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Context and goals

General polygonal/polyhedral meshes

@ appealing in practice, growing mathematical background

e mimetic finite differences (Brezzi, Lipnikov, Shashkov,

Beirdo da Veiga, Manzini . ..)
finite volumes (Droniou, Eymard, Gallouét, Herbin, ...)
MPFAs (Aavatsmark, Eigestad, Klausen, Wheeler, Yotov)
virtual elements (B. da Veiga, Brezzi, Marini, Russo . ..)
HHO/HDG discretizations (Cockburn, Di Pietro, Ern .. .)
mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts,
Vohralik, Wohlmuth .. .)
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HHO/HDG discretizations (Cockburn, Di Pietro, Ern ...)

mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts,

Vohralik, Wohimuth . ..)

A posteriori error control and adaptivity _
@ computable a posteriori error estimates on ‘ uj, — uZ’k”H

@ valid on each step: time n, linearization k, linear solver /
@ distinguishing different error components: full adaptivity
Goals
@ simple estimates on polygonal/polyhedral meshes:
easy coding, fast evaluation, use in practical simulations
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General polygonal/polyhedral meshes

A general polygonal/polyhedral mesh 74
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Linear Darcy flow

Steady linear Darcy flow

-V-(KVp) =f in Q,
p=0 on 09

@ Q c RY d = 2,3 polygon/polyhedron
@ f € L2(Q) source term, pw constant for simplicity
@ K ¢ [L=(Q)]9*¢ diffusion-dispersion tensor (pw constant)

-
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Linear Darcy flow

Steady linear Darcy flow

-V-(KVp) =f in Q,
p=0 on 09

@ Q c RY d = 2,3 polygon/polyhedron
@ f € L2(Q) source term, pw constant for simplicity
@ K ¢ [L=(Q)]9*¢ diffusion-dispersion tensor (pw constant)

Unknowns

@ p pressure head
@ u:= —KVp Darcy velocity
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General discretizations

Assumption A (Locally conservative discretization)

@ There is one normal flux (U), € R per face o « £, and one
pressure (P)x € R per element K < Ty,.

@ The flux balance is satisfied, with (F)x := (f, 1)k

Z (U)onkone = (F)k, VK e Ty.

o€k

-
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(Uk)os (Uk) oy

UK)0'1
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General discretizations

Assumption A (Locally conservative discretization)

@ There is one normal flux (U), € R per face o « £, and one
pressure (P)x € R per element K < Ty,.

@ The flux balance is satisfied, with (F)x := (f, 1)k

Z (U)onkone = (F)k, VK e Ty.

o€k

(Uk)os (Uk) oy

@ any (lowest-order) locally
conservative method

Un)o, @ how (U), obtained from
(P)k is not important for
the a posteriori error

(U)o, estimate .
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Saddle-point discretizations

Assumption B (Saddle-point discretization)

The scheme writes: find U := {(U), }oee,, € R and
P := {(P)k}ker;, € RI7Hl such that

(50)(7)=(?):

-
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The scheme writes: find U := {(U), }oee,, € R and
P := {(P)k}ker;, € RI7Hl such that

ABY/UY [0\
Bo )\p)=\F)
@ A defined by the element matrices A € RIEkIXI€k| of the
given method;

@ B: entries1, —1,0;
o F:= {(F)K}KETH € RITH|.
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Saddle-point discretizations

Assumption B (Saddle-point discretization)

The scheme writes: find U := {(U), }oee,, € R and
P := {(P)k}ker;, € RI7Hl such that

ABY/UY [0\
Bo )\p)=\F)
@ A defined by the element matrices A € RIEkIXI€k| of the
given method;

@ B: entries1, —1,0;
o F:= {(F)K}KETH € RITH|.

@ satisfied by MFDs, HFVs, MVEs, MFEs ...
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Ingredient 1: element matrices

@ finite element stiffness matrix

(§H:‘,K)a,a’ = (KVtar, Vipa) i a,a e VK h
@ finite element mass matrix

(Mre i )aar = (Var, Ya)k a,a’ € Vxn
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Ingredient 2: pressure vertex values

S%* = {(Sk)oi -+

@ Assumption A: (Sk),, local averages of neighbor (P)

-
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Ingredient 2: pressure vertex values

Sk = {(Sk)a }?-;
S = {(SK)oi}

@ Assumption A: (Sk),, local averages of neighbor (P)

@ Assumption B: Lagrange multipliers on faces instead

® (Sk)as = (P)k

@ Sk = {(Sk)a,}/_ constructed by local averaging
&’Z/?’ erc
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1

H&%(“ —Uh)H < { > 17;2(}2,

KeTy
M =(U) Anre kU + Sl Sre k Sk
+2(UgY)'Sg — 2(F)k|K| ™ 1tMFE,KSK-

where

-
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1

H&%(“ —Uh)H < { > 17;2(}2,

KeTy
» N -
ni =(U) Avre kUK + SkSke xSk

+2(U)SRt — 2(F)k K| 1*Migg k Sk -

where

Comments
@ guaranteed upper bound on the Darcy velocity error
@ price: matrix-vector multiplication on each element

-
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1
3
;
|2 u—up)| < { > n,%} ,
KeTy
Tk :=(UR") Avre kUR' + SkSke xSk
+2(U)SRt — 2(F)k K| 1tMFFﬂKSK-

where

Comments
@ guaranteed upper bound on the Darcy velocity error

@ price: matrix-vector multiplication on each element
@ uy|k: discrete fictitious Darcy velocity on the submesh 7k
by a MFE local Neumann problem with matrix A g «:

1
K z2v H
B2V

Uyl = ar min
’ g Vp; (Vp-n,1)o=(U)s V-vp=constant

@ up|k not constructed in practice, unless in the tzs;t cases

,,,,,,,,,,, §-adeain ‘erc
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Linear Darcy flow estimate

Corollary (Linear Darcy flow)
Under Assumption B, there holds

=00 < { =}

KeTy

where
fik® 3=(U%t)t1&KU%t + StK/S\FE,KSK
+2(UY)'Set — 2(F) x| K|~ 1" Mg xSk

Comments

@ Uy: continuous fictitious Darcy velocity (local Neumann
problem on K)
@ abstract MFD lifting operator of A x (rezz, Lpnikov, & Shashiov (2005))
@ impossible to construct Uy, in practice 4 erc
iz

,,,,,,,,,,,,,,,,,,,,,,,
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@ Prager-Synge-type argument:

w0
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Proof (1)

@ Prager-Synge-type argument:

w0

@ consequently, for an arbitrary s, € H&(Q):
[K2(u—un)|| < [k 2up+ KEVs|

@ choose sy, continuous and piecewise affine wrt 7y, given by
the nodal values of the vector S

@ developing for each K € 7
_1 1 2 _12 1 2
|Kun + Kivsn|, = [[Kun [ +2(n, Tonyct [Kivan|,
&IZ ,,,,,,,,,,, P— erc
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@ onalica wanimun (2019): for the MFE element matrix Ay i, there
holds, under Assumption A:

1 2 ~
N
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Proof (2)

@ vonralik & wonlmuth (2013); for the MFE element matrix ,&MFEK, there
holds, under Assumption A:

1 2 XE\t A X
H5_2UnHK = (URY) Amee kUK

@ use the scheme element matrix A x under Assumption B

- 14 A \
v poemaiis [0/
hua,— = .
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Proof (2)

@ vonralik & wonlmuth (2013); for the MFE element matrix &MFEK, there
holds, under Assumption A:

2 ~
[K=2un| = (UR) B U

@ use the scheme element matrix A x under Assumption B

@ finite elements assembly:

HK%VShHZK = Sk'Ske xSk

,,,,,,,,,,, e ‘erc
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Proof (2)

@ vonralik & wonlmuth (2013); for the MFE element matrix &MFEK, there
holds, under Assumption A:

2 ~
[K=2un| = (UR) B U

@ use the scheme element matrix A x under Assumption B

@ finite elements assembly:

2 N
HK%VShHK = Sk'Ske,kSki
@ Green theorem:

(Up, Vsp)k = (UpN, Sp)ok — (V-Up, Sp)k
= (URY)'SR' — (F)klIK| ™ 1tMFE’,KSK
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Numerical experiment

Setting
@ —Ap=f
° Q=(0,1)3

@ analytic solution 24*x*(1 — x)*y*(1 — y)*, a = 200
o hybl‘ld finite volume (HFV) discretization (Droniou, Eymard, Gallouét,

Herbin (2010))

e T A
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Energy error and optimal estimate on triangles

Energy error

Estimate with s
pw. quadratic
over Tp (vohralik (2008))
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Simple polygonal estimates

USing Z&MFE,K
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Uniform mesh refinement
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Adaptive mesh refinement
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Steady nonlinear Darcy flow

-V-(K(Vp)Vp)=f  inQ,
p=0 on 09Q.




Steady nonlinear Darcy flow
-V-(K(Vp)Vp)=f  inQ,

p=0 on 09Q.
Assumptions
@ invertible nonlinearity
v=-Kww — w=-KWv), v,weR
@ strong monotonicity
cglv— w2 < (v—w)-(Kv)v—Kw)w), vv,wecR?
° Lip;chitz—continuity
K(v)v — K(w)w| < Cglv—w|,  Vv,weR?

@ for simple matrix-vector multiplication:
cglvP <v-Kw)v,  [K(w)v| < Cglv|, vv,weR?




Steady nonlinear Darcy flow
-V-(K(Vp)Vp)=f  inQ,

p=0 on 09Q.
Weak solution

p € H}(Q) such that
(K(VP)Vp. Vv) = (f,v) Vv e Hy(Q)
Darcy velocity
u:=—-K(Vp)Vp < H(div,Q)

Inverse relation
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Discretization, linearization, and algebraic resolution

Discretization
S (U(P))onkono = (F)x VK € Ty
O'EgK
@ system of | 7y| nonlinear algebraic equations

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (F)k VK € Ty
oelk
@ system of | 7y| nonlinear algebraic equations
Linearization (step kK > 1)
> (U (P))onk s = (F)k VK € Ty
oelk
@ linearized face normal fluxes UX—1(P¥): affine fcts of P¥
@ system of | Ty| linear algebraic equations

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (F)k VK € Ty
oelk
@ system of | 7y| nonlinear algebraic equations
Linearization (step kK > 1)
> (U (P))onk s = (F)k VK € Ty
oelk
@ linearized face normal fluxes UX—1(P¥): affine fcts of P¥
@ system of | Ty| linear algebraic equations
Algebraic resolution
> (U (PR Y)onk oy = (F)k — (R)) VK € Ty
o€k
@ (R)*': algebraic residual vector

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (F)k VK € Ty
oelk
@ system of | 7y| nonlinear algebraic equations
Linearization (step kK > 1)
> (U (P))onk s = (F)k VK € Ty
oelk
@ linearized face normal fluxes UX—1(P¥): affine fcts of P¥
@ system of | Ty| linear algebraic equations
Algebraic resolution
> (U (PR Y)onk oy = (F)k — (R)) VK € Ty
o€k
@ (R)*': algebraic residual vector
@ j > 1 additional algebraic solver steps:

ST (U (PR ) onk o0y = (F)k — (R)K VK € Ty

ocx Cria— il
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Face fluxes

Discretization face normal flux

(U)o = (U(P),
Linearization error face normal flux

(Ul o = (U (PN, — (U(PR)),
Algebraic error face normal flux

(Ui i) = (U1 (PRFH)), — (U1 (PR,

-
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Face fluxes

Discretization face normal flux

(U)o = (U(P),
Linearization error face normal flux

(Ul o = (U (PN, — (U(PR)),
Algebraic error face normal flux

(Ui i) = (U1 (PRFH)), — (U1 (PR,

One number per face immediately available
from the scheme oneach k > 1,/ > 1.
&,1/7’ : erc
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Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)
Under Assumption A, there holds

ki
c Hu —up

K,i k,i Ky | ki
Lz(Q) S nsp Jr )][in + 7];[]g+771‘€ln

|Riroj—

‘erc
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Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds

ki

K,i

K,i K,i K,i
S ,’Sp Jr )][in + ]];[]g+771‘61n

1
2
%

L2(@)

1
. \2)2
with n' = {ZKETH <nf,’<> } , ® = {sp, lin, alg, rem}

v
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Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds

k,i

K,i

K,i K,i K,i
S nsp Jr )][in + 7];[]g+771‘€ln

1
2
%

L2(Q)
1
L ki ki \? ) 2 .
withne” = <> keT, <n.”K> , @ = {sp, lin, alg, rem}, and
. 2 , . . .
k, . kyint e K, k,i\tQ k,
() o= (U B U + (S B S
_ i i S ki
207" Ci [(URP)'SIH™ = (P K110 S|,
. 2 . .
kvl P k,’ N k,l
(nhn,K> = (Unn,K)tAMlili.KUlimK,
. 2 . .
K,i L K N\t K,i
(nalg,K> T (Ualg,K) A~\/[]‘L"«,KUalg,K’

K,i -3 -1 K,i+j
7/1'0111,!( ::CKZCKCFhQ‘K‘ 2‘(R)KI j"

2.
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Nonlinear Darcy flow estimate

Comments
@ guaranteed upper bound on the Darcy velocity error
@ price: matrix-vector multiplication on each element
@ error components distinction
° uf;’ | discrete fictitious Darcy velocity on the submesh Tx

(linear MFE local Neumann problem with matrix &MFE,K)
(not constructed in practice)

-

r g
et Fownemanis [




@ definition of u',j”: linear local Neumann problem

; _1
uf |k = ¢ * Crarg min IVall
- Vh; (Vh-n,1)g:(Ulf(")a,V~Vh:c0nstant
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Some proof ingredients

@ definition of uk”' linear local Neumann problem
|K = c~ 2C arg min IVhll
Vp; (vh-n,1>a:(Ulf<”)U, V-Vp=constant
@ error structure: residual dual norm + distance to H (%)
P 1
K,i

2 _ ) T2 _
C ||u—un @) < G 1 sup (u uh ,Vv)
VGH ( ) ”K(VV)VVHLZ(Q)
_1 ;
+ce 2 inf HK h"+Vv‘
B veH{(Q L2(Q)
2 ki

UA— .
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Some proof ingredients

@ definition of uk

linear local Neumann problem
* Cyarg min IVallx
Vhi (Vp-n 1)0:(Uf(")n, V-Vvp=constant
@ error structure: residual dual norm + distance to HJ (1)
1

Uh K—C

2
k

ki

<c sup (u—up’.vv)
L2(Q) K veH; (Q), [K(VV)V V] 2(g)=1 !

1 .
+c.2 inf HK h” + Vv’
K veHl(@) L2(Q)
-3 ki
< 20K CK Hu —-uy

u
Mg
@ error components identification via fluxes
V- (uh + ulm h + ualc )

= K|

ocelk

Z (Uk—1 (Pk’i+j))gnK >N,

K,i+
= flx — |K| 7" (R)K™
M. Vohralik & S. Yousef

‘erc
A posteriori error estimates on polytopal meshes

22/34



O Introduction and issues

O Discretizations on polytopal meshes
O Steady linear Darcy flow

O Steady nonlinear Darcy flow

6 Unsteady multi-phase multi-compositional Darcy flow

O Conclusions
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Multi-phase multi-compositional flows

Unknowns

@ reference pressure P
@ phase saturations S := (Sp)pep
@ component molar fractions Cp := (Cp c)cec, Of phase p € P

-
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Multi-phase multi-compositional flows

Unknowns

@ reference pressure P

@ phase saturations S := (Sp)pep

@ component molar fractions Cp := (Cp c)cec, Of phase p € P
Constitutive laws

@ phase pressure = reference pressure + capillary pressure

Pp:= P+ P, (S)
@ Darcy’s law
Vo(Pp) = —K(VPp + ppgV2z)
@ component fluxes
Oc:=> Ope,  Opci=0pc(X)=1pCpcVp(Pp)
pePc
@ amount of moles of component ¢ per unit volume

/c = ¢ Z CpSpCp,c

pGPc 5 rqﬁ erc
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Multi-phase multi-compositional flows

Governing PDE
@ conservation of mass for components
8{/0 + V@C = qc, VC S C

@ + boundary & initial conditions

-
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Multi-phase multi-compositional flows

Governing PDE
@ conservation of mass for components

81‘/0 + VOC = qc, VC S C

@ + boundary & initial conditions

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1
@ conservation of the quantity of the matter: > .. Cp.c =1

forallpe P
@ thermodynamic equilibrium (fugacity equations)

4 wirmatis #mahematics erc
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Multi-phase multi-compositional flows

Governing PDE
@ conservation of mass for components

81‘/0 + VOC = qc, VC S C

@ + boundary & initial conditions

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1
@ conservation of the quantity of the matter: > .. Cp.c =1
forallpe P
@ thermodynamic equilibrium (fugacity equations)
Mathematical issues

@ coupled system PDE — algebraic constraints
@ unsteady, nonlinear

@ elliptic—degenerate parabolic type

@ dominant advection

4 wirmatis #mahematics erc
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Function spaces

X = [2((0, t); H'(Q)),
Y := H'((0, tr); L3(Q))




Function spaces
X = L2((0, ); H'(Q)),
Y = H'((0, t); L3(Q))

Weak solution

lkeY Vcec,
Pp(P, S)eX Vp e P,
0, € [L2((0, ); L2(Q))]Y Veec,

tr Ir
0 {(8TIC7 90) o (007 v@)}dt - 0 (qC7 ‘P)dt VQO S X7 ve € Ca

the initial condition holds,
the algebraic closure equations hold




Localized space
X" := [2(l,; H'(Q)) with

ot = [ ¥

"KeTq

- 1
{2 ol + Koo

2
bat
L2(K)




Localized space
X" = [2(In; H'(Q)) with
} at
L2(K)
1 1

lelxo 1—/ )3
e Do N DI S

{ K HSD||L2(K)+H_ VﬂP
n K 7—n
Localized error measure

i ceC peP
wnere
NZFT= sup / {(61/0 Kl ) — (0 e’c”g;",Vgo)} !
eeX [l xn=11n |
and
n,k, / o n K,i ANK,i
st ot {3 [ (oseiof s
celp KeTyh




(Uie

(en,k,i )a —

upw,K,c

(en,k,i )J

tm,K,c

(en,k,i )G —

lin,K,c

nk,i .
(ea.lg,K,c)o' .

t— T it
= > TP+

-t n—1
n Z Tf?’ Pp,K”
K’eSkL K’eSkL

n,k,i n,k,i ~An,k,i n,K,i
Ock,0 (XT5") = D (Vpk' Co i) Op ko (XT),
pPEP:

n

" —t n,k,i ~n,k,i n,k,i n—1 ~n—1 n—1
= Z [Vp,K Cp,c,KGP,K,U(XTH )_Vp,K Cp,c,KOPyK,U(XTH )] )

n
T pEP:

nk,i n,k,i
ec,ng - oc,K,a(XTH )7

_ pnK,itf n,k,i
- ec,K,o' _GC,K,G
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Face fluxes

t— 1 n_t
Ue = —— > TK/Pn’k” > TPl

Tn
K'eSk K'eSk
nk N L nk/ nkl n,k,i n,Kk,i
( upw, K, C)cr = Qc,K,o(X'fH Z ( p’c’K)ep,K,cr(XTH )7
pePe
( nkr ) __tn*tz nklcnk/0 (Xn,k/) (X )
tm,K,c/o *— n p,c,KVP,K, o\ N ) — pK pcKP,KCT
pPEPe
o k,i . ank,i n,K,i
( lmKC)a' '_acKa' 0CK0'(X )
n k,i . n,K,i+j n,k,i
( alg, K, C)‘7 90 K,o GC,K,O'
One number per face immediately available from the scheme
oneachn>1,k>1,i>1.
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Estimators

spatial estimators

. . 2
nk, . _nk,i n,k,i
nsp,K,c T T]upw,K,c + Z (nNC K,c P)
PEPc
upwinding estimators

n,k,i _ th n,k,i
(UUPW,K,C) (@upw K, c) foFr-_,K( upw,K,c)
nonconformity estimators

2 2 PN . S .
n,k,i L n,k,i ~AnK,i n,k, ity n,k,i n,k,iyta n,k,i
(nNC K cp) T ( Yo,k Cp c K> {(UK,p ) ‘L“’\“‘"‘-KUK,p + (SK,p ) St 'V«KSK,p

( nk/) Sextnkl ZZGESK(Unk/)U|K‘—11tyl_t KSnkl}

temporal estimators
n,k,i "N n,k,i
(mm K c) = (e(m K, c) “»\1F|‘3-K@1m,K,c’
linearization estimators

Koo ki ] 1 n,k,i n,k,i
M = (O ) Fore KOS 1+ (™) [l (KR — 108

12(k)’
algebraic estimators
n,k,l _ nk,i ny—=1 || n.k,i+j _ ki
Taig,K ¢ * {(ealg K, c) 1“\”_]_ K}2 ealg K,c + hK(T ) ‘ IC,K IC,K HLZ(K)
algebraic remainder estimators
1 S
nkyi . . —2 — 1 pn.k,i+,
nrem,K,c = mm{CFhQCK ‘ ’ hK}‘K| 2 ‘HC,K ]|' T
Y2577, 5
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Multi-phase multi-compositional Darcy flow estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

1

2
n,kK,i n,k,i n,k,i n,k,i n,k,i n,k,i\2
N = {Z (nSPyc +77th +7711nc +77a1g c+r/1cm C) }

ceC
‘

Wlthnnk'. {/Z nfllzlc }o:sp,tm,lin,alg,rem, de=2/4.

"KeT"

v

-
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Multi-phase multi-compositional Darcy flow estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

1

2

n,kK,i n,k,i n,k,i n,k,i n,k,i n,k,i\2

N = {Z (nsp,c +77th +77hnc + 77a1g c"”/lun C) }
ceC

with nk'. nk' , =sp, tm, lin, alg, rem, 6o =2/4.
77 noKC p g,
"KeT"

Comments

@ immediate extension of the results of the steady case

@ still matrix-vector multiplication on each element

@ same element matrices Srr x, M, and Aype x OF Ax

@ input: normal face fluxes, reference pressure P/, phase
saturations Sp*, and component molar fractions (Cp,)R*"
same physical units of estimators of all error components ‘_
@ naturally relative stopping criteria Cosda—— = °°
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Fully adaptive algorithm

Set n:= 0.
while t" < t= do {Time}
Setn:=n+1.
loop {Spatial and temporal errors balancing}
Set k := 0.
loop {Newton linearization}
Set k := k + 1; set up the linear system; set j := 0.
loop {Algebraic solver}
Perform an algebraic solver step; set / =i+1; evaluate the estimators.
Terminate (algebraic solver) if 771lg . '<A /ﬂlgnspl .

end loop ‘ ‘
Terminate (Newton linearization) if nl’i’;"f[” < 'ninnfl;ﬁ".
end loop
Terminate (spatial & temporal errors balancing) if
k, ki
g, Kllf Cret Jnax {77:, . VYKeTH,
WAy <k,. .
7Ytm (nsp}(' ) S 771m.1 S rlr\1(7]$l I),
else refine the cells K € 7/ such that nfpkK’l > gmfmaXK,eT,, {nsp P }
i K,
Derefine the cells K € T/} such that 77:' K’t < Cdm, maXy: ey {nsp,K’,[}'
Refine I, if 771’171’1{;’/ > Flmn;’ﬁﬁd7 derefine if %mmpt S ﬁgikﬁl-
end loop .
end while g N —
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Two-phase flow: uniform vs adaptive mesh refinement

104 -10°
4f ] 3f— — :
—— Fine mesh
:E‘ —— AMR Cartesian est.
< 3 b . —— AMR polygonal est.
g t  2[—— Coarse mesh 1
3 2 . 3
el P
Q Q
© © 1 1
g 1 e Fine mesh =
a3 ——AMR Cartesian est.
0 —— AMR polygonal est. ol |
) _|—— Coarse mesh ‘ ‘ ‘ ‘
0 0.5 1 15 0 0.5 1 1.5
Time (seconds) 108 Time (seconds) -108

Cozia—
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Three-phases, three-components (black-oil) problem:
solver & mesh adaptivity

oF T E @ 800 | ]
10 | ‘Meetsseas, Bl 5 —e— Standard resolution
-1L ' | kS —+— Adaptive resolution
» 10 MM""’V‘\ ‘standard stopping criterionE g pliv utt
T nol } = 600 il
% 10 ] g
1 17}
Q 19— J
10 3 400} |
2104 . @
<] ladaptive stopping criterion S
W 107, - . & 200| N ,
—— total gstlm_ator : _g o, Mﬁ‘“
101 —— algebraic estimator B 5 1 Em
——relative algebraic residual ‘ ‘ z 0l ) ‘ ‘
0 10 20 30 40 50 60 0 0.5 1 1.5
BiCGStab iteration Time (seconds) 108

-
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Three-phases, three-components (black-oil) problem:
solver & mesh adaptivity

of | T ] L il
10 § 800 —e—Standard resolution
101 s —+— Adaptive resolution
« ni b5
2, . = 600 8
% 10 E 8
1 n
o -3 L B
g0 S 400t .
S 104, ;] e
<] ladaptive stopping criterion E 5
W10 total estimator 4 g 200 ittty Sta s i
10 algebraic estimator 7 5 A eyt
——relative algebraic residual ‘ ‘ z ol ) ) )
0 10 20 30 40 50 60 0 05 1 1.5
BiCGStab iteration Time (seconds) 108
Linear solver | Resolution| AMR |Estimators| Gain
steps time time | evaluation|factor
Standard resolution 66386 1023s - - -
Adaptive resolution 20184 201s 42s 26s 3.8
4 erc
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Q Steady linear Darcy flow

o Steady nonlinear Darcy flow

Q Unsteady multi-phase multi-compositional Darcy flow

@ Conclusions
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Conclusions

Conclusions
@ simple estimates on polygonal/polyhedral meshes (only
matrix-vector multiplication in each element)
@ a posteriori error control

o full adaptivity: linear solver, nonlinear solver, time step,
space mesh
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Conclusions

Conclusions

@ simple estimates on polygonal/polyhedral meshes (only
matrix-vector multiplication in each element)

@ a posteriori error control

o full adaptivity: linear solver, nonlinear solver, time step,
space mesh

VOHRALIK M., YOUSEF S., A simple a posteriori estimate on general
polytopal meshes with applications to complex porous media flows,
HAL Preprint 01532195, submitted for publication.
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Conclusions

Conclusions
@ simple estimates on polygonal/polyhedral meshes (only
matrix-vector multiplication in each element)
@ a posteriori error control

o full adaptivity: linear solver, nonlinear solver, time step,
space mesh

VOHRALIK M., YOUSEF S., A simple a posteriori estimate on general
polytopal meshes with applications to complex porous media flows,
HAL Preprint 01532195, submitted for publication.

Merci de votre attention !
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