ASYMPTOTIC EXPANSION IN TIME OF THE SCHRÖDINGER GROUP ON CONICAL MANIFOLDS

XUE PING WANG

Abstract. For Schrödinger operator P on Riemannian manifolds with conical end, we study the contribution of zero energy resonant states to the singularity of the resolvent of P near zero. Long-time expansion of the Schrödinger group U(t) = e^{−itP} is obtained under a non-trapping condition at high energies.

Contents

1. Introduction 1 2. The model operator 5 3. Characterization of resonant states at zero 9 4. Asymptotic expansion of R(z) 11 5. The case 0 ∈ σ_∞ 23 6. Long-time expansion of the Schrödinger group 29 References 32

1. Introduction

In this work, we study long-time asymptotic behavior of the dynamics generated by Schrödingers operator on Riemannian manifolds with conical end. This problem is closely related to low-energy spectral analysis, which has been studied for Schrödinger operators on R^n since a long time ([1, 5, 16, 18, 23, 25, 26, 28]). These works are concerned with perturbation of a constant elliptic differential operator by a term decaying like O(|x|^{−2−ϵ}) as x → ∞. See also [35] for spectral analysis of N-body Schrödinger operator near its first threshold, the bottom of the essential spectrum. The relevant issue in these works is the asymptotic expansion of resolvent near the threshold. The main difficulty arises from possible existence of zero energy resonances, which is invisible in the L^2-setting. See also [13, 24, 39] for threshold spectral analysis for slowly decreasing potentials on R^n where no zero energy resonant state is present. Thresholds are exceptional points where new physical phenomena appear ([2, 3, 36]). Low-energy spectral analysis of Schrödinger operators has many interesting applications in spectral and scattering theories ([1, 5, 18, 25, 26]). In particular, a mathematical proof of the phenomenon claimed in [2] should pass by the analysis of threshold energy resonances in their setting. For the role of zero energy resonance in

1991 Mathematics Subject Classification. 35P25, 47A40, 81U10.

Key words and phrases. resolvent expansion, zero energy resonance, Schrödinger operator with metric. The author is grateful to G. Carron for his stimulating work [12] and for many helpful discussions.

Research supported in part by MSRI in Berkeley and by a research program of the Chinese Academy of Sciences. 1

extended index theory in Riemannian geometry, we refer to [4, 7, 10, 11, 20, 22].

The present work concerns the perturbation of a non-trivial model operator P_0 on manifold with conical end, and is motivated by a recent paper of G. Carron [12] on the jump of the spectral shift function at zero. Let M be a connected Riemannian manifold which, outside some compact, is isometric to a conical space R_+ × Σ, Σ being a compact (n − 1)-dimensional manifold with or without boundary. If Σ is of boundary, the Dirichlet condition is used. We want to study Schrödinger operator P = −Δ_g + W (x) which is perturbation of a model operator P_0 of the form

P_0 = −Δ_{g0} + q(θ) r^2

. (1.1)

Here (r, θ) ∈ R_+ × Σ is some polar coordinates, q(θ) is a real continuous function and g_0 is a metric on R_+ × Σ of the form

g_0 = dr^2 + r^2h(θ, dθ)

with h an arbitrary Riemannian metric on Σ independent of r. The term^{q(θ)}_{r2} can not be treated by method of perturbation usually used in low-energy spectral analysis. New phenomenon occurs due to the non trivial metric h. Assume −Δ_h + q(θ) ≥ −^{(n−2)2}_4 . Set

σ_∞ = { ν; ν = √ λ + (n − 2)^2 4 , λ ∈ σ(−Δ_h + q) } , σ_k = σ_∞ ∩ [0, k], k ∈ N. (1.2)

If h = (dθ)^2 is the Euclidean metric on the sphere S^{n−1}, n ≥ 2 and q = 0, then, P_0 = −Δ and σ_∞ = { n − 2 2 + k; k ∈ N } . (1.3)

In this case, σ_∞ consists of either only half-integers (n odd) or only integers ( n even). In particular, for Laplace operator −Δ, one has

σ_1 =

{0, 1}, n = 2, {^1_2 }, n = 3, {1}, n = 4, ∅, n ≥ 5.

(1.4)

The main part of this work is devoted to analyzing the contribution of the zero energy resonant states to the singularities of resolvent R(z) = (P − z)^{−1} at z = 0 for general second order perturbations of P_0. The essential difference from the previous works [1, 5, 16, 18, 23, 25, 26, 28] on perturbation of constant elliptic operators on R^n is the presence of a non-trivial metric h. For perturbation of the Laplacian −Δ on R^n, it is well-known that there are at most one s-wave resonant state and two p-wave resonant states for n = 2, and one s-wave resonant state for n = 3, 4 and no zero energy resonant state for n ≥ 5. It is well known that the case n = 2 is the most difficult, due to the interaction between the three zero resonant states. New phenomenon occurs in geometric setting. In fact, even if we simply replace the standard metric (dθ)^2 on S^{n−1} by a rescaled one h = ℏ^2(dθ)^2, where ℏ > 0 is a small constant, the multiplicity of zero resonance may be arbitrarily large (see an example for a family of Hodge-De Rham Laplacian given in [37]). The interaction between the zero resonant states is the main difficulty to determine the singularity of the resolvent at zero in this work.

The final result of this work can roughly be described as follows. Assume that W (x) =

q(θ) r^2 + V0(x) with

|∂^α_x V_0(x)| ≤ C⟨x⟩^{−ρ0−|α|}, ∀x (1.5) and that the classical Hamiltonian p(x, ξ) = |ξ|^2_g +^{q(θ)}_{r2} is non-trapping at high energies. We obtain the asymptotic expansion of the Schrödinger group U(t) = e^{−itP} in the form

U_c(t) =

κ_0∑

j=1 Φ_{−ςj ,−δςj} (t)t^{ςj −1}Π_{r,j} + · · · + O(|t|^{−N−1−ϵ}) (1.6)

in L(L^{2,s}; L^{2,−s}), s > 2N + 1, where N depends on ρ_0 and the spectral nature of 0 w. r. t. P , U_c(t) = U(t) − ∑ λ_j ∈σ_p(P )

e^{−itλj} Π_{λj} ,

Π_{λj} is the orthogonal projection onto the eigenspace associated to the eigenvalue λ_j of P ,

Π_{r,j} = e^{iπςj}

m_j∑

l=1 < ·, u^{(l)}_j > u^{(l)}_j , j = 1, · · · , κ_0

with u^{(l)}_j the zero energy resonant states of P having the asymptotic behavior φ(θ) r^{n−2}2^{+ν}

(1 + o(1)), r → ∞, (1.7)

for some φ ≠ 0 and ν = ς_j ∈ σ_1 (see (4.28)), and Φ_{λ,m}(t) is defined by (6.9). If there is no resonant state with energy zero, some corresponding terms disappear and our analysis shows that U_c(t) ≃ C_0|t|^{−ν0−1}, (1.8) where if 0 is not an eigenvalue of P , ν_0 = ν_m with

ν_m = √ (n − 2)^2 4 + λ_0,

λ_0 being the smallest eigenvalue of −Δ_h + q(θ); and if 0 is an eigenvalue of P , ν_0 = min{ν_m, min{ν − 1; ν ∈ σ_∞∩] [ν_m] + 1, [ν_m] + 2]}}, [ν] being the largest integer less than or equal to ν. For example, in the case P = P_0 = −Δ_{g0} on R^2 \ ([0, ∞[×{0}) with the Dirichlet condition on [0, ∞[×{0}, where g_0 = dr^2 + r^2h, h = a^2(dθ)^2 with a > 0 chosen such that the unit circle is of length one in the metric h. Then, (1.8) gives e^{itΔg0} ≃ C|t|^{−π−1}, t → ∞, (1.9) in appropriate spaces. This is to compare with the well-known asymptotics of the twodimensional free Schrödinger group e^{itΔ} ≃ C^′|t|^{−1}, t → ∞.

The relevance of the eigenvalues of −Δ_h + q(θ) in the long-time asymptotics of U(t) is as follows. Small eigenvalues of −Δ_h +q(θ) determines leading terms in long-time expansion of the Schrödinger group U(t). Our study on zero energy resonant states shows that the eigenfunctions of −Δ_h + q(θ) associated to an eigenvalue λ_ν = ν^2 −^{(n−2)2}_4 with ν ∈ [0, 1] may produce resonant states of P at 0 with space behavior (1.7) which in turn create singularity of the form z^{−1}_ν of R(z) at 0, where

z^{−1}_ν = ln z, if ν = 0 z^{−ν} , if 0 < ν < 1, (z ln z)^{−1}, if ν = 1.

These singularities of R(z) give the leading terms in presence of zero energy resonant states in long-time expansion of the Schrödinger group of the order

Φ_{−ν} (t) = { t^{ν−1}, if 0 ≤ ν < 1, (ln t)^{−1}, if ν = 1.

To obtain long-time expansion for U_c(t), we need information about the spectral measure over the whole real axis R, in particular, the structure of the singularity of the resolvent R(z) = (P − z)^{−1} at zero, where the zero energy resonant states play an important role. Their large multiplicity causes the main difficulty to the proof of existence and the calculation of asymptotic expansion of R(z) near zero. The absence of positive eigenvalues and the local smoothness away from 0 of spectral measure are proved by Mourre’s method. The high energy part of spectral measure is studied under a non-trapping condition which is necessary to obtain high energy resolvent estimates (see [33, 34] for the semi-classical case where the Planck constant ℏ can be taken as ℏ =^{1√}_λ → 0).

We expect the low-energy resolvent asymptotics obtained in this work to be useful in the study of a Levinson-type theorem and of some complex phenomenon similar to the Efimov effect in geometric scattering.

The plan of this work is as follows. In Sections 2 and 3, we recall some results announced in [37] on the model operator P_0 and on the characterization for resonant states for P . In particular, we show that the space-behavior of resonant states with zero energy are governed by small eigenvalues of −Δ_h + q(θ). In Section 4, we give a representation formula for the resolvent R(z) and obtain its asymptotic expansions in the case 0 ∉ σ_∞ . The case 0 ∈ σ_∞ has specific features and is studied in Section 5. After the proof of absence of positive eigenvalue of P and of local smoothness of the boundary value of resolvent, longtime expansion for wave functions are obtained in Section 6 under a non-trapping condition on the classical Hamiltonian p = |ξ|^2_g +^{q(θ)}_{r2} at high energies.

Notation. The scalar product on L^2(R_+; r^{n−1}dr) and L^2(M; dv) is denoted by < ·, · > and that on L^2(Σ) by (·, ·). H^{r,s}(M), r ∈ Z, s ∈ R, denotes the weighted Sobolev space of order r with volume element ⟨x⟩^{2s}dv. The duality between H^{1,s} and H^{−1,−s} is identified with L^2-product. Denote H^{0,s} = L^{2,s}. L(H^{r,s}; H^{r′,s′} ) stands for the space of continuous linear operators from H^{r,s} to H^{r′,s′} . In this work, P and P_0 are considered as self-adjoint operators in L^2 with form domain H^1_0 . The complex plane C is slit along positive real axis so that z^ν = e^{ν ln z} and ln z = log |z| + i arg z with 0 < arg z < 2π are holomorphic for z near 0 in the slit complex plane.

2. The model operator In this Section, we state some results on the resolvent and the Schrödinger group for the unperturbed operator P_0 = −Δ_{g0} + q(θ) r^2

(2.1) on M_0 = R_+ × Σ, where Σ is an (n − 1)-dimensional compact manifold, n ≥ 2. Here (r, θ) is the polar coordinates on M_0, q(θ) is a real continuous function and g_0 is a metric of the form g_0 = dr^2 + r^2h with h a Riemannian metric on Σ independent of r. If Σ is of boundary, the Dirichlet condition is used for P_0 on ∂M_0. Let Δ_h denote Laplace-Beltrami operator on (Σ, h). Assume −Δ_h + q(θ) ≥ −

(n − 2)^2 4 , on L^2(Σ). (2.2) Then, P_0 ≥ 0 in L^2(M; dv) (see [12]). One has

P_0 = −

∂^2 ∂r^2 − n − 1 r ∂ ∂r + 1 r^2

(−Δ_h + q(θ)). Put σ_∞ = { ν; ν = √ λ + (n − 2)^2 4 , λ ∈ σ(−Δ_h + q) } . (2.3)

Denote σ_k = σ_∞ ∩ [0, k], k ∈ N.

For ν ∈ σ_∞, let n_ν denote the multiplicity of λ_ν = ν^2 −^{(n−2)2}_4 as eigenvalue of −Δ_h+q(θ). Let {φ^{(j)}_ν ; ν ∈ σ_{h,q}, 1 ≤ j ≤ n_ν } denote an orthonormal basis of L^2(Σ) consisting of eigenfunctions of −Δ_h + q(θ):

(−Δ_h + q(θ))φ^{(j)}_ν = λ_ν φ^{(j)}_ν , (φ^{(i)}_ν , φ^{(j)}_ν ) = δ_{ij}.

Let π_ν denote the orthogonal projection in L^2(M) onto the subspace spanned by the eigenfunctions of −Δ_h + q associated with the eigenvalue λ_ν

π_ν f =

n_ν∑

j=1 (f, φ^{(j)}_ν ) ⊗ φ^{(j)}_ν , f ∈ L^2(M). Set Q_ν = − d^2 dr^2 − n − 1 r d dr + ν^2 −^{(n−2)2}_4 r^2

, in L^2(R_+; r^{n−1}dr). (2.4) Then, we have the orthogonal decomposition for the resolvent R_0(z) = (P_0 − z)^{−1} R_0(z) = ∑ ν∈σ_∞

(Q_ν − z)^{−1}π_ν , z ∉ R. (2.5)

To establish the asymptotic expansion of the resolvent R_0(z) for z near 0, we look for the asymptotic expansion as z → 0 for each (Q_ν − z)^{−1} and estimate the remainders w.r.t.

ν. Remark that Q_ν can be diagonalized by the Hankel transform of order ν ([38]). The Schwartz kernel of (Q_ν − z)^{−1} is given by:

K_ν (r, τ; z) = −(rτ)^{− n−22}

∫_∞ 0 e^{− r2+τ24it +izt−i πν2} J_ν ( rτ 2t ) dt 2t = −(rτ)^{− n−22}

∫_∞ 0 e^{i ρt +izrτt−i πν2} J_ν ( 1 2t ) dt 2t (2.6)

for (r, τ) ∈ R^2_+ and z with ℑz > 0 (see [12]). Here J_ν is the Bessel function of the first kind of order ν and ρ = ρ(r, τ) ≡ r^2 + τ^2 4rτ . J_ν can be represented as

J_ν (λ) = 1 √ πΓ(ν + 1/2) ( λ 2 )^ν

∫_1 −1 e^{iλt}(1 − t^2)^{ν−1/2}dt, ℜ ν > −1/2, (2.7)

and has the asymptotic behavior: J_ν (λ) = O(λ^ν ) as λ → 0, J_ν (λ) = O(λ^{−1/2}) as λ → ∞. See [27, 38].

We first give a formal expansion for resolvent (Q_ν − z)^{−1}, ν ∈ σ_∞. By an abuse of notation, we use the same letter K to denote the operator defined by the Schwartz kernel K(r, τ) in L^2(R_+, r^{n−1}dr). Let ν ∈ σ_∞ and l ∈ N with l ≤ ν < l + 1. If l ≥ 1, K_ν (z) can be first expanded in the form

K_ν (r, τ; z) = l−1∑ k=0 z^kF_{ν,k} + R_{ν,l−1}(z) with (2.8)

F_{ν,k} = −(rτ)^{− n−22 +k} i^k k! ∫_∞ 0 e^{i ρt −i πν2} t^kJ_ν ( 1 2t ) dt 2t (2.9)

R_{ν,l−1}(z) = −(rτ)^{− n−22}

∫_∞ 0 e^{i ρt −i πν2} O_{l−1}(e^{irτzt})J_ν ( 1 2t ) dt 2t . (2.10)

Here and in the following, O_N (g(s)) denotes the remainder in Taylor expansion of g up to the N-th order:

O_N (g(s)) = g(s) − N∑ j=0 g^{(k)}(0) k! s^k = 1 N! ∫_1 0 (1 − θ)^N s^{N+1}g^{(N+1)}(sθ) dθ.

If l = 0 and 0 ≤ ν < 1, set R_{ν,l−1}(z) = K_ν (z). Split R_{ν,l−1}(z) into two pieces R_{ν,l−1}(z) = R_{ν,l−1,1}(z) + R_{ν,l−1,2}(z) with R_{ν,l−1,1}(z) defined by the integral for t ∈]0, 1] in (2.10). It is clear that R_{ν,l−1,1}(z) has the following asymptotic expansion for any N

R_{ν,l−1,1}(r, τ; z) = N∑ j=l z^jK_{ν,1,j} (r, τ) + R_{ν,N,1}(r, τ; z), (2.11)

where K_{ν,1,j} (r, τ) = −(rτ)^{− n−22 +j}

∫_1 0 e^{i ρt −i πν2}

(it)^j j! J_ν ( 1 2t ) dt 2t and R_{ν,N,1}(r, τ; z) = −(rτ)^{− n−22}

∫_1 0 e^{i ρt −i πν2} J_ν ( 1 2t ) O_N (e^{izrτt}) dt 2t . (2.12)

The asymptotic expansion of R_{ν,l−1,2}(z) can be deduced from Lemma A.1 in [37]. Let us begin with the case l = 0 and ν ∈ [0, 1[. Then, K_{ν,2}(z) ≡ R_{ν,l−1,2}(z) can be written in the form K_{ν,2}(r, τ; z) =

∫_∞ 1 e^{izrτt}t^{−1−ν} f( 1 t ; r, τ, ν) dt (2.13) where f(s; r, τ, ν) = D_ν (r, τ)

∫_1 −1 e^{i(ρ+θ/2)s}(1 − θ^2)^{ν−1/2}dθ, ν ≥ 0, (2.14) with D_ν (r, τ) = a_ν (rτ)^{− n−22} , a_ν = − e^{−iπν/2} 2^{2ν+1}π^{1/2}Γ(ν + 1/2) . Write f(s; r, τ, ν) =

∑_∞ j=0 s^jf_j(r, τ, ν), s ∈ R, where f_j(r, τ, ν) = (rτ)^{− n−22} P_{j,ν} (ρ), (2.15) with P_{j,ν} (ρ) a polynomial in ρ of degree j:

P_{j,ν} (ρ) = i^ja_ν j! ∫_1 −1 (ρ + θ/2)^j(1 − θ^2)^{ν−1/2} dθ. (2.16) In particular,

f_0(r, τ, ν) = d_ν (rτ)^{− n−22} , d_ν = − e^{−iπν/2} 2^{2ν+1}Γ(ν + 1)

(2.17)

f_1(r, τ, ν) = id_ν (rτ)^{− n−22} ρ. (2.18) If ν ∈ [0, 1[, Lemma A.1 in [37] can be applied to obtain an asymptotic expansion for K_{ν,2}(z).

In the case l ≥ 1, inserting the integral remainder formula of O_{l−1}(e^{irτzt}) into (2.10), we can still apply Lemma A.1 in [37] to obtain the formal expansion of R_{ν,l−1,2}(z). Summing up, we have the following Proposition 2.1. Let ν ∈ σ_∞ and l ∈ N with l ≤ ν < l + 1. Set ν^′ = ν − l ∈ [0, 1[.

(a). If l < ν < l + 1, one has

(Q_ν − z)^{−1} = N∑ j=0 z^jF_{ν,j} + z^{ν′}

N−1∑ j=l z^jG_{ν,j} + R_{ν,N} (z) (2.19)

with F_{ν,j} given by (2.9) for 0 ≤ j ≤ l and for l + 1 ≤ j ≤ N,

F_{ν,j} = i^l(j − l)! j! (rτ)^j C_ν′_{,j−l} +

(irτ)^j j! ∫_1 0 t^{j−ν−1}f( 1 t ; r, τ, ν) dt, (2.20) G_{ν,j} = (rτ)^{j+ν′} b_ν′_{,j}f_{j−l}, l ≤ j ≤ N, (2.21) R_{ν,N} (z) = z^{ν′+N} G_{ν,N} +

(irτz)^l (l − 1)!

∫_1 0 (1 − θ)^{l−1}(R̃_ν′_{,N−l,2}(θzrτ) + ∫_1 0 O_{N−l}(e^{itθzrτ} )t^{l−1−ν} f( 1 t ; r, τ, ν)dt)dθ (2.22) When l = 0, the integral in θ is absent.

(b). If ν = l ∈ N, then,

(Q_ν − z)^{−1} = N∑ j=0 z^jF_{ν,j} + ln z N∑ j=l z^jG_{ν,j} + R_{ν,N} (z) (2.23)

with F_{ν,j} given by (2.9) for 0 ≤ j ≤ l − 1 and

F_{ν,j} = (rτ)^j{ i^l(j − l)! j! C_{0,j−l} − ln(rτ) i^jf_{j−l} j! − c_{l,j}f_{j−l}} (2.24) + (irτ)^j j! ∫_1 0 t^{j−l−1}f( 1 t ; r, τ, ν) dt, l ≤ j ≤ N, (2.25)

G_{ν,j} = −(irτ)^j f_{j−l} j! , l ≤ j ≤ N, (2.26) R_{0,N} (z) = (izrτ)^{N+1}f_{N+1}b_{N+1} + R̃_{0,N,2}(zrτ) + ∫_1 0 O_N (e^{itzrτ} )t^{−1}f( 1 t ; r, τ, ν)dt and (2.27)

R_{l,N} (z) =

(irτz)^{N+1}(N − l + 1)!

(N + 1)!

f_{N−l+1}b_{N−l+1} +

∫_1 0 (1 − θ)^{l−1}(R̃_{0,N−l,2}(θzrτ) + ∫_1 0 O_{N−l}(e^{itθzrτ} )t^{−1}f( 1 t ; r, τ, ν)dt)dθ (2.28) for ν = l ≥ 1. Here c_{0,j} = 0 for all j and c_{l,j} = − i^j (l − 1)!(j − l)!

∫_1 0 (1 − θ)^{l−1}θ^{j−l} ln θ dθ, l ≥ 1, j ≥ l.

Here, C_ν′_{,j} and b_ν′_{,j} are defined in Lemma A.1, [37], for 0 ≤ ν^′ < 1.

Estimating the remainders of Proposition 2.1 uniformly with respect to ν, we can derive the asymptotic expansion of the resolvent of P_0. Define for ν ∈ σ_∞ z_ν = { z^{ν′} , if ν ∉ N z ln z, if ν ∈ N Let σ_N = σ_∞ ∩ [0, N]. For ν > 0, let [ν]_− be the largest integer strictly less than ν. When ν = 0, set [ν]_− = 0. Define δ_ν by δ_ν = 1, if ν ∈ σ_∞ ∩N; 0, otherwise. One has [ν] = [ν]_− +δ_ν . Theorem 2.2. The following asymptotic expansion holds for z near 0 with ℑz > 0.

R_0(z) = δ_0 ln z G_{0,0} + N∑ j=0 z^jF_j + ∑ ν∈σ_N

z_ν

N−1∑

j=[ν]_−

z^jG_{ν,j+δν} π_ν + R^{(N)}_0 (z), (2.29)

in L(−1, s; 1, −s), s > 2N + 1. Here

G_{ν,j}(r, τ) = { b_ν′_{,j}(rτ)^{j+ν′} f_{j−[ν]}(r, τ; ν^′), ν ∉ N, −^{(irτ)j}_{j!} f_{j−[ν]}(r, τ; 0), ν ∈ N.

(2.30)

F_j = ∑ ν∈σ_∞

F_{ν,j}π_ν ∈ L(−1, s; 1, −s), s > 2j + 1 (2.31)

R^{(N)}_0 (z) = O(|z|^{N+ϵ}) ∈ L(−1, s; 1, −s), s > 2N + 1, ϵ > 0. (2.32) f_{j−[ν]}(r, τ; ν^′) is given by (2.15) and b_ν′_{,j} by Lemma A.1 in [37].

For the proof of Theorem 2.2, see [37]. The long-time expansion of solutions to the Schrödinger equation associated with P_0 can be easily deduced from Theorem 2.2 by using Mourre’s multiple commutator method ([17]).

Theorem 2.3. Let U_0(t) = e^{−itP0} . One has in L(0, s; 0, −s) with s > 2N + 1

U_0(t) = ∑ ν∈σ_N

N−1+δ_ν ∑ j=[ν]

t^{−j−1−ν′} a_{ν,j}G_{ν,j}π_ν + O(|t|^{−N−1−ϵ}). (2.33)

Here

a_{ν,j} =

{_i

π (−i)^j sin(νπ)e^{iπν/2}Γ(ν + j + 1), ν ∉ N, i(−i)^{j+ν} (ν + j)!, ν ∈ N.

(2.34)

Remark 2.4. (a). In [12], it is proved that if 0 ∉ σ_∞, R_0(z) is continuous up to 0, and if [0, 1] ∩ σ_∞ = ∅, R_0(z) is C^1 up to 0.

(b). In [8], global Strichartz estimates are proved for Schrödinger and wave equations associated to −Δ+^a_{r2} , where −Δ is the Laplacian on R^n and a is a constant with a > −(n−2)^2/4. We believe that similar estimates should remain true for the model operator P_0 = −Δ_{g0} +^{q(θ)}_{r2} under the condition 0 ∉ σ_1, or more generally for the perturbation P of P_0 studied here under the condition that zero is neither a resonance or an eigenvalue of P .

The remaining part of this work is devoted to proving similar results for the resolvent and the Schrödinger group of the perturbed operator P .

3. Characterization of resonant states at zero Let M be a Riemannian manifold which outside some compact, K, is isometric to R_+ × Σ. Consider the perturbation of P_0 in the form

P = −Δ_g + q(θ) r^2

+ V_0(x) (3.1)

on M, where x = rθ is polar coordinates around some point x_0 ∈ M, g is a Riemannian metric on M and V_0 is real function such that g − g_0 = O(|x|^{−ρ0} ), V_0(x) = O(|x|^{−ρ0} ) (3.2) for some ρ_0 > 2 as |x| = d(x, x_0) → ∞. g is assumed to be C^2 and V_0 bounded. We assume that q(θ) r^2

≥ −a(−Δ_g) − b (3.3) in the sense of self-adjoint operators for some 0 ≤ a < 1 and b ∈ R_+. This condition ensures that P is self-adjoint as operator induced by the corresponding form on H^1_0 (M). Let K be a compact of M such that M_0 = M \ K is isometric to R_+ × Σ. On M_0, P can be written as P = P_0 + V, V = −Δ_g + Δ_{g0} + V_0(x).

Remark that the extension by 0 of v ∈ H^1_0 (M_0) is in H^1_0 (M), and the restriction of w ∈ H^{−1}(M) to M_0 belongs to H^{−1}(M_0).

Definition Set N = {u; P u = 0, u ∈ H^{1,−s}_0 , ∀s > 1}. A function u ∈ N \ L^2 is called a resonant state of P at zero.

The asymptotic expansion for solutions to second order elliptic differential equation on manifolds with corners has been studied [19, 20]. To study the singularity of z → R(z) = (P − z)^{−1} near z = 0, it is important for us to have a characterization for resonant states and to distinguish them from eigenfunctions.

Theorem 3.1. Assume ρ_0 > 3 and that 0 ∉ σ_1. Let u ∈ N . Then,

u(rθ) = ∑ 0<ν≤1 n_ν∑

j=1 − 1 2ν < V u, |y|^{− n−22 +ν} φ^{(j)}_ν > φ^{(j)}_ν (θ) r^{n−2}2^{+ν}

+ v (3.4)

where v ∈ L^2 , and < ·, · > is the scalar product in L^2(M_0; dv_{g0} ). In particular, u ∈ L^2 ⇐⇒< V u, |y|^{− n−22 +ν} φ^{(j)}_ν >= 0, ∀ ν ∈ σ_1, 1 ≤ j ≤ n_ν . (3.5) Let C denote the linear span of all vectors of the form c(u) = ( 1 2ν < V u, −|y|^{− n−22 +ν} φ^{(j)}_ν >; ν ∈ σ_1, 1 ≤ j ≤ n_ν ) ∈ C^κ, with u ∈ N , κ = ∑ ν∈σ_1 nν . Then,

dim(N /(ker_L2 P )) = dim C. (3.6) Note that Theorem 3.1 implies the finiteness of the multiplicity of the zero resonance.

A function u ∈ N / ker_L2 P will be called a ν-resonant state of P if

u(rθ) = ϕ(θ) r^{n−2}2^{+ν}

+ O( 1 r^{n−2}2^{+ν+ϵ}

), r → ∞, ϵ > 0,

for some ϕ ≠ 0. A family of ν-resonant states is said linearly independent if their leading parts are linearly independent.

Let u be a ν-resonant state. For ρ_0 > 2, one has V u ∈ H^{−1,ρ0−1+ν−ϵ} for any ϵ > 0. The proof of Theorem 3.1 gives for u_{ν,j} = (u, φ^{(j)}_ν )

u_{ν,j}(r) = − 1 2ν < V u, φ^{(j)}_ν |y|^{− n−22 +ν} > r^{− n−22 −ν} (1 + O(r^{−ϵ})), r → ∞, (3.7) for any 0 < ϵ < ρ_0 − 2.

Assume now that 0 ∈ σ_∞. By Theorem 2.2, R_0(z) = ln z G_{0,0}π_0 + F_0 + O(|z|^ϵ) in L(−1, s; 1, −s) for any s > 1. Let ϕ_0(x) = φ^{(1)}_0 (θ)r^{− n−2}2 , where φ^{(1)}_0 is a normalized eigenfunction of −Δ_h + q(θ) with eigenvalue −(n − 2)^2/4. Denote still by ϕ_0 its extension by 0 outside M_0. Then G_{0,0}π_0 = 1 2 < ·, ϕ_0 > ϕ_0 is defined on M.

Theorem 3.2. Assume ρ_0 > 3 and 0 ∈ σ_1. Let u ∈ N .

(a). One has

u = < V u, − ln r ϕ_0 > ϕ_0 (3.8) + ∑ 0<ν≤1 n_ν∑

j=1 1 2ν < V u, −|y|^{− n−22 +ν} φ^{(j)}_ν > φ^{(j)}_ν (θ) r^{n−2}2^{+ν} + v where v ∈ L^2.

(b). Assume M = M_0. Let u ∈ N . Then, one has < V u, ϕ_0 >= 0 and (u + F_0V u) = βϕ_0 with β =^1_2 < V u, − ln r ϕ_0 >.

Part (b) of Theorem 3.2 shows that (1 + F_0V )ϕ = 0 if ϕ ∈ N is not a 0-resonant state. If (1 + F_0V )u = βϕ_0 and if γ_0 ≡< ϕ_0, −V ϕ_0 >≠ 0, (3.9) then, β = −γ^{−1}_0 < F_0V u, V ϕ_0 >. See [37] for the proof of Theorems 3.1 and 3.2.

4. Asymptotic expansion of R(z) Let K ⊂ M be a compact such that M_0 = M \ K is isometric to R_+ × Σ. Let x = rθ be polar coordinates around some point x_0 ∈ M. Let 1 < R_1 < R_2 be large enough so that K ⊂ B_{R1} , where B_{Rj} = {x ∈ M; r < R_j}, j = 1, 2. Let 0 ≤ χ_j(x) ≤ 1 be smooth functions on M such that supp χ_1 ⊂ B_{R2} , χ_1(x) = 1 near B_{R1} and χ_1(x)^2 + χ_2(x)^2 = 1.

Let −Δ^D_g denote the Dirichlet realization of −Δ_g on B_{R2} Set R_D(z) = (−Δ^D_g − z)^{−1}, which is holomorphic near 0. For z ∈ C \ R_+, z near 0, one has

(χ_1R_D(z)χ_1 + χ_2R_0(z)χ_2)(P − z) = 1 + F̃ (z), (4.1) where F̃ (z) = χ_1R_D(z)(W χ_1 + [χ_1, −Δ_g]) + χ_2R_0(z)(χ_2V + [χ_2, −Δ_{g0} ])

with W =^{q(θ)}_{r2} + V_0(x) and V = P − P_0 on M_0.

Assume that 0 ∉ σ_∞. By Theorem 2.2, R_0(z) = F_0 + o(1) in L(−1, s; 1, −s), s > 1, as z → 0. F̃ (0) exists in L(1, −s; 1, −s), s > 1 and close to 1.

Lemma 4.1. ker(1 + F̃ (0)) coincides with the kernel, N , of P in H^{1,−s}. 1 + F̃ (0) is a Fredholm operator in L(1, −s; 1, −s).

Proof. It is clear that N ⊆ ker(1 + F̃ (0)). If u ∈ H^{1,−s} is in ker(1 + F̃ (0)), then P u = −P F̃ (0)u ∈ H^{−1,s} for some s > 1, because P = P_0 + O(r^{−ρ0} ) for some ρ_0 > 2. This means that v = P u satisfies (χ_1R_D(0)χ_1 + χ_2F_0χ_2)v = 0 in H^{1,−s}. Since R_D(0) and F_0 are positive, taking the dual product of the above equation with v, we deduce that χ_j v = 0 for j = 1, 2. Therefore v = 0 and u ∈ N .

Note that due to the local singularity and the second order perturbation, F̃ (0) is not a compact operator. Since ker(1 + F̃ (0)) = N , one has

ker(1 + F̃ (0)) = ker(1 + iF̃ (0)(P + i)^{−1}).

One can check that F̃ (0)(P + i)^{−1} is a compact operator on H^{1,−s}. So ker(1 + F̃ (0)) is of finite dimension. Similarly, one can show that the cokernel of 1 + F̃ (0) is also of finite dimension. This proves that 1 + F̃ (0) is a Fredholm operator on H^{1,−s}. �

Denote ⃗ν = (ν_1, · · · , ν_k) ∈ (σ_N )^k, z_{⃗ν} = z_{ν1} · · · z_{νk} ,

{⃗ν} = k∑ j=1 ν^′_j, [⃗ν]_− = k∑ j=1 [ν_j]_−, [⃗ν] = k∑ j=1 [ν_j].

Here ν^′_j = ν_j − [ν_j]_− for ν_j > 0.

Corollary 4.2. Assume N = {0}. Let N ∈ N and ρ_0 > 4N + 2, R(z) has the following expansion in L(−1, s; 1, −s) with s > 2N + 1

R(z) = N∑ j=0 z^jR_j +

N_0∑

k=1 ∑ ⃗ν∈(σ_N )^k

z_{⃗ν}

N−1∑

j=[⃗ν]_−

z^jR_{⃗ν,j} + O(|z|^{N+ϵ}) (4.2)

Here N_0 is some integer large enough depending on σ_∞ and N, R_0 = (χ_1R_D(0)χ_1 + χ_2F_0χ_2)(1 + F̃ (0))^{−1}.

and R_j (resp., R_{⃗ν;j} ) are in L(1, −s; 1, −s) for s > 2j + 1 (resp., for s > 2j + {⃗ν} + 1). Proof. By Lemma 4.1, 1+F̃ (0) has a bounded inverse on H^{1,−s} if N = {0}. It follows that (1 + F̃ (z))^{−1} exists for z small. Since R_D(z) is holomorphic near 0, we can use Theorem 2.2 to calculate the its asymptotic expansion. The conclusion for R(z) then follows from the equation R(z) = (χ_1R_D(z)χ_1 + χ_2R_0(z)χ_2)(1 + F̃ (z))^{−1}. � When N ≠ {0}, we use the Grushin’s method to reduce the calculation of the (1 + F̃ (z))−1 to a finite dimensional space. The main difficulty arises from the interaction between different resonant states. To avoid further complication due to cut-offs, we assume from now on that M = M_0 is isometric to R_+ × Σ. In this case, we can choose χ_1 = 0 and χ_2 = 1 on M and F̃ (z) becomes F̃ (z) = R_0(z)V with V = P − P_0 = Δ_{g0} − Δ_g + V_0(x). Set N = Ker (1 + F_0V ) ⊂ H^{1,−s}, N^∗ = Ker (1 + F_0V )^∗ ⊂ H^{−1,s}, 1 < s < ρ_0 − 1.

Since V (1 + F_0V ) = (1 + V F_0)V = (1 + F_0V )^∗V , one can check that V is injective from N into N^∗ and V^∗ = V is injective from N^∗ into N . Consequently, V is bijective from N onto N^∗. This shows that N is independent of s with 1 < s < ρ_0 − 1, dim N = dim N^∗, and the quadratic form ϕ →< ϕ, −V ϕ > is non-degenerate on N . Since P_0 ≥ 0, this quadratic form is positive definite. Let μ = dim N , μ_r = dim N /(ker_L2 P ).

We can choose a basis {ϕ_1, · · · , ϕ_μ} of N such that < ϕ_i, −V ϕ_j >= δ_{ij}. (4.3) Without loss, assume that ϕ_j, 1 ≤ j ≤ μ_r, are resonant states. Note that R(z) = (1 + R_0(z)V )^{−1}R_0(z).

The main task is to establish the asymptotic expansion of W (z) = (1 + R_0(z)V )^{−1} for z near zero and ℑz > 0. To do this, we study as in [35] a Grushin problem associated to the operator A(z) = ( W (z) T S 0 ) : H^{1,−s} × C^μ → H^{1,−s} × C^μ,

where s > 1, T and S are given by

T c = μ∑ j=1 c_jϕ_j, c = (c_1, · · · , c_μ) ∈ C^μ,

Sf = (< f, −V ϕ_1 >, · · · , < f, −V ϕ_μ >) ∈ C^μ, f ∈ H^{1,−s}.

Define Q : H^{1,−s} → H^{1,−s} by

Qf = μ∑ j=1 < f, −V ϕ_j > ϕ_j . (4.4)

Then, T S = Q on H^{1,−s} and ST = I_μ on C^μ.

Decompose Q as Q = Q_r + Q_e where Q_r =

∑_{μr} j=1 < ·, −V ϕ_j > ϕ_j. Then, Q^2_r = Q_r, Q^2_e = Q_e, Q_rQ_e = Q_eQ_r = 0. (4.5) Lemma 4.3. (a). One has the decomposition H^{1,−s} = N ⊕ Range (1 + F_0V ). (4.6) Q is the projection from H^{1,−s}, s > 1, onto N with Ker Q = Range (1 + F_0V ).

(b). Let Q^′ = 1 − Q. Then, Q^′(1 + F_0V )Q^′ is invertible on the range of Q^′ and (Q^′(1 + F_0V )Q^′)^{−1}Q^′ ∈ L(1, −s; 1, −s), s > 1.

Proof. (a). It is easy to check that N ∩ Range (1+F_0V ) = {0}. Since 1+F_0V is continuous on H^{1,−s} and is an operator of index, Range (1 + F_0V ) is closed (Theorem 2.3 in [6]) and is therefore equal to ( Ker (1 + F_0V )^∗)^⊥. For any u ∈ H^{1,−s}, one has u = Qu + (u − Qu) with u − Qu ∈ ( Ker (1 + F_0V )^∗)^⊥ = Range (1 + F_0V ).

This proves H^{1,−s} = N ⊕ Range (1 + F_0V ). It is easy to verify that Q is the projection onto N w.r.t. this decomposition of H^{1,−s}.

(b). Q^′ = 1 − Q is a projection from H^{1,−s} onto Range (1 + F_0V ). For u ∈ F such that Q^′(1 + F_0V )Q^′u = 0, we have Q^′u = u and 0 = Q^′(1 + F_0V )Q^′u = (1 + F_0V )u − Q(1 + F_0V )u = (1 + F_0V )u. This means u ∈ N . By (a), u = 0. This proves that Q^′(1 + F_0V )Q^′ is injective on Range (1 + F_0V ). Since Range Q^′ = Range (1 + F_0V ), we can show also that Q^′(1 + F_0V )Q^′ is surjective on Range (1 + F_0V ). Therefore, Q^′(1 + F_0V )Q^′ is bijective on Range (1 + F_0V ). Since Range (1 + F_0V ) is closed, Q^′(1 + F_0V )Q^′ is invertible on Range (1 + F_0V ) and D_0 = (Q^′(1 + F_0V )Q^′)^{−1}Q^′ ∈ L(1, −s; 1, −s), s > 1. (4.7) � From the asymptotic expansion of R_0(z) and Lemma 4.3, it follows that Q^′W (z)Q^′ is invertible on Range (1 + F_0V ) with bounded inverse. Let D(z) = (Q^′(1 + R_0(z)V )Q^′)^{−1}Q^′, D_0 = (Q^′(1 + F_0V )Q^′)^{−1}Q^′.

Using the operator D(z), we can construct an approximate inverse of A(z) as in [35] to prove that for z ∈ U_δ, the operator A(z) is invertible from H^{1,−s} × C^μ to H^{1,−s} × C^μ. The inverse A(z)^{−1} can be written in the form

A(z)^{−1} = ( E(z) E_+(z) E_−(z) E_{+−}(z) ) , where E(z) = D(z), E_+(z) = T − D(z)Y, (4.8) E_−(z) = S − SX, E_{+−}(z) = −SW (z)T + SXY, (4.9) with X = QW (z)Q^′D(z), Y = Q^′W (z)T.

It follows that the inverse of W (z) is given by W (z)^{−1} = E(z) − E_+(z)E_{+−}(z)^{−1}E_−(z). (4.10) If ρ_0 > 2, one has D(z) = D_0 + O(|z|^ϵ), ϵ > 0, (4.11) in L(1, −s; 1, −s), s > 1. More generally, if k ≥ 1 and ρ_0 > 4N+2, one has in L(−1, s; 1, −s), s > 2N + 1,

D(z) = N∑ j=0 z^jD_j +

N_0∑

k=1 ∑ ⃗ν∈(σ_N )^k

z_{⃗ν}

N−1∑

j=[⃗ν]_−

z^jD_{⃗ν,j} + O(|z|^{N+ϵ}) (4.12)

D_j (resp., D_{⃗ν;j} ) are in L(1, −s; 1, −s) for s > 2j + 1 (resp., for s > 2j + {⃗ν} + 1) and D_{⃗ν,j} are operators of finite rank. Here and in the following, N_0 is again some integer large enough depending on σ_∞ and N. In the present case, N_0 can be taken as the largest integer such that N_0ν_0 ≤ N, where ν_0 = min{ν ∈ σ_∞} > 0. Since the terms with {⃗ν} + j > N can be put into the remainder, (4.12) can be rewritten as

D(z) = N∑ j=0 z^jD_j +

(1)∑

{⃗ν}+j≤N

z_{⃗ν} z^jD_{⃗ν,j} + O(|z|^{N+ϵ}) (4.13)

where D_{⃗ν,j} = 0 if j < [⃗ν]_−, and for ℓ ≥ 1,

∑_{(ℓ)}

{⃗ν}+j≤N stands for the sum over all ⃗ν ∈

(σ_N )^k, ℓ ≤ k ≤ N_0 and [⃗ν]_− ≤ j ≤ N with {⃗ν} + j ≤ N. One has in particular, D_1 = −D_0F_1V D_0, D_{ν0,0} = −D_0G_{ν0,δν0} π_{ν0} V D_0. (4.14) Similarly, E_+(z) (resp., E_−(z)) has a similar asymptotic expansion in z up to O(|z|^{k+ϵ}) in L(C^κ; H^{1,−s}) (resp., in L(H^{−1,s}; C^κ)) for s > 2k+1 provided that ρ_0 > 2k+2. The following Proposition is important to prove the existence of asymptotic expansion of resolvent. Proposition 4.4. Let ρ_0 > 3 if μ_r = 0, and ρ_0 > 4 if μ_r ≠ 0. E_{+−}(z) is invertible for z small enough and its inverse is given by

E_{+−}(z)^{−1} = ( (T^∗D_1(z)T )^{−1} −(T^∗D_1(z)T )^{−1}CΦ^{−1}_e −Φ^{−1}_e C^∗(T^∗D_1(z)T )^{−1} z^{−1}Φ^{−1}_e )

× ( I_ν + ( O(|z|/|z_{ςκ0} |) + O(|z|^ϵ) O(|z|^ϵ) O(|z|^ϵ) O(|z|^ϵ) + O(|z|/|z_{ςκ0} |) ))

Here

Φ_e = (< ϕ_i, ϕ_j >)_{μr<i,j≤μ} , C = (< F_1V ϕ_j , V ϕ_i >)_{1≤i≤μr, μr<j≤μ} , T is an invertible matrix,

D_1(z) =

(c^′_{ς1} z_{ς1} )I_{m1} 0 ... 0 (c^′_{ς1} z_{ςκ0} )I_{mκ0} with c^′_ν = 4ν^2c_ν ≠ 0, and 0 < ς_1 < · · · < ς_{κ0} ≤ 1 are those of ν ∈ σ_1 for which there exist m_j linearly independent ς_j-resonant states with

∑_{κ0} j=1 m_j = μ_r.

Proof. We calculate the asymptotics of the μ × μ matrix E_{+−}(z) = ( < (W (z) − W (z)Q^′D(z)Q^′W (z))ϕ_j , V ϕ_i > ) 1≤i,j≤μ . Set L_1(z) = ∑ ν∈σ_1

z_ν G_{ν,δν} π_ν . (4.15)

For ρ_0 > 4, 3 < s < ρ_0 − 1, we have in H^{1,−s} W (z)ϕ_i = (L_1(z) + zF_1)V ϕ_i + O(|z|^{1+ϵ}), ϵ > 0.

For μ_r < j ≤ μ, ϕ_i ∈ L^2 and the above expansion remains true for ρ_0 > 3. By Theorem 3.1, L_1(z)ϕ_i = 0 if ϕ_i is an eigenfunction. Therefore, W (z)ϕ_i is of the order O(|z|) if ϕ_i is an eigenfunction and of the order O((|z|^ϵ) if ϕ_i is a resonant state. Since D(z) is uniformly bounded in L(1, −s; 1, −s) for s > 1, the (i, j)-th entry of E_{+−}(z) has the asymptotics (E_{+−}(z))_{ij} = z < F_1V ϕ_j, V ϕ_i > +O(|z|^{1+ϵ}) (4.16) if at least one of ϕ_i and ϕ_j is an eigenfunction and ρ_0 > 4. In the case both ϕ_i and ϕ_j are eigenfunctions, since V ϕ_i, V ϕ_j are in H^{−1,ρ0} , we can prove as in [35] that < F_1V ϕ_i, V ϕ_j >=< ϕ_i, ϕ_j > for ρ_0 > 3. We obtain under the assumption ρ_0 > 3 (E_{+−}(z))_{ij} = z < ϕ_j, ϕ_i > +O(|z|^{1+ϵ}), μ_r < i, j ≤ μ. (4.17) For 1 ≤ i, j ≤ μ_r, W (z)ϕ_i = L_1(z)V ϕ_i + O(|z|) in H^{1,−s}, for 3 < s < ρ_0 − 1 and (E_{+−}(z))_{ij}

= < L_1(z)V ϕ_j, V ϕ_i > − < L_1(z)V D(z)W (z)ϕ_j , V ϕ_i > +O(|z|) (4.18) = ∑ ν c^′_ν z_ν

n_ν∑

l=1 ( u^{(l)}_{ν,j}u^{(l)}_{ν,i} + ∑ ν^′ n_ν′∑

l^′=1

v^{(l)}_{ν,j}(z)u^{(l′)}_{ν′,i} ) + O(|z|)

where u^{(l)}_{ν,i} = < V ϕ_i, −|x|^{− n−22 +ν} φ^{(l)}_ν > /(2ν) v^{(l)}_{ν,j}(z) = < V D(z)W (z)ϕ_j , −|x|^{− n−22 +ν} φ^{(l)}_ν > /(2ν)

c^′_ν = 4ν^2c_ν with c_ν given by

c_ν = − e^{−iπν} Γ(1 − ν) ν2^{2ν+1}Γ(ν + 1)

, for 0 < ν < 1, and c_1 = 1 8 . (4.19)

Let κ = ∑ ν n_ν and let U, V(z) denote the κ × μ_r matrices with entries u^{(l)}_{ν,j} and v^{(l)}_{ν,j}(z), 1 ≤ j ≤ μ_r, respectively. Let D(z) denote the diagonal κ×κ matrix: D(z) = Diag (c^′_ν z_ν I_{nν} ). Then, (E_{+−}(z))_{1≤i,j≤μr} = U^∗D(z)(U + V(z)) + O(|z|). (4.20) Remark that the j-th column of U is just c(ϕ_j) defined in Theorem 3.1. Since ϕ_1, · · · , ϕ_{μr} are linearly independents as resonant states, by Theorem 3.1, U is of maximum rank μ_r. U^∗D(z)(U + V(z)) is the matrix of the Hermitian form Φ(·, ·) =< L_1(z)V (1 − D(z)W (z))·, V · > in the basis {ϕ_1, · · · , ϕ_{μr} } of N /(ker_L2 P ).

It is not clear from (4.20) whether the inverse of U^∗D(z)U gives the leading term of the inverse of E_{+−}(z), because due to different values of ν, not all of the entries in U^∗D(z)V(z) are of higher order in z than those in U^∗D(z)U. To prove that U^∗D(z)(U +V(z)) is invertible for z ∈ U_δ with an explicit leading term, we compute the matrix of the Hermitian form Φ(·, ·) in another basis {ψ_j; 1 ≤ j ≤ μ_r} constructed in the following way. Let 0 < ς_1 < ς_2 < · · · < ς_{κ0} ≤ 1 be those of ν ∈ σ_∞ for which there are m_{ςj} linearly independent ς_jresonant states with m_{ςj} ≥ 1 and

∑_{κ0} j=1 m_{ςj} = μ_r. Let {φ^{(l)}_{ςj} (θ); l = 1, · · · , n_{ςj} } (n_{ςj} ≥ m_{ςj} ) be an orthonormal basis of the eigenspace of −Δ_h + q(θ) associated with the eigenvalue ς^2_j −(n−2)^2/4. Modifying the orthonormal basis φ^{(l)}_ν used before if necessary, we can assume that there are m_{ςj} linearly independent ς_j-resonant states in the form

φ^{(l)}_{ςj} (θ) r^{n−2}2^{+ςj}

+ O(r^{− n−22 −ςj −ϵ}), 1 ≤ l ≤ m_{ςj} .

By an induction on j, we can construct from these resonant states m_{ςj} linearly independent ς_j-resonant states such that

ψ^{(l)}_{ςj} (rθ) = φ^{(l)}_{ςj} (θ) r^{n−2}2^{+ςj} + ∑ ν>ς_j ,1≤l^′≤n_ν

c_{ν,l}′_{;j,l} φ^{(l′)}_ν (θ) r^{n−2}2^{+ν}

+ O_L2 (1). (4.21)

Here

c_{ν,l}′_{;j,l} =< V ψ^{(l)}_{ςj} , − 1 2ς_j φ^{(l′)}_ν r^{n−2}2^{−ν} > . Subtracting if necessary a suitable multiple of ψ^{(l′)}_{ςi} from ψ^{(l)}_{ςj} which leaves unchanged the leading term of ψ^{(l)}_{ςj} , one can assume without loss that c_{ν,l}′_{;j,l} = 0, for ν = ς_i, i > j, 1 ≤ l^′ ≤ m_{ςi} . (4.22)

Let {φ_m; 1 ≤ m ≤ κ} be a rearrangement of the basis {φ^{(l)}_ν , ν ∈ σ_1, 1 ≤ l ≤ n_ν } such for 1 ≤ m ≤ μ_r

φ_m = φ^{(l)}_{ςj} , if m = l−1∑ s=1 m_{ςs} + j.

Correspondingly, set ψ_m = ψ^{(l)}_{ςj} , 1 ≤ m ≤ μ_r. The matrix of Φ(·, ·) in this new basis {ψ_m} is given by M(z) = U^{′∗}D^′(z)(U^′ + V^′(z)), where V^′(z) = O(|z|^ϵ), D^′(z) = Diag (c^′_{νσ(j)} z_{νσ(j)} ), with σ an appropriate permutation of {1, · · · , κ}, c^′_ν being defined in Proposition 4.4 and U^′ = (u^′_{i,j} )_{1≤i≤κ,1≤j≤μr} , with u^′_{ij} = δ_{ij} for 1 ≤ i, j ≤ μ_r and for i > μ_r, u^′_{ij} = 0 if ν_{σ(i)} ≤ ν_{σ(j)}. In fact, u^′_{ij} is given by u^′_{ij} = − 1 2ν_{σ(i)}

< V ψ_j, |x|^{− n−22 +νσ(i)} φ_i >

and these properties follow from (4.21) and (4.22). Write the matrices in blocs

U^′ = ( I_{μr} U_2 ) , V^′(z) = ( V_1(z) V_2(z) ) , D^′(z) = ( D_1(z) 0 0 D_2(z) ) . One has:

D_1(z) = Diag (c^′_{ς1} z_{ς1} I_{mς1} , · · · , c^′_{ςκ0} z_{ςκ0} I_{mςκ0} ) (4.23) and M(z) = D_1(z) + U^∗_2 D_2(z)U_2 + D_1(z)V_1(z) + U^∗_2 D_2(z)V_2(z) = D_1(z) ( 1 + V_1(z) + D_1(z)^{−1}U^∗_2 D_2(z)(U_2 + V_2(z)) ) . D_1(z)^{−1}U^∗_2 D_2(z) is a μ_r × (κ − μ_r) matrix whose entries are [ D_1(z)^{−1}U^∗_2 D_2(z) ] ij = u^′_{μr+j,i} c^′_{νσ(μr+j)} z_{νσ(μr+j)} c^′_{νσ(i)} z_{νσ(i)} , for 1 ≤ i ≤ μ_r, 1 ≤ j ≤ κ − μ_r. Since u^′_{ij} = 0 if ν_{σ(i)} ≤ ν_{σ(j)}, [ D_1(z)^{−1}U^∗_2 D_2(z) ] ij ≠ 0 only when ν_{σ(μr+j)} > ν_{σ(i)}. This proves that D_1(z)^{−1}U^∗_2 D_2(z) = O(|z|^ϵ).

Consequently, M(z) is invertible and its inverse is given by

M(z)^{−1} = ( 1 + V_1(z) + D_1(z)^{−1}U^∗_2 D_2(z)(U_2 + V_2(z))

)_{−1} D_1(z)^{−1} = (1 + O(|z|^ϵ))D_1(z)^{−1}. (4.24) Since U^∗D(z)(U + V(z)) is related to M(z) by U^∗D(z)(U + V(z)) = T^∗M(z)T where T is the transfer matrix from {ψ_1, · · · , ψ_{μr} } to {ϕ_1, · · · , ϕ_{μr} }, it is also invertible. The leading term of its inverse is (T^∗D_1(z)T )^{−1} which is of the order O(|z_{ζκ0} |^{−1}). This proves Proposition 4.4 when zero is not an eigenvalue of P under the assumption ρ_0 > 3.

When zero is an eigenvalue of P , we obtain with ρ_0 > 4

E_{+−}(z) = ( T^∗M(z)T + O(|z|) zC + O(|z|^{1+ϵ}) zC^∗ + O(|z|^{1+ϵ}) zΦ_e + O(|z|^{1+ϵ}) ) , (4.25)

where Φ_e and C are given in Proposition 4.4. Let S(z) = (T^∗M(z)T )^{−1}. One has

E_{+−}(z) ( S(z) −S(z)CΦ^{−1}_e −Φ^{−1}_e C^∗S(z) z^{−1}Φ^{−1}_e ) )

= I_ν + ( O(|z/z_{ςκ0} | + |z|^ϵ) O(|z|^ϵ)

O(|z|^ϵ) O(|z/z_{ςκ0} | + |z|^ϵ) ) . This proves that E_{+−}(z) is invertible for z ∈ U_δ with δ small enough. Proposition 4.4 is proved. � Remark 4.5. (a). The proof of Proposition 4.4 is easier if V is radial (depending only on r and ∂_r) outside a compact, because the resonant states {ϕ_j; 1 ≤ j ≤ μ_r} can then be chosen such that in the expansion given by Theorem 3.1, there is only one non zero term. In this case, the matrix (E_{+−}(z))_{1≤i,j≤μr} has a diagonal leading part which is invertible.

(b). It is clear from the proof of Proposition 4.4 that the statement in the presence of both resonance and eigenvalue at zero remains true when ρ_0 > 4 − ς_1, because ϕ_j ∈ H^{1,−1+ς1−ϵ} for 1 ≤ j ≤ μ. In particular, assume that σ_1 consists only of one point ν_0 ∈]0, 1] and that 0 is not an eigenvalue of P . In this case, dim N ≤ 1. Assume dim N = 1. From Remark 2.4 of [37], we have W (z) = 1 + F_0V + z_{ν0} G_{ν0,δν0} V + O(|z|^δ), in L(1, −s^′, 1, −s) (4.26) for any ν_0 ≤ δ ≤ 1 and s, ρ_0 − s^′ > 1 + 2δ − ν_0. Since ϕ_1 ∈ H^{1,−1+ν0−ϵ}, taking δ sufficiently close to ν_0, we see that the leading term of E_{+−}(z) can be calculated under the assumption ρ_0 > 2:

E_{+−}(z) = c^′_{ν0} z_{ν0} |u_{ν0,1}|^2 + O(|z|^δ) (4.27)

Therefore, under the assumption ρ_0 > 2, the result of Proposition 4.4 holds:

E_{+−}(z)^{−1} = 1 c^′_{ν0} z_{ν0}

|u_{ν0,1}|^{−2}(1 + O(|z|^δ/|z_{ν0} |)).

If ν_0 = 1, O(|z|^δ/|z_{ν0} |) = O(| ln z|^{−1}).

Proposition 4.4 ensures that the asymptotic expansion for E_{+−}(z) is invertible. From the representation of the resolvent R(z), it follows that the asymptotic expansion of R(z) exists. A technical issue in the following theorem is to give the form of this expansion and calculate a few leading terms. Let 0 < ς_1 < · · · < ς_{κ0} ≤ 1 be the points in σ_1 such that P has m_j linearly independent ς_j-resonant states with

∑_{κ0} j=1 m_j = μ_r. Then there exists a basis of ς_j-resonant states, u^{(i)}_j , i = 1, · · · , m_j verifying

|c_{ςj} |^{1/2} 4ς^2_j

< V u^{(l)}_j , −|x|^{− n−22 +ςj} φ^{(l′)}_j >= δ_{ll}′ , 1 ≤ l, l^′ ≤ m_j, 1 ≤ j ≤ κ_0, (4.28)

where c_{ςj} is given by (4.19) and δ_{ll}′ = 1 if l = l^′; 0 otherwise.

Theorem 4.6. Assume 0 ∉ σ_∞. Let μ = dim N ≠ 0. Assume ρ_0 > max{4N − 6, 2N + 1} if μ_r = 0 and ρ_0 > max{4N − 6, 2N + 2} if μ_r ≠ 0. One has the following asymptotic expansion for R(z) in L(−1, s; 1, −s), s > max{2N − 3, 2}:

R(z) =

N−2∑ j=0 z^jT_j +

(1)∑

{⃗ν}+j≤N−2

z_{⃗ν} z^jT_{⃗ν;j} + T_e(z) + T_r(z) + T_{er}(z) + O(|z|^{N−2+ϵ}) (4.29)

Here T_j (resp., T_{⃗ν,j}) is in L(1, −s; −1, s) for s > 2j + 1 (resp., for s > 2j + 1 + {⃗ν}),

T_0 = (1 + F_0V )^{−1}F_0, T_1 = −T_0F_1V T_0F_0.

The sum

∑_{(1)}

{⃗ν}+j≤N has the same meaning as in (4.13) and the first singular term in this

sum is z_{ν0} with coefficient T_{ν0,0} given by

T_{ν0,0} = T_0G_{ν0,δν0} π_{ν0} (1 − V T_0F_0),

where ν_0 is the smallest value of ν ∈ σ_∞. T_e(z), T_r(z) describe the contributions up to the order O(|z|^{N−2+ϵ}) from eigenfunctions and resonant states, respectively, and T_{er}(z) the interaction between eigenfunctions and resonant states. One has

T_e(z) = −z^{−1}Π_0 +

(1)∑

j≥−1, {⃗ν}+j≤N−2

z_{⃗ν} z^jT_{e;⃗ν;j}

T_r(z) =

κ_0∑

j=1 z^{−1}_{ςj} (Π_{r,j} +

+,N−1∑

α,β,⃗ν,l

z_{⃗ν} z^{|β|}(z_{⃗ς} )^{−α−β}z^lT_{r;⃗ν,α,β,l,j}), with

Π_{r,j} = e^{iπςj}

m_j∑

l=1 < ·, u^{(l)}_j > u^{(l)}_j , j = 1, · · · , κ_0

T_{er}(z) =

κ_0∑

j=1 z^{−1}_{ςj} (Π_0V Q_eF_1V Π_{r,j} + Π_{r,j}V Q_rF_1V Π_0 +

+,N−1∑

α,β,⃗ν,l

z_{⃗ν} z^{|β|}(z_{⃗ς} )^{−α−β}z^lT_{er;⃗ν,α,β,l,j}).

Π_0 is the spectral projection of P at 0, and T_e(z) is of rank not exceeding Rank Π_0 with leading singular parts given by ν_j ∈ σ_2:

T_{e;⃗ν;−1} = (−1)^{k′+1}(Π_0V G_{ν1,1+δν1} π_{ν1} V ) · · · (Π_0V G_{νk′ ,1+δνk′} π_{νk′} V )Π_0, (4.30)

for ⃗ν = (ν_1, · · · , ν_k′ ) ∈ σ^{k′}_2 with {⃗ν} ≤ 1, (z_{⃗ς} )^{−α} = (z_{ς1} )^{−α1} · · · (z_{ςκ0} )^{−ακ}0 . The summation ∑_{+,N−1}

α,β,⃗ν,l is taken over all possible α, β ∈ N κ_0 with 1 ≤ |α| ≤ N

0, |β| ≥ 1, ⃗ν = (ν_1, · · · , ν_k′ ) ∈ σ^{k′}_N , k^′ ≥ 2|α|, for which there are at least α_k values of ν_j’s belonging to σ_1 with ν_j ≥ ς_k, for 1 ≤ k ≤ κ_0, l ∈ N, satisfying

|β| + {⃗ν} + l −

κ_0∑

k=1 (α_k + β_k)ς_k ≤ N − 1.

Proof. We only give the proof of (4.29) based on the representation formula R(z) = (E(z) − E_+(z)E_{+−}(z)^{−1}E_−(z))R_0(z) in the case N = 2 and ρ_0 > 6. The proof for general case is the same. It is clear that the asymptotic expansion of E(z)R_0(z) gives arise to the first two sums in (4.29). Let us study the leading singularities and the form of asymptotic expansion related to the term E_+(z)E_{+−}(z)^{−1}E_−(z)R_0(z) which is of rank ≤ μ. One has −E_+(z)E_{+−}(z)^{−1}E_−(z) = −(T − D(z)Y )(−SW (z)T + SXY )^{−1}(S − SX) = −(1 − D(z)W (z))Q (Q(−W (z) + W (z)D(z)W (z))Q)^{−1} Q(1 − W (z)D(z)) and QW (z) = Q((L_1(z) + zF_1 + L_2(z) + z^2F_2)V + O(|z|^{2+ϵ})), D(z) = D_0 + D_1(z) + D_2(z) + O(|z|^{2+ϵ}), in L(1, −s; 1, −s), 5 < s < ρ_0 − 1, where

L_1(z) = ∑ ν∈σ_1

z_ν G_{ν,δν} π_ν , L_2(z) = ∑ ν∈σ_2

z_ν zG_{ν,1+δν} π_ν

D_1(z) = zD_1 + ∑ ν∈σ_1

z_ν D_{ν,0}, D_2(z) = z^2D_2 + ∑ ν∈σ_2

z_ν zD_{ν,1} with σ_j = σ_∞ ∩ [0, j]. It follows that

Q(−W (z) + W (z)D(z)W (z))Q

= Q{−[L_1(z) + zF_1 + L_2(z)]V + [L_1(z) + zF_1 + L_2(z)]V (D_0 + D_1(z))L_1(z)V +L_1(z)V [D_2(z)L_1(z) + (D_0 + D_1(z))(zF_1 + L_2(z))]V + O(|z|^2)}Q Let S(z) = Q(−W (z) + W (z)D(z)W (z))Q. Set ν_0 = min{min{ν ∈ σ_1}, min{ν − 1; ν ∈ σ_2 \ σ_1}}.

Assume first that 0 is not a resonance of P . Then QL_1(z) = L_1(z)V Q = 0 and QW (z) = Q(zF_1 + L_2(z))V + O(|z|^2)). We have for ρ_0 > 5 S(z) = Q(−(zF_1 + L_2(z))V + O(|z|^2))Q = −Q(QF_1V Q)[z + Q(QF_1V Q)^{−1}L_2(z)V + O(|z|^2)]Q As in [35], it can be shown that (QF_1V Q)^{−1}Q = Π_0V , where Π_0 is the orthogonal projection onto the zero eigenspace of P . Since z^{−1}L_2(z) = O(z_{ν0} ) is small, we obtain

S(z)^{−1} = −z^{−1} 1 + N_0∑

j≥1 (−1)^j (z^{−1}Π_0V L_2(z)V Q)^j

Π_0V_0 + O(1),

with N_0 large enough so that N_0ν_0 ≥ 1. −E_+(z)E_{+−}(z)^{−1}E_−(z)

= z^{−1} 1 + N_0∑

j≥1 (−1)^j(z^{−1}Π_0V L_2(z)V )^j

Π_0V + O(1).

Since R_0(z) = F_0 + L_1(z) + O(z) and Π_0V L_1(z) = 0, we obtain that −E_+(z)E_{+−}(z)^{−1}E_−(z)R_0(z)

= −z^{−1} 1 + N_0∑

j≥1 (−1)^j (z^{−1}Π_0V L_2(z)V )^j

Π_0 + O(1).

This gives the formula for T_{e,⃗ν,−1} in the case when there is no resonant state. Since Q^′W (z)Q = zQ^′F_1V Q + O(|z|^{1+ν0} ), it follows that

−(1 − Π_0)E_+(z)E_{+−}(z)^{−1}E_−(z)R_0(z) = −(1 − Π_0)D_0F_1V Π_0(z^{−1}L_2(z))V Π_0 + O(|z|) (4.31) This shows that (1 − Π_0)T_e(z) = O(|z|^{ν0} ).

Assume now that zero is a resonance of P . One has in H^{1,−s} with s > 1 sufficiently close to 1:

S(z) = S_r(z) + S_e(z) + S_{re}(z) + S_{er}(z) + O(|z|^2) with S_e(z) = −Q_e(zF_1 + L_2(z))V Q_e S_r(z) = Q_r{−[L_1(z) + zF_1 + L_2(z)] + [L_1(z) + zF_1 + L_2(z)]V (D_0 + D_1(z))L_1(z) +L_1(z)V [D_2(z)L_1(z) + (D_0 + D_1(z))(zF_1 + L_2(z)) ]}V Q_r S_{re}(z) = Q_r{−(zF_1 + L_2(z)) + L_1(z)V (D_2(z)L_1(z) + (D_0 + D_1(z))[zF_1 + L_2(z)] )}V Q_e S_{er}(z) = Q_e{−(zF_1 + L_2(z)) + [zF_1 + L_2(z)]V [D_0 + D_1(z)]L_1(z)}V Q_r.

From the proof of Proposition 4.4, I_r(z) ≡ S_r(z)^{−1}Q_r, I_e(z) ≡ S_e(z)^{−1}Q_e exist. We have S(z)(I_r(z) + I_e(z)) = Q + S_{er}(z)I_r(z) + S_{re}(z)I_e(z) + O(|z|) Note that I_e(z) = O(|z|^{−1}), I_r(z) = O(|z_{ςκ0} |^{−1}). It follows that S_{er}(z)I_r(z) → 0, S_{re}(z)I_e(z)) = O(1) as z → 0, which implies

(S_{er}(z)I_r(z) + S_{re}(z)I_e(z))^2 = S_{er}(z)I_r(z)S_{re}(z)I_e(z) + S_{re}(z)I_e(z)S_{er}(z)I_r(z) → 0 as z → 0. Therefore, Q + S_{er}(z)I_r(z) + S_{re}(z)I_e(z) is invertible on the range of Q and we have the convergent expansion:

(Q + S_{er}(z)I_r(z) + S_{re}(z)I_e(z))^{−1}Q = Q + ∞∑ j=1 (−1)^j (S_{er}(z)I_r(z) + S_{re}(z)I_e(z))^j

in L(1, −s; 1, −s) for s > 1. S(z)^{−1} is then given by

(I_e(z) + I_r(z))(Q + ∞∑ j=1 (−1)^j (S_{er}(z)I_r(z) + S_{re}(z)I_e(z))^j ) + O(1).

It follows that −E_+(z)E_{+−}(z)^{−1}E_−(z)

= ((1 − (D_0 + D_1(z))L_1(z)V )I_r(z) + I_e(z)) = (1 − (D_0 + D_1(z))L_1(z)V )I_r(z)Q_r(1 − L_1(z)V (D_0 + D_1(z))) + I_e(z) + I_{er}(z) + O(1).

Here, I_{er}(z) is defined by I_{er}(z) = ((1 − (D_0 + D_1(z))L_1(z)V )I_r(z) + I_e(z)) × ∞∑ j=1 (−1)^j(S_{er}(z)I_r(z) + S_{re}(z)I_e(z))^j

(Q_r(1 − L_1(z)V (D_0 + D_1(z))) + Q_e),

I_{er}(z) is the contribution from the interaction between resonant states and eigenfunctions. I_e(z) has the same asymptotic expansion as in the case μ_r = 0. The contribution from resonant states is given by (1 − (D_0 + D_1(z))L_1(z)V )I_r(z)Q_r(1 − L_1(z)V (D_0 + D_1(z))).

By the analysis made in Proposition 4.4, Q_r(−L_1(z)V + L_1(z)V (D_0 + D_1(z))L_1(z)V )Q_r is invertible on the range of Q_r. Let I_{r,0}(z) denote its inverse. By (4.24), I_{r,0}(z) = T (T^∗D_1(z)T )^{−1}S(1 + O(|z|^ϵ)), where T is the transfer matrix from {ψ_1, · · · , ψ_{μr} } to {ϕ_1, · · · , ϕ_{μr} } and D_1(z) is given in Proposition 4.4. Note that S = −T^∗V , where T^∗ : H^{1,−s} → C^μ is the formal adjoint of T . Let Π_r(z) = T (T^{−1}D_1(z)^{−1}(T^{−1})^∗)T^∗ One can verify that

Π_r(z) =

κ_0∑

j=1 (z_{ςj} )^{−1}

m_j∑

l=1 4ς^2_j c_{ςj}

< ·, ψ^{(l)}_j > ψ^{(l)}_j . (4.32)

See [35] for detailed calculation in a similar situation. Since I_{r,0}(z) = −Π_r(z)V (1+O(|z|^ϵ)), we obtain I_{r,0}(z)R_0(z) = Π_r(z)(1 + O(|z|^ϵ)).

By Theorem 3.1 and (4.21), ψ^{(l)}_j satisfies

< V ψ^{(l)}_j , − 1 2ς_j

|y|^{− n−22 +ςj} φ^{(l′)}_{ςj} >= δ_{ll}′ .

It suffices to take u^{(l)}_j =

2ς_j |c_{ςj} |^12 ψ^{(l)}_j (4.33)

in order to obtain the leading part of the singularity from resonant states as stated in Theorem 4.6. For z small enough, I_{r,0}(z) has a convergent expansion

I_{r,0}(z) = − 1 + ∞∑ j=1 (Π_r(z)V (L_1(z)V (D_0 + D_1(z))L_1(z)V )Q_r)^j

Π_r(z)V. (4.34)

We need only to sum up to j = N_0 for some N_0 large enough such that the remainder is O(|z|^{N−2+ϵ}). By Theorem 3.1 and (4.21), Π_{r,j}G_{ν,δν} π_ν = 0 if ν < ς_j. Therefore, Π_r(z)V (L_1(z)V (D_0 + D_1(z))L_1(z)V )Q_r can be written as

κ_0∑

j=1 z^{−1}_{ςj} Π_{r,j} +∑ ⃗ν∈(σ_1)^s,s=2,3,k=0,1

z_{⃗ν} z^kJ_{r;⃗ν,k,j}

where the notation

∑_+

⃗ν∈(σ_1)^l , l = 2, 3, means that the summation is taken over those

⃗ν = (ν_1, · · · , ν_l), which has at least one component, say ν_1, verifying ν_1 ≥ ς_j and J_{r;⃗ν,k,j} = 0 for ⃗ν ∈ (σ_1)^3 and k = 1. It follows that I_{r,0}(z) can be expanded as

I_{r,0}(z) = − 1 + N_0∑

l=1 ( κ_0∑

j=1 z^{−1}_{ςj} Π_{r,j} ∑ ⃗ν∈(σ_1)^s,s=2,3,k=0,1,ν_1≥ς_j

z_{⃗ν} z^kJ_{r;⃗ν,k,j})^l

Π_r(z)V + O(|z|^{N−2+ϵ})

= −Π_r(z)V + ∑ α∈N^κ0 ,1≤|α|≤N_0 +∑ ⃗ν∈σ^s_1,2|α|≤s≤3|α|;k≤|α|

z_{⃗ν} z^k(z_{⃗ς} )^{−α}I_{r;⃗ν,α,k,j} Π_r(z)V + O(|z|^{N−2+ϵ}).

Here (z_{⃗ς} )^{−α} = (z_{ς1} )^{−α1} · · · (z_{ςκ0} )^{−ακ}0 and the summation

∑_+

is taken over all possible ⃗ν = (ν_1, · · · , ν_s) ∈ σ^s_1 for which there are at least α_l of the ν_j’s belonging to σ_1 with ν_j ≥ ς_l for all 1 ≤ l ≤ κ_0.

Since I_{r,0}(z)S_{r,1}(z) = O(^z_{zςκ0} ) = O(^1_{ln z} ), one has the following convergent series in L(1, −s; 1, −s), s > 1, for z ∈ U_δ with δ > 0 small enough,

I_r(z) = S_r(z)^{−1}Q_r = I_{r,0}(z) + ∞∑ j=1 (−1)^j(I_{r,0}(z)S_{r,1}(z))^j I_{r,0}(z)

where

S_{r,1}(z) = Q_r(−[zF_1 + L_2(z)] + [zF_1 + L_2(z)]V [D_0 + D_1(z)]L_1(z) +L_1(z)V [D_2(z)L_1(z) + (D_0 + D_1(z))(zF_1 + L_2(z))] )V Q_r = zQ_r(−F_1 + ∑ ⃗ν∈(σ_2)^s,1≤s≤3,j=0,1

z_{⃗ν} z^jS_{r;⃗ν,j})V Q_r.

Inserting the expansions of I_{r,0}(z) and S_{r,1}(z) into I_r(z) and rearranging the terms, we obtain

I_r(z) = −Π_r(z)V +

+,N−1∑

j,α,β,⃗ν∈σ^k_2 ,k≥2|α|

z_{⃗ν} z^{|β|+j}(z_{⃗ς} )^{−α−β}I_{r;⃗ν,α,β,j}Π_r(z)V + O(|z|^{N−2+ϵ}).

Note that here N = 2 and only νσ_2 is needed. In the case ς_{κ0} < 1, a finite sum on β is sufficient in order to obtain an asymptotic expansion of R(z) up to O(|z|^{N−2+ϵ}). In the case ς_{κ0} = 1, z_{ςκ0} = z ln z. It is then necessary first to sum over all β in order to expand R(z) up to O(|z|^{N−2+ϵ}). It is now clear that (1 − (D_0 + D_1(z))L_1(z)V )I_r(z)Q_r(1 − L_1(z)V (D_0 + D_1(z)))R_0(z) has the asymptotic expansion of T_r(z).

For the interaction between resonant states and eigenfunctions, note that S_{er}(z) = −zQ_e(F_1V + O(|z|^ϵ))Q_r and S_{re}(z) = −zQ_r(F_1V + O(|z|^ϵ))Q_e. It follows that I_e(z)S_{er}(z)I_r(z) = −Π_0V Q_eF_1V Π_r(z)V + O(|z|^ϵ/|z_{ςκ0} |) + O(|z|/(|z_{ςκ0} |)^2) I_r(z)S_{re}(z)I_e(z) = −Π_r(z)V Q_rF_1V Π_0V + O(|z|^ϵ/|z_{ςκ0} |) + O(|z|/(|z_{ςκ0} |)^2) which gives I_{er}(z) = −(Π_0V Q_eF_1V Π_r(z)V + Π_r(z)V Q_eF_1V Π_0V ) + O(|z|^ϵ/|z_{ςκ0} |) + O(|z|/(|z_{ςκ0} |)^2) The remainder terms have asymptotic expansions of the form of T_{er}(z). Theorem 4.6 is proved. � Theorem 4.6 shows that the asymptotic expansion of R(z) may contain any terms of the form z_{⃗ν} z^l, (^{zς}_zς_j )^k, ς ∈ σ_1 with ς_j < ν ≤ 1, and (^1_{ln z} )^m. If P has only 1-resonant states (i.e., κ_0 = 1 and ς_1 = 1) which may, however, still have an arbitrarily large multiplicity, α is absent in the summation

∑_{+,N−1}

α,β,⃗ν,l and the sum on β is infinite and gives rise to convergent

series in^1_{ln z} . In this case, T_r(z) in Theorem 4.6 can be written in the form T_r(z) = 1 z ln z

{Π_{r,1} + ∑ ⃗ν∈(σ_N )^s,s≤N_0,l≥0,{⃗ν}+l≤N−1

z_{⃗ν} z^lΨ_{⃗ν,l}(z)}

where Ψ_{⃗ν,l}(z) is a convergent series of the form

Ψ_{⃗ν,l}(z) = ∞∑ k=1 1 ln^k z

T_{r;⃗ν,k,l}.

5. The case 0 ∈ σ_∞ Assume now 0 ∈ σ_∞. By Theorem 2.2, R_0(z) = ln z G_{0,0}π_0+F_0+O(|z|^ϵ) in L(−1, s; 1, −s) for any s > 1. Let ϕ_0(x) = φ^{(1)}_0 (θ)r^{− n−2}2 . Since d_0 = −^1_2 , G_{0,0}π_0 = 1 2 < ·, ϕ_0 > ϕ_0.

Let V be the perturbation as before. Set N = {u ∈ H^{1,−s}; < V u, ϕ_0 >= 0, ∃β ∈ C, (1 + F_0V )u = βϕ_0} (5.1) for s > 1 close to 1. If u ∈ N , (1 + R_0(z)V )u = βϕ_0 + O(|z|^ϵ) in H^{1,−s}, and since P_0ϕ_0 = 0, (P − z)u = (P_0 − z)(1 + R_0(z)V )u = O(|z|^ϵ) in H^{−1,−s}. It follows that P u = 0. N is of finite dimension. The eigenfunctions of P at 0 belong to N . u is called a resonant state of P at 0 if u ∈ N \ L^2.

Part (b) of Theorem 3.2 shows that (1 + F_0V )ϕ = 0 if ϕ ∈ N is not a 0-resonant state. Assume from now on that γ_0 ≡< ϕ_0, −V ϕ_0 >≠ 0. (5.2) In the case n = 2, P_0 = −Δ and P = −Δ + V (x), the condition (5.2) is reduced to ∫ V (x) dx ≠ 0, which is used in [5]. Under the condition (5.2), β = −γ^{−1}_0 < F_0V u, V ϕ_0 >.

To establish the asymptotics of R(z) as z → 0, we modify the Grushin problem for (1 + R_0(z)V studied in Section 4 by setting

A(z) = ( W (z) T S 0 ) : H^{1,−s} × C^{μ+1} → H^{1,−s} × C^{μ+1},

where s > 1 and

T (c_0, c_1, · · · , c_μ) = μ∑ j=0 c_jϕ_j, (c_0, c_1, · · · , c_μ) ∈ C^{μ+1},

Sf = ( γ^{−1}_0 < f, −V ϕ_0 >, < f, −V ϕ_1 >, · · · , < f, −V ϕ_μ > ) ∈ C^{μ+1}, f ∈ H^{1,−s}.

Here ϕ_j ∈ N , j = 1 · · · , μ are chosen as before. Assume that ϕ_1 is a 0-resonant state. It follows from Theorem 3.2 that (1 + F_0V )ϕ_j = β_jϕ_0, β_1 ≠ 0, β_j = 0, j ≥ 2.

Define

Q_0f = γ^{−1}_0 < f, −V ϕ_0 > ϕ_0, Q_1f = μ∑ j=1 < f, −V ϕ_j > ϕ_j, Q = Q_0 + Q_1. (5.3)

Then Q is a projection. Let Q^′ = 1 − Q. Q^′(1 + R_0(z)V )Q^′ = Q^′(1 + F_0V )Q^′ + O(|z|^ϵ).

As in Section 4, we can deduce that Q^′(1 + R_0(z)V )Q^′ is invertible on the range of Q^′ with the inverse D(z) = (1 + Q^′R_0(z)V Q^′)^{−1}Q^′ ∈ L(1, −s; 1, −s) bounded for s > 1 and z near zero. D(z) has an asymptotic expansion of the form (4.13) with the convention that ν^′ = 1 for ν = 0. By means of the formula for the inverse of A(z) we obtain a representation for W (z)^{−1} = (1 + R_0(z)V )^{−1} W (z)^{−1} = E(z) − E_+(z)E_{+−}(z)^{−1}E_−(z). (5.4) Here operators are defined as in Section 4 with obvious modifications. Let δ_{0j} = 1 if j = 0; 0 otherwise. The entries

[E_{+−}(z)]_{ij} =< (W (z) − W (z)Q^′D(z)Q^′W (z))ϕ_j , −γ^{−δ0i}_0 V ϕ_i >, 0 ≤ i, j ≤ μ, can be calculated as in Proposition 4.4. Let ρ_0 > 4. Set W (z) = 1 + (ln z G_{0,0}π_0 + F_0 + L_1(z) + zF_1)V + O(|z|^{1+ϵ}) with L_1(z) = ∑ 0≤ν≤1 zν Gν,δν πν , in L(1, −s; 1, −s

′) with 1 < s < ρ_0 − 3 and s^′ > 3.

Q^′W (z)ϕ_j is bounded if j = 0, Q^′W (z)ϕ_j = Q^′(L_1(z) + zF_1)V ϕ_j + O(|z|^{1+ϵ}) for 1 ≤ j ≤ μ_r and Q^′W (z)ϕ_j = zQ^′F_1V ϕ_j + O(|z|^{1+ϵ}) for μ_r < j ≤ μ.

[E_{+−}(z)]_{0,j} =

{_1

2 γ_0 ln z + e_0 + O(|z|^ϵ), j = 0 β_j + b_{0,j} (z) + O(|z|^{1+ϵ}), 1 ≤ j ≤ μ where

e_0 = < (1 + F_0V )(1 − D_0(1 + F_0V ))ϕ_0, −γ^{−1}_0 V ϕ_0 >, b_{0,j} (z) = < (1 − (1 + (F_0 + L_1(z))V )D(z))(L_1(z) + zF_1)V ϕ_j, −γ^{−1}_0 V ϕ_0 > .

From Theorem 3.2, b_{0,j} (z) = O(|z|^ϵ) for 1 ≤ j ≤ μ_r and b_{0,j} (z) = O(|z ln z|) for μ_r < i ≤ μ. Remark that [E_{+−}(z)]_{j,0} = γ_0[E_{+−}(z)]_{0,j} , j ≥ 1.

Since G_{0,0}π_0V ϕ_i = 0 and < G_{0,1}π_0V ϕ_i, V ϕ_j >= 0 for i, j ≥ 1, the entries [E_{+−}(z)]_{ij} , i, j ≥ 1, are the same as in Proposition 4.4. Let b_{i,1}(z) be defined as b_{i,0}(z) with ϕ_0 replaced by ϕ_1. Decompose E_{+−}(z) into blocs

E_{+−}(z) = ( E^{11}_{+−}(z) E^{12}_{+−}(z) E^{21}_{+−}(z) E^{22}_{+−}(z) )

with E^{11}_{+−}(z) = ((E_{+−}(z))_{i,j} )_{0≤i,j≤1} , E^{22}_{+−}(z) = ((E_{+−}(z))_{i,j} )_{2≤i,j≤μ} .

The inverse of E^{22}_{+−}(z) can be calculated in a special basis in the same way as in the proof of Proposition 4.4. By an explicit calculation similar to that made in the proof of Proposition 4.4, we can prove that E^{12}_{+−}(z)E^{22}_{+−}(z)^{−1} = O(| ln z|) and E^{12}_{+−}(z)E^{22}_{+−}(z)^{−1}E^{21}_{+−}(z) = O(|z|^ϵ). Since

E^{11}_{+−}(z) =

(_1 2 γ_0 ln z + O(1) β_1 + O(|z|^ϵ) β_1γ_0 + O(|z|^ϵ) O(|z|^ϵ) )

with β_1 ≠ 0, we obtain T (z) = E^{11}_{+−}(z) − E^{12}_{+−}(z)E^{22}_{+−}(z)^{−1}E^{21}_{+−}(z) is invertible with T (z)^{−1} = E^{11}_{+−}(z)^{−1}(1 + O(|z|^ϵ)). It follows that

E_{+−}(z)^{−1} = ( E^{11}_{+−}(z)^{−1} −E^{11}_{+−}(z)^{−1}E^{12}_{+−}(z)E^{22}_{+−}(z)^{−1} −E^{22}_{+−}(z)^{−1}E^{21}_{+−}(z)E^{11}_{+−}(z)^{−1} E^{22}_{+−}(z)^{−1} ) × (1 + O(|z|^ϵ)) (5.5)

It is clear that equation (5.5) gives the leading singularities of R(z) in the most general case and can be simplified if some part is absent. In particular, if there is no 0-resonant state, E^′_{+−}(z) is a scalar of the form^1_2 γ_0 ln z + O(1).

Theorem 5.1. (a). Suppose that μ = 0. Let ρ_0 > 4N + 2. Then, in L(−1, s; 1 − s) with s > 2N + 1, one has

R(z) = N∑ j=0 z^jT_j +

(1)∑

{⃗ν}+j≤N

z_{⃗ν} z^jT_{⃗ν,j} + T_s(z) + O(|z|^{N+ϵ}) (5.6)

Here T_0 = (1 + Q^′F_0V Q^′)^{−1}Q^′F_0, and T_s(z) is an operator of rank 1 having an asymptotic expansion of the form

T_s(z) = T_{s,0} +

N_0∑

ℓ=0 (ℓ)∑

{⃗ν}+j≤N

z_{⃗ν} z^j ∞∑ m=ℓ (ln z)^{−m−1}T^{(ℓ)}_{s;⃗ν,j;m} + O(|z|^{N+ϵ}) (5.7)

Here ϕ^∗_0 = (1−D_0F_0V )ϕ_0, the infinite sum in m is convergent, and the first two coefficients are given by

T_{s,0} = − 1 γ_0

< ·, ϕ_0 > ϕ^∗_0 (5.8)

T^{(0)}_{s;⃗ν,j;0} = 2 γ^2_0

(−e_0 < ·, ϕ_0 > + < (1 − F_0V D_0)F_0·, V ϕ_0 >)ϕ^∗_0 (5.9)

for {⃗ν} + j = 0.

(b). Assume that there is a 0-resonant state and μ = 1. Assume ρ_0 > 4N + 2. Then, (5.6) holds in L(−1, s; 1, −s) with s > 2N + 1 with now T_s(z) an operator of rank two describing the contributions from 0-resonant states of P_0 and P : T_s(z) = T_0(z) + T_1(z) + T_{01}(z) with

T_0(z) =

N_0∑

ℓ=1 (ℓ)∑

{⃗ν}+j≤N ℓ∑ m=0 (ln z)^mz_{⃗ν} z^jT^{(j)}_{0;⃗ν,j,m} + O(|z|^{N+ϵ}) (5.10)

T_{01}(z) = − 1 |β_1|^2γ_0

(β_1 < ·, −V ϕ_1 > ϕ_0 + β_1 < ·, −V ϕ_0 > ϕ_1 + T^{(0)}_{01} (z) (5.11)

T_1(z) = − ln z < ·, u_0 > u_0 + T_{1,1} + T^{(0)}_1 (z) (5.12)

Here T^{(0)}_{01} (z) and T^{(0)}_1 (z) have asymptotic expansions of the form (5.10), and u_0 is a 0- resonant state verifying 1 √ 2 < V u_0, − ln rϕ_0 >= 1. (5.13)

(c). Assume that μ ≥ 1 and there exists 0-resonant state. Assume ρ_0 > max{4N − 6, 2N + 2}. Then, the asymptotic expansion of the form (5.6) with N replaced by N − 2 holds in L(−1, s; , −s) with s > max{2N − 3, 2} with T_s(z) = T_0(z) + T_1(z) + T_{01}(z), where T_0(z) is of rank one having the expansion (5.7) in (a) with the same leading terms, T_{01}(z) is also of the form (5.7), and T_1(z) arises from resonant states and eigenfunctions of P with energy 0 whose leading terms are given by those of T_e(z) + T_r(z) + T_{er}(z) in (b) of Theorem 4.4.

Proof. We only compute the leading singularities of the resolvent. It is again based on the representation formula

R(z) = (E(z) − E_+(z)E_{+−}(z)^{−1}E_−(z))R_0(z).

Since E(z) = D(z) = (1 + Q^′R_0(z)V Q^′)^{−1}Q^′ and Q^′G_{0,0} = 0, E(z)R_0(z) contains no singular ln z-term. The asymptotic expansions of D(z)R_0(z) and W (z)D(z)R_0(z) are of the form (4.13).

(a). Let μ = 0. The calculation made in the proof of Theorem 3.2 ([37]) shows that

E_{+−}(z) = 1 2 γ_0 ln z + e_0 + r(z) where r(z) =

∑_{(1)}

{⃗ν}+j≤N z⃗ν z

je_{⃗ν,j} + O(|z|^{N+ϵ}). Let e(z) = (1 + 2e_0/(γ_0 ln z))^{−1} which has a convergent expansion in (ln z)^{−1}. Let s(z) = E_{+−}(z)^{−1}. Then

s(z) =

2e(z) γ_0 ln z ∞∑ j=0 (−1)^j ( 2e(z) γ_0 ln z r(z)

)_j

= 2e(z) γ_0 ln z

N_0∑

l=0 ( 2e(z) γ_0 ln z

)_l (l)∑

{⃗ν}+j≤N

z_{⃗ν} z^ls_{⃗ν,l} + O(|z|^{N+ϵ}). (5.14)

The ln z-singularity in R_0(z) is divided off. Let ϕ^∗_0(z) = (1 − D(z)W (z))ϕ_0. Then, −E_+(z)E_{+−}(z)^{−1}E_−(z)R_0(z) = s(z) γ_0

< (1 − W (z)D(z))R_0(z)·, V ϕ_0 > ϕ^∗_0(z) = − e(z) γ_0

< ·, ϕ_0 > ϕ^∗_0(z) + s(z) γ_0

< ((1 − F_0V D_0)F_0 + O(|z|^ϵ))·, V ϕ_0 > ϕ^∗_0(z)

This allows to give the first two terms in T_s(z) = −E_+(z)E_{+−}(z)^{−1}E_−(z)R_0(z) as stated in (a).

(b). Let ν = 1 and ϕ_1 be a 0-resonant state chosen as before. Let Q = Q_0 + Q_1 and d(z) = det E_{+−}(z). Then for ρ_0 > 2N + 1, one has

d(z) = −|β_1|^2γ_0 + P^′_1(ln z)

(1)∑

{⃗ν}+j≤N

z_{⃗ν} z^jd_{⃗ν,j} + O(|z|^{N+ϵ}) (5.15)

with P^′_1(ln z) a polynomial of degree 1 in ln z. It follows that

d(z)^{−1} = − 1 |β_1|^2γ_0 + N_0∑

l=1 P_l(ln z)

(l)∑

{⃗ν}+j≤N

z_{⃗ν} z^jc_{l;⃗ν,j} + O(|z|^{N+ϵ}) (5.16)

where P_l(ln z) is a polynomial of degree l in ln z. Set

E_{+−}(z)^{−1} = ( e_{11}(z) e_{12}(z) e_{21}(z) e_{22}(z) ) = 1 d(z) ( O(|z|^ϵ) −β_1 + O(|z|^ϵ) −β_1γ_0 + O(|z|^ϵ)^1_2 γ_0 ln z + O(1) )

Decompose −(1 − D(z)W (z))T (E_{+−}(z)^{−1})S(1 − W (z)D(z))R_0(z) as T_0(z) + T_1(z) + T_{01}(z) with T_0(z) = −e_{11}(z)(1 − D(z)W (z))Q_0(1 − W (z)D(z))R_0(z)

T_1(z) = −(1 − D(z)W (z)) ( e_{22}(z)Q_1 + e_{21}(z)

γ_0

< ·, −V ϕ_0 > ϕ_1 ) (1 − W (z)D(z))R_0(z)

T_{01}(z) = −e_{12}(z) < (1 − W (z)D(z))R_0(z)·, −V ϕ_1 > (1 − D(z)W (z))ϕ_0 T_0(z) and T_{01}(z) admit asymptotic expansions of the form stated in (b). The details of calculation are omitted. For T_1(z) which gives the leading term in (b), one sees that

T_1(z) = − ln z 2|β_1|^2

< ·, β_1ϕ_0 − F_0V ϕ_1 > ϕ_1 + O(1) = − ln z 2|β_1|^2

< ·, ϕ_1 > ϕ_1 + T_{1,1} + O(|z|^ϵ) because ϕ_1 + F_0V ϕ_1 = β_1ϕ_0. Here T_{1,1} is a rank one operator and the O(|z|^ϵ) term has an expansion of the form (5.10). According to (b) of Theorem 3.2, β_1 =^1_2 < V ϕ_1, − ln r ϕ_0 >. It suffices to take

u_0 = √ 2ϕ_1 < V ϕ_1, − ln r ϕ_0 > . (c). It follows from a similar calculation as in (b). Set as before Q = Q_0 + Q_1. Let S = (S_0, S_1) and T = (T_0, T_1) be the corresponding decomposition with T_0 of rank one and T_1 of rank μ. Set

E_{+−}(z)^{−1} = ( E_{11}(z) E_{12}(z) E_{21}(z) E_{22}(z) ) . Comparing it with (5.5), one sees that E_{11}(z) = s(z)(1 + O(|z|^ϵ)) has an asymptotic expansion of the form (5.14):

E_{11}(z) =

N_0∑

l=0 (l)∑

{⃗ν}+j≤N

z_{⃗ν} z^j ∞∑ m=l (ln z)^{−m−1}e_{⃗ν,j;l,m} + O(|z|^{N+ϵ}) (5.17)

with the same leading coefficients as s(z). E_{12}(z) and E_{21}(z) have the similar asymptotic expansions of the form (5.17) with (ln z)^{−m−1} replaced by (ln z)^{−m}. Finally, E_{22}(z) = E^{22}_{+−}(z)^{−1}(1 + O(|z|^ϵ)) and the asymptotic expansion of E^{22}_{+−}(z)^{−1} is studied in the proof of Theorem 4.4. Set

−E_+(z)E_{+−}(z)^{−1}E_−(z)R_0(z) = T_0(z) + T_1(z) + T_{01}(z)

with

T_0(z) = −E_{11}(z)(1 − D(z)W (z))Q_0(1 − W (z)D(z))R_0(z) T_1(z) = −(1 − D(z)W (z))T_1E_{22}(z)Q_1S_1(1 − W (z)D(z))R_0(z) T_{01}(z) = −(1 − D(z)W (z))[T_0E_{12}(z)S_1 + T_1E_{21}(z)S_0](1 − W (z)D(z))R_0(z).

T_0(z), T_1(z) and T_{0,1}(z) admit asymptotic expansions stated in (c). �

If there is a 0-resonant state and if ν ≥ 2, making use of (5.5), one can show that the asymptotic expansion of R(z) exists and is a mixture of (b) and (c). The result is more complicated and will not be stated in this work.

As a consequence of the existence of asymptotic expansion of R(z) for z near 0 obtained in Sections 4 and 5 (Corollary 4.2, Theorem 4.6, Theorem 5.1), we conclude that for suitable ρ_0 > 2, the point spectrum, σ_p(P ), of P = −Δ_g +^{q(θ)}_{r2} + V_0(x) is finite in ] − ∞, 0[. In fact, a bound of the form R(z) = O(^1_{|z|} ) in suitable space for |z| > 0 small and ℑz > 0 implies that 0 is not an accumulating point of eigenvalues of P . As an example, P = −Δ +^a_{r2} + V_0(x) on R^n, n ≥ 3 and −^{(n−2)2}_4 ≤ a < 0, has only a finite number of negative eigenvalues for suitable ρ_0 > 2. In this example, ∫ R^n ( a |x|^2

+ V_0(x))^{n2}_− dx = +∞,

so that the well-known Cwick-Lieb-Rosenbloum bound can not directly be applied to.

6. Long-time expansion of the Schrödinger group Let U(t) = e^{−itP} , t ∈ R. Then,

U(t) = 1 2iπ ∫ R e^{−itλ}R(λ + i0) dλ, t > 0. (6.1)

The long-time expansion of U(t) is determined by the low-energy behavior of the resolvent. To estimate the remainder, we need the smoothness of R(λ + i0) for all λ > 0 and some high-energy estimates on the resolvent. Assume that g and V_0 are smooth and satisfy |∂^α_x V_0(x)| ≤ C_α⟨x⟩^{−ρ0−|α|}, |∂^α_x (g − g_0)| ≤ C_α⟨x⟩^{−ρ0−|α|} (6.2) for some ρ_0 > 0 and for all α ∈ N^n. Let A = −i(r∂_r + ∂_rr)/2. Since i[P_0, A] = 2P_0 as forms defined on a core of D(P_0), the Mourre’s estimate is true for P at every positive energy: for any E > 0, there exists c_0, δ > 0 and a compact operator K such that iχ_{E,δ}(P )[P, A]χ_{E,δ}(P ) ≥ c_0χ_{E,δ}(P ) + K, (6.3) where χ_{E,δ}(P ) is the spectral projection of P onto the interval [E − δ, E + δ]. Proposition 6.1. Under the assumption (6.2), the eigenvalue of P is absent in ]0, +∞[. The boundary values of the resolvent R(λ ± i0) exist in L(L^{2,s}, L^{2,−s}), s > 1/2, for all λ ∈ R^∗_+ and is C^k in λ ∈ R^∗_+ in L(L^{2,s}, L^{2,−s}) if s > k + 1/2.

Proof. The absence of positive eigenvalue is well-known for g a flat metric on R^n and q = 0 and is proved in [31] (Theorem 17.6) in geometric scattering for q = 0 by using ideas from [14, 21]. When q ≠ 0, we can use the same ideas to prove the absence of positive eigenvalue of P . In fact, suppose E_0 > 0 and u ∈ D(P ) = H^1 such that P u = E_0u. Let χ(x) be a smooth cut-off on M which equals 0 for |x| < R_0/2, and 1 for |x| > R_0, R_0 being fixed and large enough. Let u_1 = χ(x)u(x). Then (P̃ − E_0)u_1 = v where P̃ = −Δ_g +^{q(θ)}_{r2} χ^′(x) + V_0(x), with χ^′χ = χ and χ^′(x) = 0 for |x| < R_0/4, and v ∈ L^2 with support contained in {|x| ≤ R_0}. Then P̃ is of smooth coefficients and the ellipticity of P implies u_1 ∈ H^2. Since (6.3) holds for any E ≥ E_0, we can use the Mourre’s estimate (6.3) as exploited in [14, 31] to show that e^{E 12 |x|}u_1 ∈ L^2 for any E > 0 and

‖e^{E 12 ρ(|x|)}u_1‖ ≤ C‖⟨x⟩e^{E 12 ρ(|x|)}v‖ uniformly in E > 0. Here ρ(r) is some smooth function which equals r for r large enough ([14]). Since v is of compact support, the above estimate shows that u(x) = u_1(x) = 0 for |x| ≥ R_1, R_1 > R_0 large enough. Since M is connected, the unique continuation theorem for P implies that u = 0 on M. Therefore, σ_p(P )∩]0, +∞[= ∅.

Now, the existence of the boundary values R(λ ± i0), λ > 0, follows from the standard Mourre’s method, and their smoothness is a consequence of multiple commutator method ([17]). �

The estimates of R(λ ± i0) for large λ require a non-trapping condition on the metric g. This kind of conditions is necessary. See [33, 34] for semi-classical Schrödinger operators on R^n where ℏ = λ^{−1/2} → 0, and [9, 32] for Schrödinger operators on manifolds. In present case, due to the singularity of^{q(θ)}_{|x|2} at the origin is too strong to be treated as perturbation, we assume that there exists c_0 > 0, M > 1 such that {p(x, ξ), x · ξ} ≥ c_0p(x, ξ), for all (x, ξ) ∈ p^{−1}([M, ∞[). (6.4)

Here {·, ·} is the Poisson bracket and p = |ξ|^2_g +^{q(θ)}_{r2} . Condition (6.4) is satisfied if one of the following conditions is verified: (a). g satisfies a virial condition: {g(x, ξ), x·ξ}−2g(x, ξ) ≥ 0 for all (x, ξ) ∈ p^{−1}(1) and q is arbitrary, where g(x, ξ) = |ξ|^2_g; (b). {g(x, ξ), x · ξ} ≥ c_0 > 0 for all (x, ξ) ∈ p^{−1}(1) and q(θ) ≥ 0. Let us indicate that if g(x, ξ) is of the form g(x, ξ) = (1 + a(x))|ξ|^2 and q(θ) < 0 where a is a smooth function with a(x) = O(|x|^{−ρ0} ), a(x) > −1, 2(1 + a(x)) − x · ∇a(x) ≥ c_0 > 0 for all x, then g is a non-trapping metric. If ∂_ra(0) = 0, (6.4) is satisfied; while if ∂_ra(0) > 0, (6.4) is not satisfied.

Proposition 6.2. Assume (6.4). Then there exists c > 0 and λ_0 > 0 such that i[P, A] ≥ cλ, on the range of E_{](1−ϵ)λ,(1+ϵ)λ[}(P ) (6.5) for λ ≥ λ_0.

Proof. Let χ ∈ C^∞_0 (1 − 2ϵ, 1 + 2ϵ), 0 ≤ χ ≤ 1 with χ(s) = 1 for s ∈ [1 − ϵ, 1 + ϵ]. Under the assumption (6.4), one can show that there exists a first order differential operator, B, with smooth coefficients of the order O(|x|^{−ρ0} ) such that iχ( P λ )[P, A]χ( P λ ) ≥ χ( P λ )(cλ + B)χ( P λ ) (6.6)

for some c > 0, and all λ large enough. In sense of quadratic forms, one has from (3.3)

0 ≤ χ( P λ )(−Δ_g)χ( P λ ) ≤ (1 + ϵ)λ + b + aχ( P λ )(−Δ_g)χ( P λ ). for some a < 1 and b ∈ R. It follows that

‖(−Δ_g)^{1/2}χ( P λ )‖ ≤ √ (1 + ϵ)λ + b

1 − a , for λ > 1 large enough. Consequently, by the ellipticity of −Δ_g, the term χ(^P_λ )Bχ(^P_λ ) can bounded by C √ λ. Proposition 6.2 is proved for λ > 1 large enough. �

Note that multiple commutators of P with A are well defined on the form domain of P . By Mourre’s method with multiple commutators, Proposition 6.2 implies the following high energy resolvent estimates

‖⟨x⟩^{−s} d^k dλ^k

R(λ + i0)⟨x⟩^{−s}‖ ≤ C_{k,s}λ^{−(k+1)/2}, λ ≥ ϵ > 0, s > k + 1/2. (6.7)

For λ ∈ R and m ∈ Z, define Φ_{λ,m}(t) by:

Φ_{λ,m}(t) = t^{λ+1} 2πi ∫ (s + i0)^λ ln^m(s + i0)e^{−its}ds, t > 0, (6.8)

where the Fourier transform is taken in the sense of distributions. Then,

Φ_{λ,m}(t) = i π ∑_m l=0 C^l_m

(_{dm−l}

dλ^{m−l} ( sin(πλ) e^{iπλ/2}Γ(λ + 1) )) ln^l t, if m ∈ N,

i(−1)^m π ∑_M

l=m C^{m−1}_{l+m−1}^{dl−m}_{dλl−m} (sin(πλ) e^{iπλ/2}Γ(λ + 1)) ln^{−l} t + O(ln^{−M−1} t), if m < 0, (6.9) for any M > 1. See Lemma A.2 in [37]. Set

U_c(t) = U(t) − ∑ λ_j ∈σ_p(P )

e^{−itλj} Π_{λj} ,

where Π_{λj} is the spectral projection onto the eigenspace associated to the eigenvalue λ_j of P . Remark that as a by-product of the existence of asymptotic expansion of R(z) near z = 0, P has only a finite number of eigenvalues.

Theorem 6.3. Assume (6.4) and that 0 ∉ σ_∞.

(a). Let μ = 0 and ρ_0 > 4N + 2. One has the following asymptotic expansion in L(0, s; 0, −s), s > 2N + 1 for t > 0 large enough.

U_c(t) =

(1)∑

{⃗ν}+j≤N

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{⃗ν;j} + O(|t|^{−N−1−ϵ}). (6.10)

Here T_{⃗ν;j} is the same as in Theorem 4.6 and m_{⃗ν} is the number of integer components in ⃗ν.

(b). Assume from now on M = M_0. Let μ ≠ 0. Assume μ_r = 0 and ρ_0 > max{4N − 6, 2N + 1}. One has the following asymptotic expansion in L(0, s; 0, −s) for s > 2N + 1.

U_c(t) =

(1)∑

{⃗ν}+j≤N−2

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{e;⃗ν;j}

+ (1)∑

j≥−1;{⃗ν}+j≤N−2

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{⃗ν;j} + O(|t|^{−N+1−ϵ}), (6.11)

for t → ∞. Here T_{e;⃗ν;j} = 0 if {⃗ν} + j < 0.

(c). Assume μ_r ≠ 0 and ρ_0 > max{4N − 6, 2N + 2}. One has the following asymptotic expansion in L(0, s; 0, −s), s > max{2N − 3, 2}.

U_c(t) =

κ_0∑

j=1 Φ_{−ςj ,−δςj} (t)t^{ςj −1}(Π_{r,j} + Π_0V Q_eF_1V Π_{r,j} + Π_{r,j}V Q_rF_1V Π_0)

+ (1)∑

{⃗ν}+j≤N−2

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{⃗ν;j} +

(1)∑

j≥−1;{⃗ν}+j≤N−2

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{e;⃗ν;j}

+ κ_0∑

j=1

+,N−1∑

⃗ν,α,β,l,j

Φ_{λ,m}(t)t^{−λ−1}T_{e,r;⃗ν,α,β,l,j} + O(|t|^{−N+1−ϵ}) (6.12)

with T_{e,r;⃗ν,α,β,l,j} = T_{r;⃗ν,α,β,l,j} + T_{er;⃗ν,α,β,l,j} determined by the asymptotic expansion of R(z) near 0, λ = {⃗ν} + |β| + l − ς_j − ⃗ς · (α + β), and m ∈ Z the degree of the power of ln z in z_{⃗ν} z^{−1}_{ςj} (z_{⃗ς} )^{−α−β}

When 0 ∈ σ_∞, we only give the asymptotic expansions of the Schrödinger group in the cases (a) and (b) of Theorem 5.1.

Theorem 6.4. Assume (6.4) and that 0 ∈ σ_∞. Let ρ_0 > 4N + 2 and s > 2N + 1.

(a). Let μ = 0. One has the following asymptotic expansion in L(0, s; 0, −s),

U_c(t) =

(1)∑

{⃗ν}+j≤N

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{⃗ν;j}

+ N_0∑

ℓ=0 (ℓ)∑

{⃗ν}+j≤N ∞∑ m=ℓ Φ_{{⃗ν}+j,m⃗ν −m−1}(t)t^{−{⃗ν}−j−1}T_{s;⃗ν;j,m} + O(|t|^{−N−1−ϵ}). (6.13)

(b). Assume μ = 1 and that there is 0-resonant state. One has the following asymptotic expansion in L(0, s; 0, −s),

U_c(t) =

(1)∑

{⃗ν}+j≤N

Φ_{{⃗ν}+j,m⃗ν} (t)t^{−{⃗ν}−j−1}T_{⃗ν;j} − it^{−1} < ·, u_0 > u_0

+ N_0∑

ℓ=0 (ℓ)∑

{⃗ν}+j≤N ℓ∑ m=0 Φ_{{⃗ν}+j,m⃗ν +m}(t)t^{−{⃗ν}−j−1}T^{(ℓ)}_{s;⃗ν;j,m} + O(|t|^{−N−1−ϵ}). (6.14)

Here T_{⃗ν;j} is the same as in (b) of Theorem 5.1 and

T^{(ℓ)}_{s;⃗ν;j,m} = T^{(ℓ)}_{0;⃗ν;j,m} + T^{(ℓ)}_{1;⃗ν;j,m} + T^{(ℓ)}_{01;⃗ν;j,m}

with T^{(ℓ)}_{1;⃗ν;j,m} and T^{(ℓ)}_{01;⃗ν;j,m} the coefficients of T^{(0)}_1 (z) and T^{(0)}_{01} (z) expanded as in (5.10).

Theorems 6.3 and 6.4 follow from (6.7), Theorems 4.6 and 5.1, and Lemma A.2 of [37]. Finally, we mention that microlocal propagation properties in finite time of the Schrödinegr group on manifold are studied in a recent work [15].

References

[1] S. Albeverio, D. Bollé, F. Gesztesy and R. Hoegh-Krohn, Low-energy parameters in nonrelativistic scattering theory, Ann. Physics, 148(1983), 308-326.

[2] R. D. Amado, F. C. Greenwood, There is no Efimov effect for four or more particles. Phys. Rev. D, 7(3) (1973), 2517–2519.

[3] R. D. Amado, J. V. Noble, On Efimov’s effect: A new pathology of three-particle systems. Phys. Lett.

B, 35(1971), 25-27; II. Phys. Lett. D, 5(3)(1972), 1992-2002.

[4] M.F. Atiyah, V.K. Patodi, I.M. Singer, Spectral asymmetry and Riemannian geometry I. Math. Proc.

Cambridge Phil. Soc., 77(1975), 43-69.

[5] D. Bollé, F. Gesztesy, C. Danneels, Threshold scattering in two dimensions, Ann. Inst. H. Poincaré, Sect. A, 48(1988), 175-204.

[6] P. Bolley, J. Camus, Opérateurs à indices, Publication des Séminaires Mathématiques, Fascule II. - Séminaire d’Analyse Fonctionnelle, Univ. Rennes 1, 1973.

[7] J. Brüning, R. T. Seeley, An index theorem for first order regular singular operators, Amer. J. Math., 110(1988), 659-714.

[8] N. Burq, F. Planchon, J. G. Stalke, A. Shadi Tahvildar-Zadeh, Strichartz estimates for the wave and Schrödinger equations with the inverse-square potentials, J. of Funct. Analysis, 203(2003), 519-549.

[9] F. Cardoso, G. Vodev, Uniform estimates of the resolvent of the Laplace-Beltrami operator on infinite volume Riemannian manifolds. II, Annales Henri Poincaré, 3(2002), 673-691.

[10] G. Carron, Théorème de l’indice sur les variétés non-compactes, J. Reine und Angew. Math., 541(2001), 81-115.

[11] G. Carron, A topological criterion for the existence of half-bound states. J. of the London Math. Soc., 65(2002 ), 757-768.

[12] G. Carron, Le saut en zéro de la fonction de décalage spectral, J. Funct. Analysis, 212(1) (2004), 222-260.

[13] S. Fournais, E. Skibsted, Zero energy asymptotics of the resolvent for a class of slowly decaying potential, preprint 2003.

[14] R. Froese, I. Herbst, Exponential bounds and absence of positive eigenvalues for N-body Schrödinger operators. Comm. Math. Phys. 87 (1982/83), no. 3, 429–447.

[15] A. Hassell, J. Wunsch, The Schrödinger propagators for scattering metrics. Preprint, 2003. [16] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time decay of wave functions, Duke Math. J., 46(1979), 583-611.

[17] A. Jensen, E. Mourre, P. Perry, Multiple commutator estimates and resolvent smoothness in quantum scattering theory, Ann. Inst. H. Poincaré, Sect A, 41(1984), 207-225.

[18] A. Jensen and G. Nenciu, A unified approach to resolvent expansions at thresholds, Reviews in Math.

Phys., 13(2001), 717-754.

[19] V. Maz’ya, S. Nazarov, B. Plamenevskij, Asymptotic Theory of Elliptic Boundary Value Problemes in Singularly Perturbed Domains, Volume 1. Birkhäuser, Boston-Berlin, 2000.

[20] R. B. Melrose, The Atiyah-Patodi-Singer index theorem, A. K. Peters, 1993. [21] E. Mourre, Absence of singular continuous spectrum for certain self-adjoint operators, Commun. Math.

Phys., 78(1981), 391-408.

[22] W. Müller, Relative zeta functions, relative determinants, and scattering theory, Comm. Math. Physics 192(1998), 309 - 347.

[23] M. Murata, Asymptotic expansions in time for solutions of Schrödinger type equations, J. Funct.

Analysis, 49(1982), 10-53.

[24] S. Nakamura, Low energy asymptotics for Schrödinegr operators with slowly decreasing potentials, Commun. Math. Phys., 161(1) (1994), 63-76.

[25] R. G. Newton, Noncentral potentials: the generalized Levinson theorem and the structure of the spectrum, J. Math. Phys., 18(1977), 1582-1588.

[26] R. G. Newton, Scattering Theory of Waves and Particles, Springer Verlag, Berlin, 1982. [27] F. W. J. Olver, Asymptotics and Special Functions, A. K. Peters Classics, Massachusetts, 1997. [28] J. Rauch, Local decay of scattering solutions to Schrödinger’s equation, Commun. Math. Phys., 61(1978), 149-168.

[29] D. Robert, Relative time-delay for perturbations of elliptic operators and semi-classical asymptotics, J. Funct. Analysis, 126(1994), 36-82.

[30] B. R. Vainberg, On the short wave asymptotic behaviour of solutions of stationary problems and the asymptoic behaviou as t → ∞ of solutions of non-stationary problems, Russ. Math. Survey, 30(1975), 1-58.

[31] A. Vasy, Propagation of singularities in three-body scattering, Astérisque, Vol. 262, 2000. [32] A. Vasy, M. Zworski, Semiclassical estimates in asymptotically Euclidean scattering, Commun. in Math.

Phys., 212(1)(2000), 205-217.

[33] X. P. Wang, Time-decay of scattering solutions and classical trajectories, Ann. Inst. H. Poincaré, Sect A, 47(1987), 25-37.

[34] X. P. Wang, Time-decay of scattering solutions and resolvent estimates for semi-classical Schrödinger operators, J. Diff. Equations, 71(1988), 348-395.

[35] X. P. Wang, Asymptotic behavior of the resolvent of N-body Schrödinger operators near a threshold, Ann. Henri Poincaré, 4(2003), 553-600.

[36] X. P. Wang, On the existence of the N-body Efimov effect, J. Funct. Analysis, 209(2004), 137-161. [37] X. P. Wang, Threshold energy resonance in geometric scattering, Proceedings of Symposium “Scattering and Spectral Theory”, August 2003, Recife, Brazil. Matemática Contemporânea, 26(2004), 135-164.

[38] G.N. Waston, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, Cambridge, 1994. [39] D. R. Yafaev, The low-energy scattering for slowly decreasing potentials, Commun. Math. Phys., 85(2) (1982), 177-198.

Laboratoire Jean Leray, UMR 6629 du CNRS, Département de Mathématiques, Université de Nantes, F-44322 Nantes Cedex 3, FRANCE, e-mail: wang@math.univ-nantes.fr