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About convection-diffusion equations

Model problem : Fokker-Planck equation
∂tu+ divJ = 0, J = Λ(−∇u− u∇V ), in Ω× (0, T )

+ Neumann boundary conditions

u(·, 0) = u0 ≥ 0

Examples

Semiconductor models, corrosion models

ß Λ = I

ß coupling with a Poisson equation for V

Porous media flow

ß Λ bounded, symmetric and uniformly elliptic

ß V = gz

Assumptions : V ∈ C1(Ω,R+),

∫
Ω
u0 > 0.



Structural properties{
∂tu+ divJ = 0, J = Λ(−∇u− u∇V ),

u(·, 0) = u0 ≥ 0 + Neumann boundary conditions

Existence and uniqueness of the solution

Nonnegativity of u and mass conservation

An energy/energy dissipation relation :
dE
dt

+ I = 0

E(t) =

∫
Ω

(H(u) + V u)dx, (H(s) = s log s− s+ 1)

I(t) =

∫
Ω
uΛ∇(log u+ V ) · ∇(log u+ V )dx

Convergence towards the thermal equilibrium :

u∞ = λe−V (=⇒ J = 0)



Λ = I, TPFA scheme on admissible meshes{
∂tu+ divJ = 0, J = −∇u− u∇V, in Ω

u(·, 0) = u0 ≥ 0 + Neumann boundary conditions

Classical TPFA scheme

T : control volumes, K ∈ T
E : edges, σ ∈ E
∆t : time step

•

•

xL

xK

K

L

σ = K|L

dσ nK,σ


m(K)

un+1
K − unK

∆t
+
∑
σ∈EintK

Fn+1
K,σ = 0

FK,σ ≈
∫
σ
(−∇u− u∇V ) · nK,σ

=
m(σ)

dσ

(
B
(
VL − VK

)
uK −B

(
−VL + VK

)
uL

)
Bup(s) = 1 + s−, Bce(s) = 1− s/2
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TPFA + Scharfetter-Gummel fluxes

Definition q Scharfetter, Gummel, 1969

FK,σ =
m(σ)

dσ

(
Bsg
(
VL − VK

)
uK −Bsg

(
−VL + VK

)
uL

)
Bsg(x) =

x

ex − 1
(Bsg(0) = 1).

Properties

Existence, uniqueness of the solution to the scheme

Preservation of positivity, conservation of mass

Preservation of the thermal equilibrium :

uK = λ exp(−VK) =⇒ FK,σ = 0.

Discrete counterpart of the energy/dissipation relation

q Chatard, 2011



Motivation

Main drawbacks of the TPFA scheme

Admissibility of the mesh

Λ = I

Requirements wanted for a new scheme

To be applicable on almost-general meshes

To be applicable for anisotropic equations

To preserve thermal equilibrium

To be energy-diminishing

To ensure the positivity



Outline of the talk

1 Motivation

2 About DDFV schemes for diffusion equations

3 The nonlinear DDFV scheme

4 Some numerical results



Introduction to DDFV schemes

Some (partial) references

q Domelevo, Omnes, 2005

q Coudière, Vila, Villedieu, 1999

q Andreianov, Boyer, Hubert, 2007

q Andreianov, Bendahmane, Karlsen, 2010

q ...

Principles (for diffusion equations)

Unknowns located at the centers and the vertices of the mesh

Discrete gradient defined on a diamond mesh

Discrete divergence defined on primal and dual meshes

Integration of the equation on primal cells and dual cells

Discrete-duality formula



Meshes : primal and dual meshes

M : primal mesh
∂M : exterior primal mesh

ß approximate values :
(uK)K∈M∪∂M

M∗ : interior dual mesh
∂M∗ : exterior dual mesh

ß approximate values :
(uK∗)K∗∈M∗∪∂M∗

uT = ((uK)K∈M∪∂M, (uK∗)K∗∈M∗∪∂M∗)



Meshes : diamond mesh

D : diamond mesh

ß for the definition of the discrete gradient

∇D : RT → (R2)D

uT 7→ (∇DuT )D∈D



Discrete gradient operator

xL∗

xK∗

xL

xK τK∗,L∗

nσK

τK,L
nσ∗K∗

xL∗

xK∗

xL
xK

σ

σ∗

∇DuT = (∇DuT )D∈D with


∇DuT · τK∗,L∗ =

uL∗ − uK∗
mσ

,

∇DuT · τK,L =
uL − uK

mσ∗
.

∇DuT =
1

2mD

(
mσ(uL − uK)nσK + mσ∗(uL∗ − uK∗)nσ∗K∗

)
.



Discrete divergence operator

On the continuous level∫
K

div(ξ(x))dx =
∑
σ∈∂K

∫
σ
ξ(s) · nσKds, ∀K ∈M.

On the discrete level

∀ K ∈M, divKξD =
1

mK

∑
D∈DK
D=Dσ,σ∗

mσ ξD · nσK ,

∀ K∗ ∈M∗, divK∗ξD =
1

mK∗

∑
D∈DK∗
D=Dσ,σ∗

mσ∗ ξD · nσ∗K∗ ,

divT : (R2)D → RT

ξD 7→
(

(divKξD)K∈M, 0, (divK∗ξD)K∗∈M∗∪∂M∗
)



Discrete duality property

Scalar products and norms

JvT , uT KT =
1

2

(∑
K∈M

mKuKvK +
∑

K∗∈M∗
mK∗uK∗vK∗

)
,

(ξD,ϕD)D =
∑
D∈D

mD ξD ·ϕD,

On the continuous level : the Green formula∫
Ω

divξ v = −
∫

Ω
ξ · ∇v +

∫
∂Ω
ξ · n v

On the discrete level : the discrete duality formula

JdivT ξD, vT KT = −(ξD,∇DvT )D + 〈γD(ξD) · n, γT (vT )〉∂Ω,



DDFV scheme for an anisotropic diffusion equation{
− divΛ∇u = f

+ boundary conditions

The DDFV scheme− divT
(
ΛD∇DuT ) = fT

+ boundary conditions

“Variational” formulation

(ΛD∇DuT ,∇DvT )D = JfT , vT KT ∀vT ∈ RT

(ΛD∇DuT ,∇DvT )D︸ ︷︷ ︸ = JfT , vT KT ∀vT ∈ RT

(∇DuT ,∇DvT )Λ,D

with (ξD,ϕD)Λ,D =
∑
D∈D

mD ξD ·ΛDϕD, ΛD =
1

mD

∫
D

Λ.
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Structure of the scalar product of two discrete gradients

Discrete gradient

∇DuT =
1

2mD

(
mσ(uL − uK)nσK + mσ∗(uL∗ − uK∗)nσ∗K∗

)
.

δDuT =

(
uK − uL
uK∗ − uL∗

)
Scalar product

(∇DuT ,∇DvT )Λ,D =
∑
D∈D

mD ∇DuT ·ΛD∇DvT ,

=
∑
D∈D

mD δ
DuT · ADδDvT .

Local matrices AD
ß Uniform bound on Cond2(AD)
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Nonlinear formulation of the problem

{
∂tu+ divJ = 0, J = −uΛ∇(log u+ V ), in Ω× (0, T )

u(·, 0) = u0 ≥ 0 + Neumann boundary conditions

How to approximate the current ?

VT given. For uT ∈ RT , we define gT = log uT + VT .

∇DgT has a sense.

Reconstruction of u on the diamond mesh, rD(uT )

rD(uT ) =
1

4
(uK + uL + uK∗ + uL∗) ∀D ∈ D

We can define a discrete current on the diamond mesh :

JD = −rD(uT )ΛD∇DgT .



The scheme{
∂tu+ divJ = 0, J = −uΛ∇(log u+ V ), in Ω× (0, T )

u(·, 0) = u0 ≥ 0 + Neumann boundary conditions

“Classical” formulation

un+1
T − unT

∆t
+ divT (Jn+1

D ) = 0, Jn+1
D = −rD[un+1

T ]ΛD∇Dgn+1
T ,

mσJ
n+1
D · n = 0, ∀ D = Dσ,σ∗ ∈ Dext.

Compact form

run+1
T − unT

∆t
, ψT

z

T
+TD(un+1

T ; gn+1
T , ψT ) = 0, ∀ψT ∈ RT ,

TD(un+1
T ; gn+1

T , ψT ) =
∑
D∈D

rD(un+1
T ) δDgn+1

T · ADδDψT ,

gn+1
T = log(un+1

T ) + VT .



Key discrete properties
run+1
T − unT

∆t
, ψT

z

T
+TD(un+1

T ; gn+1
T , ψT ) = 0, ∀ψT ∈ RT ,

TD(un+1
T ; gn+1

T , ψT ) =
∑
D∈D

rD(un+1
T ) δDgn+1

T · ADδDψT ,

gn+1
T = log(un+1

T ) + VT .

A priori estimates

Mass conservation : JunT , 1T KT =

∫
Ω
u0 ∀n ≥ 0

Energy/dissipation property

ä Discrete free energy : EnT = JH(unT ), 1T KT + JVT , unT KT

ä Discrete dissipation : InT = TD (unT ; gnT , g
n
T ) , ∀n ≥ 1

En+1
T − EnT

∆t
+ In+1

T ≤ 0, ∀n ≥ 0.



Consequences

Decay of the free energy + bounds

Further a priori estimates related to Fisher information

Positivity + lower bound of the approximate solution

Existence of a solution to the scheme

Compactness of a sequence of approximate solutions

Convergence (if penalization term)
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Test case

Data and solution

Ω = (0, 1)2, and V (x1, x2) = −x2.

Exact solution, with α = π2 + 1
4 ,

uex((x1, x2), t) = e−αt+
x2
2

(
π cos(πx2) +

1

2
sin(πx2)

)
+ πe(x2−

1
2)

Initial condition : u0(x) = uex(x, 0).

Meshes



Convergence with respect to the grid

On Kershaw meshes

M dt erru ordu Nmax Nmean Min un

1 2.0E-03 7.2E-03 — 9 2.15 1.010E-01

2 5.0E-04 1.7E-03 2.09 8 2.02 2.582E-02

3 1.2E-04 7.2E-04 2.20 7 1.49 6.488E-03

4 3.1E-05 4.0E-04 2.11 7 1.07 1.628E-03

5 3.1E-05 2.6E-04 1.98 7 1.04 1.628E-03

On quadrangle meshes

M dt erru ordu Nmax Nmean Min un

1 4.0E-03 2.1E-02 — 9 2.26 1.803E-01

2 1.0E-03 5.1E-03 2.08 9 2.04 5.079E-02

3 2.5E-04 1.3E-03 2.06 8 1.96 1.352E-02

4 6.3E-05 3.3E-04 2.09 8 1.22 3.349E-03

5 1.2E-05 7.7E-05 1.70 7 1.01 8.695E-04



Long time behavior

Discrete stationary solution

u∞K = ρe−V (xK), u∞K∗ = ρ∗e−V (xK∗ )

ρ, ρ∗ such that
∑
K∈M

u∞KmK =
∑
K∈M∗

u∞K∗mK∗ =

∫
Ω
u0(x)dx.

Relative energy

EnT − E∞T =

s
unT log

(
unT
u∞T

)
− unT + u∞T , 1T

{

T
, n ≥ 0

Kershaw quadrangles


	Motivation
	About DDFV schemes for diffusion equations
	The nonlinear DDFV scheme
	Some numerical results

