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Introduction

We check some details of Hitchin’s paper[1] in this article. In the first chapter of Hitchin’s paper, firstly
he defines that a principal connection over R* is said to satisfy the self-dual Yang-Mills equations if its
curvature form is invariant under the Hodge star operator. Then he restrict the principal connection to
R? and defines Higgs field. Thus the self-duality equation becomes coordinate invariant and conformally
invariant. So this equation can be generalized to Riemann surface. Then he give two examples satisfying
the self-duality equation.

In the second chapter of Hitchin’s paper, he discuss two theorems: first is vanishing theorem which states
some conditions that the solutions of self-duality equation should satisfy. And first condition is the notion
of stability. Next theorem discuss the condition that make two solutions gauge-equivalent.

In the third chapter, he study this notion of stability from an algebro-geometric point. Later he use
Chapter 4 to construct a moduli space for solutions of the self-duality equations and analyse its differential
geometric structure.

In my note, I study and introduce some results for understanding this paper. In Preliminary, I recall some
results of Lie group then introduce principal connection from two definitions and express locally principal
connection form. Then I focus on covariant derivative and principal connections on the frame bundle
associated to a vector bundle. In fact there is correspondence between linear connections on vector bundles
and principal connections on the associated frame bundle. One can induce the other. Later I write some
resluts about characteristic classes and classifying spaces, which is for second chapter of Hitchin’s paper.



CHAPTER 0. Preliminary

1. Lie group and Lie algebra

0.1.1 exponential mapping and Maurer-Cartan form

Let G be a Lie group. We denote the left multiplication (resp. right multiplication) by L, (resp.R,). Then
all left-invariant (or right-invariant) vector fields consist of its Lie algebra g. And X +— X., where e is
identity of G, is a linear isomorphism from g onto the tangent space T.G, Hence g can be regarded as T.G.
We know that for any manifold M, a vector field X can generate a local one-parameter subgroup of local
transformations of M and A € g can generate a global one-parameter subgroup a; of G. A — a; is called the
exponential mapping and denoted by A +— exp A. And we have a; = exptA. In this article, we only use the
matrix Lie groups, i.e. the closed subgroup of GL(R,n) or GL(C,n)[2], so let us introduce the exponential
mapping of matrix. For a matrix A, we define
A A2 A3
exp(A) =T+ 1 + o + 3] +e

We can calculate Jordan form of A, then calculate exp(A).

A differential form w on G is called left-invariant if (L,)*w = w for any a € G.

The canonical 1-form or left-invariant Maurer-Cartan form 0 on G is the g-valued 1-form defined by|[3,
Ch.3, Maurer-Cartan Form]

Og(v) = (Lg-1)«(v)

forve T,G,g € G. 0 is left-invariant: for any h € G,
(L38)g(v) = Ong(Lnw (v)) = Lingy—15Lins(v) = Lg-14(v) = b4(0v)

Since in this article we only consider the matrix Lie groups, we introduce the Maurer-Cartan form of Lie
groups[3, Ch.3, Example 1.7]: If g : G — GL(n) is embedding map into the general linear group, then its
Maurer-Cartan form is ¢~ 'dg.

0.1.2 Fundamental vector field

If G acts on manifold M on the right, then for A € g, the action of one-parameter subgroup e*4 on M
induces a vector field on M, i.e. p — %| =0 pet?, which will be denoted by A* and called the fundamental
vector field corresponding to A.

Now if 7 : P — M is a principal G-bundle, we call V P := ker 7 consisting of ker d,7 for any x € P by
vertical bundle of P. We have the following proposition[4, Prop.27.18]:

PROPOSITION 0.1.1. For any p € P,A € g, the mapping A — Ay is an isomorphism of g onto the
vertical tangent space V, P

Proof. We know that A} = % —0 petd; then we have

B d
dyr(Ap) = 2| w(pet) =0
t=0

since pa is in the same fiber as p for any a € G, i.e. pet4 is constant. Hence Ay € VP

If A7 =0, ie. %’t:o pet4 = 0 or pe!4 is constant around ¢ = 0 then A must be zero. Thus A — Az is
injective.

Around p, there is a local trivialization onto U x G where U is a neighborhood of 7(p). If under this local
trivialization p is (w(p),g) € U x G, then d,m maps (a,b) € Ty, M © T,G to a € T,y M, so kerd,m = T,G
Le. VP 2 T,G and they have same dimension with g = T.G. Thus A — Aj is isomorphism. O



0.1.3 Adjoint representation

For g € G, the map ¥, defined by h + ghg~' is an inner automorphism of G and also a Lie group
homomorphism. Then define ad, to be the derivative of ¥, at the identity:

adg =deVy:T.G=2g —T.G=g
So ady € GL(g). Now we get a representation:

ad : G — GL(g)
g+— adg

which is called the adjoint representation of Lie group. For the case of matrix Lie groups, we have[2, Ch.3]
adg(X) = gXg~'

for g € G,X € g. ad : G — GL(g) can induce a Lie algebra homomorphism, also denoted by ad, from
g — gl(g), which is called the adjoint representation of Lie algebra. For the case of matrix Lie groups, we
have [2, Ch.3]

adx(Y) =[X,Y]

for X, Y € g. Now we can get another useful proposition from [5, Ch.I, Prop.5.1]:

PROPOSITION 0.1.2. Let A* be the fundamental vector field corresponding to A € g. For each a € G,
Ru.(A*) is the fundamental vector field corresponding to ad,—1(A) € g.

0.1.4 Compact real form

We assume here that G is the compact real form of a complex of a complex Lie group:

DEFINITION 0.1.3. /2, p.170][6, p.348] A complex Lie algebra g is reductive if there exists a compact
Lie group K such that g = tc where € is the Lie algebra of K. A complex Lie algebra g is semisimple if it
1s reductive and the center of g is trivial.

If g is a semisimple Lie algebra, a real subalgebra € of g is a compact real form of g if € is isomorphic to
the Lie algebra of some compact Lie group and every element Z of g can be expressed uniquely as Z = X +iY
with X,Y € ¢.

Let G, be a complex connected Lie group with Lie algebra g., G a real connected Lie subgroup of G. with
a real Lie algebra g C g.. G is said to be a compact real form of G. if g is a compact real form of g..

and * is the corresponding anti-involution on the complex Lie algebra[2, p.171]: let g := €¢ be a reductive
Lie algebra, then the operator * on g is defined by the formula

(X1 +iX0)" = —-X;1 +iXo

for X1, X5 € &.

2. Connections, curvatures and covariant derivative

0.2.1 Linear connections in associated vector bundles

This section cames from [7, Sec.1.5]. Let E be a complex vector bundle over M. Let E* be the dual vector
bundle of E. The dual pairing
<,>»E;,xE; —C

induces a dual pairing
<, > Q%M,E*) x Q°(M,E) — Q°(M)

Given a linear connection E on F, we can define the dual connection D* on E* by the following formula:
d<§&n>=<D&n>+<E D>

for £ € Q°(M, E),n € Q°(M, E*). Given a local frame e = (ey,...,e,) of E, let t be the dual local frame of
E*. We consider e as a row vector and t as a column vector. If w denote the matrix of connection 1-forms
of D relative to e, i.e. Ds = sw, then we have

D*t = —wt



If © is the curvature form of D relative to e so that
D?c = ¢0
then relative to t we have
D*%t = -0t

We shall now consider two complex vector bundles E and F over the same base M. Let Dg and Dg be
connections in F and F'. Then we can naturally define a connection Dg @ Dp in E @ F. We also naturally
define Dgpgr in E® F by

Dpgr =Dp®Ip+1g® Dp

where Ig and Ir denote the identity transformation of E and F'. If we denote the curvatures of Dy and Dp
by Rg and Rp, then Rg @ Rp is the curvature of Dg @ Dp and

Re®Ir+1Ig® Rp

is the curvature of Dpgr. If wg,wr, O, ©F are the connection and curvature forms, then the connection
and curvature forms of Dy & Dp are given by

WE 0 Of 0
(v 5) = (Ve

OJE®IP+IT®OJF and @E®IP+IT®®F

Those of Dggr are given by

where I, and I, denote the identity matrices of rank p and r.

0.2.2 Principal connections, curvatures and covariant derivative on principal
bundle

This section is from [4, Part 3] and [5, Ch.II]. Let (P, w, M, G) be a G-principal bundle P over base M. We
have two definitions of connections on P, one is by a kind of subbundle of TP and another is by g-valued
1-forms.

DEFINITION 0.2.1. A distribution on P is a smooth subbundle of TP. We call a distribution HP by
horizontal if TP = VP @& HP. We call a distribution @ by right-invariant if Qpe = (Rs)+Qp for any
p € P,a € G where Q, is the fiber at p of Q and R, is the transformation of P by right multiplication of a.
A right-invariant horizontal distribution HP is called a connection on P.

If w is the bundle projection onto V P, then HP = ker w and of course w can be regarded as a V P-valued
1-form on P. From 0.1.1 we know that Lie algebra g is isomorphic to the standard fiber of V P via the
morphism of Lie algebra A — A* for A € g where A* is the fundamental vector field, hence w also can be
regarded as a g-valued 1-form on P, called the connection form of HP. We have the following theorem[5,
Ch.II, Sec.1]

THEOREM 0.2.2. The connection form w satisfies the following conditions:
(a) wy(A;) = A for any A€ g andp € P;

(b) (Ro)*w = ad,—1w, for every a € G, where R, is the transformation of P by a on the right and ad is the
adjoint representation of g.

Conversely, given a g-valued 1-form w on P satisfying the two above conditions, there is a unique principal
connection in P whose connection form is w.

Proof. Let w be the connection form. The condition (a) follows immediately from the definition of w. Since
every vector field of P can be decomposed as a sum of a horizontal vector field and a vertical vector field, it
is sufficient to verify (b) in the following two special cases: (1) X is horizontal and (2) X is vertical.

If X is horizontal, so is (R,)«X for any a € G since HP is right-invariant. Then w((Ry)+«X) = 0 =
ad,—1w(X).

If X is vertical, we can assume that X is a fundamental vector field A* for A € g. Then (R,).X is also
fundamental vector field corresponding to ad,-1 A by 0.1.2. Thus we have

(Rrw)(X) = w((Ra)+«X) =w((ad,-1A4)*) = ad,-1 A = ady—1w(X)



Conversely, given a g-valued 1-form w satisfying (a) and (b), we define HP = kerw. Then we have
(Ra)+Qp = {(Ra)+ X : X € TyP,wy(X) =0} = {X € T,,o P : w,((Ry); ' X) = 0}
From condition (b) we have w,((R.);'X) = (Riw)pa(X) = adg-1wpe(X) = 0 which is equivalent to
Wpa(X) = 0 hence (R,)+Qp = Qpq i-e. HP is right-invariant. Since for any p € P, Im w, = g = (VP), and

T,P = kerw, ® Imw, = (HP), ® (VP),, we know that HP is horizontal. And obviously the connection
form of HP is w. O

We shall express a principal connection on P by a family of forms each defined in an open subset of the base
manifold M. Let {U,} be an open covering of M with a family of local trivialization 1, : 771 (Uy) — Uy X G,
then the corresponding family of transition functions are 15 : UoNUg — G. For each o, let 0, : Uy — P
be the cross section on U, defined by o, (z) = v, (z,€),z € U, where e is the identity of G. Let 6 be the
(left invariant) canonical 1-form on G.

For each non-empty U, N Ug, we define a g-valued 1-form 6,5 on U, N Ug by

Oap = V550
For each a we define a g-valued 1-form w, on U, by
Wo = Opw
Then we have third manner of describing a principal connection on P[5, Ch.II, Sec.1]:

THEOREM 0.2.3. The forms 0,5 and w, satisfy the following condition:
wp = ad@,ﬁéwa + 004,3

Conwersely, for every family of g-valued 1-forms {wq} each defined on U, and satisfying the above condition,
there is a unique connection on P which gives such family of g-valued 1-forms {wq}.

Proof. If U, N Ug is non-empty, g wﬁ_l(aj,e) = (z,%qp8(x)) for all z € U, N Ug then wﬁ_l(x,e) =
Vot (2, Yap(x)) = ¥ (2, e)has(z) since 9, is G-homeomorphism and then og(z) = 04(2)thas(z). For
every vector X € T, M, the vector og.(X) € T, P where u = og(x), is the image of (0a+(X), Yap«(X)) €
TwP & T,G where v = 04(z) and a = Yas(x), under the differential of the mapping P x G — P. By
Leibniz’s formula [5, Ch.I, Prop.1.4] we have

054 (X) = (Ra)«(00x (X)) + ui(Yap (X))

where v/, is the differential of the mapping g — u'g from G into P. Taking the values of w, on both sides of
the equality, we obtain

Wu(aﬁ*(X)) = wu((Ra)«0ax(X)) + Wu(u;wozﬁ* (X)) (0.2.1)
We have
wy(08:(X)) = (05w)a(X) = (wp)a(X)
and
wy((Ra)s0ax(X)) = (Row)u (0ax (X)) = adg-1ww (00« (X)) = adg-1(wa ) (X)

by condition (b) of Theorem 0.2.2. Let A € g be the vector field such that A, = as.(X) = %|t=0 aet4;then
from the definition of Maurer-Cartan form we know that 6, (0ag«(X)) = Ly-1,44 = A or A. From the
definition of ) we have

_4d
Tdt

d
waett = —

dt Oa (x)waﬁ (x)etA

t=0

u, (Vap« (X))

t=0

that is the value of the fundamental vector field A* at u = 0 (2)Yaps(x). From the condition (a) of Theorem
0.2.2 we have

wu (U Yaps (X)) = wu(A]) = A = 00 (Pap (X)) = (1550)c(X) = (fap)e(X)
Finally we have for any vt € M, X € T, M
(wp)x(X) = adg—1(wa)z(X) + (fap)s(X)
For the converse case, we can define w on 7~1(U,) by the pullback

7Y (Uy) e U, % G& U,

Then we can verify that such w is well-defined g-valued 1-form on P and satisfies the two conditions of
Theorem 0.2.2 and gives {wqy} on U,. O



Later we call the family of {w,} by the connection form in local expression.

REMARK 0.2.4. For matriz Lie group, 0np = 1/1;éd1/)a[3 from Section 0.1. Then the formula (0.2.3) is

wp = w;ﬁl’wawaﬁ + w;1d¢aﬁ

Now consider Lie bracket of Lie algebra-valued forms. Let oo =", ale;, =3 j Ble;, where v, 3; are
ordinary differential forms, e; are elements of Lie algebra g. Then we define

[, B] = Zof A Ble;, e4]
0,J

Then we can define the curvature:
DEFINITION 0.2.5. The curvature of the connection given by 1-form w is the g-valued 2-form

1
=dw+ §[w,w]

(1]

For matrix Lie group, the above formula can[4, Prop.21.7] be writen as 2 = dw + w A w.

Now we introduce covariant derivative in local expression from[4, Th.31.19] Before that, we introduce
the associated bundle. Let w : P — M be a principal G-bundle and F' a manifold on which G acts on the
left. Then we can replace the fiber G of P by F', the transition functions are same. On the product manifold
P x F, let G act on the right as follows: an element a € G maps (u,£) € P x F into (ua,a™'¢) € P x F.
The quotient space of P X F by this group action is denoted by E = P x¢ F. Since w(ua) = 7(u) for any
u € P,a € G, the mapping which maps (u,&) into m(u) induces a mapping g of E into M. Every point
x € M has a neighborhood U such that 7= (U) is isomorphic to U x G. Identifying 7=1(U) with U x G, we
see that the action of G on 7=1(U) x F C P x F on the right is given by

(z,a,6)b— (x,ab,b"1¢) for (z,a0,§) eUXxGxF and beG

We use [z, a, £] to represent the conjugacy class, then 7([z, a,&]) := (z,a€) is well-defined mapping of 7' (U)
into U x F. Tt is bijection whose inverse mapping is 771(x, ) := [z, e, £] where e is identity of G. Then from
these bijections can given E a differentiable structure such that ﬂgl(U) is diffeomorphic to U x F. So E
is a G-bundle over M with standard fiber F', which is called the associated bundle. For two open subsets
U,V of M, if Yyy : UNV — G is transition function, then for ;' (z,¢) = [z, ¢, ], where (v,e) € U x G
corresponds to (z, vy (z)) € V x G, we have 1y o7, (2, €) = (2, %yv(x)€), so the transition functions of F
are same as of P. And then we also can use the transition functions of P and F' to construct the associated
bundle E by setting the transition functions of E as the left action of ¢y (z)[3, Ch.1, Sec.3, Construction
of Bundles].

THEOREM 0.2.6. Let 1 : P — M be a principal G-bundle with the famiily of local expressions of
connection {wa} on {Uy}, p : G — GL(V) be a finite-dimensional complex representation of G, and
E = P x,V the associated vector bundle. If ¢ € QOF(M, E) whose expression on U, under local frame
(€1,...,e.) is > ¢le;, then its covariant derivative is given by

Dy = do + p(wa)p
where dp =Y (d¢%)e;, p(wa) acts on the value of ¢.

Of course, if p is the adjoint representation of G, then Dy = dp + [w, ¢]. If X is a vector field on M, we
call (Dp)(X) by the covariant derivative in the direction of X.

0.2.3 Connections on a frame bundle

Now we need to consider an important example of principal bundles and principal connections: frame
bundle associated to a vector bundle and principal connection determined by a linear connection on this
vector bundle. We recall that for a vector bundle E — M, a frame on x € M is an ordered basis e, of F,,
equivalent to a linear isomorphism p : R” — E,.. Let F}, be the set of all frames on z; g € GL(R, r) rightly
acts F, by p — po g, which is obviously free and transitive. Then we have

Fr(E) = | | F

zeM



and a natural projection 7 : Fr(E) — M. If (U, ) is a local trivialization of E, then ¢, : E, — R" is
linear isomorphism, so we have a bijection v : 7= 1(U) — U x GL(R, ) given by

Y(@,p) = (T, 9z 0p)

Thus every 7~ 1(U) and then Fr(E) are given a topology such that Fr(E) is a principal GL(R, r)-bundle.
Clearly, the transition functions of Fr(FE) are same as E. And then each vector bundle corresponds bijectively
to the associated frame bundle, so we can regard vector bundle as the associated frame bundle.

If E is given a Riemann metric, we also focus on the orthonormal frame bundles, i.e. the set of all
orthonormal frames(ordered orthonormal basis) or equivalently all distance-preserved linear isomorphism
p:R" — E,. In this case, for (U, ) the isomorphism ¢, : E, — R" is supposed as a distance-preserved
map, then the transition functions go into the orthogonal group O(r), in other words, O(r) is a reduction
of GL(R,r). Moreover, if E is oriented vector bundle, then the transition functions go into the special
orthogonal group SO(r), in other words SO(r) is a reduction of O(r) and then GL(R,r).

Note that for the complex vector bundles F, if E is given an hermitian metric, then O(r) wil become
U(r), which is a reduction of GL(C,r). And complex vector bundles are oriented for the underlying real
vector bundle, so U(r) also is reducible to SU(r).

Of course, for the representation ¢ : GL(C,r) — GL(C, r), the associated bundle Fr(E) x;, C" = E'if B
is complex vector bundle. For the case of real vector bundle, it is similar.

Recall that for a linear connection V on FE, if a local frame e : U — Fr(FE) where U is an open subset
of M, is given, then V can be expressed as a matrix of 1-forms wy, which is also an element in gl(R,r) or
gl(C, 1), i.e. wy can be viewed as a Lie algebra-valued 1-form over U. And these wy satisfy the following
condition[7, Sec.1.1]:

wu = gypwvave + gy pdave on UNV
where {U} is an open cover of M with a local frame e : U — Fr(FE). Via Theorem 0.2.3 and Remark 0.2.4,
these Lie algebra-valued 1-forms define a unique principal connection on the frame bundle Fr(E). And from
Theorem 0.2.6, this principal connection induces a same covariant derivative on the vector bundle E with
V. Another description of principal connection induced by a linear connection is following method:

Let n: E — M be a vector bundle, V : Q(M, E) — Q(M, E) be a linear connection on E. for a section
s € Q(M, E), Vs is called covariant derivative of s corresponding to V. For X € T,M, the eval of Vs at
X, which is an element of E,, denoted by Vxs, is called the covariant derivative of s in the direction X.
And if X is a section of M, then Vxs is also section.

DEFINITION 0.2.7. A section s € Q(M, E) is parallel along a curve c : [a,b] — M if V(s = 0 for

a<t<hb.
Given a local frame (ey, ..., e,) on U, section s = 3 s’¢; and let connection form of V be w = (w?) then
s is parallel along c if and only if (s1,...s,) satisfies the following ODE:

ds? i .
o+ zj:wj(cl(t))sj =0

If 50 is an element of E,), by the existence and uniqueness of ODE, there is a unique curve s : [a,b] — E
such that s(a) = so and s(t) € E.) and s is parallel along a curve ¢ (here we can only consider a section
along c). Then s(b) € E.@) is called the parallel transport of sy along c. The map sg +— s(b) of E, into
E.) is called parallel translation from E, 4y to E.4). We have the following theorem[4, Theorem 29.2]:

THEOREM 0.2.8. Let n: E — M be a vector bundle with a connection V and let ¢ : [a,b] — M be
a smooth curve in M. There is a unique parallel translation pqp from E.y to E.qy along c. This parallel
translation is a linear isomorphism.

A parallel frame along c is a collection (e1(t),...,e.(t)),t € [a,b] of parallel sections such that for each ¢,
the elements e (t),...,eq(t) form a basis of E ).

Let m : Fr(E) — M be the frame bundle associated to E. A curve é&(t) in Fr(F) is called a lift of ¢ if
c(t) = w(é(t)). It is called horizontal lift if in addition ¢(¢) is a parallel frame along c.

By Theorem 0.2.8, if a collection of parallel sections (s1(t,. .., s,(t)) forms a basis at one time ¢, then it
forms a basis at every time ¢ € [a, b]. For every smooth curve ¢ : [a,b] — M and ordered basis (s1,0,...,5r0)
for E,,), there is a unique parallel frame along ¢ whose value at a is (s1,0,...,5r0). In terms of the frame
bundle Fr(F), this shows the existence and uniqueness of a horizontal lift with a specified initial point in
Fr(E).

Now we define a principal connection on the frame bundle from a linear connection. For z € M and
e; € Fr(E),, a tangent vector v € T, (Fr(FE)) is said to be horiozntal if there is a curve ¢ through x such
that v = &(0) where ¢ is the unique horizontal lift of ¢ to Fr(FE) starting at e,. we have the following
proposition[4, Prop.29.6]:



PROPOSITION 0.2.9. Let m: E — M be a smooth vector bundle with a connection over a manifold M
of dimension n. For x € M and e, an ordered basis for the fiber E,, the subset H._ of horizontal vectors in
T., (Fr(E)) is a vector space of dimension n, and . : H,, — T, M is a linear isomorphism.

From the result of the standard linear algebra, we know that T, Fr(E) = ker w, @Imm, = V. Fr(E)® H,,.
And these vector subspaces H,, form a distribution on the frame bundle[4, Th.29.9]:

THEOREM 0.2.10. A connection V on a smooth vector bundle E — M defines a distribution on the
frame bundle 7 : P = Fr(E) — M such that at any p € P,

(i) TP =V, © Hy;
(11) (Rg)+H, = Hpy for any g € G = GL(R,r), where R, : P — P is the right action of G on P.
i.e. a linear connection on E defines a principal connection on the frame bundle Fr(E).

Recall that a connection V on a vector bundle E can be represented on a local frame (U, ey, ...,¢e,.) by a
connection 1-forms matrix w.. Such a frame e = (e, ..., e,) is in fact a section e : U — Fr(FE) of the frame
bundle. Now we have the following theorem[4, Th.29.10]:

THEOREM 0.2.11. Let V be a connection on a vector bundle E — M and let w be the principal
connection on the frame bundle Fr(E) determined by V (Theorem 0.2.10). If e = (e1,...,e,) is a frame for
E over an open set U of M, viewed as a section e : U — Fr(E), and w, is the connection matriz of V
relative to the frame e, then w, = e*w.

3. Characteristic classes and classifying spaces

0.3.1 Axiomatic descriptions of characteristic classes

Let E be a real vector bundle of rank r on base space B; H(B;G) be the i-th singular cohomology group
of B with coefficients in G. The Stiefel-Whitney classes of E consist of a sequence of w;(E) € H'(B;Z/27)
which satisfies the following 4 axioms[8, Sec.4 and Sec.§]:

AXIOM 1. RANK. wy(E) =1 € H°(B;Z/2Z) and w;(E) = 0 for i > r.
AXIOM 2. NATURALITY. If f : B — B is a map and f*FE is the pullback bundle then w;(f*FE) =

frwi(E).
AXIOM 3. WHITNEY PRODUCT FORMULA. If E’ is another vector bundle over B then
k
wp(E® E') =Y wi(E) — wi_i(E)
i=0

where — means cup product.

AXIOM 4. NORMALIZATION. For the tautological line bundle ¢(—1) over RP', the first Stiefel-
Whitney class wq(6(—1)) € HY(RP'; Z/27) = 7./27Z is non-zero.

Let E be a complex vector bundle of rank r over a base space B. The Chern classes of E consist of a
sequence of ¢;(E) € H*(B;Z) which satisfies the following axioms[9, Ch.16, Sec.3]:

AXIOM 1. RANK. ¢y(E) =1 € H(B;Z) and ¢;(E) =0 for i > r.
AXIOM 2. NATURALITY. If f : B — B is a map then ¢;(f*F) = f*¢;(E).
AXIOM 3. PRODUCT FORMULA. If E’ is another complex vector bundle over B then

k
WEOE)=> ci(E)— cp_i(E)
=0

AXIOM 4. NORMALIZATION. For the tautological line bundle &(—1) over CP* = S, the first Chern
class ¢1(€0/(—1)) is the generator of H*(S%Z) = Z

Their existences and uniqueness lie in Chapter 16, Section 6 of [9].



0.3.2 Classifying spaces

Grassmann Manioflds or Grassmannians and tautological vector bundles

Grassmann Manifold is a generalization of projective space. A real Grassmann manifold G(n, k) is defined
as the space of all k-dimensional subspaces of R™. Now we define a chart in G(n, k) in the following way[10,
Ch.1, Sec.5]: Choose a base (v1,...,v;) of P € G(n,k), then P can be represented by the k x n matrix:

V11 Vln

Ukl Ukn

of rank k. Clearly any tow such matrices A, A’ represent the same element of G(n, k) if and only if A = gA’
for some g € GL(R, k). For every multi-index I = {i1,...,9t} C {1,...,n}, let Vio C R™ be the (n — k)-
dimensional subspace spanned by the standard basis vectors {e; : j & I'} and let

Uy = {PeGnk): PNV = {0}}

that is the set of P € G(n, k) such that the minor consisting of i1, ..., 7-th columns of one, and hence for
any, matrix representation for P is non-singular. By elementary matrix transformations, any P € U; can be
represented uniquely by a matrix of the form:

1 0 0 =* *
0 1 *

0
0 1 * *

The right k& X (n — k) minor can be regarded as a coordinate in R¥("=k)  Now we get a bijection:

pr:Ur — RF(—F)

Note that ¢;(U; NUp) is open in R¥("=%) for all I, I’ and ¢ o ¢},! is smooth so G(n, k) is smooth manifold.
Clearly this local coordinate is a generalization of homogeneous coordinates of RP".

For complex case, the definition is similar, in this case, G(n,k) is a complex manifold, denoted by
Ge(n, k). And we denote by G (n, k) the set of all oriented k-dimensional subspaces of R™. Finally, the
infinite-dimensional version of Grassmannians is provided by the Grassmann space G(oo,k), which is the
union of the chain G(k+1,k) C G(k+2,k) C G(k+3,k) C ---. There are also spaces G¢ (00, k), G4 (00, k).

Like tautological line bundle over RP" or CP", we also have tautological vector bundle 2, ; over the
Grassmannians G(n, k), G4 (n, k), Ge(n, k): The total space is the set

{(P,v) : P € G(n,k),v € P}
The projection is (P,v) — P. The tautological vector bundle ), over the infinite Grassmannians G(oco,n)

is similar.

The classification theorem for vector bundles

This theorem comes from [11, Ch.2, Lec.19.4.A]
THEOREM 0.3.1. Let X be a manifold. Then

(i) For every m-dimensional vector bundle E — X, there exists a continuous map [ : X — G(oo,n)
such that f*Q, = F.

(i1) This map [ is unique up to a homotopy; i.e. if f{Qy = f5Q,, then f1 ~ f.
(ii) Conversely if fi ~ fo then fiQ, = f5Q,.

COROLLARY 0.3.2. The correspondence f — [f*Q,, establishes a bijection between the set of homotopy
classes of maps X — G(oo,n) and equivalence classes of n-dimensional vector bundles over X.

Or by the language of category theory, ,, — G(o0,n) is terminal object. €, — G(oo,n) is called
universal vector bundle. From the naturality of characteristic classes, we only need to know the characteristic
classes of the universal vector bundles. But now we need more general constructions.

10



Classifying spaces of topological groups and homotopy classification of principal bundles

This section comes from [12]. We need some results about principal bundles.

PROPOSITION 0.3.3. Let P and P’ be principal G-bundles over B. If ¢ : P — P’ is a principal bundle
morphism lying over id : B — B, then ¢ is an isomorphism.

Proof. To see that ¢ is injective, suppose ¢(p) = ¢(q) for p,q € P. Since ¢ lies over the identity of B, it
follows that p, ¢ must lie in the same fiber 7(p) = 7(¢q) € P. Then there is a unique g € G such that p-g = ¢
and ¢(p-g) = é(p) - g = ¢(q). Since G-action is free, we have g = e and p = q.
To see that ¢ is surjective, let p’ € P’ and b = n'(p') € B. Choose any p € 7~ 1(b) C P. Then
7o ¢(p) =idg om(p) i.e. ¢(p) and p’ lie in the same fiber, therefore p’ = ¢(p) - g = ¢(p - g) for some g € G.
To see that ¢! is continuous, it suffices to consider locally. Thus suppose 7~ 1(U) & U x G and
7'~ (U) 2 U x G. Then ¢ locally express as

¢ : (b, g) = (b,0'(b,g)) = (b, ¢’ (b,e)g)
for some ¢’ : U x G — G satisfying ¢'(b, gh) = ¢'(b, g)h. Thus ¢! has local form

¢~': (b,g) = (b,0'(be)"'g)
which is clearly continuous. O

PROPOSITION 0.3.4. Letm: P — B and 7' : Q — B’ be two principal G-bundles respectively. There
is a bijective correspondence between morphisms of bundles ¢ : (m, P, B) — (7', Q, B’) and global sections

of the associated bundle P xg Q. Here we regard Q as a left G-space with the action g-q:=q-g'.

PROPOSITION 0.3.5. If 7 : P — B’ is a principal G-bundle and if fo ~ f1 : B — B’ are homotopic
maps, then the pullback bundles fi(P) and f{(P) over B are isomorphic.

DEFINITION 0.3.6. A principal G-bundle m : EG — BG is said to be universal if the total space EG
s contractible.

A topological space is said to be weakly contractible if all of its homotopy groups are trivial. For CW-
complex, since we have Whitehead’s Theorem[11, Ch.1, Sec.11.5]:

THEOREM 0.3.7. Let X and Y be CW-complexes, and let f: X — Y be a continuous map. If
fe: Wn(Xa xO) — 7Tn<Y7 f(x()))
18 an isomorphism for all n and xo, then f is a homotopy equivalence.

then if X is weakly contractible and Y is one-point space, then f, is clearly is isomorphism and then f
is homotopy equivalence. Hence CW-complex is contractible if and only if it is weakly contractible.

We denote the homotopy classes of continuous maps between two topological spaces X,Y by [X, Y], i.e.
Hompmop(X,Y). For any space B, G(B) denote the set of isomorphism classes of principal G-bundles over
B. Then if f : A — B is continuous map, G(B) > P — f*(P) € G(A) is a function from G(B) to G(A).
From Proposition 0.3.5, we can say that G is a contravariant functor from hTop to the set of isomorphism
classes of principal G-bundles. The following theorem says that G is representable functor.

THEOREM 0.3.8. Let m : EG — BG be a universal G-bundle. Then for any CW-complex B, the
functors [—, BG] and G are naturally isomorphic by [f] — [f*EG].

LEMMA 0.3.9. If (B, A) is a CW-pair and F is a space such that m,(F') = 0 for each k such that B\ A
has cells of dimension k + 1, then every map f: A — F extends to a map f: B — F such that fla = f.

COROLLARY 0.3.10. Let (B, A) be a CW-pair and (w, E, B) a fiber bundle with fiber F. If m,(F) =0
for each k such that B\ A has cells of dimension k + 1, then every sections s : A — E can be extended a
global section 5 : B — E. In particular, taking A = (, it follows that (7, E, B) admits global sections if F
1s k-connected where k = dim B.

Proof of Theorem 0.3.8. Let @' : Q — B be a principal G-bundle; then associated bundle Q x¢ EG has a
global section since FG is contractible then k-connected for any k£ and by Corollary 0.3.10, which corresponds
by Proposition 0.3.4 to a morphism of bundle (7', @, B) — (7, EG, BG) lying over some map f : B — BG
of the base spaces. From the universal property of pullback of fiber bundle[12, Proposition 1.4], there is
a morphism @ — f*(EG) over the identity map of B. Then by Proposition 0.3.3, @ & f*(EG). Thus
[f] — [f*EG] is surjective.
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To see injectivity, suppose that fo, f1 : B — BG are two maps such that the pullbacks of EG are
isomorphic:¢ : f§(FG) = fi(EG). We claim that f; ~ fo. Indeed, consider the principal G-bundle

7' P:=fi(EG) xI — Bx1I

where I = [0,1]. Since P|gxo = f§(EG) and P|gx1 = f{(EG), we have the G-bundle morphism:

Plpxo —> f}(EG) —= EG

~

Bx0-—"s BG

Then by Proposition 0.3.4, this morphism corresponds to a section sg : B x 0 — P Xg EG. Similarly, we
have the G-bundle morphism

¢
Plpx1 — f{(FG) —— EG

>~

B x1—— BG

which corresponds to a section s; : B X1 — P Xg EG. Now we have the section so Us; : B x QU
B x1 — P xqg EG. Since EG is contractible, from Corollary 0.3.10 s; U so extends to a global section
s$: B x I — P xg EG, which therefore corresponds to a bundle morphism (7, P, B x I) — (w, EG, BG)
and the map B x I — BG is a homotopy between fy and f;. O

Now we will see that B is a functor.
THEOREM 0.3.11. Given a topological group G, there exists a universal principal G-bundle (n, EG, BG).

Sketch of proof. For each, let EG™ be the n-fold join G * G * - - - x (G. Then it is possible to show that EG"
is (n — 1)-connected and it has free action by G given by right multiplication in each factor of G. Thus the
colimit
EG := lim EG"
n—oo

is a weakly contractible G-space, and BG := EG/G is a classifying space. O

PROPOSITION 0.3.12. For each topological group homomorphism ¢ : G — H, there is a natural
homotopy class B¢ € [BG, BH] such that B(¢po) = Bpo By and B(idg) = idpg, i.e. B is a functor from
the category of topological groups to hTop. Moreover, B preserves products in the sense that B(G x H) =
BG x BH.

Proof. The associated bundle EG X¢ 4 H is a principal H-bundle over BG hence there is a map B¢ €
[BG, BH] such that EG x¢g,¢ H = (B¢)*EG. Functoriality follows from the evident isomorphism

(EG XaG,¢ H) X H K= EG X G, o K

and that B(idg) = idpg follows from the fact EG x¢ G = EG.
For the product result, we can see that EG x EH is contractible space with a G x H free right action so

B(Gx H)=(EGx EH)/(Gx H)=BG x BH

4. Hodge star operator

Let V be a real fintie-dimensional vector space of dimension d with an inner product < , >. For each degree
p, the vector vector space APV has an inner product induced from V:

(Ui A Aup,v1 A=+ Avp) = det((uj, vg)) jk

If (e1,...,eq) is an orthonormal basis for V, then clearly {e;, A---Ae;, : 1 <y <ip < -+ <ip < d}isan
orthonormal basis for APV. We now define the Hodge *-operator. The Hodge star operator si a mapping



defined by setting
*(eil /\-~-/\eip) = :|:€j1 AR /\ejd_p

where {j1,. .., ja—p} is the complement of {i1,...,4,} in {1,...,d}, and we assign the plus sign if {i1, ..., %y, j1,. .-

is an even permutation of {1,...,d}, and the minus sigh otherwise. Hence we have
ey N---Nei, Nx(es, N---Nej,) =er A--- Aeq = volume
Extending * by linearity, we can prove[l3, Ch.V, Sec.1] for a, 8 € APV

a A8 = {a, ) vol

13

7jd—p}



CHAPTER 1. Self-duality

1. self dual Yang-Mills equations

Let A be a connection on a principal G-bundle P over R*, and F(A) its curvature.

A connection is said to satisfy the self-dual Yang-Mills equations, or self-duality equations for short, if
F(A) is invariant under the Hodge star operator. In terms of a local trivialization of P over R*, and the
basis coordinates (x1,xo, x3,z4), F(A) may be written as a Lie algebra-valued 2-form:

F(A) = Z Fijd.’L‘i/\d.”L'j = FiodxiNdro+FisdriNdrs+Fradey Adx g+ FosdroNdxs+FogdroAdx g+ F34dxz Adxy
i<j

Then
*F(A) = Fodxs ANdxy — Fisdas A dxy + Fiadxs A des + Fosdr, A dry — Fosdry A des + Fadxy A dxs

Hence the self-duality equations means that

Fig = F3y
Fiz = —Fy (1.1.1)
Fiy = Iy

With respect to this trivialization, the connection is described by a Lie algebra-valued 1-form
A= Aidzy + Asdrg + Asdrs + Asdrs

where A; is a matrix-valued function of R* with respect to a local frame of ad(P). Via Section 0.2.2 we
introduce the covariant derivative on ad(P) in the direction of %:

0

Vi + A

and since A is matrix valued-form, the curvature is then expressed as
F(A)=dA+ANA

Then we have:

OA;
dA:Z . mjdxj A dz;

= Z 8Ald.lﬁj/\dxz

— Z
1<4,j<4

oA, A,
= > <8xj - axi)alacz/\dacj

1<i<j<4
Similarly
.
1<i<j<4
And we can see that % and A; are both linear operator on the space of sections. If (eq,...,e,) is a local
frame, s = Y, s’e;, then 6372 =3, g; e; and for column vector *(s,...,s"), Ajs = (e1,...,e,)A; (s, ..., s").
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Since by Lebniz’s rule,

2 (46 = T+ 4,0
Hence 9 oA 9
aiﬂCiAj B 57375 T Ox;
Then
{‘9 .}E’A. 0 _ 04,
a.%‘i’ J 89@ J J (’“)xz 8:}51»

Clearly {821’ 62-] = 0. Therefore

J

0 0 04; 04
[vz’v']]_|:(9(EZ+A“8(EJ+A]:|_<(9.T’L axj AA AA)_ ij

we now assume that the Lie algebra-valued functions A; are independent of z3,x4. Then we can restrict P
to submanifold R2. Thus A; and A, define a connection

A= Ald.fﬁl + Agdl‘g

over R?, and A3 and A, which we relabel as ¢; and ¢, are auxiliary fields over R2, called Higgs fields which
are Lie algebra-valued.

Now we consider the restrlctlon of P on R?, clearly the sections of this restriction are independent of
3,4, s0 the actions of - and 5 - are zero, we can see that V3 = A3, V4 = A4. The self-duality equations
(1.1.1) may now be ertten as

Fio =[V1,Va] = [¢1,¢2] = F54
Fiz = [Vi,01] = [¢2, Vo] = —Foy
Fia =[V1,02] =[Va,¢1] = Fos

Introducing the complex Higgs field ¢ = ¢1 — i¢po we can write the above equations as

[V1+iVa2,¢] =0 o

Now we consider the induced connection on the principal bundle P over R?, and its corresponding
curvature form etc:
F e Q*(R* ad(P)) and ¢ € Q°(R? ad(P)® C)

The first equation of (1.1.2) is coordinate dependent. But if we write z = x1 + ix2 and introduce

1
= §¢dz c QYO(R? ad(P) ® C)

1
o* = §¢*d2 € Q*(R? ad(P) ® C)

Then the first equation of (1.1.2) becomes
F=—[0,0"]

In fact since P is over R?, F' = Fyadry A dxo, then from dz = dxy + idwy and (1.1.2), we have
—[®, 0] = fi[qﬁ, ox|dz N dz = %i[qﬁ, ¢*ldzy Ndxze = F
We can write
A= Aidx, + Asydxry = (A1 —iAg)dz + = (A1 +iAg)dz = A'dz + A"dz
Then we have

[V1+iVa,d] {3 17 + A+ lA2,¢]
1

a 1
[8+A ,qb}
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This formula is zero if and only if

z

by Theorem 0.2.6. where d’j is (0,1)-type connection. Then the equations (1.1.2) become

F=—[0, 0"
fr= o o
"o =
This system of equations also can be writen on a compact Riemann surface M. We consider a connection A
on a principal G-bundle P over M where G is compact, and a complex Higgs field ® € Q1%(M,ad(P) ® C).
The pair (A, ®) will be said to satisfy the self-duality equations if it satisfies the system of equations (1.1.3).
Here are two examples:

EXAMPLE 1.1.1. Let ® = 0 and A be flat connection, then it is easy to see that (A, ®) satisfies the
self-duality.

EXAMPLE 1.1.2. Let M be given a Riemannian metric g = h? dzdz,h > 0 compatible with the conformal
structure, K be the canonical line bundle, which is T"*M for M. The structure group of the associated frame
bundle Fr(K) is GL(C, 1), then since M is given a conformal metric, which gives an hermitian metric on
the holomorphic tangent bundle T'M and then K. So K is a principal U(1)-bundle from Section 0.2.5.
Since M is Khler manifold, the Chern connection coincides with the Levi-Civita connection of the associated
Riemannian metric. Thus we consider the Chern connection V on T"™* M.

Let K'/2 be a holomorphic line bundle over M such that

K1/2 ® K1/2 ~ K
And K2 is given a connection V'/? such that the tensor product of V/?
VY2RI+Ie V2

where I is identity of Q(M, K'/?), is the Chern connection of K. For the dual vector bundle K'/%* of K/2,
there is also a dual connection, denoted by V'/?*. We consider the rank-2 vector bundle V. = K2 @ K1/%*
with the linear connection Vy = V2 @ V2% Note that V is given an hermitian metric so the associated
frame bundle is a principal SU(2)-bundle, denoted by P. Let A be the SU(2)-connection defined by the linear
connection Vy via Section 0.2.5.

Since P = Fr(V), its structure group is GL(C,2) = GL(V,,), so the fiber of ad(P) is gl(C,2) = gl(V,) =
End(V;), so ad(P) = End(V). We define

o = <(1) 8) hdz € Q0(ad(P))

We claim that d'4® = 0. From [10, Ch.0, Sec.5] we know that the connection form of Chern connection of
the tangent bundle K* is

K*, K'Y2* are line bundles, for a local frame e of K* and a local frame e'/? of K'/2* we identify e'/? ® /2
and e since K'/%* @ K'/?* = K*. Then we have

we = (wip®I+1 ®w1/2)(el/2 ® el/?)
— (w1/261/2) ®61/2 —|—61/2 ® (w1/261/2)

= 20.}1/261/2 ® el/?

where wy /o s connection form of K'Y2* note that they are complez-valued forms. So Wi = %w. Then we
obtain the connection form of KY/? is —%w. Finally we obtain the connection form of V.= K'/? @ K/?*:

oo — —%w 0
V=L o sw

which also can be regarded as the connection form of A which is a connection induced from the connection

on V. The part of (0,1)-type of wy is
10h (-1 0
no_ - 7" =
“v = 2h6z<0 1)‘”
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Then we can see that
oh (—1 0
nea o I > "
oh (—1 0\ ,_ 1 0Oh -1 0 0 0 _
=0

Similar, if Fy is the curvature form of the holomorphic tangent bundle K*, then the curvature forms of
KY?* and V is respectively %Fg and
—1iFy 0
0 iR
On the other hand, we have
«_ (0 0 0 1 1 _(1 0 2 _
—[®,9*] = [(1 0) hdz, (O O) hdz} = (O _1) h*dz N dz

Thus the equations becomes
Fy = —2h%dz N dz
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