R) so for R > 1 large enough, (b_+(x, D) + b_−(x, D))ρ(−Δ)R_0(E + iκ) = ρ(−Δ)R_0(E + iκ) Inserting this decomposition into r_ϵ and applying Theorem 3.6, we obtain for 1/2 < s < s^′ < 1

| < r_ϵ, f > | ≤ Cδ(ϵ)(‖⟨x⟩^{s′} b_−(x, D)R_0(E + iκ)S‖‖⟨x⟩^sf‖ +‖⟨x⟩^sS‖‖⟨x⟩^{s′} b_+(x, D)R_ϵ(E − iκ)f‖) (4.12) +| < ρ(−Δ)R_0(E + iκ)S, [b_+(x, D), V (ϵx)]R_ϵ(E − iκ)f > | where C^′ is independent of ϵ and κ, and δ(ϵ) = ‖⟨x⟩^{s−s′} (V (0) − V (ϵx))‖_∞ → 0 as ϵ → 0 for s^′ > s. By Theorem 3.6, ‖⟨x⟩^{s′} b_−(x, D)R_0(E + iκ)S‖ and ‖⟨x⟩^{s′} b_+(x, D)R_ϵ(E − iκ)f‖ are uniformly bounded respectively by C‖⟨x⟩^{1+s′} S‖ and C‖⟨x⟩^{1+s′} f‖. To estimate the last term in (4.13), we remark that by symbolic calculus of pseudo-differential operators, [b_+(x, D), V (ϵx)] can be decomposed as [b_+(x, D), V (ϵx)] = ϵ(ρ_2(D)r_1(x, D; ϵ) + ϵr_2(x, D, ϵ) + O(ϵ^N ) (4.13) where N > 2γ + 2, ρ_2(ξ)ρ_0(ξ^2) = 0, r_1(x, ξ; ϵ) is a family of bounded symbols and r_2(·, ·; ϵ) is bounded in S_+(−μ_0) ∩ S_−(μ_0). By (4.8), since κ = ϵα_ϵ ≥ ϵ^{γ+1}, | < ρ(−Δ)R_0(E + iκ)S, O(ϵ^N )R_ϵ(E − iκ)f > | = O(ϵ^{N−2−2γ} ) → 0, as ϵ → 0. Due to the support properties of ρ and ρ_2, one has < ρ(−Δ)R_0(E + iκ)S, ρ_2(D)r_1(x, D; ϵ)R_ϵ(E − iκ)f >= 0.

By Theorem 3.6,

| < ρ(−Δ)R_0(E + iκ)S, ϵr_2(x, D; ϵ)R_ϵ(E − iκ)f > | ≤ Cϵ‖⟨x⟩S‖‖⟨x⟩f‖ This proves that lim_{ϵ→0} < v_ϵ, f >= 0 for f ∈ C^∞_0 . Since v_ϵ is uniformly bounded in B 1_2 , by an argument of density, one deduces that v_ϵ converges ∗-weakly to 0 in B^∗1_2 . Noticing that R_0(E + iκ)S converges to w_0 in B^∗1_2 , (b) is proved. ■ Note that the assumption (4.8) is only used to study the term related to [[b_+(x, D), V (ϵx)].

Corollary 4.2 Let S ∈ B 1_2 . Then u_ϵ ∈ B^∗1_2 and there exists C > 0 such that ‖u_ϵ‖_B∗_{12} ≤ C‖S‖_{B 12} (4.14) uniformly in ϵ.

Proof. By Theorem 4.1, ‖w_ϵ‖_B∗_{12} ≤ Cϵ^{12} ‖S‖_{B 12} .

For 0 < ϵ < 1, one has

‖w_ϵ‖_B∗_{12} = sup_{R>1} 1 R^12 ( ∫ |x|_ϵ<R

|u_ϵ(ϵx)|^2ϵ^ddx)^{12}

= ϵ^{12} sup_{R>1} 1 (ϵR)^12 ( ∫ |x|<ϵR

|u_ϵ(x)|^2dx)^{12}

= ϵ^{12} sup_{R′>ϵ} 1 (ϵR^′)^12 ( ∫ |x|<ϵR^′

|u_ϵ(x)|^2dx)^{12}

≥ ϵ^{12} sup_{R′>1} 1 R^{′ 1}2 ( ∫ |x|<R^′

|u_ϵ(x)|^2dx)^{12} = ϵ^{12} ‖u_ϵ‖_B∗_{12} .

(4.14) follows. ■

{u_ϵ} is bounded in L^2_{loc}. By the remark following Theorem 2.3, there exists a semiclassical measure associated with a subsequence {u_{ϵk} }. To give more information on the semi-classical measure, we introduce the space X_λ (see [3], [7] and [21]) as the completion of the Schwartz space S(R^{2d}) under the norm:

‖φ‖_{Xλ} := ∫ R^d

sup_x { ⟨x, y⟩^λ|(F_{ξ→y}φ)(x, y)| } dy, where we denote ⟨x, y⟩ = (1+|x|^2+|y|^2)^12 and (F_{ξ→y}φ)(x, y) the partial Fourier transform of φ(x, ξ) with respect to ξ. The space X_λ is a Banach space with dual X^∗_λ.

Applying Corollary 4.2, we immediately get the following

Proposition 4.3 The family of Wigner transforms f_ϵ of u_ϵ is bounded in X^∗_λ, for any λ > 1, and {f_ϵ} admits a subsequence converging ∗-weakly in X^∗_λ to some nonnegative, locally bounded measure f which satisfies

sup_{R>1} 1 R ∫ |x|≤R ∫ ξ∈R^d

f(x, ξ) dx dξ ≤ C‖S‖^2_{B 12} . (4.15)

Let f_ϵ(x, ξ) denote the Wigner transform of u_ϵ(x). An elementary calculation shows that α_ϵf_ϵ + ξ · ∇_xf_ϵ − Θ_ϵ(f_ϵ) = Q_ϵ (4.16) where Θ_ϵ is defined by

Θ_ϵ(f_ϵ)(x, ξ) = 1 (2π)^d ∫ R^{2d}_{y,η}

e^{−iy·(ξ−η)} 1 2ϵi (V (x + ϵy 2 ) − V (x − ϵy 2 ))f_ϵ(x, η)dydη and Q_ϵ(x, ξ) = 1 (2π)^d ∫ R^d

e^{−iy·ξ} ϵ 2i [S_ϵ(x + ϵy 2 )u_ϵ(x − ϵy 2 ) − S_ϵ(x − ϵy 2 )u_ϵ(x + ϵy 2 )]dy

By proposition 4.3, one has for some sequence ϵ_k → 0

α_{ϵk} f_{ϵk} + ξ · ∇_xf_{ϵk} − Θ_{ϵk} (f_{ϵk} ) → αf + ξ · ∇_xf − ∇V (x) · ∇_ξf (4.17)

in D^′, where f is given by Proposition 4.3. A subtle task is to compute the limit of the source term Q_ϵ which depends on u_ϵ.

Theorem 4.4 Let α_ϵ → α ≥ 0. Under the assumptions of Theorem 4.1 (b), the semiclassical measure f verifies the following Liouville equation

αf + ξ · ∇_xf − 1 2 ∇_xV (x) · ∇_ξf = Q(x, ξ), in D^′(R^{2d}) (4.18)

with Q(x, ξ) = π (2π)^d

|Ŝ(ξ)|^2δ(x)δ(ξ^2 − n(0)^2) (4.19)

Moreover, f is given by the outgoing solution

f(x, ξ) =

∫_∞ 0 e^{−αs}Q(y(−s; x, ξ), η(−s; x, ξ))ds (4.20)

in the sense of distributions, where (y(s), η(s)) is solution of the Hamiltonian system {_{∂y}

∂s = η(s), y(0) = x, ∂η ∂s = −^1_2 V (y(s)), η(0) = ξ.

(4.21)

With Theorem 4.1 and Corllary 4.2, Theorem 4.4 can be proved along the line of [3] and [35]. To show how to calculate the limiting source term Q in the Liouville equation, we take φ, ψ ∈ S and write ∫ Q_ϵ(x, ξ)φ(x)ψ(ξ) dxdξ = − 1 (2π)^d2iϵ^{(d+1)/2} ∫ R^{2d} [S( x ϵ + y 2 )u_ϵ(x − ϵy 2 ) − S( x ϵ − y 2 )u_ϵ(x + ϵy 2 )]φ(x)ψ̂(y)dxdy = − ϵ^{(d−1)/2} (2π)^d2i ∫ R^{2d}

[S(x^′)u_ϵ(ϵ(x^′ − y))φ(ϵx^′ − ϵy 2 ) − S(x^′)u_ϵ(ϵ(x^′ + y))φ(ϵx^′ + ϵy 2 )]ψ̂(y)dx^′dy

Applying Theorem 4.1 b, we obtain ∫ Q_ϵ(x, ξ)φ(x)ψ(ξ) dxdξ

→_{ϵ→0} − φ(0) 2i(2π)^d ∫ [S(x^′)w_0(x^′ − y) − S(x^′)w_0(x^′ + y)]ψ̂(y)dx^′dy = φ(0) (2π)^d ∫ R^d

ℑ(ξ^2 + V (0) − E − i0)^{−1}|Ŝ(ξ)|^2ψ(ξ)dξ

We finally find that Q_ϵ →^1_{(2π)d} δ(x)ℑ(ξ^2 + V (0) − E − i0)^{−1}|Ŝ(ξ)|^2 = Q(x, ξ) in sense of distributions. For rigorous proof of this convergence, see [3, 35].

Remarks (1). Let Ω = p^{−1}(]E − δ, E + δ[), where p =^1_2 (ξ^2 − V (x)), δ > 0 small. Ω is invariant by the solutions of (4.21) and the conditions on V implies that the classical flow is non-trapping for initial data (x, ξ) ∈ Ω. One can show that f is a well-defined as a distribution on Ω. Since supp Q is contained in p^{−1}({E}), the same is true for supp f. The outgoing property of f can be then interpreted as

lim_{t→−∞} f ∘ Φ^t = 0, in D^′,

where Φ^t(x, ξ) = (y^t(x, ξ), η^t(x, ξ)) is solution of (4.21).

(2). Applying Theorem 4.4 to any subsequence of {u_ϵ}, we conclude that if μ is the semi-classical measure associated with a subsequence {u_{ϵk} }, then μ is given by (4.20). This shows the uniqueness of semi-classical measure associated with subsequences of {u_ϵ}.

References

[1] S. Agmon, L. Hörmander, Asymptotic properties of solutions to differential equations with simple characteristics, J. Analyse Math., 30(1976),1-38.

[2] W.O. Amrein, A. Boutet de Monvel, V. Georgescu, C_0-groups, commutator methods and spectral theory of N-body Hamiltonians. Progress in Mathematics, 135. Birkhäuser Verlag, Basel, 1996.

[3] J.D. Benamou, F. Castella, T. Katsaounis and B. Perthame, High frequency limit of the Helmholtz equation, Rev. Mat. Iberoamericana, 18(2002), 187-209.

[4] N. Burq, Mesures semi-classiques et mesures de défaut, Séminaire Bourbaki, No.

826, 1996-1997.

[5] N. Burq, Semi-classical estimates for the resolvent in non trapping geometries. Int.

Math. Res. Notices, 5 (2002), 221-241.

[6] F. Castella, The radiation condition at infinity for the high frequency Helmholtz equation with source term: a wave packet approach, preprint 2004.

[7] F. Castella, B. Perthame and O. Runborg, High frequency limit of the Helmholtz equation II: source on a general smooth manifold, Commun. in P. D. E., 27(2002), 607–651.

[8] C. Gérard Semiclassical resolvent estimates for two and three-body Schrödinger operators. Comm. Partial Differential Equations 15(8) (1990), 1161–1178.

[9] C. Gérard, H. Isozaki, E. Skibsted, N-body resolvent estimates. J. Math. Soc. Japan 48 (1)(1996), 135–160.

[10] C. Gérard and A. Martinez, Principe d’absorption limite pour des opérateurs de Schrödinger à longue portée. C. R. Acad. Sci. Paris Sér. I Math. 306 (1988), no. 3, 121-123.

[11] P. Gérard, Microlocal defect measures, Commun. in P. D. E., 16(1991), 1761-1794.

[12] P. Gérard, P. A. Markowich, N. J. Mauser and F. Poupaud, Homogeneisation limits and Wigner transforms, Comm. Pure Appl. Math., 50(1997), 321-357.

[13] L. Hörmander, The Analysis of Linear Partial Differential Operator I, II, Springer- Verlag, 1983.

[14] H. Isozaki and H. Kitada, Micro-local resolvent estimates for 2-body Schrödinger operators, J. Funct. Anal. 57(1984), 270-300.

[15] T. Jecko, From classical to semiclassical non-trapping behaviour, C. R. Acad. Sci.

Paris, Ser I (338) (2004), 545-548.

[16] A. Jensen, Propagation estimates for Schrödinger-type operators. Trans. of the.

A.M.S., (291)(1985), 129-144.

[17] A. Jensen, E. Mourre, P. Perry, Multiple Commutator estimates and resolvent smoothness in quantum scattering theory, Ann. Inst. Poincaré - Phys. Théor. 41 (1984), 207–225.

[18] A. Jensen, P. Perry, Commutator methods and Besov space estimates for Schrödinger operators, J. of Operator Th., 14(1985), 181-188.

[19] H. Kitada, Fourier integral operators with weighted symbols and micro-local resolvent estimates, J Math. Soc. Japan, 39(1987), 455-476

[20] P.L. Lions, The concentration compactness principle in the calculus of variations.

The limit case, Rev. Mat. Iberoamericna, 9(1985), 145-201.

[21] P.L. Lions and T. Paul, Sur les measure de Wigner, Rev. Mat. Iberoamericana, 9(1993), 553-618.

[22] V. P. Maslov and M. V. Fedoriuk, Semi-classical Approximation in Quantum Mechanics, D. Reidel Publishing Company, 1981.

[23] E. Mourre, Absence of singular continuous spectrum for certain self-adjoint operators, Commun. Math. Phys., 78(1981), 391-408.

[24] E. Mourre, Opérateurs conjugués et propriétés de propagation, Commun. in Math.

Phys., 91(1983), 279-300.

[25] B. Perthame, L. Vega, Morrey-Campanato estimates for Helmholtz equations, J.

Funct. Analysis, 164(2)1999, 340-355.

[26] D. Robert, Autour de l’approximation semi-classique, Progess in Mathematics, No.

65, Birkhauser, 1987.

[27] D. Robert, Tools in semi-classical analysis, Lectures at CIMPA-UNESCO’s School “Partial Differential Equations and Applications”, July 2004, in Lanzhou, China.

[28] D. Robert, H. Tamura, Semi-classical estimates for resolvents and asymptotics for total scattering cross sections, Ann. Inst. H. Poincaré, 46(1987), 415-442.

[29] L. Tartar, H-measure, a new approach for studying homogenisation, oscillations and concentration effects in partial differential equations, Proc. Roy. Soc. Edinburgh Sect. A, 115(1990), 193-230.

[30] A. Vasy, M. Zworski, Semiclassical estimates in asymptotically euclidean scattering, Commun. Math. Phys. 212(2000), 205-217.

[31] X.P. Wang, Time-decay of scattering solutions an classical trajectories. Ann. Inst.

H. Poincaré, A, 47(1987), 25-37.

[32] X.P. Wang, Time-decay of scattering solutions and resolvent estimates for semiclassical Schrödinger operators, J. Diff. Equations, 71(1988), 348-395.

[33] X.P. Wang, Semiclassical resolvent estimates for N-body Schrödinger operators, J.

of Funct. Analysis, 97(1991), 466-483.

[34] X.P. Wang, Microlocal resolvent estimates for N-body Schrödinger operators, J. of the Faculty of Sc., Univ. Tokyo, Sec. IA, 40(1993), 337-385.

[35] X.P. Wang, P. Zhang, High frequency annalysis of the Helmholtz equation with variable refraction index, to appear.

[36] E. Wigner, On the quantum correction for thermodynamic equilibrium, Phys. Rev., 40(1932), 742-759.

[37] Bo Zhang, Commutator estimates, Besov spaces and scattering problems for the acoustic wave propagation in perturbed stratified fluids, Math. Proc. Cambridge Philos. Soc., 128 (2000), no. 1, 177–192.

[38] Ping Zhang, Wigner measure and the semi-classical limit of Schrödinger-Poisson equations, SIAM J. Math. Anal., 34(2002), 700–718.

[39] Ping Zhang, Yuxi Zheng and N. J. Mauser, The limit from the Schrödinger-Poisson to the Vlasov-Poisson equations with general data in one dimension, Comm. Pure Appl. Math., 55(2002), 582–632.