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Motivations

o droplets/bubbles in turbulent plumes

o plumes in complex media (ocean, soll, ...)
- Particle methods

- Fractional diffusion phenomena in complex flows/media
o ease of accounting for far field B.C.
o low numerical diffusion
o particularly suitable for advection-dominated transport
- Finite difference methods

Galerkin approaches)

o non-constant diffusion coefficient (loss of coersivity in Hy /% x H}) ~*/% of
o easier treatment of boundary conditions
o extension to stochastic case
- UQ and Bayesian inference
o inference from data

o uncertainty in fractional coefficient and diffusion coefficient
o design of experiments
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General

Direct differentiation method
PSE methods

Results

Fractional diffusion

- general 1D diffusion equation :

du(x,t) _ 9Q°(x, 1)

ot ox
- fractional diffusion flux Q°(x, t), (Fickian for g = 1)
D dPu(x,t)  d%u(x,1)
3 — ) _ )
O = 55052 [ OXP a(—x)? ]

- Riemann-Liouville fractional derivative for u(x,t)and0 < 8 < 1:

9° I Y B R ()|

o D= T Eax | L -er

P I < ut)
a(—x)ﬁ“(x”):ru—ﬂ)ax E-xp %

- Fractional diffusion flux :

oo D 9™ et
GO = a2 B ox - ﬂ
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Direct differentiation method
PSE methods
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Riesz fractional derivative, fundamen

-ForD=1and1 < a=p+1 < 2, Riesz fractional derivative
oux,t) e T(a) _ camy & /°° u(é, 1)
ot = Doy = m(a—1) '"(2)ax2 o X =g de

- Fundamental solution 'for 1 < o < 2:

o]

Gox 1) = 15 L1500 = - S (et EN ) g (20T

n=1

- Particle representation of u(x, t) :
u(x) = Viume(x — x;)
i€z
- Vi, uy and ¢ : particle volume,strength and kernel width
- kernel n.(x — X;) : [second order]

0 = oo |- ()]

1. F Mainardi, Y. Luchko, G. Pagnini, The fundamental solution of the space-time fractional dlffuswn equation, Fractional Calculus and ﬂ
Applied Analysis, 4, 153-192, (2001). = = =




General

Direct differentiation method
PSE methods

Results

Direct differentiation meth

- Inserting particle representation in Riemann-Liouville expression of Q°,
for D =1, gives

2
Q%(x) = \/7?65 - B Z Vu, {exp (—)fT') [Ds—1(—=Xi) + Ds—1(Xi)]

7 i€eT

where X; = v2(x — x;)/e and D, denotes the parabolic cylinder function
- using the identity

9 [exp (7’9 D.,(X)] — —ep (f’(;) D, +1(x)

one obtains

B=2

Q°(x) = _W S Virexp <_£> [Ds(—X) — Da(X)].

ieT
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General

Direct differentiation method
PSE methods
Results

Direct differentiat

- Similarly, differentiating the flux it comes
0Q°%(x)
ox

.2
ot () 2 e (g ) 100+ D00

- discrete particle approximation
ou;

871" = ?Z Vi GZ (xi — x;)
JjET

- radial kernel G?(r) = !

=1GJ (£) with

Ge(r) = \/_i;(%)sw(r) S'(z) = e % /3D, _1(—V22)+D,_1(V2z))
- Non conservative

(=]
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General

Direct differentiation method
PSE methods

Results

Riemann-Liouville tre:

1 Start from
au

R R Rl ()}
E_WU(Xat)v U(X’t):C /oo | _€|B E

2 Inserting the particle representation of u it comes

- 1
Ux f) = 5= > Vius? (x = x)

i€z
where x2(r) = 157 (£) with
B—8
272
B B8
() = ————55(r)
\/7_1'5”1 (%)

3 Evaluate Laplacian of t(x,t) by PSE method
8u,

ot @ Z Vi(ly — t)®e(x — x),  &(r) = %exp(—ﬁ)
jeT

- Conservative method, but low decay of the Kernel x? ~ x P for x — oo m
(=} = = =
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General

Direct differentiation method
PSE methods

Results

Flux PSE method (FPSE)

1 Start from approximating the flux Q° at the particle centers

)
Q= ~ > VigFe(x = x),

JET
where
2% . -2
F(r) = ﬁT(BW)T (rn, T'(z2)=e? (D,,_1(—\/§z) - Du_1(\/§z))
2 Estimate the divergence of Q° by PSE? :
0

1

() = 2 V(@ + Q)i (x — x)
JET

3 Resulting in the particle scheme :

Bu,- 1 3 B8y 1
5= e VQ @l —x). ()=~ en(-r)
jeT
[case of the first-derivative, full-space, second-order kernel]
2. J.D. Eldredge, A. Leonard, T. Colonius, A general deterministic treatment of derivatives in partlcle methods, JCP 180 :2, 686 709,
(2002) F =
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Direct differentiation method
PSE methods
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Riesz treatment

- For1 <a<2andue C*(R)
D u(x) = rt+a) . (a_;) /o"“ u(x +¢) —2u(x) + u(x—s)d§

T §1+a

- By change of variable

Dt = (D (1) [ 4000,

- Considering

oo

u(x) = u(x) = /_ u(Z)ne(x — z)dz,

- we got

Dy u(x) = xDg uc(x) = ela / u(z)Ge(x — z)dz,

with
_ A ta) o ramy o % nr+&) = 2n(r) + ne(r = &)
6 =" () e [ el i
Same as the Direct Differentiation kernel. f e e ==



General

Direct differentiation method
PSE methods

Results

Kernel PSE method

- For conservation we choose the template

)= 2 [ (10) - 100 K(x - )y

with ¢ a constant to be determine and K a smooth, radial kernel such
that Z(e,x) — xDyfase — 0

- a suitable choice is

1 0"
KN ==+%r
- with corresponding KPSE scheme
au; @
Bt e Z Vi (U — ) Ke (x5 — Xi).

jeT

- Conservation is immediate. m
] = = =
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General

Direct differentiation method
PSE methods

Results

Green function tr

- Recall the elementary solution

Galx, ) = _Lg‘ (tv)

where vy =1/«
- For At > 0 it comes

u(x,t+ Aty —u(x,t) = G2x,At) * u(x,t) — u(x,t)
[ dhx—y. auty. vay - ux. b

/ G2(x — y, A0 [uly, £) — u(x, )] dy.
- or, setting At = t”*‘ — "

Cuf =SV (0 - ) Edg - x)

jeT

- with the GPSE radial kernel

E(r)=L%(r), e=(At) m
o = = =
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Kernels Gg(r) of direct differentiation (solid lines), K(r) of KPSE method
(dashed lines) and L% (r) of GPSE (dotted lines)
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Kernel F(r) of the flux reconstruction in FPSE.
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Fundamental solution at {r = 1.5, for 8 = 0.5 and approximation by different
methods.
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Results Il

FPSE Il order

-- FPSE IV order
KPSE Il order

- KPSE IV order

DD Il order

- DD IV order
DVM

GPSE
FD

.
107 20 40 80 160
h D/(t{“R,)

Error at & = 1.5, for 8 = 0.1 as a function of particle volume h (left, with
D= 160t,1/°‘ R.) and domain truncation (right, with h0.0121).

o F = = = Jlll%
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Direct differentiation method
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Results Il

102 F 102 F 7 —o— FPSE Il order
~-O-- FPSE IV order
—A&— KPSE Il order
1008 | 100 | | ---4&-- KPSE IV order
i 41 —5— DDllorder
---E}-- DD IV order
s I 1\ ~—— DVM
210 510 o= 1 1 Gpse
—<— FD
10° | 10° | A i
A
10° | ) 108 [ [ o5
107 20 40 80 160
h D/(*R,)

Error at t; = 1.5, for 8 = 0.9 as a function of particle volume h (left, with
D = 160t//“R.) and domain truncation (right, with h0.0121).

o F = = = Jlll%



B h-102 DD FPSE KPSE DVM
1T ord. IV ord. II ord. IV ord. 1T ord. IV ord. II ord.
01 483 2.01 3.88 2.04 3.97 1.98 3.79 2.00
4.46 2.00 3.97 2.01 3.86 2.00 4.06 2.00
5.89 2.00 4.00 2.01 3.96 2.00 3.99 2.42
Error at t; = 1.5, reported convergence rate of the methods.

«O>» «F»r <
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Fractional diffusion

General

Examples

LS, RS and two-sided fractional derivative
variable coefficient «

"y (n(x)a,‘(”eu(x)) = f(x), for x € Q:=(a,b)
with u(a) = u(b) = 0.

- 1-d two-sided conservative fractional order differential equations with
- two-sided fractional order differential operator

derivatives

9700 = 0aD5 6 + (1 - 0)xD5
- left-sided (LS) and right-sided (RS) Riemann-Liouville fractional
and

1—a

(x —
8 b
b= 5y ; wi—a(z — x)v(2)dz
aly~* and x/}~“ are the LS and RS Riemann Liouville fractional
integrals, with kernel wi_o(x) := F(1 a),
_ Numerical Method for Fractional Diffusion equations - 19 of 34

(o3 [e3 a x
DSV(X) = = ali v(x) = a/a wWi_a(X — 2)v(2) dz
xDb V(X) - 0

where T is the gamma functlon
=} =



General

LS, RS and two-sided fractional derivative
Examples

- Partition of Q in P subintervals /1<,<p using the sequence of P+ 1 points
- Uniform partition :

Aa=X <X <Xe<---<Xxp=Db

h=Xp—Xo—1 =

—a
P
= Xnt1/2 = (Xn + Xny1)/2 is the center of interval /n4
- Backward difference operator :

Sv(x) =6v" = v" - v
where v" := v(xp)

1

)

vx € Iy

(=]
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General
LS, RS and two-sided fractional derivative
Examples

LS fractional derivati

For6=1:

0y (k(x) DS ) (x) = F(X).

- forward type difference treatment of the operator o :
O (K DS U(X)) ~ h! [,@"“/Z‘.,Dgu(xn+1 ) — n”_”gaD?u)(xn)] ,
where x"/2 .= k(Xp11/2)
- Noting .DSu = A/} ~*/, because u(a) = 0
Ox (s a5 U)(Xn) & B [T 2 AR (Xnin) — 67 2aly U (X0)]
- backward difference approximation to the derivatives :

Ox(kaDgu)(Xn) ~ h2[k™ V2 (2l 6U) (Xnp1) — &2 (alk = 6U) (Xn)]

(=] = = = J I H



General

LS, RS and two-sided fractional derivative
Examples

Finite difference sche

n n
AU = S / W1 (0 — $)0U dS = woo() S wnsoul
=17l j=1

n—1

= W2—a(h)(Z[WnJ — Waj]U + U")a
j=1

with the weights

Woj = (n+1-j)"*=(n=j)""* forn>j>1.

Denoting U" = u" the finite difference solution, it comes
n

Z (an,/'—51’n+17!‘)Uj_"{”H—Uzun+1 :?ﬁv forn=1,..-,P-1
j=1

where

Hn_1/2 ] =n,
an,j<n =

n—1/2 i

K2 Woj —Woig] j<n m
(=] = = =
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General

LS, RS and two-sided fractional derivative
Examples

Finite difference scheme for L

ah % ou(xn) = /w1,a(x,, —8)ou ds = wp o (h) Y Wyl
j=1 7 j=1

n—1
= UJZ—a(h)(Z[Wn,j — Wn,j+1]Uj + Un),
=1

with the weights

Woj:=(n+1-j)""*—(n=j)'"* forn>j>1.
Denoting U" =~ u" the finite difference solution, it solves B,U = F, where

U=[U" 2 UP " F=[f,f, .-, ¥7"]", and the matrix B, = [c,]
having lower-triagonal entries

c Rn—1/2 _ Rn+1/2[21—a _ 2] ]: n,
n,j — .
anj — @ny1,j J<n,

while ¢y 1 = —k"1/2 ﬂ
(=] = = =
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General

LS, RS and two-sided fractional derivative
Examples

Finite difference scheme for LS f

B.U=F,whereU=[U" 2 .. U, F=[fl
matrix B, = [cn,] having lower-triagonal entries

c ’in71/2 _ ,in+1/2[21 —a 2] ] =n,
n,j — .
an,j — any1,j ] <n,

.-, f7717, and the

while ¢y 1 = —k™1/2

- solution U exists and is unique
- truncature error

T = Oy (raDS U)(Xn) — # (rs”+1/2(al;_a6u)(xn+1 )— n"_1/2(al)1(_°‘6u)(xn)>
- we prove (for sufficient continuity of u)
T =0h)(1+ (xa—a)™"), fort<n<P-1.

- for 0 < « < 1, the truncation error T} is of order h for x, not too close to

the left boundary x = a ﬂ
(=] = = =
_ Numerical Method for Fractional Diffusion equations - 24 of 34



Particle methods General
Finite Difference method LS, RS and two-sided fractional derivative
Uncertainty and Bayesian inference Examples

Finite difference scheme for RS fractional derivative

Similarly, for # = 0, we obtain BgU = F, with the system matrix Bg = [d) )]
having upper-triagonal entries
o —K"RW g (K" YR — KR, >
n,j Hn+1/2 _ Hn—1/2[217a _ 2]’ ] =n,
while dj1,p = —k"1/2
- solution U exists and is unique
- truncature error
1 —a — —a
Th = 0 xD5 U) ()= 75 (/2 (el 50) () =" 2 (uly ™" 001) (x0-1) )
- we prove (for sufficient continuity of u)
T/ =0(h)+E", fori<n<P-—1.
where
E" = O(h)wi—a(& — Xn—1), forsome £ € Ip

- for 0 < a < 1, the truncation error T} is of order h for x, not too close to
the right boundary x = b \

0. Le Maitre Numerical Method for Fractional Diffusion equations - 25 of 34



General
LS, RS and two-sided fractional derivative
Examples

Finite difference sc

For 0 € [0,1], U" =~ u" solves

K"210 2l OU(Xn) + (1 = 0) xly~*OU(Xp-1)]
= K"VR0 0l OU(Xns) + (1 = 0) ey "OU(xn)] = W1,

forn=1,---,P—1,and U’ = UP = 0.
The two sided fractional derivative system is

BU=F, B=0B,.+(1—-0)Bg

(=] = = = J I H



Case of smooth solution in Q = (0, 1) for kK = 1 + exp(x) :

Uex(X) — X4—9(1—a)(1 _ X)4—(1—9)(1—a)

Convergence rates
b

L L L L L
.86 0.88 0.9 0.92 0.94 0.96
a

L
0.98 1

Convergence rate as a function of o for ¢ = 1/2 and P = 4192

«4O0)>» «F>» «=)>» «




General
LS, RS and two-sided fractional derivative
Examples

Example |

Case of smooth solution in Q = (0, 1) for k = 1 + exp(x) :

Uex(X) — X4—9(1—a)(1 _ X)4—(1—9)(1—a)

a=025 a=0.50 a=075
‘ 0 | —log,h £y o Ey o £ o
6 2.069-04 09877 | 1.568¢-04 0.9493 | 9.656e-05 0.8750
7 1040e:04 09929 | 8028¢05 09659 | 5.164-05 09030
0.0 8 5214e-05  0.9960 | 4.080e-05 09765 | 2.723e-05  0.9234
9 | 261105 09976 | 2064e:05 09834 | 1421e05 09382
10 1.307e-05  0.9986 | 1.040e-05 09882 | 7.357e-06 0.9496
6 | 352804 09535 | 1876e04 09239 | 8.120e05 08739
7 178404 09838 | 962205 09636 | 4275¢-05 09255
025 8 | 8875005 10071 | 484305 09905 | 2200e-05  0.9588

9| 432505 10369 | 239305 10173 | 1.108e05  0.9887
10 2.033e-05 1.0894 | 1.150e-05 10569 | 5.432e-06 1.0290
6 | 5451c04 08593 | 2024e04 08990 | 7.127¢05  8.7540
7 2.865¢-04 09280 | 1.045¢-04 09530 | 3.705e-05 9.4381
05 8 1461e04 09713 | 5269e05 09883 | 186805 98776
9 7.289¢-05 1.0036 | 2.599e-05 1.0198 | 9.157e-06  1.0287
10| 3.545¢05 10398 | 124305 10643 | 4.304e-06 10893
6 | 335304 09282 | 1818c04 09071 | 7.899¢05 08529
7 1714e04 09672 | 9392e:05 09527 | 4.190e05 09147
075 8 | 863205 09898 | 475705 09812 | 2.167e05 09513
9 4.289-05 1.0092 | 2.370e-05 1.0054 | 1.097e-05  0.9820
10| 2004e05 10341 | 1156e-05 10359 | 5.408¢-06 10205

6 2047e-04 09728 | 1.537e-04 09289 | 9.350e-05 0.8512
7 1.034e-04 09855 | 7.929e-05 09546 | 5.048¢-05 0.8893
1.0 8 5.197e-05 09922 | 4.048¢-05 09700 | 2.677e-05 09149
9 2.607e-05 09956 | 2.053e-05 09794 | 1403e-05 0.9326
10 1.306e-05 09975 | 1.037e-05  0.9857 | 7.283e-06  0.9457
S T «Er B> B




General
LS, RS and two-sided fractional derivative
Examples

Example Il

Case of non-smooth solutions in Q = (0, 1) for k = 1 + exp(x) :

uex(X) _ X1—9(1—a)(1 _ X)1—(1—9)(1—a)

a=0.25 a=0.50 a=0.75
0 —logy h Ey [/ Ey oy E, Oy
7 5.057e-02 02752 | 1.916e-02  0.5123 | 4.624e-03  0.7626
8 4214e-02 02632 | 1.348e-02  0.5068 | 2.732¢-03  0.7590
0.0 9 3.527e-02  0.2567 | 9.510e-03  0.5037 | 1.618e-03  0.7556
10 2.959-02 02534 | 6.716e-03 05019 | 9.601e-04  0.7533
11 2485e-02 02517 | 4.745e-03  0.5010 | 5.702e-04 0.7518
12 2.088e-02  0.2509 | 3.354e-03  0.5005 | 3.388¢-04 0.7510
7 4.895e-02 02297 | 1.881e-02 04877 | 4.496e-03  0.7289
8 4.145¢-02 02399 | 1.336e-02  0.4940 | 2.692¢-03  0.7402
1.0 9 3.498e-02  0.2449 | 9.465e-03 04970 | 1.606e-03  0.7454
10 2.946e-02 02475 | 6.700e-03 04985 | 9.562e-04  0.7478
11 2480e-02  0.2487 | 4.740e-03  0.4993 | 5.690e-04  0.7490
12 2.086e-02 02494 | 3.352e-03  0.4996 | 3.384e-04  0.7495

Convergence in O(h%) (here 6 = 1).

(=] = = =



General
LS, RS and two-sided fractional derivative
Examples

Example Il

Case of non-smooth solutions in Q = (0, 1) for K = 1 + exp(x) :
uex(X) _ X1—9(1—a)(1 _ X)1—(1—9)(1—a)

Adapted discretization with refinement parameter v > 1 : x; = (i/P)”

y=2 y=3 y=4

10g2 P Eh Op Eh Op Eh On
6 2.300e-02 8.128e-03 2.871e-03
7 1.628¢-02 04988 | 4.838¢-03 0.7484 | 1.438e-03 0.9976
8 1.151e-02 04996 | 2.878e-03  0.7495 | 7.194e-04  0.9992
9 8.140e-03  0.4998 | 1.711e-03  0.7498 | 3.597e-04  0.9997
10 5.756e-03 04999 | 1.018e-03  0.7499 | 1.800e-04  0.9999
11 4.070e-03 04999 | 6.051e-04 0.7499 | 8.994e-05  0.9999
12 2.878e-03  0.5002 | 3.600e-04 0.7500 | 4.497e-05  0.9998

Case of # = 1 and o = 0.25.

(=] = = =
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Uncertainty in fractional d

1 Steady equation

'y (/-c(x)af"eu(x)) = f(x)

2 uncertainty in x(x)
3 uncertainty in «, 0
4 probabilistic approach :

(k(X,w), a(w),0(w)) € P(W,X, 1)

5 a priori analysis : parameters considered independent

- spectral expansion of u(x, t, k, ., 6) : smoothness, existence of second
moments,. . .

- balancing error.

(=] = = =



Bayesian inference

1 A priori distribution of the parameter

(K, a,0)

N

model predictions ¢ : u — R™ of the experimental observation y
likelihood of the experimental observation

w

L(y|r,a,0)

4 Bayesian update

p(K’ﬁ a? 9|y) X ‘C(y|l</7 a’ 0)71-(’{/7 a’ 0)
selection of the a priori distribution
surrogate model to reduce computational cost

selection of the observation ¢ that best inform on the parameter
model error

(=] = = =
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