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Calderén-Zygmund operators

The Hilbert transform:

Hf (x) = 1 lim / ! f(y)dy.

T e—0 |x—y|>e X —Y

It's bounded on LP
IHF [ pr) < ClIfllo(m)

and of weak type (1,1)

xR : [HF(x)| > t}| < f/R|f(x)]dx.



Definition

A Calderén-Zygmund operator T (CZO) is an operator bounded on L?(R") that admits

the following representation
TH(x) = [ K(xy)f(y)dy

with f € €°(R") and x ¢ supp f and where K : R" xR"\ {(x,x) : x e R"} — R has
the following properties

Size condition: |K(x,y)| < C2ﬁ x #0.
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the following representation
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where C; >0 and C, > 0 are constants independent of x, y, z.

The same boundedness results for Hilbert transform also hold for CZO.
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e Finally, in 2012 M. C. Reguera and C. Thiele disproved the conjecture for the
Hilbert transform
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Open question

The preceding results can be summarized as follows

Lloglog L L(logL)® £>0

L L(loglog L)* a>1 L" r>1

Open question

Does the weak type inequality

w({xeR:|Tf(x)|>A}) < %/R]f(xﬂMq,W(x)dx o>1

hold for (t) = tlog™ (1 +log™ (t))?
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e From well known results about weight theory (up to 2005) was simple to obtain for
>0
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@ In 2008 with A. Lerner and C. Pérez, we prove that:
Let ¢(t) = tlog(1+t)logT(log(1+t)) and T a Calderén-Zygmund Operator.
Then,

wix ER™:|TF(x)| > A} < %q)([W]Al)/Rn |l w dx
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jim — V() g
t—e tlog(e+t)



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

An overview of the proof



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

An overview of the proof

First step: show that the definition of ¢y along with the standard extrapolation and
dualization arguments yields



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

An overview of the proof

First step: show that the definition of ¢y along with the standard extrapolation and
dualization arguments yields

1 \1/2
1 H(wxp0,0))l 2(c) S‘PH(HMHB(GHLZ(G))(/O W) ’



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

An overview of the proof

First step: show that the definition of ¢y along with the standard extrapolation and
dualization arguments yields

1 \1/2
1 H(wxp0,0))l 2(c) S‘PH(HMHB(GHLZ(G))(/O W) ’

where 6 = w1 we A, if

[W]a, =sup ———5— <
ICR



Basic Problem
The development of the conjecture of Mukenhoupt-Wheeden

Muckenhoupt-Wheeden conjectures The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

An overview of the proof

First step: show that the definition of ¢y along with the standard extrapolation and
dualization arguments yields

112
[H(wxj0,0)lli2(e) S ‘PH(HMHB(GHLZ(G))(/O W) ’
where c =w™l. we Ay, if

[w]a, :supw <o
ICR |”

Second: for every t > 1, there exists an Ay weight w; = w satisfying

1
/ w=1
0



Basic Problem
The development of the conjecture of Mukenhoupt-Wheeden

Muckenhoupt-Wheeden conjectures The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

An overview of the proof

First step: show that the definition of ¢y along with the standard extrapolation and
dualization arguments yields

112
[H(wxj0,0)lli2(e) S ‘PH(HMHB(GHLZ(G))(/O W) ’
where c =w™l. we Ay, if

[w]a, :supw <o
ICR |”

Second: for every t > 1, there exists an Ay weight w; = w satisfying

1
/ w=1
0

M| 2(6)—12(0) ~ t



Basic Problem
The development of the conjecture of Mukenhoupt-Wheeden

Muckenhoupt-Wheeden conjectures The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

An overview of the proof

First step: show that the definition of ¢y along with the standard extrapolation and
dualization arguments yields

112
1 H(wxp0,0))l 2(c) S‘PH(HMHB(GHLZ(G))(/O W) ’
where c =w™l. we Ay, if
w(l)o(l)

Wla, =SUp———F— <
[ ]2 ICR |”2

Second: for every t > 1, there exists an Ay weight w; = w satisfying

1
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Taking here the supremum over all g >0 with ||g||2(5) =1 yields

IHF | 2wy < 20H2[IM | 2(6) s 12(0)) I F Il L2 () -
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Construction of the weight

Fix t > 1. Take k € N such that t <3%¥ <3t. Let e=3"¥and p= %(%%—%)
For every two positive numbers ® and ¢ such that wo = p and any interval | C R, we
define inductively the sequence of weights w, = w,(®,0,1) (n=0,1,2,...) supported

on ...
Let u=/p++/p—1 be the larger root of u+% =2,/p. Define

0] 1
Wo(CO,G,/) = ﬁ(ull +EXI+) ,

where I_ and I, are the left and the right halves of / respectively.

Suppose that w,_1(®,0o,/) is already defined for all ,c with wo = p and all | CR.



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures




Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

To construct wy(®,0,1), first denote by /,, m=0,1,...,k—1 the interval with the
same right endpoint as / of length 37|/|, so

Ik 1ClerC---Clh=1

and |lk_1] = 3¢|l|.



Basic Problem

Muckenhoupt-Wheeden conjectures The development of the conjecture of Mukenhoupt-Wheeden

The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

To construct wy(®,0,1), first denote by /,, m=0,1,...,k—1 the interval with the
same right endpoint as / of length 37|/|, so

Ik 1ClerC---Clh=1

and |lk_1] = 3¢|l|.
Given an interval J, denote by J() i =1,2,3, the i-th from the left subinterval of J in
the partition of J into 3 equal intervals.



Basic Problem

Muckenhoupt-Wheeden conjectures The development of the conjecture of Mukenhoupt-Wheeden

The development of the weak Mukenhoupt-Wheeden conjecture

Sharpness

To construct wy(®,0,1), first denote by /,, m=0,1,...,k—1 the interval with the
same right endpoint as / of length 37|/|, so

Ik 1ClerC---Clh=1

and |lk_1] = 3¢|l|.

Given an interval J, denote by J() i =1,2,3, the i-th from the left subinterval of J in
the partition of J into 3 equal intervals.

Define wy(®,0,1) by

[ 4d¢e
Wn((!),G,I) = Z%I(l +X/ Ul 1+8X,
k—2
o (2))
n— 2 aia/m .
* mEOW 1205



Basic Problem
The development of the conjecture of Mukenhoupt-Wheeden

Muckenhoupt-Wheeden conjectures The development of the weak Mukenhoupt-Wheeden conjecture

Sharpness

To construct wy(®,0,1), first denote by /,, m=0,1,...,k—1 the interval with the
same right endpoint as / of length 37|/|, so

Ik 1ClerC---Clh=1

and |lk_1] = 3¢|l|.

Given an interval J, denote by J() i =1,2,3, the i-th from the left subinterval of J in
the partition of J into 3 equal intervals.

Define wy(®,0,1) by

[ 4d¢e
Wn((!),G,I) = Z%I(l +X/ Ul 1+8X,
k—2
o (2))
n— 2 aia/m .
* mEOW 1205

Finally, we define w; = w as the 1-periodization of w,(1,p,[0,1)) with n =3%"1,
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dem

(1+€)p
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Figure: wy(®@,0,1) on intervals /,(,;') fori=1,2and 0 < m<k—2 and on I,Si_)l for i =1,2,3.
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dem
(1+€)p

sle
S
AN
3
+
=
sle
sle

I lk—1

Figure: wy(®,0,1) on intervals /() for i=1,2 and 0 < m < k—2 and on Ik 1for/f123

Proposition. For every n> 0,

i /W,, 0,0,l)dx=0 and m/wnl(w,c,l)dx_
I
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Let .7 be the standard triadic lattice, that is,
T ={[¥n3(n+1)), j,necZ}.

Denote by ¢ the family of all unions of two adjacent triadic intervals of equal length.
First:

) L\ 12
< — .
IMll2(6)=12(0) < 24?;; (w(J) /J(M(WXJ)) G)

Second: for every triadic interval J, we have

(i [ MO0 ot



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

Estimate of the Hilbert transform



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

Estimate of the Hilbert transform

Denote by A7,/ =0,...,n—1, the union of all intervals %l where [ is a tail interval
contained in

[0,1) N (supp Wy \ SUPP Wy (/11))-

In other words, Aj is the union of all intervals %J,(i)l where J C [0,1) carries w,_.



Basic Problem
The development of the conjecture of Mukenhoupt-Wheeden

Muckenhoupt-Wheeden conjectures The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Estimate of the Hilbert transform

Denote by A7,/ =0,...,n—1, the union of all intervals %l where [ is a tail interval

contained in
[0,1) N (supp Wy \ SUPP Wy (/11))-

In other words, Aj is the union of all intervals %J,(i)l where J C [0,1) carries w,_.
The sets A} plays the central role in establishing the lower bound for H(wy|q 1)), as the
following proposition shows.



Basic Problem

Muckenhoupt-Wheeden conjectures The development of the conjecture of Mukenhoupt-Wheeden

The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Estimate of the Hilbert transform

Denote by A7,/ =0,...,n—1, the union of all intervals %l where [ is a tail interval
contained in
[0,1)N (supp Wp—; \ supp W,,,(,H)).

The sets A} plays the central role in establishing the lower bound for H(wy|q 1)), as the
following proposition shows.

In other words, Aj is the union of all intervals %J,(f)l where J C [0,1) carries w,_.

Proposition
There exists an absolute C > 0 such that for for all /=0,...,n—1 and for every x € A;

[H(wX0.1))(x)| = Ck M(wxio,1))(x)



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

Estimate of the Hilbert transform

Denote by A7,/ =0,...,n—1, the union of all intervals %l where [ is a tail interval
contained in
[0,1)N (supp Wp—; \ supp W,,,(,H)).

The sets A} plays the central role in establishing the lower bound for H(wy|q 1)), as the
following proposition shows.

In other words, Aj is the union of all intervals %J,(f)l where J C [0,1) carries w,_.

Proposition
There exists an absolute C > 0 such that for for all /=0,...,n—1 and for every x € A;

[H(wX0.1))(x)| = Ck M(wxio,1))(x)

Combining that with the measure of Aj we can obtain...



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

Estimate of the Hilbert transform
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contained in
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IH(wxio.1)ll12(e) 2 k3" ~ (log t) t



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

- Very recently P. Ivanisvili and A. Volberg obtained also the sharpness for the
martingale transform T



Basic Problem

The development of the conjecture of Mukenhoupt-Wheeden
The development of the weak Mukenhoupt-Wheeden conjecture
Sharpness

Muckenhoupt-Wheeden conjectures

- Very recently P. Ivanisvili and A. Volberg obtained also the sharpness for the
martingale transform T

¢r(t) = 'tlog(e+1)
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Thank youl



	Muckenhoupt-Wheeden conjectures
	The conjectures
	The development of the conjecture of Mukenhoupt-Wheeden
	The development of the weak Mukenhoupt-Wheeden conjecture
	Sharpness


