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Summary The finite volume methods are one of the most popular
numerical procedure to approximate the weak solutions of hyperbolic
systems of conservation laws. They are developed in the framework
of first-order numerical schemes. Several approaches are proposed to
increase the order of accuracy. The van Leer methods are interesting
ways. One of them, namely the MUSCL-Hancock scheme, is full time
and space second-order accuracy. In the present work, we exhibit rel-
evant conditions to ensure the L1-stability of the method. A CFL
like condition is established, and a suitable limitation procedure for
the gradient reconstruction is developed in order to satisfy the sta-
bility criterion. In addition, we show that the conservative variables
are not useful within the gradient reconstruction and the procedure
is extended in the framework of the primitive variables. Numerical
experiments are performed to show the interest and the robustness
of the method.
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1 Introduction

In the present work, we discuss the numerical approximation for solv-
ing hyperbolic system of conservation laws such as the well-known
Euler equations. We propose to consider finite volume methods with
time and space second-order of accuracy. During the twenty last years,
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the problem of increasing the order of accuracy for solving hyperbolic
system has been a very active research topic. Actually, one of the most
popular second-order scheme has been introduced by van Leer [16];
namely the MUSCL scheme. It is a finite volume method where the
flux approximation is second-order accurate. This scheme is consid-
ered and extended in a lot of applications, for instance see Collela
[6], Durlofsky-Engquist-Osher [9], Sander-Wieser [23] and references
therein (see also Toro [24] and Godlewski-Raviart [11]).

Since the scheme is used to perform very difficult numerical flow
simulations, the robustness turns out to be central. Several works
are devoted to such an analysis. The first ones are proposed by
Khobalatte-Perthame [15], Perthame-Qiu [22] when the authors en-
force the L1-stability as soon as the gradient reconstruction satisfies
a conservation argument. Next, in Berthon [2], the author shows how
preserve the L1-stability but for no conservation assumption in the
gradient reconstruction. Moreover, second-order discrete entropy in-
equalities are given in [2].

In van Leer [17], a variant of the MUSCL scheme is introduced;
namely the MUSCL-Hancock method. This scheme is full time and
space second-order accurate. It differs from the other MUSCL vari-
ants [15,16,22,24] in its second-order time of accuracy. Indeed, the
time accuracy rises when considering a step based on a central-
like scheme (see Nessyahu-Tadmor [20] or Bianco-Puppo-Russo [4]).
In the present work, we propose to consider the MUSCL-Hancock
scheme for a stability and robustness analysis.

This paper is organized as follows. In the following section, we
introduce the main notations and we describe the MUSCL-Hancock
method. Next, in the third section, we analyze the robustness of the
scheme under consideration. Arguing a relevant limitation procedure
to define the gradient reconstruction, we establish the L1-stability of
the scheme. The stability result involves a more restrictive CFL con-
dition than usually meet. This may imply several difficulties from a
practical point of view. In the next section, we propose a time variant
of the MUSCL-Hancock scheme which makes easy (more standard)
the time CFL restriction. At this level of the paper, the piecewise-
linear reconstruction is based on the conservative variables. We pro-
pose to extend the above analysis within the framework of a gradi-
ent reconstruction based on relevant non-conservative variables. To
conclude the paper, the last section is devoted to the numerical ex-
periments. They are performed within classical Euler equations. The
numerical tests show the interest and the robustness of the method.
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2 The MUSCL-Hancock method

We consider hyperbolic systems of conservation laws in the form

∂tw + ∂xf(w) = 0, t >, x ∈ R, (1)

where w(x, t) is the vector state solution made of N components, and
f denotes the flux function. The state vector w belongs to a convex
set Ω, assumed to be invariant by the flow. In general, the invariance
of Ω is dictated by physical properties (an example will be given in
the section 5 devoted to the numerical experiments). Let us empha-
size that the present analysis will apply to some specific systems (for
instance gas dynamics) because of an invariance assumption. Indeed,
in the sequel we need the invariance of Ω under the Riemann prob-
lem. Such an assumption turns out to be restrictive even if the gas
dynamics equations enter the present framework.

From now on, let us note that an additional assumption will be
imposed to the set Ω. In fact, we will enforce that the invariance
by the flow of Ω implies the numerical L1-stability. For instance, the
phase space Ω associated with the standard Euler equations satisfies
such a property (see Godlewski-Raviart [11]).

Now, we turn considering the numerical approximation of solu-
tions of (1). The MUSCL-Hancock method (see van Leer [17] but also
Toro [24]) is considered in the present work. It achieves a second-order
extension of a first-order finite volume scheme. It has three distinct
steps: The data reconstruction, The evolution, The Riemann prob-
lem.

The data reconstruction. In this step, we introduce a linear piece-
wise function to approximate the solutions of (1), namely

wn(x) = wn
i + σi(x− xi), x ∈ (xi− 1

2
, xi+ 1

2
),

where (xi)i∈Z denotes the mesh nodes. We have set xi+ 1
2

= xi+(xi+1−
xi)/2. For the sake of simplicity in the present work, we will assume
that the mesh is uniform with the size ∆x. The value σi defines
a suitable slope of the linear function set in the cell (xi− 1

2
, xi+ 1

2
).

Concerning the choice of σi, the reader is referred to [10,11,18,24].
We consider the inner approximation in the cell (xi− 1

2
, xi+ 1

2
), lo-

cated at x = xi± 1
2
. These approximations are denoted wn,±

i and are

defined as follows:

wn,±
i = wn

i ±
∆x

2
σi. (2)
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To conclude the first step, let us note that we have assumed a re-
construction based on the conservative variables. Some authors pro-
pose to consider other variables to make the reconstruction. Latter
on, we will discuss about the case of non-conservative piecewise linear
reconstruction.

The evolution. The inner approximations are evolved by a time
∆t/2 as follows:

w
n+ 1

2
,±

i = wn,±
i − ∆t

2∆x

(
f(wn,+

i )− f(wn,−
i )

)
. (3)

The Riemann problem. The updated approximate solution at time
tn+1 is given by

wn+1
i = wn

i −
∆t

∆x

(
fi+ 1

2
− fi− 1

2

)
, (4)

where fi+ 1
2

denotes the numerical flux function. Following the stan-

dard Godunov scheme, the numerical flux function reads:

fi+ 1
2

= f(ωe(0; w
n+ 1

2
,+

i ,w
n+ 1

2
,−

i+1 )),

with f the exact flux function while ωe(.,wL,wR) denotes the exact
solution of the Riemann problem for (1) with the initial data w0(x) =
wL if x < 0 and wR otherwise. In fact, one extends this step to more
general first-order numerical flux function:

fi+ 1
2

= f(w
n+ 1

2
,+

i ,w
n+ 1

2
,−

i+1 ), (5)

where f(wL,wR) can be the Godunov numerical flux function but
also the HLL, relaxation, Roe, etc, numerical flux function.

Concerning this time and space second-order accurate scheme, we
note that no CFL restriction is actually established. Authors pro-
posed several choice (for instance see van Leer [17] or Toro [24]) but
it must be used with caution. In the present work, we detail a relevant
CFL restriction to enforce the L1-stability. To access such an issue,
we will introduce a relevant gradient reconstruction limitation in the
first step (2).

In the sequel, we will consider systems (1), set over Ω, such that
the L1-stability of schemes is implied by the numerical invariance of
Ω: wn+1

i ∈ Ω whenever wn
i ∈ Ω for all i ∈ Z. Let us remark that

this assumption does not turn out to be very restrictive since many
physical hyperbolic systems satisfy such hypothesis (for instance, see
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[3,11] for the Euler equations and several derivation, but also see [8]
in the framework of the radiative transfer).

To conclude the presentation of the MUSCL-Hancock method, we
add an assumption concerning the numerical flux function f(wL,wR)
used in (4). When considering the associated first-order scheme:

wn+1
i = wn

i +
∆t

∆x

(
f(wn

i ,w
n
i+1)− f(wn

i−1,w
n
i )
)
, (6)

the first-order approximate solution must be L1-stable. Several first-
order numerical flux functions satisfy such a property as long as the
time increment ∆t satisfies the following first-order CFL condition:

∆t

∆x
max
i∈Z
|λ(wn

i ,w
n
i+1)| ≤ 1

2
, ∀i ∈ Z. (7)

With some abuse in the notations, λ(wn
i ,w

n
i+1) denotes the numerical

eigenvalues of the Jacobian matrix associated with the flux function
f and evaluated at the cell interface xi+ 1

2
. In the sequel, λe(wL,wR)

will denote the exact eigenvalues of the system (1).
Put in other words, the numerical flux function, introduced in

(4), must ensure the invariance of Ω when considering the first-order
scheme (6)-(7). Many finite volume methods satisfy such a property.
For instance, the well-known Godunov flux function can be considered
(as proposed by van Leer [17]) but also the Lax-Friedrichs or the
kinetic or the relaxation schemes can be considered (see Bouchut
[5]).

In addition, let us note from now on that we do not impose that
the numerical flux function, considered in (4), is based on a Riemann
solver (see Harten-Lax-van Leer [12]).

3 Stability results

In this section, we establish the main stability result enforcing the
numerical invariance of Ω. We propose to detail a new second-order
CFL condition and a relevant gradient reconstruction to ensure that
wn+1
i ∈ Ω whenever wn

i ∈ Ω for all i ∈ Z, where the sequence

(wn+1
i )i∈Z is evaluated by the MUSCL-Hancock scheme (2)-(3)-(4)-

(5). To access such an issue, we impose the numerical invariance of
Ω at the end of each step of the method.

Concerning the first step, we have to consider a gradient recon-
struction such that wn,±

i , defined by (2), belongs to Ω. Currently, we
do not impose a specific limiter to evaluate σi since it depend on the
system (1) and the admissible state space Ω. For instance, the reader
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is referred to [2,10,11,18,24] where examples are given in the frame-
work of Euler equations. In the sequel, we assume wn,±

i ∈ Ω. Relevant
choice of gradient reconstruction procedures will be specified in the
section 5 devoted to the numerical experiments.

During the second step, the inner approximations are evolved in

time to get w
n+ 1

2
,±

i defined by (3). In the following result, we establish

a suitable CFL condition and a slope limitation to enforce w
n+ 1

2
,±

i
to be in Ω.

Lemma 1 Assume that wn
i ∈ Ω for all i ∈ Z. Let us define w?,±

i as
follows:

1

4
wn,−
i +

1

2
w?,±
i +

1

4
wn,+
i = wn,±

i , (8)

where wn,±
i are defined by (2). Assume that

wn,±
i ∈ Ω and w?,±

i ∈ Ω. (9)

Consider the following CFL restriction:

∆t/2

∆x/4
max
i∈Z

(
|λe(wn,−

i ,w?,±
i |), |λe(w

?,±
i ,wn,+

i |)
)
≤ 1

2
. (10)

Then, the invariance of Ω is satisfied at the end of the first step of

the MUSCL-Hancock scheme: w
n+ 1

2
,±

i ∈ Ω, where w
n+ 1

2
,±

i is defined
by (3).

From now on, let us note that the limitation imposed to the inner
approximations wn,±

i is standard. Indeed, if wn,±
i does not belong to

Ω, the flux evaluation at these states, in general, are not defined. The
actual novelty is the limitation imposed on the intermediate states
w?,±
i . In fact, this additional limitation is not too restrictive (see

section 5) and the accuracy of the scheme is preserved.
Let us remark that introducing intermediate states w?,±

i follows
an idea proposed in [2].

Proof For the sake of simplicity, we just establish that w
n+ 1

2
,+

i is in

Ω. The proof turns out to be similar to establish w
n+ 1

2
,−

i ∈ Ω and
thus it will not be detailed here.

First, we propose to interpret the evolution step (3) as a Riemann
solver.
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Fig. 1. Riemann solver interpretation of the evolution step (3).

xi− 1
2

xi− 1
4

xi xi+ 1
4

xi+ 1
2

Wn,−
i W ?,+

i W ?,+
i Wn,+

i

Over the cell (xi− 1
2
, xi+ 1

2
), we introduce wh(x, t) : R × R+ → Ω.

With t ∈ (0,∆t/2), the function wh(x, t) is the weak solution of the
Cauchy problem for (1) using the following initial data (see figure 1):

wh(x, 0) =





wn,−
i , if x ∈ (xi− 1

2
, xi− 1

4
),

w?,+
i , if x ∈ (xi− 1

4
, xi+ 1

4
),

wn,+
i , if x ∈ (xi+ 1

4
, xi+ 1

2
).

Under the CFL like condition (10), the solution wh at time ∆t
2 is

made of the juxtaposition of solutions of non-interacting Riemann
problems arising at the cell interfaces xi± 1

4
.

Now, the projection of wh(x, ∆t2 ) on piecewise-constant functions
gives

w
n+ 1

2
,+

i =
1

∆x

∫ x
i+ 1

2

x
i− 1

2

wh(x,
∆t

2
) dx. (11)

Employing the formalism introduced by Harten-Lax-van Leer [12],
we rewrite the latter equation as follows:

w
n+ 1

2
,+

i =
1

4

(
w̄L(wn,−

i ,w?,+
i ) + w̄R(wn,−

i ,w?,+
i )+

w̄L(w?,+
i ,wn,+

i ) + w̄R(w?,+
i ,wn,+

i )
)
,

where

w̄L(wL,wR) =
∆t/2

∆x/4

∫ 0

−∆x/4
∆t/2

ωe(ξ; wL,wR) dξ,
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= wL −
∆t/2

∆x/4
(f(ωe(0; wL,wR))− f(wL)) , (12)

and

w̄R(wL,wR) =
∆t/2

∆x/4

∫ ∆x/4
∆t/2

0
ωe(ξ; wL,wR) dξ,

= wR −
∆t/2

∆x/4
(f(wR)− f(ωe(0; wL,wR))) . (13)

The function f refers to the exact flux function of the system (1)
while ωe(.; wL,wR) denotes the solution of the Riemann problem for
(1) with the initial data w0(x) = wL if x < 0 and wR otherwise. An
easy computation gives the following formula:

w
n+ 1

2
,+

i =(
1

4
wn,−
i +

1

2
w?,+
i +

1

4
wn,+
i

)
− ∆t/2

∆x

(
f(wn,+

i )− f(wn,−
i )

)
.

Arguing the definition of w?,+
i , given by (8), we have established

that the integral formulation (11) coincides with the evolution step
(3). Now, involving that wh(x,∆t/2) belongs to the convex set Ω,
the proof is achieved. ut

To conclude the expected L1-stability result, we must satisfy the
invariance of Ω during the last step of the MUSCL-Hancock method.
To access such an issue, we propose to rewrite (4)-(5) as the average
over the cell (xi− 1

2
, xi+ 1

2
) of three values obtained by the first order

scheme (6).
Following the ideas introduced in [2], let us introduce an interme-

diate state w
n+ 1

2
,?

i , uniquely defined as follows:

1

4
w
n+ 1

2
,−

i +
1

2
w
n+ 1

2
,?

i +
1

4
w
n+ 1

2
.+

i = wn
i . (14)

The role played by the states w
n+ 1

2
,±

i and w
n+ 1

2
,?

i is displayed in
figure 2.

We propose to evolve each state using the associated first-order
scheme (6) to obtain

wn+1,−
i = w

n+1 1
2
,−

i −
∆t

∆x/4

(
f(w

n+ 1
2
,−

i ,w
n+ 1

2
,?

i )− f(w
n+ 1

2
,+

i−1 ,w
n+ 1

2
,−

i )

)
,
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Fig. 2. Interpretation of the evolution step (4)-(5) as an average of values ob-
tained by a first-order scheme

tn

tn+1

xi− 1
2

xi+ 1
2

∆x/4 ∆x/2 ∆x/4

w
n+ 1

2
,−

i w
n+ 1

2
,?

i w
n+ 1

2
,+

i

wn+1,−
i wn+1,?

i wn+1,+
i

w
n+ 1

2
,+

i−1 w
n+ 1

2
,−

i+1

wn+1
i

wn+1,?
i = w

n+1 1
2
,?

i −
∆t

∆x/2

(
f(w

n+ 1
2
,?

i ,w
n+ 1

2
,+

i )− f(w
n+ 1

2
,−

i ,w
n+ 1

2
,?

i )

)
,

wn+1,+
i = w

n+1 1
2
,+

i −
∆t

∆x/4

(
f(w

n+ 1
2
,+

i ,w
n+ 1

2
,−

i+1 )− f(w
n+ 1

2
,?

i ,w
n+ 1

2
,+

i )

)
.

We immediately deduce that the updated solution by (4)-(5) is noth-
ing but the following average:

wn+1
i =

1

4
wn+1,−
i +

1

2
wn+1,?
i +

1

2
wn+1,+
i . (15)

Arguing this new formulation, we establish the expected numerical
invariance of Ω during the step (4)-(5). Indeed, according with the
first-order CFL restriction (7), assume the CFL like condition

∆t

∆x/2
max
i∈Z

(
|λ+,−
i−1,i|, |λ

−,?
i,i |, |λ

?,+
i,i |
)
≤ 1

2
, (16)

where λ+,−
i,j = λ(w

n+ 1
2
,+

i ,w
n+ 1

2
,−

j ). As soon as the states w
n+ 1

2
,±?

i

belong to Ω for all i ∈ Z, the L1-stability property satisfied by the
first-order scheme (6) implies that the states wn+1,±?

i are in Ω. Since

Ω is a convex region, we deduce that wn+1
i , given by (15), belongs to

Ω. We have established the following result:
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Lemma 2 Assume that the states (w
n+ 1

2
,±?

i )i∈Z belong to Ω, where

w
n+ 1

2
,?

i is given by (14). Assume the CFL restriction (16). The up-

dated solution wn+1
i , given by (4)-(5), belongs to Ω.

In the above result, let us note that we have imposed w
n+ 1

2
,±?

i ∈ Ω
for all i ∈ Z. Concerning w

n+ 1
2
,±

i , it is a consequence of lemma 1. In
fact, it is just necessary to establish a relevant condition to satisfy

w
n+ 1

2
,?

i ∈ Ω.

First, arguing the definition of w
n+ 1

2
,±

i , given by (3), we deduce
from (14) and the conservative reconstruction (2), the following for-
mula:

w
n+ 1

2
,?

i = wn
i −

∆t/2

∆x

(
f(wn,−

i )− f(wn,+
i )

)
.

We note that the above identity is very similar to the definition of

w
n+ 1

2
,±

i . As a consequence, lemma 1 can be easily extended to estab-

lish w
n+ 1

2
,?

i ∈ Ω.

Lemma 3 Assume that wn
i ∈ Ω for all i ∈ Z. Let us define w?,?

i as
follows:

1

4
wn,−
i +

1

2
w?,?
i +

1

4
wn,+
i = wn

i . (17)

Assume that wn,±
i and w?,?

i are in Ω. Consider the following CFL
condition:

∆t/2

∆x/4
max
i∈Z

(
|λe(w?,?

i ,wn,−
i )|, |λe(wn,+

i ,w?,?
i )|

)
≤ 1

2
, (18)

then w
n+ 1

2
,?

i ∈ Ω.

We omit the proof of this result which turns out to be the same as
the proof of lemma 1.

With a conservative reconstruction, as proposed in (2), we note
that (17) reads

w?,?
i = wn

i .

As a consequence, lemma 3 rewrite in the following simplified form:

Lemma 4 Assume that wn
i ∈ Ω and wn,±

i ∈ Ω for all i ∈ Z. Con-
sider the CFL restriction

∆t/2

∆x/4
max
i∈Z

(
|λe(wn

i ,w
n,−
i )|, |λe(wn,+

i ,wn
i )|
)
≤ 1

2
, (19)

then w
n+ 1

2
,?

i ∈ Ω.
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From the above results, we deduce the expected stability property
satisfied by the MUSCL-Hancock scheme (2)-(3)-(4)-(5):

Theorem 1 Assume that wn
i ∈ Ω for all i ∈ Z. Consider wn,±

i ,

defined by (2), and w?,±
i defined by (8). Assume that the slope σi,

introduced in (2) to define the gradient reconstruction, satisfies

w?,±
i = wn

i ±∆xσi ∈ Ω. (20)

Consider the CFL conditions (10)-(16)-(19). Then the updated solu-
tion wn+1

i , defined by (2)-(3)-(4)-(5), is in Ω.

Proof As soon as wn,±
i belongs to Ω, we can apply lemma 1, lemma

2 and lemma 4 to obtain the result.
Now, we prove that wn,±

i is in Ω. We note that

wn,±
i =

1

2
w?,±
i +

1

2
wn
i .

Since w?,±
i and wn

i are in Ω, the proof is completed when arguing
the convex property of Ω. ut
Currently, we have exhibit relevant CFL conditions and a slope lim-
iter to ensure the L1-stability of the MUSCL-Hancock numerical pro-
cedure. In the next section, extensions of the method are proposed.
These variants will preserve the stability properties.

4 New variants

We consider two variants of the usual scheme (2)-(3)-(4)-(5). The
first extension we consider, concerns the data reconstruction step.
In (2), the gradient reconstruction is based on the conservative vari-
ables. Several authors recommend to consider other choice of vari-
ables; namely primitive or physical variables (for instance, see Karni
[14]). We exhibit a suitable gradient reconstruction limitation in the
case of non-conservative variables. The obtained numerical procedure
preserves the L1 stability property.

The second proposed variant concerns the time increment. From
a practical point of view, the CFL restriction, given theorem 1, may
involve difficulties to consider a time increment varying from an it-
eration to another. Indeed, the current CFL condition turns out to
be implicit. The time increment ∆t cannot be defined only consid-

ering (∆x,wn
i ) since the CFL conditions involve wn

i and w
n+ 1

2
i . We

propose a new variant where ∆t will be explicit and thus may vary
easily from an iteration to another.
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4.1 A non-conservative gradient reconstruction

In the data reconstruction step, we propose to introduce a linear-
piecewise function based on a relevant change of variables. We set

Un(x) = Un
i + σi(x− xi), x ∈ (xi− 1

2
, xi+ 1

2
),

with Un
i = κ(wn

i ) where κ denotes a smooth change of variable. The
inner approximations, located at x = xi± 1

2
, are given by

Un,±
i = Un

i ±
∆x

2
σi, (21)

to obtain the following reformulation of (2):

wn,±
i = κ−1(Un,±

i ),

= wn,±
i +∆wn,±

i . (22)

By opposition with the conservation approach, where we have set
∆wn,±

i = ±∆x
2 σi, the non-conservative reconstruction is character-

ized by (see [2]):
wn,−
i + wn,+

i 6= 2wn
i .

Now, we consider the variant of the MUSCL-Hancock scheme de-
fined by (22)-(3)-(4)-(5). To satisfy the L1-stability property, we ap-
ply the same strategy as used in the section 3, enforcing the invariance
of Ω at the end of each step.

First, the slope σi, introduced in (21), is limited in order to satisfy:
wn,±
i ∈ Ω where wn,±

i are defined by (22). Once again, let us note

that this first limitation is standard. It enables to define f(wn,±
i ) in

the second step.
Concerning the second step, lemma 1 can be applied to establish

that w
n+ 1

2
,±

i ∈ Ω but for w
n+ 1

2
,±

i defined by (22).
During the third step, lemma 2 remains true. In fact, the non-

conservative form of the gradient reconstruction modifies the neces-

sary condition to satisfy w
n+ 1

2
,?

i ∈ Ω. Indeed, from (14), we deduce

that w
n+ 1

2
,?

i is now given by

w
n+ 1

2
,?

i =

(
2wn

i −
wn,−
i + wn,+

i

2

)
− ∆t/2

∆x

(
f(wn,−

i )− vf(wn,+
i )

)
.

As a consequence, lemma 3 remains true but for the following defini-
tion of w?,?

i :

1

4
wn,−
i +

1

2
w?,?
i +

1

4
wn+1
i =

(
2wn

i −
wn,−
i + wn,+

i

2

)
,
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to obtain

w?,?
i = 4wn

i − 3
wn,−
i + wn,+

i

2
. (23)

We conclude this presentation of the non-conservative reconstruction
variant of the MUSCL-Hancock scheme, giving the following stability
result:

Theorem 2 Assume that wn
i ∈ Ω for all i ∈ Z.Consider wn,±

i de-

fined by (22), w?,±
i defined by (8) and w?,?

i defined by (23). Assume
that the slope σi satisfies

wn±
i ∈ Ω, w?,±

i ∈ Ω and w?,?
i ∈ Ω. (24)

Consider the CFL conditions (10)-(16)-(18). Then, the updated state
wn+1
i , given by (22)-(3)-(4)-(5), belongs to Ω.

4.2 Varying time increments

Both conservative and non-conservative variant of the MUSCL-Han-
cock method involve the same difficulties when evaluating the time
increment ∆t. From a practical point of view, numerical simulations
recommend that ∆t may vary from an iteration to another. Cur-
rently, this is not possible in the framework of theorem 1 or theorem
2 where the CFL condition seems to be implicit. Indeed, to compute

∆t, the knowledge of ∆x, wn
i but also w

n+ 1
2

i are necessary where

w
n+ 1

2
i depends on ∆t. To suppress this difficulty when evaluating ∆t,

we propose a new variant of the numerical procedure where the time
increment will be explicitly known at the end of each step of the
scheme. To access such an issue, we propose to consider two inde-
pendent time step ∆t1 and ∆t2 respectively associated with (3) and
(4)-(5).

For the sake of simplicity, we detail this new variant in the case of
conservative data reconstruction. We propose the following numerical
procedure to substitute to (3) and (4):





w
n+ 1

2
,±

i = wn,±
i − ∆t1/2

∆x

(
f(wn,+

i )− f(wn,−
i )

)
,

w̄i =
1

2

(
w
n+ 1

2
,−

i + w
n+ 1

2
,+

i

)
,

¯̄wi = wn
i −

∆t2
∆x

(
fi+ 1

2
− fi− 1

2

)
,

wn+1
i = α ¯̄wi + (1− α)w̄i,

(25)
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where α is given by

α =

{
∆t1

∆t1−2
√
∆t2(∆t1−∆t2)

(∆t1−∆t2)2 , if ∆t2 < ∆t1,
1
2 , if ∆t2 = ∆t1.

Now, the updated solution wn+1
i is given for a time tn + ∆t where

∆t is defined as follows:

∆t = α∆t2 + (1− α)
∆t1

2
.

This scheme is easily seen to be second-order of accuracy. In addi-
tion, we note that the standard MUSCL-Hancock scheme, detailed in
section 2, coincides with the fixed choice ∆t1 = ∆t2 = ∆t.

We turn considering the stability of this method. We see that

lemma 1 can be applied to ensure that the states w
n+ 1

2
,±

i belong to
Ω as soon as ∆t1 satisfies the CFL restriction (10). Similarly, we have

w
n+ 1

2
,?

i in Ω if ∆t1 satisfy the CFL like condition (19) (see lemma 4).
From lemma 2, we deduce that ¯̄wi belongs to Ω if the CFL condition
(16), applied to ∆t2, is satisfied. Arguing the convex property of Ω,
we immediately obtain that w̄i and next wn+1

i are in Ω.
To conclude, let us emphasize that the CFL conditions (10) and

(19), used to restrict ∆t1, only involve wn
i and wn,±

i . Then, w
n+ 1

2
,±

i

and w
n+ 1

2
,?

i can be evaluated. Next, the time increment ∆t2 is restrict

when considering the CFL condition (10) based on w
n+ 1

2
i . In this

sense, the time increment computations are explicit when considering
this new extension of the initial scheme.

5 Numerical experiments

In this section, we perform several numerical tests using the MUSCL-
Hancock procedure we have investigated. These experiments are per-
formed when approximating the solutions of Euler equations:




∂tρ+ ∂xρu = 0,
∂tρu+ ∂x(ρu2 + p) = 0,
∂tE + ∂x(E + p)u = 0,

(26)

where the pressure is given by the perfect gas law:

p = (γ − 1)

(
E − ρu

2

2

)
, γ ∈ (1, 3].
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The set Ω of the admissible states is defined as follows:

Ω =

{
w ∈ R3; ρ > 0, u ∈ R, e(w) = E − ρu

2

2
> 0

}
.

In the sequel, the variables w = (ρ, ρu,E) are denoted the conser-
vative variables while U = (ρ, u, p) will denote the non-conservative
primitive variables.

In the present work, the numerical flux function, used in (5), is
based on the Suliciu relaxation scheme (see Jin-Xin [13], but also
[1,3,5,7] to several derivations). To conclude the presentation of the
scheme, we have to describe the limitation used within the gradient
reconstruction. We propose to extend the standard limitation proce-
dures (minmod, superbee, etc., see [18,24] and references therein) to
enforce the additional restriction stated in theorem 1 (for a conserva-
tive reconstruction) or theorem 2 (for a non-conservative reconstruc-
tion).

First, let us consider the conservative gradient reconstruction. In
view of the definition (2), we search for a gradient reconstruction in
the form 



ρn,±i = ρni ±∆ρ,
(ρu)n,±i = (ρu)ni ±∆ρu,
En,±i = Eni ±∆E,

where the increment ∆w = (∆ρ,∆ρu,∆E) must satisfy the stability
condition (20) which reads:

ρni ± 2∆ρ > 0, (27)

(Eni ± 2∆E)− ((ρu)ni ± 2∆ρu)2

2(ρni ± 2∆ρ)
> 0. (28)

The condition (27) writes:

∣∣∣∣
2∆ρ

ρni

∣∣∣∣ < 1. (29)

Concerning the inequalities (28), it appears a compatibility condition.
Indeed, the sum of the two equalities involved in (28) gives:

2Eni −
(

((ρu)ni + 2∆ρu)2

2(ρni + 2∆ρ)
+

((ρu)ni − 2∆ρu)2

2(ρni − 2∆ρ)

)
> 0. (30)

As a consequence, we have to find a pair (∆ρ,∆ρu) which satisfies the
above inequality. To access such an issue, momentarily we propose to
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fix ∆ρu = 0 and to exhibit a relevant ∆ρ. Next, ∆ρ is plugged into
(30) and ∆ρu is evaluated. We propose to consider ∆ρ such that

2Eni −
(

((ρu)ni )2

2(ρni + 2∆ρ)
+

((ρu)ni )2

2(ρni − 2∆ρ)

)
> 0, (31)

which coincides with (30) but for ∆ρu = 0. From (31), we deduce

∣∣∣∣
2∆ρ

ρni

∣∣∣∣ <

√√√√Eni − ρni
(uni )2

2

Eni
< 1. (32)

We use (32) to fix ∆ρ. Next, with the fixed ∆ρ, the inequality (30)
gives a relevant choice of ∆ρu. Finally, the increment ∆E is con-
sidered to satisfy (28). We obtain the following modified gradient
reconstruction:

∆ρ = max


−ρ

n
i

2

√√√√Eni − ρni
(uni )2

2

Eni
,

min


ρ

n
i

2

√√√√Eni − ρni
(uni )2

2

Eni
,
∆x

2
σρi





 , (33a)

∆ρu = max

(
ξ−,min

(
ξ+,

∆x

2
σρui

))
, (33b)

∆E = max

(
−1

2

(
Eni −

((ρu)ni + 2∆ρu)2

2(ρni + 2∆ρ)

)
,

min

(
1

2

(
Eni −

((ρu)ni − 2∆ρu)2

2(ρni − 2∆ρ)

)
,
∆x

2
σEi

))
, (33c)

where

ξ± =
1

2
uni ∆ρ±

1

2

√
2

(
ρni −

4∆ρ2

ρni

)(
Eni − ρni

(uni )2

2

)
.

The numerical experiments will assert the interest of the procedure.
Now, we turn considering the non-conservative reconstruction ap-

proach. We search for a gradient reconstruction in the form:



ρn,±i = ρni ±∆ρ,
un,±i = uni ±∆u,
pn,±i = pni ±∆p,
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where the increment (∆ρ,∆u,∆p) must satisfy the stability condition
(24). After computations, this restriction reads:

ρni ±∆ρ, ρni ± 2∆ρ > 0, (34)

pni ±∆p > 0, (35)

p?,±i = pni ± 2∆p− 3

2
(γ − 1)

∆u2

ρni ± 2∆ρ

(
(ρni )2 −∆ρ2

)
> 0, (36)

p?,?i = pni −
3

2
(γ − 1)

∆u2

ρni

(
(ρni )2 + 3∆ρ2

)
> 0. (37)

We note that the inequalities p?,+i > 0 and p?,−i > 0 involve a compat-

ibility condition. Indeed, the increments must satisfy p?,+i + p?,−i > 0
which writes:

pni −
3

2
(γ − 1)∆u2 ρni

(ρni − 2∆ρ)(ρni + 2∆ρ)
> 0. (38)

It is easy to check that (38) is more restrictive than p?,?i > 0. As a
consequence, we only consider (38) instead of p?,?i > 0.

First, we determine the pair (∆ρ,∆u) such that the above inequal-
ity (38) is satisfied. We propose to consider ∆u such that

pni −
3

2
(γ − 1)∆u2ρni > 0, (39)

which coincides with (38) but for ∆ρ = 0. We obtain

|∆u| <
√

pni
3
2(γ − 1)ρni

. (40)

We fix ∆u according to (40) and we consider ∆ρ to satisfy (38):

∣∣∣∣
∆ρ

ρni

∣∣∣∣ <

√√√√√
pni

3
2

(γ−1)ρni ∆u
2 − 1

4
pni

3
2

(γ−1)ρni ∆u
2 − 1

<
1

2
. (41)

The increment ∆p is thus considered to satisfy (36).
Finally, the gradient reconstruction is modified as follows:

∆u = max

(
− pni

3
2(γ − 1)ρni

,min

(
pni

3
2(γ − 1)ρni

,
∆x

2
σui

))
, (42a)

∆ρ = max


−ρ

√√√√√
pni

3
2

(γ−1)ρni
−∆u2

4
pni

3
2

(γ−1)ρni
−∆u2

,
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min


ρ

√√√√√
pni

3
2

(γ−1)ρni
−∆u2

4
pni

3
2

(γ−1)ρni
−∆u2

,
∆x

2
σρi





 , (42b)

∆p = max

(
−1

2

(
pni −

3

2
(γ − 1)

∆u2

ρni + 2∆ρ
((ρni )2 −∆ρ2)

)
,

min

(
1

2

(
pni −

3

2
(γ − 1)

∆u2

ρni − 2∆ρ
((ρni )2 −∆ρ2)

)
,
∆x

2
σpi

))
.(42c)

Now, we illustrate the numerical procedure with several tests.
They are performed using the same strategy. The mesh is assumed
to be uniform and made of 100 cells. Concerning the computation of
the slope σi (see (2)), we propose to consider the minmod and the
superbee function (see [18] to further details). These limitations are
modified according to (33) or (42). The numerical results are system-
atically compared with the exact solution.

The first test is devoted to confirm the second-order of accuracy
of the method. We propose to consider the following smooth initial
data: u(x, 0) = 1, p(x, 0) = 1 and

ρ(x, 0) =

{
100 if x < −0.4,
100(2− cos(3x+ 1.2)2) otherwise.

The gradient reconstruction uses the non-conservative approach (42)
where the slope σi is defined by the superbee function (see [18]). In
the following table we give the numerical order of accuracy obtained
for the variable ρ at time t = 0.1. This numerical order is computed
from a run with 50 cells to another run.

cells modified standard
100 1.99 2.03
200 2.00 2.02
500 1.95 1.96
800 1.82 1.84

We have compared the modified superbee limitation according to (42)
and the standard superbee limiter [18].

The next test corresponds to a Riemann solution made of a shock
wave and a rarefaction wave separated by a contact discontinuity.
The initial data is made of two constant states defined as follows:

ρL = 2 uL = 0 pL = 100
ρR = 0.125 uR = 0 pR = 0.1
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(a) density (b) velocity

−0.5 0 0.5
0

1

2 exact
conservative minmod
conservative superbee
non−conservative minmod
non−conservative superbee

−0.5 0 0.5
0

5

10

(c) pressure

−0.5 0 0.5
0

50

100

Fig. 3. Shock tube problem: exact solution (fill line), conservative reconstruc-
tion based on the minmod function (◦ symbol), conservative reconstruction based
on the superbee function (2 symbol), non-conservative reconstruction based on
the minmod function (3 symbol), non-conservative reconstruction based on the
superbee function (4 symbol).

The left and right states are separated by a discontinuity located at
x = 0. The solution is displayed at the time t = 0.035. The numer-
ical results are displayed in figure 3. The considered gradient recon-
struction is defined from conservative (33) and non-conservative (42)
variables. The minmod function and the superbee function (see [18])
are considered to define the slope σi. We report the numerical order
of accuracy computed by comparison between two runs with differ-
ent mesh size. The first run is fixed with 50 cells. The first following
table shows the numerical order of accuracy obtained with the min-
mod function based on conservative variables. In the second table,
the order of accuracy is given when considering the non-conservative
reconstruction based on the superbee function.
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(a) density (b) velocity

−0.5 0 0.5
0

1

2

exact
conservative minmod
conservative superbee
non−conservative minmod
non−conservative superbee

−0.5 0 0.5
−13

0

13

(c) pressure (d) CFL comparison

−0.5 0 0.5
0

5

10

−0.5 0 0.5
−13

0

13

exact
new CFL condition
CFL=0.5
CFL=1

Fig. 4. Two rarefaction waves problem. Graphs (a)-(b)-(c): exact solution (fill
line), conservative reconstruction based on the minmod function (◦ symbol),
conservative reconstruction based on the superbee function (2 symbol), non-
conservative reconstruction based on the minmod function (3 symbol), non-
conservative reconstruction based on the superbee function (4 symbol). Graph
(d): varying CFL number with a non-conservative reconstruction based on the
superbee function.

conservative minmod non-conservative superbee

cells ρ u p
100 0.94 1.20 0.99
200 0.95 1.10 0.99
500 0.93 1.04 0.99
800 0.92 1.02 0.99

cells ρ u p
100 0.93 1.14 1.04
200 0.94 1.06 1.02
500 0.91 1.01 1.01
800 0.92 0.99 1.00

In the third test, we consider a Riemann solution made of two
rarefaction waves. The left and right states which made the initial
data are defined as follows:

ρL = 2 uL = −12 pL = 10
ρR = 2 uR = 12 pR = 10
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(a) density (b) velocity

−0.5 0 0.5
2

7

12

17

exact
conservative minmod
conservative superbee
non−conservative minmod
non−conservative superbee

−0.5 0 0.5
−105

0

105

(c) pressure

−0.5 0 0.5
0

10000

20000

30000

40000

Fig. 5. Two shock waves problem: exact solution (fill line), conservative recon-
struction based on the minmod function (◦ symbol), conservative reconstruction
based on the superbee function (2 symbol), non-conservative reconstruction based
on the minmod function (3 symbol), non-conservative reconstruction based on the
superbee function (4 symbol).

The solution is displayed at the time t = 0.02 in figure 4. In addition,
figure 4 displays the numerical velocity obtained when involving sev-
eral choices of the CFL number. For a CFL number equal to 0.5, we
observe very small oscillations. These oscillations clearly increase for
a CFL number equal to 1.

The last test concerns a Riemann solution made of two shock
waves. The initial data for this test is defined as follows:

ρL = 3 uL = 100 pL = 573
ρR = 3 uR = −100 pR = 573

The numerical solutions are displayed at the time t = 0.01 in figures
5.

The two last experiments are known to be very difficult. When
performing these two tests, the method is shown to be robust accord-
ing to theorem 1 or theorem 2. However, concerning the two shock
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waves problem, we observe a spike in the 2-contact discontinuity for
the density. Let us note that this spike is standard and it can be
observed within the first-order relaxation scheme or Roe scheme or
Osher scheme (for instance). It appears when approximating shocks
resulting from two opposing hypersonic flows (see Liska-Wendroff [19]
or Noh [21]). This difficulty is preserved in the present work and it in-
duces oscillations when considering a second-order MUSCL Hancock
scheme.
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