LP cohomology and the boundness of the Riesz transform

This a report on a joint work with Thierry Coulhon (Cergy) and Andrew
Hassell (Canberra) [4].

Let M be a complete Riemannian manifold with infinite measure. The Riesz
transform T on M is the operator

f—daml 2,

where A is the positive Laplace operator on M. Thanks to the Green formula
we have :

Vf e Co (M), |AY2f|3. = (Af, f) = ||df3-

hence the Riesz transform is always a bounded map from L?(M) to L?(M;T*M).
It is of interest to figure out the range of p for which 7' extends to a bounded
map LP(M) — LP(M;T*M). Equivalently, we can ask whether

Il df (|, < [|AY2 ], for all f € C2°(M).

There is a lot of result in this direction. I will only mention few of such results :

i) On R™, for all p > 1, the Riesz transform is bounded on LP.

ii) On manifold with non negative Ricci curvature, the Riesz transform is
bounded on LP for all p > 1 ([3]).

iii) On certain Cartan-Hadamard manifolds, the Riesz transform is bounded on
LP forallp > 1

(7).

iv) On simply connected nilpotent Lie groups endowed with a left invariant
metric, the Riesz transform is bounded on LP? for all p > 1 ([1]).

v)In [5], T. Coulhon and X.T. Duong have shown that if for some C' > 0 and
v >0, (M, g) satisfies the the relative Faber-Krahn inequality :

Vo€ M.R>0and 9 C B R) m(@) > & ()"
z € M,R>0and Q C B(z,R) M( )_R2 (VOIB(Z,R)) ,
then for all p €]1, 2] the Riesz transform is bounded on LP.
They also indicated that for p > n, the Riesz transform is not bounded on
LP on a connected sum of two Euclidean space.
Our result is the following :
Theorem Let M be a complete Riemannian manifold of dimension n > 3 which
1s the union of a compact part and a finite number of Euclidean ends. Then the
Riesz transform is bounded from LP(M) to LP(M;T*M) for 1 < p < n, and is
unbounded on LP for all other values of p if the number of ends is at least two.
Let’s describe a key point in the proof in the case of a connected sum of
two Euclidean space M = R"™#R"™. Such manifold is topologically the product
R x S*~! endowed with the metric

(dr)? + (1 +72)(df)?



where (df)? is the standard round metric on the sphere S*~! and r the radial
variable. One of our argument is a precise description of the behavior for large
z and y of the Schwarz kernel of the operator :

A2 = %/ (A + k)~ dk.
0

If P(x,y) is the kernel of this operator, we show that when € M and y = (r, 0)
then for r — o0

u ()

rn—l

P(z,(r,0)) ~
where u4 is the harmonic function such that

lim wug(z)=1

r—+oo

li =0
A (o)
At infinity, we also get

|dus (r,w)| = O(r'™").

With this estimate, we can show that the Riesz transform can be bounded only
when p < n. To get the full result, we obtain sharper estimates by using the
scattering calculus introduced by R. Melrose ([?]).

In ([2]), authors have remarked that if the Riesz transform is bounded on
LP/(P=1) and on LP then the operator P = dA~1d* extend to a bounded operator
on LP(T*M). On L?(T*M), this operator P is the orthogonal projection on the
closure of the space dC§°(M). But on (M, g), the space of L? differential one-
forms admits the Hodge decomposition

L*(T*M) = H' (M) @ dCg° (M) @ d*C3°(A2T* M),

where HY (M) = {a € L3(T*M),da = 0 = d*a} (see [6]). Let us recall now the
definition of reduced LP-cohomology: for p > 1 , the first space of reduced LP
cohomology of (M, g) is

HL(M) = {a € LP(T*M),da = 0}
T dCe (M) ’

where we take the closure in LP. On L2, we have
{a € LA(T*M),da = 0} = H' (M) @ dC° (M),
hence the first space of reduced L? cohomology can be identified with H*(M).

We assume now that the manifold (M, g) satisfies the following conditions

1-2/v
(/ |fu—”zdvol> < 0/ |df|?dvol, Vf € Cg°(M),
M M



And that at one point o € M, we have a control on the growth of geodesic
balls centered at xg :
vol B(xg,r) < Cr¥,Vr > 1.

Proposition Under these two hypotheses, if the Riesz transform is bounded in
LP for some p > 2, then

1 s ats * _
HY(M) = {a € LP(M;T*M) | d*a = da = 0}

If moreover the Ricci curvature of M is bounded from below then there is a
natural map
Hy (M) — Hy(M)
which is injective.
Corollary If M has at least two ends, then the Riesz transform is not bounded
on LP for any p > v.
Let’s us describe two examples :

First example: The manifold M = R"#R" = R x S*~! endowed with a
metric (dr)?+ (14-72)(df)?. Then it is easy to show by direct computation that

dr

n—1"*

{a e LP(M;T*M) | d*a =da =0} = R————
(1)

Where as
R ifp<n

H;(M):{ {0} ifp=>n

Hence the map Hi(M) — HI}(M) is injective only for p < n. The proposi-
tion gives in this case the right range of p’s where the Riesz transform is bounded
on LP.

Second example: Let M be a connected sum of several (say I > 2) copies of
a simply connected nilpotent Lie group NV endowed with a left invariant metric,
let v be the homogeneous dimension of N; that is

. logvolB(o, R)
v= lim ————
R—oo log R

Then M satisfies the Sobolev inequality, the upper bound on the volume growth
of geodesic balls and more over it’s clear that its Ricci curvature is bounded from
below. We known that the Riesz transform is bounded on L? for p €]1,2] and
not bounded on LP? for any p > v. Moreover we can compute the LP cohomology

of M: L) -
1 | H (M) ~R'~ ifp<vw
HP(M){ {0 ifp>v

Hence the map
Hy (M) — Hy(M)

is injective when p < v. It is then tempting to propose the following conjecture

On such a manifold M , is the Riesz transform bounded on any p €]1,v] ?



References

[1]

G. Alexopoulos, An application of homogenization theory to harmonic anal-
ysis: Harnack inequalities and Riesz transforms on Lie groups of polynomial
growth, Canad. J. Math. 44 (1992), 691-727.

P. Auscher, T. Coulhon, X.T. Duong and S. Hofmann, Riesz transform on
manifolds and heat kernel regularity, Ann. Sc. E.N.S. 37 (2004), 911-957.

D. Bakry, Etude des transformations de Riesz dans les variétés riemanni-
ennes a courbure de Ricci minorée, Séminaire de Probabilités, XXI, 137—
172, Lecture Notes in Math., 1247, Springer, Berlin, 1987.

T. Coulhon, G. Carron and A. Hassell, Riesz transform and LP cohomology
for manifold with Euclidean ends.to appear in Duke Math. Journal . ArXiv
math.AP/0411648.

T. Coulhon and X.T. Duong, Riesz transforms for 1 < p < 2, Trans. Amer.
Math. Soc. 351 (1999), 1151-1169.

G. De Rham, Variétés différentiables, formes, courants, formes har-
moniques, Hermann, 3rd edition, 1973.

N. Lohoué, Comparaison des champs de vecteurs et des puissances du lapla-
cien sur une variété riemannienne a courbure non positive, J. Funct. Anal.
61 (1985), no. 2, 164-201.

R.B. Melrose, Spectral and scattering theory for the Laplacian on asymp-
totically Euclidian spaces, in Spectral and Scattering Theory, M. Ikawa, ed.,
Marcel Dekker, 1994.



