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About convection-diffusion equations
Model problem : Fokker-Planck equation
Ou+divl =0, J=A(-Vu—-uVV), in Qx(0,T)
4+ Neumann boundary conditions

u(70) =up =0

Examples

@ Semiconductor models, corrosion models
wh A =T

w coupling with a Poisson equation for V'

@ Porous media flow
w= A bounded, symmetric and uniformly elliptic

-V =gz

Assumptions : V€ CY(Q,RT), / up > 0.
Q



Structural properties

{&gu +div] =0, J=A(-Vu-—uVV),

u(+,0) = up > 0 + Neumann boundary conditions

Existence and uniqueness of the solution

Nonnegativity of u and mass conservation

dE
An energy/energy dissipation relation : T +I=0

E(t) :/Q(H(u)—l—Vu)dx, (H(s) = slog s — 5+ 1)

I(t) = / uAV(logu+V)-V(logu+ V)dzx
Q

Convergence towards the thermal equilibrium :

Uso = AV (= T =0)



A =1, TPFA scheme on admissible meshes
{Otu—i-div.] =0, J=—-Vu—uVV, inQ

u(-,0) =up >0 + Neumann boundary conditions

Classical TPFA scheme

@ 7T : control volumes, K € T
o £ :edges, o €&
o At : time step

n+1

K uK B u}l{ Fn+l —0
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A =1, TPFA scheme on admissible meshes
{Otu—i-div.] =0, J=—-Vu—uVV, inQ

u(-,0) =up >0 + Neumann boundary conditions

Classical TPFA scheme

@ 7T : control volumes, K € T
o £ :edges, o €&
o At : time step

n+1

u —u
K K FTL+1
e VA Zg t
oe&l

in(z)

~FK,U = do-

(B(V = Vie)uk = B(=Vi + Vic)us )

Bup(s) =1+ 57, Bee(s) =1—5/2



TPFA + Scharfetter-Gummel fluxes

Definition Q SCHARFETTER, GUMMEL, 1969
mio
Fro = (;) (Bsg (VL — Vk)ug — Bsg(—VL + VK)UL>
X
Byg(z) = ot _ 1 (Bsg(0) = 1).
Properties

@ Existence, uniqueness of the solution to the scheme
@ Preservation of positivity, conservation of mass
@ Preservation of the thermal equilibrium :

U = )\exp(—VK) - FK70' =0.

e Discrete counterpart of the energy/dissipation relation

4 CHATARD, 2011



Motivation

Main drawbacks of the TPFA scheme

o Admissibility of the mesh
o A=1

Requirements wanted for a new scheme

To be applicable on almost-general meshes

To be applicable for anisotropic equations

To preserve thermal equilibrium

To be energy-diminishing

@ To ensure the positivity
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Introduction to DDFV schemes

Some (partial) references

U DoOMELEVO, OMNES, 2005

Q COUDIERE, VILA, VILLEDIEU, 1999

QO ANDREIANOV, BOYER, HUBERT, 2007

U ANDREIANOV, BENDAHMANE, KARLSEN, 2010
a ..

Principles (for diffusion equations)
@ Unknowns located at the centers and the vertices of the mesh

@ Discrete gradient defined on a diamond mesh

Discrete divergence defined on primal and dual meshes

Integration of the equation on primal cells and dual cells

Discrete-duality formula



Meshes : primal and dual meshes

O : primal mesh I* : interior dual mesh

OIM : exterior primal mesh OM* . exterior dual mesh

= approximate values : w= approximate values :
(uK) Kemuom (uK+) K- comruom=

ur = ((uK) kemuom, (UK+) K+ eom=uom=)



Meshes : diamond mesh

® : diamond mesh
w for the definition of the discrete gradient
V2 RT = (R?)®

ur = (VPur)pen



Discrete gradient operator

T K*

R «
,
7’ N, /Q
—) Py

xK 7 \t
Q:'*. \;TKTL* \

VPur = (VPur)pep with

1
VPur =
2mop

L

T[>

Urx — UK*
m,
ur — UK
M 5* '

— (ma(uL — UK )NyK + Mex(Uups — UK*)nU*K*>-



Discrete divergence operator

On the continuous level

/Kdiv(g(:c))dx: > [ &(s) mords, VK €.

ccdK 9

On the discrete level

VEKeMm, divgéy = L Z My €p - ok,
mr Ded g
D=D, ,+
VK* Em*, leK*£© = 1 Z M= E'D'no-*K*7
MK DD
D=D,

div’ . (R?)® - RT

£o ((diVKﬁsa)KemO, (diVK*Esa)K*emz*uazm*>



Discrete duality property
Scalar products and norms

1
[or,urly = 5(2 MEUKVK + ZmK*UK*UK*)7

Kem K*em*

(o p0)o = D> mpép-ep,

DeD

On the continuous level : the Green formula

/div{vz—/{-VU + & nv
Q Q JOQ

On the discrete level : the discrete duality formula

[div7 &g, v7lT = =(€o:. Vour)n  + (7 (€0) - 0.y (v7)) 00,



DDFV scheme for an anisotropic diffusion equation

—divAVu = f
+ boundary conditions

The DDFV scheme

—div” (A@VQUT) = fr

+ boundary conditions

“Variational” formulation

(AoV2ur,Vour)o = [fr,v7]r Vor € R7



DDFV scheme for an anisotropic diffusion equation

{ — divAVu = f

+ boundary conditions
The DDFV scheme

—div” (A@VDUT) = fr

+ boundary conditions

“Variational” formulation

(AoV2ur,Vour)o = [fr,v7]r Vor € R7

(VPur, Vur)a o



DDFV scheme for an anisotropic diffusion equation

{ — divAVu = f

+ boundary conditions
The DDFV scheme

- divT(A@v%T) — fr

+ boundary conditions

“Variational” formulation

(AoV2ur,Vour)o = [fr,v7]r Vor € R7

(VPur, Vour)am

; 1
with (€0, Po)a0 = Z mp &p - Appp, Ap = / A.
DeD mp Jp



Structure of the scalar product of two discrete gradients
Discrete gradient

1
VPur = —(mg(uL — UK )N + Myx (up — uK*)na*K*).

2mp
UK — U
(SDUT — ( K L >
UK* — UL*
Scalar product

(VPur, VPur)an = > mp VPur - ApVPur,
Ded

= Z mp 6L uy - ApdPur.
DeD

Local matrices Ap

= Uniform bound on Conds(Ap)
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Nonlinear formulation of the problem

{atu +divlI =0, J=-uAV(ogu+V), in Qx(0,T)

u(+,0) = up > 0 + Neumann boundary conditions

How to approximate the current?

o V7 given. For ur € R7, we define g7 = logur + V7.
o V?g7 has a sense.

@ Reconstruction of u on the diamond mesh, 7 (ur)

1
TD(UT) = Z(UK +up +ug++up<) VDED

@ We can define a discrete current on the diamond mesh :

Jo = = (ur) Ao Vg7



The scheme
{atu—l—div.] =0, J=-uAV(logu+ V), in Qx(0,T)

u(+,0) = up > 0 + Neumann boundary conditions

“Classical” formulation

ult —
TTtT + div (Jn-‘rl) =0, Jn—i-l TD[ n+1]A©v© n+1

m,Jethn=0, VD=Dy, € Deu.

Compact form

“?H —ur 1 1 T
[[Tv 1/’Tﬂ +T©( oy ’g,;t_+ aQ;Z)T) = Oa V¢T eER ’
To(uy™s g7 97) = Y rP(up™) Pgpt - AP6Pyr,

Ded
g7t = log(uz™) + Vr.



Key discrete properties

n+1

U —ul
[[TTtT’ 1/)7-}] T+T9(ug—+l; ggjl’ vr) =0, Yore RT,
To(ufs gy wr) = Y rP (™) 6Pgrt - AP6Pyr,

De®
g+t = log(u ) + V.

A priori estimates
@ Mass conservation : [u'}, 17]7 = / up Yn >0
Q

e Energy/dissipation property

» Discrete free energy : EZ- = [H (u%), I7] 7+ + [V, w1

» Discrete dissipation : I = Tp (u'}; 67, 97 ) Vn > 1
ErFl — En
T T 4 1 <o, Vn > 0.

At



Consequences

@ Decay of the free energy + bounds
o Further a priori estimates related to Fisher information
@ Positivity + lower bound of the approximate solution

Existence of a solution to the scheme

Compactness of a sequence of approximate solutions

Convergence (if penalization term)
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Test case

Data and solution
° 0 =(0,1)% and V(z1,22) = —2.

e Exact solution, with o = 72 + %,

z 1
Uex((z1,22),t) = et F <7r cos(mxzy) + 3 Sin(wx2)> + relr2=3)

e Initial condition : ug(z) = uex(z,0).

Meshes
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Convergence with respect to the grid

On Kershaw meshes

dt erru ordu | Nmax | Nmean Min o™

2.0E-03 | 7.2E-03 | — 2.15 | 1.010E-01

5.0E-04 || 1.7E-03 | 2.09 2.02 | 2.582E-02

3.1E-05 || 4.0E-04 | 2.11 1.07 | 1.628E-03

aldlwinR<Z

9
8
1.2E-04 || 7.2E-04 | 2.20 7 1.49 | 6.488E-03
7
7

3.1E-05 || 2.6E-04 | 1.98 1.04 | 1.628E-03

On quadrangle meshes

M dt erru ordu | Nmax | Nmean Min u™

4.0E-03 | 2.1E-02 | — 2.26 | 1.803E-01

1.0E-03 || 5.1E-03 | 2.08 2.04 | 5.079E-02

6.3E-05 || 3.3E-04 | 2.09 1.22 | 3.349E-03

m
9
9
2.5E-04 || 1.3E-03 | 2.06 8 1.96 | 1.352E-02
8
7

Gl W N =

1.2E-05 || 7.7E-05 | 1.70 1.01 | 8.695E-04




Long time behavior

Discrete stationary solution

u%o :pe_V(zK), u%o* :p*e—V(zK*)
p, p* such that Z uEmg = Z UG M = / uo(z)dz.
Kem Kemt @

Relative energy

n

T —-EF = Hu?log(%) —u?—l—u%-o,h—ﬂ , n>0
u

E=

ERATEN
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Kershaw quadrangles
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