ON THE QALE GEOMETRY OF NAKAJIMA'S METRIC

GILLES CARRON

ABSTRACT. We show that on Hilbert scheme afpoints onC2, the hyperkhler metric
construsted by H. Nakajima via hypétier reduction is the Quasi-Asymptotically Locally
Euclidean (QALE in short) metric constructed by D. Joyce.

1. INTRODUCTION

The Hilbert scheme (or Douady schemehgdoints onC?, denoted byilby (C?), is a
crepant resolution of the quotient 6£2) ' = {q €(C)", X4 = O} by the action of
the symmetric groug,, which acts by permutation of the indices :

(S Snaq € ((22):;7 0.9 = (QU_l(l)aqO'_l(Q)a "'aQU_l(n))'
Hence we have a map
7 ¢ Hilbj (C?) — (C?); /Sh.

The complex manifolddilb{ (C?) carries a natural complex symplectic structure which
comes from the5,, invariant one of((Cz)g. A compact Kahler manifold admitting a com-

plex symplectic form carries in his&bler class a hypeéhler metric, this is now a well-
know consequence of the solution of the Calabi conjecture by S-T. Yau (see [3]). However,
Hilb{ (C?) is non compact, for instanddilb; (C?) = T*P'(C). There are many exten-
sions of Yau’s result to non compact manifold (see for instance [2],[26],[27]) and in 1999,
D. Joyce has introduced a new class of asymptotic geometry called Quasi-Asymptotically
Locally Euclidean (QALE in short) ; this class is the extension of the class of ALE (for
Asymptotically Locally Euclidean) ; roughly a complete maniféld ?, ¢) is called ALE
asymptotic taR? /T" wherel’  O(d) is a finite subgroup acting freely &1, if outside a
compact sef/ is diffeomorphic to(R* \ B) /I" and if on there the metric is asymptotic to

the Euclidean metric (the precise definition requires estimates begawhthe Euclidean
metric). WhenX™ is a crepant resolution @™ /T for I' C SU(m) a finite group, then
roughly a Kahler metric onX™ is called QALE if firstly away from the pulled back of

the singular set the metric is asymptotic to the Euclidean one and secondly on pieces of
X™ which (up to a finite ambiguity) are diffeomorphic to a subsekof x Fix(A) where

A is a subgroup of’, and X 4 is a crepant resolution dfix(A)*/A, then the metric is
asymptotic to the sum of a QALE&hler metric onX 4 and a Euclidean metric drix(A).

And D. Joyce has proved the following ([15],[16][theorem 9.3.3 and 9.3.4]):

Theorem A. Whenl' C SU(m) is afinite group andX™ — C™/I" is a crepant resolution
, then in any Khler class of QALE metric there is a unique QAL&Her Ricci flat metric.
Moreover ifl" C Sp(m/2), then this metric is hype#hkler.

In particular, up to scaling{ilby (C?) carries an unique hypeikler metric asymptotic
to ((C?)g /Sn-
1
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Another fruitful construction of hype#hler metric is the hype#hler quotient con-
struction of N. Hitchin, A. Karlhede, U. Lindgim and M. Rocek [13]. In fact in 1999,
H. Nakajima has constructed a hypahker metric ortilb( (C?) as a hyper&hler quotient
[24]. Moreover H. Nakajima asked wether this metric could be recover via a resolution
of the Calabi conjecture ; also D. Joyce said hat it is likely that QALE hyjtdek met-
ric can be explicitly constructed using the hypénker quotient , but outside the case of
I' C SU(2) = Sp(1) treated by Kronheimer [17], he has no examples. The main result of
this paper is the following :

Theorem B. OnHilbg (C?), up a scaling, D.Joyce’s and H.Nakajima’s metrics coincide.

It should be noted that a given complex manifold can carry two very different hy-
perkahler metrics ; for instance as it has been clearly explain by C. LeGfuoarries
two quite different Kahler Ricci flat metrics, the Euclidean one and the Taub-Nut metric
which has cubic volume growth [19].

The main evident idea of the proof of this result is to study the asymptotics of Naka-
jima’s metric ; however in order to used D. Joyce unicity result, we would need also asymp-
totics on the derivatives of Nakajima’s metric, this is probably possible but requires more
estimates. Our analyze of the asymptotics of Nakajima’s metric gives that Joyce and Naka-
jima’s metrics differ byO (p*20*2) ; wherep is the distance to a fixed point arda
regularized version of the distance to the singular set. And in order to used the classical
argument of S-T. Yau giving the unicity of the solution to the Calabi conjecture, we need
to find a functiony vanishing at infinity such that, the difference between the tébl&r
forms of Nakajima and Joyce'’s metrici8dy. D. Joyce has developed elaborate tools to
solve the equation of the typiu = f on QALE manifold ; but the deca@ (p=20~2)
is critical for this analysis. In fact, we have circumvent this difficulty using the Li-Yau’s
estimates for the Green kernel of a manifold with non negative curvature [20], and we have
obtained the following result, which has a independent interest and which can be generalize
to other QALE manifolds :

Theorem C. Let f is a locally bounded function oHilbg (C?), such that for some > 0

satisfies
1
f=0 (p502>

then the equatiol\u = f has a unique solution such that

_0 <1og(p€+ 2)) _
P

For further more profound results on the analysis on QALE space, there is a very inter-
esting work of A. Degeratu and R. Mazzeo [7].

In the physic litteratureHilbg (C?) is associated to the moduli space of instantons on
noncommutativéR* [25]. Our motivation for the study of the asymptotic geometry of the
Nakajima’s metric comes from a question of C.Vafa and E. Witten about the spdce of
harmonic forms orilby (C?) endowed with the Nakajima’s metric. L2t* be the space
of L2 harmonick—forms onHilbg (C?) :

H* = {a € L? (A*T*Hilby (C?)), da=d*a =0} .

In [28], see also the nice survey of T. Hausel [10], the following question is asked :
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Conjecture D.

ke~ 10} if k # 2(n — 1) = dimg Hilby (C?)
- { Im (H?(Hilby (C?)) — H*(Hilbg (C?))) if k=2(n—1)

However, C. Vafa and E. Witten said "Unfortunately, we do not understand the predic-
tion of S-duality on non-compact manifolds precisely enough to fully exploit them.”

In fact, N. Hitchin has shown that the vanishing of the spacB’dfiarmonicsk—forms
outside middle degree is a general fact for hyatkr reduction of the flat quaternionic
spaceH™ by a compact subgroup &fp(m) [12] ; he obtained this result with a general-
ization of an idea of M. Gromov ([9] see also related works by J.Jost, K. Zuo and J. Mc
Neal [14],[21]). For the degrele= 2(n — 1), the cohomology oflilby (C?) is well known

H2 =D (Hilb? (C?)) ~ Im (H3<”—1>(Hilbg(<c2)) - H2<n-1>(Hﬂbg(<c2)))
~ H2("D(Hilb2(C?)) ~ R

and a dual class to the generatoris' {0}. Moreover a general result of M. Anderson says
that the image of the cohomology with compact support in the cohomology always injects
inside the space af? harmonics forms [1]. Hence for the Hilbert schemengboints in

C? endowed with Nakajima’s metric we always have

dim H2—D > 1

and the conjecture D predicts the equatliyn #2("~1) = 1.

There are many results on the topological interpretation of the spafé béarmonic
forms on non compact manifolds but all of them requires a little on the knowledge of the
asymptotic geometry (see [11] for results related to some prediction from string theory and
[6] for a list of such results) ; the rough idea is that this asymptotic geometry would provide
a certain behavior of2 harmonic forms (decay, polyhomogeneity in a good compactifica-
tion) and that would imply a topological interpretation of this space with a cohomology of
a compactification. With our paper [5], our main result implies :

Theorem E. The Vafa-Witten conjecture D conjecture is true wheg 3.

The casen = 2 can be treated by explicit computation (see [12] for clever computa-
tions).

As the Vafa-Witten conjecture is in fact more general and concerns the quivers varieties
constructed by H.Nakajima [23], a natural perspective is to understand the asymptotic
geometry of the quivers varieties and the class of Quasi-asymptotically Conical manifolds
introduced by R. Mazzeo should be usefull [22]. In a different direction it would be good
to develop appropriate QALE tolls to settle the status of the Vafa-Witten conjecture.

Acknowledgementdt is a pleasure to thank A. Degeratu, P. Romon, R. Mazzeo, M. Singer,
C. Sorger and Y. Rollin for interessing discussion related to this work ; a special thank is
due to O. Biquard who suggested that | could used the classical proof of the unicity of the
solution of the Calabi conjecture in place of difficult derivative estimate. This paper was
finished during a stay at the MSRI, and | was partially supported by a joint NSF-CNRS
project and the project ANR project GeomEinstein 06-BLAN-0154.
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2. NAKAJIMA'S METRIC

In [24], H. Nakajima has shown that the Hilbert schemexgfoints inC? carries a
natural hyperkhler metric ; this metric is obtained from the Hypéhlkerian quotient con-
struction of N. Hitchin, A. Karlhede, U. Lind€im and M. Rocek [13] : the complex vector
space

M, =M :={(4, B,z,y) € M,(C)®d M,(C)dC" & (C")*,tr A =1tr B =0}
has a complex structure
J(A,B,.’L‘,y) = (B*7 _A*vy*u —{L'*)

if we let K = iJ then(M,I = i,J, K := iJ) becomes a quarternionic vector space ;
moreover the unitary groufi(n) acts linearly oM : if g € U(n) andz = (A, B, z,y) €
M then

9.2 = (949", 9By~ ", gz, yg™ ") .
The real moment map associated to this action is

1
WA, B,z,y) = o ([4, A" + [B, B'] + wz” — yy”) € u(n).

If h e u(n)andz = (A, B,z,y) € M we let
1.(h) = % . et = = ([h, A, [h, B], ha, —yh) .
By definition, we have for € M, 6z € T.M ~ M :
(du(2)(02), h) = (il=(h), 6z)
The action ofGL,,(C) onM preserves the complex symplectic form
we(z,2') =tr (A.B'— B.A) +y'(z) — y(a'),
and the associated complex moment map is :
uc(4, B,z,y) = [A, B] + 2y € M,,(C).
Let¢ > 0 and defined

t
}Lt(n) = ]Lt = ,U/_l {21} N ,u(El{O},
then the map
w= (p, pc) = M — u(n) & My (C)

is a submersion nedr; andU (n) acts freely on it, hence the quoti€iit := L,/U(n) is a

smooth manifold, this manifold is endowed with the Riemannian metyievhich makes
the submersiofi.,; — L;/U(n) Riemannian. By definition the tangent spacdidh)z is

naturally isometric to the orthogonal of the space

Imi,®IIml,®JIml,® KIml,.

In particularH; is endowed with a quaternionic structure which is in fact integrable ; hence
the metricg,, is hyperkahler hence Ehler and Ricci flat.
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2.1. Some remarks. Because fon > 0, we have\LL; = Lz, all the space$H, };~( are
isomorphic and their Riemannian metrics are proportional.
Fort¢ = 0, the quotientL, /U (n) is not a smooth manifold. It is easy to show that

(A, B,z,y) € Lo (x =0,y =0,[A, B] = [A,A"] = [B, B"] = 0);
hence to A, B,0,0) € Ly we can associated their joint spectrum
Sn- ((Ala Ml)y ()\27 /’L2)7 seey ()\na ,un)) S (CQ)Z /Sn
where(C?) := {(q1, - an € (C*)", 3, ¢; = 0} and the symmetric grous,, acts on
(((32)3 by permutation of the indices. We get an isomorphism (in fact an isometry)
Lo/U(n) ~ ((CQ)Z/Sn.
In fact fort > 0, we still have
(2.1) (A,B,z,y) e Ly =y =0.

Hence forz := (A, B, z,0) € L, the joint spectrum ofA, B) is still defined and we can
defined
W(U(n)z) = Sn ((Alaul)a (/\2>/L2)7 a3} ()‘na ﬂn)) € (CQ)Z /Sn

where (A1, i11), (A2, pi2), ..., (An, i) are such that for g € U(n), the matrixgAg—*
(resp. gBg~1!) is upper triangular with diagondl, s, .., \,,) (resp. (1, p2, -, fin) )
H, is isomorphic to the Hilbert scheme of points in C? Hilb{(C?). The mapr :
Hilbj (C?) — (C?); /S, is in fact a crepant resolution ¢€2) /...

Remark2.1 We also remark thatif = (64, B, éz,0) € T.LL, is orthogonal to the range
of I¢, thenJw is also inT¢LL;, and hencéz = 0.

2.2. The geometry ofHilb3(C?). As an example, we look at the geometryifb2 (C2).
Letz = (A, B,x,0) € M»(C) & M5(C) ® C2 @ (C?)" such thatr A = tr B = 0 and

[A, A*] + [B, B*] + za* = t1d
{ [A,B] =0 '

Whendet A # 0 or det B # 0 then we can find @ € U(2) such that

1 _ (X a 1 _(m b
94g —(0 _x)9B9 =0

then letg(x) = (z1,x2). The equationA, B] = 0 implies that there is a numbgrsuch
thata = A\p andb = p. Then the remaining equations are ff := |\|> + |u|?

|PPR? + |21 = ¢
“oPR? + faaft =1
—2R2p+$1l'72: 0

We can always choosgsuch thatr;, 2z € R, then we obtaip? = /4 + }% — 2 Hence
t 1
= — O —_—
P=op (RG)

with the center of mass removed.
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if 21 = V2tsin(p),ro = v2tcos(¢), thentcos(2¢) = p?>R? andtsin(2¢) = 2pR?
Hencep = Z + O (%) andzy = \/§+ O(%) x2= \/ng O (%). Hence for(\, p1) €
C2\ {0} ~ ((CQ)z we have found

2(\ p) = <<S A’i@) , (g ”p_(f)> , r(R),O) e L.

Moreover,z(A, p) andz(N, ') are in the sam& (2) orbit if and only if (A, i) = £(N, 1)
; hence we have a map

2 (C*\ {0}) /{xId} — L,/U(2).

From the exact value af, we can show that
N 1
2 gn =2 [|dA]® + |dp?] + O <R4> .

This shows tha(Hilbg((CQ), gn) is a hyperlhler metric which is Asymptotically Locally
Euclidean asymptotic t62/{+1d}. These manifolds has been classified by Kronheimer
[18], so that in this case Nakajima’s metric is the Eguchi-Hansen metri¢*&i(C).

2.3. Alast useful remark. A priori, itis not clear wether the above majis holomorphic,
this is in fact true as a consequence of the following useful lemma :

Lemma 2.2. Suppose that a compact Lie grodp acts onH™ by quaternionic linear
maps and legr : H™ — g* ® Im H be the associated moment map. Assume that for some
¢ = (g, (c) € g*®@Im Hthe hyperkhler quotient) := p~{¢}/G is well defined. When

X is a complex manifold and : X — p~1{(} is a smooth map such that locally

U(z) = g(x)¥(z)
whereg : X — G€is smoothandl : X — Mgl{gc} is holomorphic, then the induced
map¥ : X — @ is also holomorphic.

Proof. If ¢ € H™ let P, be the orthogonal projection onto the orthogonallwfl, &
IMml,® JIml, ® K Iml, = Im I @ J Im IS wherel, : ¢ — H? is defined as before by

d

= e g=nhgq.

t=0

Lq(h)
We must show that it € X, then forg := ¥(z) :
P, (d¥(z)(Iv)) = IP,(d¥(z)(v)).
But g(x) = dg(z)(Iv) € G¢ we have
AV (@)(Iv) = §(2).q + g(@).d¥ (2)(Iv) = I£(§(x)) + g(x).d¥ ()(Iv)
By definition P, (I5 (¢(z))) = 0 and becausg(z) and P, are complex linear :

P, (d¥(z)(Iv)) = P, (g(m)[d@(a:)(v)) = IP,(d¥(z)(v)).
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3. JOYCE'S METRIC

In [15, 16], D. Joyce has build many newaHKler, Ricci flat metrics on some crepant
resolution of quotient o£™ by a finite subgroup obU (m) ; his construction relies upon
the resolution of a Calabi-Yau problem for a certain class of asymptotic geometry which
is called QALE for Quasi Asymptotically Locally Euclidean. We will follow the presen-
tation of D. Joyce for the Hilbert Scheme wfpoints onC? and we will then describe the
asymptotic geometry of these QALE metricsiib( (C?).

3.1. The local product resolution of Hilby (C2). If p = (I3, I, ..., Ix) is a partition of
{1,2,..,n} 2, thel;’s are called the cluster @f We will denote

Vo ={qe (C), Vle{l,. .k},Vij€ I :q=q}
andA, = {y € S,, v¢=qV¥qg € Vu} = S, x Sy, X ... x Sy, Wheren; = #1I;. Then

k

Wy = VpL = @ (CQ);” .

=1
Letm, = codimcV,, = dim¢ W, = 2(n —l(p)) wherel(p) = k. The setP,, of partitions
of {1,2,...,n} has the following partial order :
p<qgeVaCV, e W, CW,

Hencep < g if and only ifp is a refinement of; : i.e. if ¢ = (J1, Jo, ..., J;), then there
are partitiongI; 1, I; 2, ..., I1 n,) Of J; = I; 1 U ... U I} , such that the cluster gfare the
I ;'s. The smallest partition iso = {1} U {2} U... U {n} with V},, = (C?), the largest
partition isp., = {1,2,...,n} with Vj, _ = {0}. The fundamental partitions are thg,
such that

Pij = ({%]}7 {kl}’ {k2}7 ) {knfz})

with {17 27 7”}\{17]} = {kh k?a ey kn—Q}a then‘/i,j = me = {q € ((C2)g y 4i = QJ}
We have for any partitiop # pg

Ve = mm,jSpVi,j
We will also denoteA, = {(i,j) € {1,2,..,n}? pi; £ p} andA; = {(4,j) €

{1,2,...,n}% pi; < p}. The singular locus ofC?); /S, is the quotient of the gen-
eralized diagonal

S= UVP /Sn = UVi,j /Sn.

p#po 2
Finally let

Sp = U Vi /Ap
(1,5) €A

and forR > 0, let T, be theR-neighborhood of,, is (C?); /A, :
Ty :={q € (C?)g, 3(i,J) € Ay |ai — q5] < R}/Ay.

2theIl 's are disjoint and their reunion igl, 2, ..., n}.
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The resolutionr : Hilbg (C?) — ((CQ)g /Sy, is a local product resolution ; indeed there is
aresolution ofiV/, /A, namely

k
mp ¢ Hilbf(C?) := [ [ Hilbg! (C*) — W, /4,
=1
such that fol/, = (m, x 1d)~(T},) C Hilb}(C?) x V, and¢,, (C?) /A, — (C?), /Sn
the natural map there is a local biholomorphism onto his image U, — Hilb( (C?) for
which the following diagram is commutative :

HIIBE (C2) x V, \ Uy 2 Hilb(C?)

i‘n'pxld \Lﬂ

(C2)0 /A, \ Ty —2— (€)1 /S,

In the hyperlahlerian quotient description, the local biholomorphiggis given as follows
identifying V;, with (C2)", if we let

k
C = ((AlaBlvl'laO)a (A27B27$2a0)7 crey (Akakaxkvo)) € HLt(n])
j=1

andn = (A1, p1), (A2, f12), ooy (g, i) € ((CQ)IO€ \ U,, we associated t¢¢,7), the
vector(A, B, z,0) € M(n) such thatd and B are block diagonal with respective diagonal
(A1+A1, Az g, oy Ap+Ax) and(By+pu1, Botpg, ..., Bp+pr) andr = (21, 22, ..., ox)
theny, (U(n1) x U(ng) x ... x U(ng)) .¢,n) is the set of points, in th&'L,,(C)-orbit

of (A, B, z,0), satisfying the real moment map equation (see the part 4 for more details).

3.2. QALE metric on Hilbg (C?). We introduce several functions of distance’s type on
(Hilb§(C?) x V;) \ Uy, if 2z € Hilb§(C?) x V, \ Uy andv = (7, x 1d)(z), we note

fp,q(z) = inf d(y.v,Vq) =d (v, (A,Vq)/Ap)
YEAp

and
vp(z) =1+ inf pyp q(2)
P#pPo

Then a Riemannian metrigon Hilbg (C?) is called QALE (asymptotic t(ﬁ@)g /Sn) if
for each partitiorp there is a metrig, on Hilbfj(C?) such that for all € N :

" 1
(31) Vl (’l,[Jpg — (gp + euclvp)) = Z 0] <2+l2m~q_2>
agp  \Yp Hpa
However, ifq £ p there is always &, j) € A, such thap, ; £ p andp, ; < q, therefore
2m i -2 2mg —2
#p’pf’j' = “i,m,j < 'ulhqq

If we introducep, () = inf(; jjea, Hp.p,, thenin factforn = (m, x1d)(z) € (C?); /A,
we have

z)= inf |v; —v;
pP( ) (i,j)eAp| jl
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The asymptotic 3.1 are equivalent to
l * 1
(32) V (’ll}pg — (gp + eU.CIVF)) = O Tlp
p

We can introduce two functions of distance’s type : whea Hilb{ (C?) andw(z) =
(v1,v2,..0) € (C?);) /Sn, then we let

= Z|Uz _vj|27
1<J

o(z) = inf{|v; —v;|} +1
i#]

and

If p is a partition of{1, 2, .., n}, ande, 7, R are positive real numbers, then we introduce
Cpo = {(v1, .., 0) € ((C2)g /Sn, such that [v| > R
and Vi # j, |v; — v;| > elv|}
Cp = {(v1,..yvn) € ((Cz)g /Ay, such that |v]| > R,

V(i) € Ap [vi = vg\>\/ IU

and V(i,j) € Ay, |v; —v;| < 26|v\}
It is clear that ife is small enough then the
(Cz \ RIB%)Z/Sn = Up¢p(ép)-
Moreover orC, := (m, x Id)~! (Cy), the asymptoti®.2 are
1

l *
(33) \Y% (¢Pg — (gp + euclvp)) =0 (UW)
Remark3.1 It can be shown that if all metrig, are QALE and if the estimate 3.3 is
satisfied thery is also QALE.

3.3. Joyce’s result. The result of D. Joyce concerning the Hilbert scheme pbints on
C? is the following :

Theorem 3.2. Up to scaling Hilby (C?) has a unique hypeéhler metric which is QALE
asymptotic to(C?) /...

4. ASYMPTOTIC OFNAKAJIMA’S METRIC

4.1. Induction’s hypothesis. In this part, we will prove the following result by induction
onn:

i) OnHilbg(C?), Nakajima's metrigy satisfies the estimate (3.3) for= 0, more
precisely ifg, is the sum of Nakajima’s metric diilbf, (C?), then for all partition
p then fore > 0 small enough andk large enough, we have dm, x Id)~! (Cp)

N 1
Up(gn) = gp + eucly, = O (Up)
i) There is a constar®’ such that ifz = (A, B, z,0) € L, then
Vh € un, [L(W))1? = [ITh, A1 + [I[2, BI|I? + [|he]|* > C||h|?
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iii) There is a constanf/ such that for allz € L; and(§4,§B,0,0) € T.L;
orthogonal tdm [, then

* * M
oA, sA%)II + [ll6B,6B7]|| < —5 (I8AI1* + [16B]1?) -

Itis easy to check these three conditionsHalb2 (C2) thanks to the explicit description
of IL; in this case. So we now assume that these induction hypothesis are truexfor all

4.2. The case of well separated pointsWe first examine the easiest case corresponding
to po. More precisely, we considey = (q1,q2, ..., qn) € ((C2)g such that for alk # 7,
then|g; — ¢;| > R (R will be chosen large enough), the set of sy&hwill be denote by
Oy. If ¢; = (A}, ;) we search a solution= (A, B, z,0) € M of the equation

[A, A*] + [B, B*] + zz* = t1d

[A,B] =0
Where A, B are upper triangular matrices with respective diagofals s, ..., \,,) and
(g1, p2, ..., n) @nd upper diagonal coefficientss = (a; ;),b = (b; ;). We obtain the
following equatiori for the (4, ) coefficients of the equation (4.1) :
42 - ~
{ (Ni = Ajaij + (B — 1g)big + Dok [akiak,; + bribey — @i k@i — biwbjk| = 27,

—(ﬂi — ﬁj)am =+ ()\L — )\j)bi,j + Zk [ai7kbk7j — bLkak,j] =0
And the equation for the diagonal coefficiéit:) of (4.1) gives :
(4.3) > llaikl® = law 1 + [bisl® = [br ;7] + |2 =t

k
We |etR1‘,j = \/‘/\Z — )\j‘2 + ‘,u,' — [l,j|2 and
20 =/t

(4.4) al; = (N — XNj) g

»J

b?,j = (,ui *Mj)R?]

(4.1)

o

.

-~

Then if we write the equations (4.2,4.3) in the synthetic form
F(q,a,b,x) = 0

whereF : (C?)[ x Cr(n=/2 5 Crn=1/2 5 Cn — Crn=1/2 x Cn(n=1/2 x C". We
have

F(q,a%b%x%) =0 (c7?)
Moreover it is easy to check that whenis large enough, the partial derivative in the
last three argumenb,, x)F (q,a°, b, x°) is invertible and the norm of the inverse is
uniformly bounded. The map' being polynomial of degre in its arguments, the implicit
function theorem implies that the equations (4.2,4.3) have a unique solution such that

(4.5) (@b, x)(q) = (a°,0°,x°) + O (62) .
MoreoverD,(a, b, x)(¢) = O (¢=2). We have then build a map
Ty : Oy — Ly
¢ — (A(a), B(q),=(q),0)

Swith the convention thad; ; = b; ; = 0if j <.
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Moreover¥,(q) and¥,(q’) live in the samé/ (n)-orbit if and only ifq andq’ live in the
samesS,,-orbit hencel, induces a map
Uy : Og/S,, — Hilby (C?)

which is holomorphic according to the lemma (2.2). With (4.5), we have

2
(4.6) |d%o(q).0f* = |v|2+0<|g| )

The first term comes from the diagonals4find B the second one from the off-diagonal
terms and the derivative af In order to check the poirj of the induction hypothesis we
must show that

1AW (q).v]* — TL, (d¥o(q).v)|* = |U|2+O<IZI ) .

Where if \f/o(q) = z € Ly, II, is the orthogonal projection onto the spdeel,. But
by construction, ifX € Iml, thenIX is normal toT,L; henced¥,(q).(Iv) L IX in
particularII, (I.d¥q(q).(Iv)) = 0; Hence

4.7) L (d%o(q).v) = TL, (d(q).v + IdW¥(q).Tv) = 211, (J¥s(q).v) .

But by construction
(4.8) 0Wo(a).v|” = |da]” + |db|” + |9x|” _o<|” >

The assertion i) of the induction hypothesjgollows from the estimates (4.6,4.7,4.8).
For the induction hypothesis), we have forz = ¥((q) andh = (h; ;) € u, :

1L(R) )1 = ZR g+t il
Hence ifR is chosen large enough the induction hypothésitiold onO,.
Now we check the induction hypothegis) let
(0A4,6B,0,0) = d¥g(q).v — I, (d¥o(q).v)

we have just said that

— Co™?|h)?

1L (d¥o(q).0) || = O (672) [o].
Hence the off-diagonal part 6fA andd B are bounded by (o~2) |v|, this implies that

164, 6A%]|1* + [[[6B,6B™]|* < O (7*) |o|*.

4.3. The general case.We examine now the regioi, associated to another partition
p # po., We can always assume that
p={mo=1,....m1},{m1 +1,ma}, ... {mr_1+1,..,n=my}),

letn; = m; —my—. We consider the s&?, of

D-
<

k
(0.A,B,x) € (C2); x DM, (C) x

k
e
j=1
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such that ifq = (qi1,q2,...,qx) then for alli # j then|q; — q;| > ﬁh\ and
gl > Rand ifA = (41, As,...,Ax), B = (B1, Ba,..., By), X = (21,22, ...,x)) then
each(A;, B;, z;) satisfiesr A; = tr B; = 0 and the moment map equation :
{ (45, A5] + [Bj, By + zjaf = t1dy,
[Aijj] =0
and moreover
sup 14511 +11B;11* < 7%|af®

We will search a solution = (A, B, z,0) of the moment map equation which is approxi-
matively

A+ M 0 0
A~ 0 Ag + Ao ’
0 A
B1 4+ 1 0 0
B~ 0 By + 2 ; 7
(.) Bk-.ﬁ-/ik

x =~ (21,2, ..., Tf)

We first fix some( = (g,A,B,x) € O, and we search & = (A%, BY, 2°,0) where
if ¢ = (\j, py) thena® = (21,22, ..., 23), A° (resp. BY) is upper block triangular with
diagonal(A; + A1, As + Ao Id, ..., Ap + Ag) (resp.(By + p1, Ba + p2, ..., Br + px)) and
1(20), uc(zo0) are block diagonal . Hence we search matridgs, B; ; € My, »,(C),i <
jsuchthatforali < j:

(4.9) ~ -
(A7 +Xi) Aiy — Aij (A5 + ) + (Bf + i) Bij — Bij (B} + 1)
+Q1(i,7) + Q2(i, j)2 = ;7]

= (Bi+ pi) Aij + Aij (Bj + 1) + (A + Ni) Bijj — Bij (A + A;) + Q3(i,5) =0
whereQ+ (4, 7) (resp.Q2(3, §)) is a quadratic expression depending onthgs’s (resp. in
the B, 3) andQs(3, j) is bilinear inA, z’'s and B, 3. ForT > 0 small enough, with the
same arguments given in the preceding paragraph, the implicit function theorem implies

Lemma 4.1. The equations (4.9) has a solutiohy ;, B; ; € M., »,(C),i < j which
depends smoothly ahe O,, moreover we have that

1
ST AP+ 1Bisl2 = 0 (m) .

i<J
And the derivative of the map— (A, ;, B; ;) is bounded by) (ﬁ) .
Then we obtain (¢) = (A%, BY,2°,0) € M,,(C) x M,,(C) x C™ x (C™)" an almost

solution of the moment map equation :

{ [4°,8%) = 0

2ip(z0) —t =0 (#)
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More precisely, the off block diagonal terms of the moment map equations are zero. We
will now used an argument that we learned in a paper of S. Donaldson [8][Proposition 17]
: we will find . = ik a Hermitian matrix such that if

2 = ez = (ehAOe_h7 e"Ble " &M, 0)
then2ip(z,) — t1d = 0 anduc(z,) = 0 (this latter condition being obvious).

By the induction hypothesig) and if 7 is small enough and large enough then we
have

1) € ttn, Lo ()| = Clol
the constanC being uniform onO,. Hence ifh = in with

06_2}
k| <d:=min<1, ——
= T

C
Vi € tn, (Il ()| 2 <5 1]

So as soon as we haye(z) — £ Id| < &4, the proposition 17 in [8] furnishes/a= ik
with zu(e".zg) = £ Id with

then

4
7l < S5

t
— —1d|.
M(Zo) % ‘

But whenR is large enough, the conditidp(zo) — £ Id| < 4 is satisfied, hence there
is b = ik a Hermitian matrix such th&iu(zp,) — tId = 0 anduc(z,) = 0.

We need to recall how: is found. Forz € M we have a linear map, : u, —
T.M ~ M andi; its adjoint; by definition of the moment map we haje= du(z) o
I. The endomorphisnd), of u,, is given byQ. = [%l,. Then for everyh = ik, with
k| < 6, Q., is invertible andQ ' has a operator norm bounded b§ 2. Leta(z) =
Q- (u(z) — % 1d), we follow the maximal solution of the equation

(4.10) % = —il.(a(2)),
starting fromz, ats = 0. By definition we have

d,u;js) _ <#(zs) — ;Id)

t . t
e = g1 = () — 10

hence

in factzs = g5.z0 where

% =1ia(zs).gs, gs € GL,(C)

The arguments of [8] insures that the maximum solution of (4.10) is defingd, emo.
and ifg, = e" el wheren, € u, andh, is Hermitian, thenh,| < 6. So that we also get :

t —s
w(zo) — %Id e e’

. 4
HQsH < @
hencey,, = lim,_, | o, g5 €Xists and

4e®
(4.11) 900 —1d || < 2

1(z0) — ;Z,Id’ —0 (|q12> .
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We clearly haveiu(g...20) = tId andh = ik is given bye?" = g* g, i.e. the polar
decomposition 0fj., is goo = €"~e". Moreover ifs > 0, then the operator norm of
l.,Q; ! remains less tha?/C hence

2 t 1
. ° - < O 9 - lq? .
(4.12) 190020 = 20ll < = ‘”(z(’) 2i Id‘ o (IQI2>

The implicit function theorem told us that depends smoothly or, hence or{ € O,,
indeed

d ik Ly
pn t:(),u(et z2) = Q. (k).

This map will be called £ € O, — h(() € iu,. The following lemma gives an estimate
of the size of the derivative df

Lemma 4.2. Letv € T O, be a vector of unit length then
1
dh(¢).v]| =0 () .
[dh(C)-V| FE
Proof. Let 2, = dzy(¢o).v andh = dh(¢).v, we also letv € M be the vecton :=
(0A, 6B, 0x,0) where if
V= (((5/\1, 5”1)7 ceny (6)\k7 (5[Lk)) ; ((5A1, ceey (SA/C) 5 ((531, ceey (SBk) 5 ((51‘1, 5xk))

thend A (resp.dB) is a block diagonal matrix with diagon&f A; + 0, Id,,,, ..., 0 Ax +
A 1d,,, ) (resp.(0By + dp Idy,, ..., 0 By + dpui Id,,, ) anddx = ((0xy, ..., 0xg).
We have
du(zp). (D exp(h)h.zo + eh’.z'*o) =0
Recall that :
eadh —1d . N

D h=—— hel.
exp(h)h ah h.e

Let 7 be the Hermitian part uDexp(h)h andé be its skew Hermitian part. Then
dp(zn)-(D exp(h)h.z0) = dp(zp) (il ) + dp(z0) (12,€) = Q- ()-
Moreover from the construction af, and the lemma (4.1), we obtain easily that
. 1
du(20)(%0) = O <2> ;
ql
and

1
Zo=v+0 <) vl.
0 ‘q|2 | |
Soifk € U(n) is such thay., = ke” then
Ad (k) du(zp). (eh.z'o) = di(goo-20)-(goo-20)
= di(goo-20)- ((goo — 1d ).20) + dpt(geo-20 — 20)-20 + dpu(20)(Z0)

Hence

th (77) + dﬂ(zh)- (kil-(goo - Id)ZO) =0 (|q1|2> '



ON THE QALE GEOMETRY OF NAKAJIMA'S METRIC 15

We now make the scalar product of this quantity wjtand we obtain :

LI < O (1) 1l = (Lo ), BT (900 — 1) 20)

af?
1 . .
<0 o (U lF 112z, ()
But our construction gives that
. 2 .
Il < &l @l
hence we obtain :
2 1
i< =L, ()] =0(— ).
Iill < 2l @l =0 (o )

Now 7 is a Hermitian matrix anlz|| = O (|q|~2) hence by definition of and¢, we have

h—in=0(lg7?).
Hence the lemma. O

We note that it is straightforward to verify the poiij at z;, because by construction

C
Vi) € tn, Ly ()] 2 5 Il

We have build a mag, from O, to L, whose value at a poigt= (q,A,B,x) € O, is
the z;, constructed before. This mapli&n,) x U(nsa) x ... x U(ng)-equivariant hence it
induces a map

Yy © Op/(U(n1) x U(ng) x ... x U(ny)) — Hilbg (C?)
We remark that adjusting R, 7, we have
Cp C Op/(U(ny1) x U(na) x ... x U(ny)) C Hilbf(C?) x (62)’5.
Where the last inclusion is an isometryHflb} (C?) x (Cz)’g is endowed with the product

metric. We now want to compare the metfiggx and the product metric OHilb} (C?) x

((CQ)IS. Letv be a vector ol O,, which is orthogonal to th& (n) x U(ng) x ... x U(ny)
orbit of ¢. As before, we defined(¢) = z;, = e”.z, h,v..

Recall that we have denote by, the orthogonal projection onflen /,. Hence we need
to compare

| (1 —T1.,) df, () VII* = [[dfy (O)-v]* = [|TL, -df (¢).v]|* and |[v]2.
But
dfy (Q)V = L, (§) + L, () + €" 2
Hence
(Id —1L.,) .dfy (¢).v = (Id —1L,,) . (il., (1) + €".%0) -
But we have already seen that

It IP =0 ()
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butil., () is orthogonal taI'L; hence to the range @i, , we also have

((Id ~IL.,,) (ils,, (7)) , (1d =1L, ) (¢" Z0)) = ((Id ~1,,) .iL, (1), (" Z0))

= <il.2h (77)7 (eh-Z'o»

— <77, du(zn) (eh.z‘o)>

But
dp(zn) ((dfy(€).v) = 0 = du(zn) (il (1) + " .20)

so that

((Id ~I1.,,) (s, (7)) , (1d =1L, ) .(e"20)) = = (1, dp(zn) (€"-%0))
= (1, dp(zn) (il (1)) =

-o(i)

I (1d L, ) (e"-20)[1* = lle"-20]1* — |[TL,, (" 20) >

It remains now to estimate

Butll,, =1.,Q;'l; ,and

zn Yzno
1z, (e".20) = du(zp)(ie".%0).
We have already noticed that
.30 = dzo(C).(IV) + w
wherew = O(|q|~2. So
12, (e"20) = duzn) (" dzo(C)-(IV)) + I, (w)
And the proof of the lemma (4.2), furnishesva= O(|q|~2) such that
du(zn) (€"dz0(C).(Iv)) = du(zr) (w') + O(|q|

as the operator norm éf, Q! is bounded by2/C we have obtained :

I (o)l =0 ().

Hence we have obtain :
% 1
Ban (V) = [t zO|2+0(| |4)||v|2
1
— 0ll? + 200, hio) + O (|q4) ol

By construction

1
zol? = o> + O <|q|4) ol

(122, ()]
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And if v = (6q,0A41,0As,...,0Ak,0B1,0Bs,...,0By,0) and if h; ; are the block of of
sizen; x n; then

2 2 v, hv vl|?

o, hio) = ( h>+0(| 4)|| ||
_ e SA . LRI
f§:6AJ, hys SA) + (5B, .08 ]>+0(|q|4>|| H

= 341046451 + 655,555 >+0(|q4)||v||2

_ 1 2
(g

according to the hypothesig).

In order to finish the proof we need to check the propétyat the pointz;,. With what
has been proved in the preceding paragraph, we only need to check (#hat 4B, 0, 0)
is a unitary vector in the tangent spacd.gfat z;, and orthogonal téd/ (n) orbit of z;, then
[6A;,0A5] + [0B;,6B;] is bounded. This is evident.

5. CONCLUSION

With the previous asymptotic of Nakajima’s metric, we’'ll show that Nakajima’s metric
coincides with Joyce’s one ; a way for proving such a result would be to verify the estimate
3.1) for the order$ > 1 ; this is probably possible with some extra work, however we'll
give here a different proof which follows the classical proof of the unicity for the solution of
the Calabi-Yau problem. Moreover our argument gives a new analytical result on mapping
property of the Laplace operator on QALE space. For new results which extended Joyce’s
ones and which go further than our result, there is a forthcoming work of A. Degeratu and
R. Mazzeo [7].

We have already seen that Kronheimer's classification of hybdek ALE4—dimensional
manifold implies that ofilb; (C?) ~ T*P'(C) , Nakajima’s metric is the Eguchi-Hansen
metric. We are going to prove our result by inductionranHence we now assume that
up to a scaled factor, Joyce’s and Nakajima’s metrics coincidéiﬁtﬂ)((CQ) for all integer
| < n. We considey the Joyce'’s metric oflilb; (C?) andw the Kahler form associated
to g (for the complex structuré) and for simplicity of forthcoming notation, we denote by
g’ Nakajima’s metric orHilb{ (C?) with associated Khler formw’.

5.1. Comparison of the two metrics. The second group of cohomology Hiilbg (C?)
has dimension and a cycle dual to a basis &F(Hilby (C?), R) is given by the image of
a holomorphic mayf,, : P*(C) — Hilbg (C?) such that ifr : Hilbg (C?) — (C?); /S,
then the image of,, is P*(C) ~ 7~{((0,0),¢')}S, for ¢ € (C?\ {0})372. We can

assume that
[ ogw= [ gw
P1(C) PL(C)

Moreover, for each partitiop of {1,2,...,n}, we have or€, C Hilb§(C?) x V|

1
Ypg = gp + eucl +0O ( 2,02>
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and
. 1
¢pg/ — g; —+ eucl +O <0_2p2>

whereg, (resp. g;) is the sum of the Joyce’s (resp. Nakajima’s) metrichiitbf) (C?) ~
Hilbg* (C?) x Hilby?(C?) x ... x Hilbj*(C?). However f,,(P!(C)) is homologous to
Cpjw = Up{ (Y1, Yn;—1} X fn, (Pl(C))x{ynj_i_l, <y Uny } X {v} wherey; € Hilb’ (C?)
andv € V,, letg; (resp. (g;) be the Joyce's (resp. Nakajima's) metric Hiib,’ (C?)
andw; (resp. wj) its Kahler form ; that is to say, = g1 + g2 + ... + +gi andg, =

gt + g5+ ... + g,. We have
1
Fay (BY(0)) o%p

/.
[ v

p,J,v

1
:/ w;’+0(22>
iy (P1(C)) ep

In particular letting||v|| going tooco, we obtain

/ w; = / wj
In; (P1(C)) fn; (P1(C))

Our induction hypothesis yields that = g;» for all j, and eventually, we have proved that

1
1=o'=0( )

5.2. Coincidence of Joyce’s and Nakajima'’s metrics.Following the classical proof of
the unicity of the solution of the Calabi-Yau problem, we would like to find a good function
¢ such that

p.Jv

w—w' =i00¢.

However it is not easy because the weight p—2 is critical in Joyce’s analysis on QALE
manifold. To circumvent this difficulty, we remark that both metricand g’ have aS*
invariance property coming from the diagonal actionSéfon (C?); /S,. For Joyce's
metric it comes from the unicity result of the QALE&KIler Einstein metric asymptotic
to ((Cz)g /S,,. For Nakajima’'s metric, the action 8 on M is the following : ife? ¢
Stand if 2 = (A,B,z,0) € L; thene? .z := (¢ A4,e"B,ez,0) € L,. And this
action is isometric. Thi$! action is holomorphic for the complex structufebut not
for the complex structureg and K. Let X be theg or ¢’ Killing field associated to the
infinitesimal action ofy = i/2. ThenX has linear growth oilby (C?) that is to say
there is a constantsuch that

X(2) < c(p(z) +1).
Moreover ifw; is the Kahler form of(g, J), ws is the Kahler form of(g, K') andw} and
wh, are the corresponding form associated to the metriben

w1 = d(ixws) and wy = d(ixwh)
Hence if we let
ﬂ = inQ — ixwé
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then we have .
wy —w; =dBand =0 <2>
o’p
We work now in the Kahler manifold(Hilbg (C?), g, J), the following analytical result
is the key point of our proof :

Proposition 5.1. There is &0, 1)-form « on Hilbg (C?) such that

_0 (log(,?g—i- 2))

and
% = Aza = 90" a + 0% 0a.
We first explain how we can prove that = wj with this proposition. This proposition
will be proved in the next subsection.
The 1-form & = 0*0a satisfiesdp®! = 0 = 9® and9*® = 0. Moreover the
metric g has by definition bounded geometry, hence we have the following uniform in
x € Hilbg (C?) local elliptic estimate :

19l 2(B1)) = 10700 2B 1)) < cllAsellL2(B2.2)) + €llallL2(B.2))

<0 <log(/;)+ 2))

But ® being harmonic we also have a uniform estimate
|@(z)| < cl|l®llL2(B(en)-

1 2
¢:O<%@+))
p
But the Ricci curvature of is zero hence the Bochner formula and the Kato inequality
implies that®| is a subharmonic function hendeis zero by the maximum principle. And
we get3’! = 99*a, the same argument shows that we can firitl, &)-form & such that
810 = 90*&. Hence if we let

Hence we obtain that

ip=0"a —0*a
then we have
df = i00¢.
Again the same argument as before using the factghets bounded geometry, implies

that |
2
6=0 <°g<ﬂ+>> '
p
Bothw; andw] are Kahler Einstein with zero scalar curvature hence there is a plurihar-
monic functionf such that

W = e W)

1
fzo<ﬁﬁ)'

By the maximum principle we deduce thAt= 0. We finish the proof with a classical
argument : the functiom is subharmonic for the metrig [4][expo< VI, lemma 1.6] and
decay at infinity hence by the maximum principlés negative ; but reversing the role of
g andg’, —¢ is also subharmonic for the metg€and—¢ is positive and decay at infinity
hencey is zero.

But we also have
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5.3. Proof of the analytical result. We first remark that becausélilbg (C?), g) is as-
ymptotic to the Euclidean metric ofC?) ;' /5, we have

lim VolBga:,r) _ wftf

T—00 T n:
whered = 4(n — 1) is the real dimension dffilb (C?) andw, is the volume of the unit
ball in R%. The Bishop-Gromov inequality tolds us that for any paint Hilbg (C?) :

< vol B(x,r) < wgr?.

wdrd
|

The result of P. Li and S-T. Yau implies that the Green ke@nelf the metricg (that is
to say the Schwartz kernel of the operafor!) satisfies [20] :

C
- < e ——
G(”Cﬂ y) —_ d(l‘, y)d_2
Moreover becausg is Ricci flat, the Hodge-deRham operator actingldorms is the
rough Laplacian :
Yo € C§°(T*Hilby (C?)), A =dd* +d*d=V*V

Hence the Kato inequality implies that@(z, y) is the Schwartz kernel of the operator
A1, then it satisfies

= c
< < —.

|G(z,y)| < G(z,y) < Az )2

The proposition (5.1) will be a consequence of the following lemma

Lemma5.2. If f € LS (Hilbg (C?)) is a non negative function which satisfies

loc
1
f0<02p>’

_ f(y)
ue) = /Hnbg(cz) d(, Z/)dizdy

is well defined and satisfies
1 2
e O <0g<f;+>) ,

Proof. Leto € Hilbg (C?) be a fixed point. And we can assume tpat) = d(o, z). We
remark that. is well defined indeed there is a constaisuch that forR > 1 then

/ < cR3,
B(o,R)

As a matter of fact, the functiogékp is asymptotic to a homogeneous functioof degree
-3 0n (C?); /S, h(rf) = r~3h(6) whereh is a positive function or§?¢~!/S,, ; this
[unctionﬁ is singular on the singular locus 8t~ /S,,; we call¥ this singular locus. but
h behaves likel(., ¥)~2 nearX but the real co dimension &t is 4 henceh is integrable
onS?¢-1/S, and we have

1 1 -
lim R3—d/ — = —/ h.
R—o0 B(o,R) po d—3 s2d-1/g,

In order to finish our estimate, we must find a constasiich that ifp(z) > 10 then

1 1 < e log p(x)

F “):/Hﬂbg(@) @ )2 oo E ™Y = ¢ ()

then
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We decompose

(5.1)
Hilbg (C?) = (B(o,2p(z)) \ B(x, p(x)/2))UB(z, p(z)/2)U(Hilbg (C*) \ B(o,2p(x))) ,

then we have” = I} + F, + F3 whereF; is the integral ofi(z,y)?~p~ 02 on thei*®
region of the decomposition (5.1). The first and the last integrals are easy to estimate :

2 \%7? 1 1
Fie) < (P(@) /B(o,2p(:r)) p(r)o(x)? = Cp(l”)'

Concerningl; we have

242 1
Fg(fE) :/
Hilby (C2)\B(0,20(z)) AT, Y)92 p(y)o(y)?
2d-2 1
/ a—1 51y
Hilby (C2)\B(0,2p(x)) p(y) a(y)

- i 2d-2

—_—dy
1 /B(o,2k+1p(x))\B(o,2’“p($)) p(y)i=1 o(y)?

dy

<

> 1 / 1
< E —_— ————3dY
(Qkp(x))d_Q B(o,26+1 p(x)) P(Y)T(y)?

It remains to estimaté, : We have
2 1 1
/ d—2 5 dy.
P(T) JB(ep()/2) d@,y)2 o (y)
LetV(r) = fB(I - @dy and notedV' the Riemann-Stieljes measure associated to the
increasing functior//. We have

/ 1 1 p(@)/2 4 )
-y :/ v
B(a.p(a)/2) AT, y)72 o(y)? 0 Td=2

v 9 p(@)/2 v/
_ 7(”(5”‘)/{1_)2 +(d— 2)/ d(fl)d
(p(x)/2) 0 T
We will estimateV’ : if we note S the pull back toHilb (C?) of the singular locus of
(C?); /S, andO = {y € Hilbj(C?), such that o(y) > 2} then we haveV/(r) =
Vi1(7)+Va(7) whereV; is the integral oveB(z, 7)NO andV; is the integral oveB(x, 7)\
0.
V} is easy to estimate because on this regior?, is bounded hence
(5.3) Vi(1) < Cvol (B(z,7) N O) < Cmin{r?, 7974},
OutsideO the metric is quasi-isometric to the Euclidean metric and we can estirhate
by a similar integral o{C?) /... Let

D ={qe (C?),, suchthat Vi # j |g: — q;| > |q1 — qal}

Fy(x) <

(5.2)
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andD’ = {q € D,|q1 — q2| > 1}. D is a fundamental domain for the action 8f on
(C?); andifz € D is such thatS,,.z = m(z) then

B << T / ;qu.

~nl S5, JD'NB(ET) g — g2

We give three different estimates fos according to the relative size of z) andr:
(1) If o(x) < 3/2thenforr € [0,1/2] we haveV,(T) = 0.
(2) if o(z) > 3/2 then forr < o(z)/2 then

2

RETey

(3) and finally ifr > o(x)/2 then there is a point € S such thati(x, z) = o(z) — 1
and ifz € D such thatS,,z = n(z) then

1 1
/ = _dg< / = _dg<ortr
D'NB(yz,T) |q1 - qQ| D'NB(v%,37) ‘ql - qQ|

Now, with the estimate (5.3), it is easy to show that in (5.2) the part coming fpis
bounded ; concerning the part coming frém wheno (z) < 3/2, we get

p)/2 g p(@)/2 (rpd—2
/ 7_Ul2dV2(7’)§C'—|—(d—2)// ﬁdT:C'—i—Clogp(x),
0 3/2

and wherv (z) > 3/2, we obtain

p(@)/2  q o(@)/2  (pd p(@)/2 o1 pd—2

T 1o () o(x)/2 Td-1
=+ Clog (”(x)>
o(z)
Hence the result. O
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