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L?-COHOMOLOGY OF MANIFOLDS WITH FLAT ENDS

G. CARRON

Abstract

We give a topological interpretation of the spaces of L2-harmonic
forms on manifolds with flat ends. We also prove a Chern—Gauss—
Bonnet formula for the L2-Euler characteristic of some of these man-
ifolds.

Résumé

Nous donnons une interprétation topologique des espaces de formes
harmoniques L? d’une variété riemannienne complete plate Dinfini.
Nous obtenons aussi une formule de Chern—-Gauss—Bonnet pour la car-
actéristique d’Euler L? de certaines de ces variétés. Ces résultats sont
des conséquences de théoremes généraux sur les variétés
riemanniennes complétes dont 'opérateur de Gauss—Bonnet est non-
parabolique linfini.

1 Introduction

Let (M",g) be a complete Riemannian manifold, we write H*(M,g) or
H¥ (M) for its space of L2-harmonic k-forms. These spaces have a (reduced)
L?-cohomology interpretation. When the manifold is compact, without
boundary, the celebrated theorem of Hodge-de Rham identifies these spaces
with the real cohomology spaces of M; hence with the Chern—Gauss—Bonnet

formula, we know that
n

X1 = Y () dim(an) = [ 07,
k=0 M
where Q9 is the Euler form of (M",g); for instance if dim M = 2 then
09 = KdA/2m, where K is the Gaussian curvature and dA the area’s form.
If M is non-compact then such results are generally not true; for instance
it is no longer true that the spaces H*(M, g) have finite dimension; however
the following questions are natural:
1. What is the geometry insuring the finiteness of the dimension of the
spaces H¥(M)?
2. What are the links of the spaces H* (M) with the topology of M and
with the geometry “at infinity” of (M, g)?
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3. What kind of Chern—Gauss—Bonnet formula could we expect for the

L2- Euler characteristic
n

Xr2(M) = (=1)F dim H* (M) ?
k=0
In 1982, J. Dodziuk ([D]) asked the following question: according to Vesen-
tini ([Ve]), if M is flat outside a compact set, the spaces H*(M) are finite
dimensional. Do they admit a topological interpretation?
The main result of this paper answers this question. It is known that
a complete Riemannian manifold, which is flat outside a compact set, has
a finite number of ends. For the sake of simplicity, in the introduction, we
only give the result for a manifold with one flat end.

Theorem 1.1. Let (M",g) be a complete Riemannian manifold with one
flat end F, then

1. If the volume growth of the geodesic ball is at most quadratic,
. vol B,(r)
lim ————= <

7—00 r2 ’

then we have
HM(M, g) ~ Im(HY (M) — H*(M)).
2. If lim, o vol B.(r)/r? = oo, then the boundary of E has a finite

covering diffeomorphic to the product S*~! x T where T is a flat
(n — v)-torus. Let m: T — OF be the induced immersion, then

HF(M, g) ~ H*(M \ E, ker 1),
where
{a € C®°(AFT*(M \ E)) da=0, n*a =0}
HY(M \ E,ker*) =
(M B, ker ) = e G (A T+ (M \ B)), ' = 0]
In potential theory, the manifold is called parabolic in the first case and
non-parabolic in the second case ([A]).

This theorem was already known for an asymptotically Euclidean man-
ifold, i.e. each end is simply connected ([C3], [Me]).

The proof of Theorem 1.1 relies upon the analysis we have developed
in [C4,5] and upon the work of Eschenburg and Schroeder describing the
ends of such a manifold ([ES], see also [GrPZ]).

Let us explain our results on Dirac operators which are non-parabolic
at infinity.

DEFINITION 1.2. The Gauss—Bonnet operator d + § of a complete Rie-
mannian manifold (M, g) is called non-parabolic at infinity when there is
a compact set K of M such that for any bounded open subset U C M \ K
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there is a constant C'(U) > 0 with the inequality
Vo€ C°(AT*(M \ K)) , C(U)/ |a? g/ |dal? + [6al?.  (1.1)
U M\K

The main property of this operator is the following:

PROPOSITION 1.3. If the Gauss—Bonnet operator of (M, g) is non-parabolic
at infinity then

dim {o € L*(AT*M), da = da =0} < 0.
Moreover, let D be a bounded open subset of M containing K, and let
W (AT*M) be the Sobolev space which is the completion of C§°(AT*M)
with the quadratic form

o / af? + / daf? + |5af?,
D M

then this space imbedded continuously in H lloc and

d+6: W(AT*M)—L*(AT*M)
is a Fredholm operator.

Furthermore, a differential form which is in the domain of d+ 9 is in W,
that is to say
{ael? dael? sacl?CW.
Hence any L?-harmonic form is in . The first step in proving our Theorem
1.1 is the following result.

PROPOSITION 1.4. If (M™,g) is a complete Riemannian manifold whose
curvature vanishes outside some compact set, then the Gauss—Bonnet op-
erator is non-parabolic at infinity.

When the Gauss—Bonnet operator is Fredholm on its domain (or equiv-
alently when 0 is not in the essential spectrum of the Gauss—Bonnet opera-
tor) then we know that the Gauss—Bonnet operator is invertible at infinity
([Ang]), that is to say there exist a compact K of M and a constant A > 0
such that

Va € C§°(AT*(M \ K)), A/ |a|2§/ Ida? + |6a?.
M\K M\K

In this case, the Gauss—Bonnet operator is non-parabolic at infinity and
the Sobolev space W is the domain of the operator d + ¢. For instance, by
the work of Borel and Casselman ([BoC]), the Gauss—Bonnet operator is a
Fredholm operator if M is an even dimensional locally symmetric space of
finite volume and negative curvature.

Another interesting case is when the manifold has a cylindrical end: that
is to say there is a compact K of M such that M \ K is isometric to the
Riemannian product 0K x ]0,00[. According to the pioneering article of
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Atiyah-Patodi-Singer ([AtPS]), the dimension of the space of L2-harmonic
forms is finite; moreover these spaces are isomorphic to the image of the
relative cohomology in the absolute cohomology. These results were used
by Atiyah—Patodi—Singer in order to obtain a formula for the signature of
compact manifolds with boundary. In fact, on a manifold with a cylindri-
cal end, the Gauss—Bonnet operator is non-parabolic at infinity; harmonic
forms in the Sobolev space W are called, by Atiyah-Patodi-Singer, L? ex-
tended harmonic forms. That is why we have called extended index the
index of the operator

d+46: W(AT*M)—L*(AT*M) .
In [C5], we have developed analytical tools in order to compute this index.
One of our results was that this index only depends on the geometry of
infinity. Recall that we have noted that a harmonic L?-form is in W; hence
we have
{a € W(AT*(M)), do + 6 = 0}
{a € L2(AT*(M)), da + 6ae = 0}

In [C5], we have shown the following:

ind.(d + §) = dim

Theorem 1.5. If D is a compact set outside of which the estimate (1.1)
holds, let

hoo(M\ D) = dim A& EWAT(M\ D)) 0 %, da + 0o = 0}

{a € LX(AT*(M \ D)) N C*, da + 6 = 0}

then we have
hoo (M \ D) = 2ind.(d + 9) .
A consequence of this theorem on the topology of M is the following
exact sequence:

Theorem 1.6. If (M, g) is a complete Riemannian manifold whose Gauss—
Bonnet operator is non-parabolic at infinity and assume that ind.(d + §) = 0
(or equivalently that every harmonic form in W is in L?) then for every
compact D of M, we have the following exact sequence:

. HMD,oD) — 1h (M) L HE, (M )\ D) 2 BMY(D,0D)— ...

abs
(1.2)
where H", (M \ D) is the space of an L? harmonic form on M \ D whose
normal components vanish along 0D.
This exact sequence is the L?-analogue of the exact sequence of the
coboundary operator for the de Rham cohomology. It is well known that
this exact sequence is true for the non-reduced L?-cohomology. This implies

that if 0 is not in the essential spectrum of the Gauss—Bonnet operator
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then the sequence (1.2) holds, because the (non-reduced) L2-cohomology
is isomorphic to the space of L?-harmonic forms. Note that in this case,
the hypothesis of Theorem 1.6 is satisfied, because W is the domain of the
Gauss—Bonnet operator.

When (M, g) is a manifold with one non-parabolic flat end, then the
long exact sequence (1.2) holds, and Theorem 1.1 is proved with this exact
sequence. This exact sequence can also be used to obtain a L2?-Chern—
Gauss—Bonnet formula.

Theorem 1.7. If (M",g) is a complete oriented Riemannian manifold of

even dimension with one flat end E, assume that lim, ., vol B, (r)/r? = oo.

Then
XL2 / Qg + q

where q(FE) is computed in terms of w1 (E);

1. When 71 (F) has no torsion then q(E) = 0.

2. When rank 71 (E) = 0 we have q(F) = m -1

3. In general, w1 (E) acts isometrically on the product S*~! x R"™" and

m(E) C O(v) x [R" x O(n —v)], let Gg be the image of w1 (E) in
O(n — v), then
4(B) =~z Y det(Ild — 7).
veGE

This Gauss—Bonnet formula is already known for asymptotically Eu-
clidean manifolds, i.e. each end is simply connected and the curvatures al-
most vanish (cf. the work of Stern [St], Borisov-Miiller—Schrader [BorMS],
Briining [Br| and also [C1]).

This article is organized as follows: In a first section, we recall the
main properties of the space of L?-harmonic forms. In the second section,
we present analytical results from ([C4,5]) and we give examples. In the
third section, we establish the long exact sequence (1.2), and examples are
given where this exact sequence holds. The last section is devoted to the
L?-cohomology of manifolds with flat ends.

In a recent paper [HHM], Tamds Hausel, Eugenie Hunsicker and Rafe
Mazzeo obtain a topological interpretation of the L?-cohomology of a com-
plete Riemannian manifold whose geometry at infinity is a fibred boundary
and a fibred cusp (see [MM], [V]). These results have important applica-
tions with regard to Sen’s conjecture ([Hi], [S1,2]). Moreover, the results
of [HHM] can be used to obtain some of our results: according Eschenburg
and Schroeder ([ES]), flat ends are classified into three families, and in two
of these families, the ends have a finite cover which is a fibred boundary.



Vol. 13, 2003 L2-COHOMOLOGY OF MANIFOLDS WITH FLAT ENDS 371

Acknowledgements. This paper was rewritten and finished when I was
visiting the Australian National University, at Canberra. It is a pleasure
to thank this institution for its hospitality. I was supported in part by the
“ACI” program of the French Ministry of Research.

2 The L?-cohomology

We begin by recalling what reduced L?-cohomology spaces are.

2.1 Definition. Let (M™,g) be a complete Riemannian manifold of
dimension n: the operator of exterior differentiation is
d: C(APT* M) — CO(AFIT* M)
and it satisfies d o d = 0; its formal adjoint is & : CSP(AFIT*M) —
CS°(AFT*M); we have
Va € CR(ART* M), V8 € C(AFHT* M), / (da, B) = / (o, 53).
M M
The spaces Z¥(M) and BY(M) are defined as follows:
1. Z§(M) is the kernel of the unbounded operator d acting on L?(A*T*M).
That is to say
Z5(M) = {a € L*(AFT*M), da =0},
where the equation da = 0 has to be understood in the distribution
sense, i.e. a € Z§(M) if and only if

VB € CO(AMIT* M), / (o, 083) = 0.
M

Hence we have Z5(M) = (SC§°(A*H1T*M))L.

2. BY(M) is the closure in L2(A*T*M) of d[C§°(A*=1T*M)], where
CS°(AF=1T*M) is the space of smooth k-differential form with com-
pact support.

Because dod = 0, we always have BS(M) C Z§(M), the k-space of reduced
L?-cohomology is
Hy (M) = Z5(M)/By(M).

Thus two weakly closed L? k-forms, o and 3, are L?-cohomologous if and
only if there is a sequence of smooth (k — 1)-forms with compact support,
(71)i2, such that o — 3 = L? —lim_,o dv;.

The space of (non-reduced) L?-cohomology is the quotient of Z§ (M) by
the following space

{da, a € L* (A" 'T*M), da € L?}.

From now on, we will refer to reduced L?-cohomology as L2-cohomology,
except where it may cause ambiguity.



372 G. CARRON GAFA

2.2 L2-cohomology and harmonic forms. If H*(M) is the space of
L? harmonic k-forms,
H¥(M) = {a € LXAFT*M), da = da =0},

then the space L?(A*T*M) has the following of Hodge-de Rham-Kodaira
orthogonal decomposition

L2(A*T* M) = H¥(M) @ dC§° (AF=1T* M) @ 6C5° (AF+1T* M),
where the closure is taken with respect to the L? topology. We also have

ZE(M) = H*(M) @ dCge(AR-1T*M) and H5(M) ~ H*(M).

2.3 Manifolds with compact boundary. If the Riemannian man-
ifold has a compact boundary such that the manifold together with its
boundary is metrically complete, then we can also define absolute and
relative L2-cohomology and we again have an identification of the L*-
cohomology space with a space of harmonic forms. When the manifold is
compact with boundary, these results are due to G. Duff and D.C. Spencer
[DuS], and to P.E. Connor [Col, in fact the arguments of Duff and Spencer
generalize easily to this more general setting; these results are well known
(see the works of M. Lesch and J. Briining [BrL], J. Lott [L2], or [C1]).

Let (M™,g) be a metrically complete Riemannian manifold with com-
pact boundary. We will denote by CS°(A*T*M) the space of smooth
k-differential form with compact support in the interior of M, and by
C°(ART*M) the space of smooth k-differential form with bounded sup-
port in M, the elements of C}° (AFT* M) are not zero along the boundary.
We define the following four spaces:

1. Z5 (M) = {a € L*(A*T*M), V3 € Cg°(AFT*M), [, (o, 60) =

0} or equivalently Ziabs(M) = (6C° (AFHIT* M) L.

2. Bg,abs(M) is the closure in L2(A*T* M) of d[Cg°(A*=1T*M)],

3. Zé“’ml(M) = {a € L2(AFT*M), V3 € C°(AF1T* M), Jala,083) =

0} or equivalently Z5§ (M) = (6Cp° (AT M)+

4. Bgrel(M) is the closure in L2(AFT*M) of d[C5e(A*—1T* M),
Hence a smooth form with bounded support is in Zéi abs(M) if and only
if it is closed, and a smooth form with bounded support is in Zé“ﬁ, (M)
if and only if it is closed and zero when pulled back to the boundary.
We have Bgabs(M) C Zéiabs(M) and Bgml(M) C Zé“ﬂ,el(M)7 the abso-
lute and relative (reduced) L2-cohomology spaces of M are Hé“ abs(M) =
Zg,abs(M)/Bg,abs(M) and Héf,rel(M) = Zéf,rel(M)/Bg,rel(M)' We define
HE, . (M) to be the space

abs

HE (M) = {h € L*(A*T*M), dh = 6h =0 and int,h =0},
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where v : OM — TM is the inward unit normal field; and also the space
HE (M) is defined by
HE (M) = {h € L*(A*T*M), dh =6h =0 and i*h =0},

wherei: OM — M is the inclusion map. Then the Hilbert space L?(A¥T*M)
has two orthogonal decompositions:

L2 (AMT*M) = Hly, (M) & dO;e (A~ TT7 ) & 50ge (AFFT )

L2(AFT* M) = HE(M) @ dCS(AF1T* M) @ 6C° (AF1T*M).
Hence we obtain the identifications

Hg,abs ( ) Habs ( ) and Hg,rel ( ) 7_‘7"el ( )

where i: OM — M is the inclusion map.

If we take the double of M along OM to obtain the manifold X =
M#op M with its natural Lipschitz Riemannian metric, X has a natural
isometry, the symmetry o which switches the two copies of M in X; and ¢
is well defined, so that we can speak of harmonic form on (X, g#g).

PROPOSITION 2.1. The absolute L?-cohomology of (M, g) is naturally iso-
morphic to the space of a o-invariant L?-harmonic form on (M# 5y M, g#9)
and the relative L?-cohomology of (M, g) is naturally isomorphic to the
space of a o-anti-invariant L?-harmonic form on (M#ay M, g#-9).

In fact, if M™ is oriented then the Hodge star operator is an isometry
between HE, (M) and H™;*(M).

If OM has several connected components, then we can put a relative
boundary condition on some of the connected components and the absolute
boundary condition on the others.

2.4 The Bochner—Weitzenbock formula. When the Riemannian
manifold (M, g) is complete, and if A¥ = d§ 4 §d is the Hodge-de Rham
Laplacian acting on k-differential forms, we have
H¥(M) = {a € LA A T*M), AFa =0},

Moreover, in all cases, complete or not we have the Bochner—Weitzenbock
decomposition ~

AF = A+ RE, (2.3)
where RF is a symmetric linear operator of A*T*M which is defined with
the curvature operator of (M™,g) (cf. [GM]; for instance, R! is the Ricci
operator), and we always have the bound |R¥|(z) < ¢(n)|R|(z) where R
is the curvature tensor of (M, g). A better estimate is obtain with the
curvature operator p: |R¥|(x) < k(n — k)|p|(z).
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3 When L2-cohomology Space has Finite Dimension

The purpose of this section is to give conditions which insure that the space
of harmonic L?-forms has finite dimension. These conditions are defined
in [C4]. In this paper, we study the Dirac type operators which are non-
parabolic at infinity. We give here the definition for the particular case of
the Gauss—Bonnet operator.

DEFINITION 3.1. The Gauss—Bonnet operator d + § of a complete Rie-
mannian manifold (M, g) is called non-parabolic at infinity when there is
a compact set K of M such that for any bounded open subset U C M \ K
there is a constant C'(U) > 0 with the inequality

Va € C§°(AT*(M \ K)) C’(U)/U|a|2 < /M\K|da|2 +0a?. (3.4)

3.1 Properties of these operators. In fact, we have the following:

PROPOSITION 3.2. If the Gauss—Bonnet operator of (M, g) is non-parabolic
at infinity then
dim {o € LA(AT*M), do = 6o = 0} <oo.
This was proved in [C4]; in this paper some characterizing properties of

non-parabolicity at infinity are given, moreover these operators satisfy the
following;:

Theorem 3.3. If the Gauss—Bonnet operator of (M, g) is non-parabolic at
infinity, let D be a bounded open subset of M containing the compact set
K outside of which estimate (3.4) holds and define W(AT*M) to be the
Sobolev space which is the completion of C§°(AT*M) with quadratic form

aH/ |a|2+/ daf + [sa’.
D M

Then this space imbedded continuously in H llo . and
d+6: W(AT*M)—L*(AT*M)

is Fredholm.

A direct consequence of the Fredholmness of this operator is the follow-
ing Hodge decomposition

L2(A*T* M) = H¥ (M) @ dW (AF1T* M) @ W (AR T* M), (3.5)

and ZE(M) = H¥(M) @ dW (A*=1T*M). Hence, we have
PROPOSITION 3.4. A L? closed k-form o is L? cohomologous to zero if

and only if there is a 3 € W (A*'T*M) such that o = d and we can
always choose (8 so that 3 = 0.
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Let (M, g) be a complete Riemannian manifold with compact boundary
on which the Gauss—Bonnet operator is non-parabolic at infinity, i.e. there
is a compact set K C M outside of which estimate (3.4) holds. Then the
same feature is true on (M, g). The space W (AT*M) is the completion of
the space Cp°(AT* M) with the respect to quadratic form

o H@”?{m(aM) + HQH%%D) + H(d+ 5)04HZLQ(M) ;
where D is a bounded open subset of M containing OM and the compact
set K; and Wo(AT*M) is the closure of C§°(AT*M) in W(AT*M). Then
we have the orthogonal decompositions,

L2(AFT* M) = HE, (M) & dW (AFYT* M) @ 6Wo (AP M)

abs

LA(AFT* M) = HE (M) @ dWo (AP 1T M) @ §W (AR 1T M) .

rel
PROPOSITION 3.5. «a € Zéiabs(M) is L? cohomologous to zero if and only
if there is an n € W (A*='T* M) such that o = dn and we can always choose
n so that én = 0.

o € Zirel(M) is L? cohomologous to zero if and only if there is a
n € Wo(A*~1T*M) such that o = dn and we can always choose 1 so that
on = 0.

We note that if (M, g) is a complete Riemannian manifold whose Gauss—
Bonnet operator is non-parabolic at infinity, then for every open set U C M
with smooth compact boundary, the Gauss—Bonnet operator on (U, g) is
non-parabolic at infinity; and moreover we have an exact sequence

0 — Wo(AT*U) — W(AT*M) — W(AT*(M \U)) — 0,
where the first map is the extension by zero map and the second is the
restriction map.

The condition of being non-parabolic at infinity depends only on the
geometry in a neighborhood of infinity, so our result of finiteness for the
dimension of the space of L?-harmonic form is in concordance with J. Lott’s
result [L2], which asserts that the finiteness for the dimension of the space
of L2-harmonic form depends only on the geometry of infinity. That is to
say, the spaces of L?-harmonic form of two complete Riemannian manifolds,
which are isometric outside some compact set, have simultaneously finite
or infinite dimension.

3.2 Manifolds with flat ends. In [C4], we have shown the following

PROPOSITION 3.6. If (M™,g) is a complete Riemannian manifold whose
curvatures vanish outside some compact set, then the Gauss—Bonnet oper-
ator is non-parabolic at infinity.
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For sake of completeness, we recall the proof.

Proof. Let K be a bounded open subset of M outside of which the curva-
tures vanish, then by the Bochner—Weitzenbtck formula we have

Ya € C§°(AT*(M \ K)), / |da)? + |daf? = / Va|?;
M\K M\K
but according to the Kato lemma, we have |Va| > |d|a||. Hence we obtain
Vo € CF (AT*(M \ K)) / \da|? + [6a)? > / |d]af|”.
M\K M\K

Now if we consider the operator H = A + 1x acting on functions, H is a
positive operator and it satisfies the inequality Vu € C§°(M), [,,(Hu,u) >
[i [ul?, then by a result on Ancona [A], we know that for any bounded
open subset U of M we have a positive constant C(U) such that

Vu e Cg° (M), /M(Hu,u>zC(U)/U|u\2.

We take a bounded open subset U of M \ K, and a € C{°(AT*(M \ K)),
and we apply this inequality to u = |a|. We have

/ |da|? + |6l > / ‘d|a||2 :/ ‘d|a||2 +1gl|a* > C(U)/ la?.
M\K M\K M U

That is to say, the Gauss—Bonnet operator is non-parabolic at infinity. o
In fact we have only used the fact that the curvature operator is non-
negative outside some compact set.

REMARK 3.6. If D is a bounded open set containing K then the proof
shows that an equivalent norm on W is given by

a \// |Voz\2+/ )2
M D

This comes from the Bochner—Weitzenbock formula and of standard ellip-
tic estimates. Moreover if the manifold (M, g) is non-parabolic, then this

norm is equivalent to a — /[, [Va[2. As a matter of fact, a Rieman-
nian manifold is called non-parabolic if its Brownian motion is transient or
equivalently, if it carries positive Green functions. An analytical character-
ization has been given by A. Ancona ([A]): (M,g) is non-parabolic if and
only if for any bounded open subset U C M there is a positive constant
C(U) such that

viecEon, ow) [ < [ P
U M
This result is one of our sources of inspiration to define non-parabolicity
at infinity. So if (M,g) is non-parabolic, the result of Ancona and the
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Kato inequality show that W (AT*M) is the space Hi(AT*M) obtained by
completion of C§°(AT*M) with the norm o +— [|[Vea|| 2, and we have that
the operator d + 6 : HY(AT*M) — L*(AT*M) is a Fredholm operator.

We can improve this result when the negative part of the curvature oper-
ator is controlled by the quadratic form a — ||Val|z2. Let A(x) be the low-
est eigenvalue of the operator R(z) appearing in the Bochner—Weitzenbock
formula (2.3), we note by R_(z) the negative part of A\(x) that is to say

“Az) if A=) <O,
R-(@) _{ 0 if  Az) > 0.

PROPOSITION 3.7. If (M,g) is a complete Riemannian manifold and
assume that there is a compact set K of M and a € > (0 such that

Vo€ C°(AT*(M\ K)), (1+ 5)/ R_(x)|a)?(x)dz < / Val?
M\K M\K
then the Gauss—Bonnet operator is non-parabolic at infinity.
Proof. If « € C§°(AT*(M\ K)) we apply the Bochner—Weitzenbock formula
daf? + 30 = [ [Vl + (Ra.a)
K M\K

> [ VaP - R-(@)jaf
M\K

> _° / Val?.
1+¢ M\K

Then the argument given in the proof of the last proposition applies. m

REMARK 3.7. In fact, if we have the estimate
Vo€ C(AT*(M\ K)), (1+ z—:)/ IR|(z)|af? (z)dz < / Val?,
M\K M\K
Remark 3.6 shows that if (M, g) is non-parabolic then W = H{.

3.3 Sobolev—Orlicz inequalities. One application of Proposition 3.7
is based on the Sobolev—Orlicz inequality obtained in [C2]. Let us recall
what this inequality is. Let (M, g) be a complete Riemannian manifold
and let (P(t,z, y))(t6R+,x,y6M) be its heat kernel, that is to say, this is the
minimal solution of the Cauchy problem

{%—];(t,x,y) + AYP(t,z,y) =0, (z,y)eM,t>0
Then let ¢ : RT™ x M — R defined by

¢(A’$):A</1:A‘/Md8>2,
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We assume that this integral is finite for some x in M (hence it is finite for
all z in M by the Harnack inequality). Now if uw € C§°(M), we associate

N(u) = Sup{/M wo, v e C3°(M) with /M<p(|v|($),x)dx < 1};

then N is a norm, and the completion of C§°(M) with this norm is a
Banach space (called an Orlicz space) which is made of locally integrable
functions. Moreover, in [C2], we have shown the following universal Sobolev
inequality:
vu e C5°(M), N(u?) < Clldull7:,

for an universal constant C'. This shows that in this cases the manifold is
non-parabolic. As an application of this result we can state the following
result.

PROPOSITION 3.8. There is an universal constant C' so that if (M, g) is a
complete Riemannian manifold, whose heat kernel (P(t,z,y))
and whose curvature operator R satisfy

00 2
/ R(x)(/ Mds) dr < 00,
M C/(R—(x)) s

then the Gauss—Bonnet operator d + § is non-parabolic at infinity.

teR4, xz,yeM)

Proof. By definition, we have the Holder inequality

/Mu% < N(uQ)inf{)\ >0, /Mgo (|U&x)|,x> de < 1}.

If [,;, ¢(2QCR_(x),z)dxr < co then there is a compact K of M such that
/ Y(2CR_(z),z)dx <1.
M\K
Then if « € C§°(AT*(M \ K)), we have

(R_(z)a,a) < %N(\aﬁ)

1
< —/ Val>.
2 /i

Hence the result by Proposition 3.7. O
As we have the bound |R*|(z) < ¢(n)|R|(z), Remark 3.7 implies that if

oo 2
/ |R|(x)</ Mds) dr < 00,
M Ce(n)/R|(z) S

then the operator d + 6 : Hi(E)—L?*(E) is Fredholm.
For instance, if the manifold satisfies the Sobolev inequality

Vu e C(M), up(M)(/M|u\p2p2(x)dx>l_i S/M|du|2(x)dx.
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Then, by the result of J. Nash [N], we know that the heat kernel satisfies a
uniform bound

P(t,z,z) < C/tP?, NYoze M, Vt>0,
so that, in this case, we have the uniform bound
o\ z) <CN/2 Yz e M, VYA>0.
Thus the hypothesis of the proposition is satisfied if the curvature of (M, g)
is in LP/?; so Proposition 3.8 generalizes the result of [C3].

3.4 The warped product cases. We recall the results we obtained
in [C5] for the Gauss—Bonnet operator on a manifold which is a warped
product at infinity.

PrOPOSITION 3.9.  If (M,g) is a complete Riemannian manifold and
if there is a compact set K of M such that (M \ K,g) is isometric to
the warped product (]0,00[ xOK,dr? + f%(r)g), then the Gauss-Bonnet
operator is non-parabolic at infinity in the following two cases:

1. f(r) = ar for some a > 0,
2. lim, . f'(r) = 0.

4 Topology and L?-harmonic Forms

4.1 The exact sequence. The purpose of this section is to give a
general condition which insures that the following sequence is exact: if D
is a compact domain of the complete Riemannian manifold (M™",g), we
consider

. —H"(D,dD) - (M) 2 mE (M D) 2 HYY(D, 0D)—...

(4.8)
This is the long sequence associated to the coboundary operator b. Here
the morphisms i, j* and b are defined as usual:

1. i has the following natural application: To a closed smooth form with
compact support in D, i associated its L?-cohomology class, that is

to say
2

i [a@mod dC§°(AT*D)] = amod dCg° (AkT*M)L

2. j* is the morphism induced by the restriction map j: M \ D — M.
3. The coboundary operator b is defined as usual: for each cohomology
class of M \ D, there is a smooth form « in it which is closed on a
neighborhood of 9D, b[a] is the cohomology class of da where & is a
smooth extension of o which is closed in a neighborhood of dD. b is
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well defined, it does not depend on the choice of « and nor on its
extension.

By construction, we have
jfoi=0, boj*=0 and iob=0;
so we have the inclusions
ImicKerj*, Imj*CKerb and Im b C Ker i.
In [C1], we noted that

PRrROPOSITION 4.1. The equality ker b = Im j* always hold.

Proof. This comes from the long exact sequence in the de Rham cohomol-
ogy. If [] € HY(M \ D) is in the kernel of b, there is a smooth extension
of 3, say 3, and a smooth (k—1)-form ~ with compact support in D, so that
dB = dv. So the form (3 — 7 is closed, square integrable and its restriction
to M \ D is 3; hence [3] = j*[3 — 7] o

In fact, when the Gauss—Bonnet operator is non-parabolic at infinity
we have more.

ProOPOSITION 4.2. If the Gauss—Bonnet operator is non-parabolic at infin-
ity, then
ker j* = Imi.

Proof. Let h be a harmonic L? k-form on M such that its restriction to
M \ D is L? cohomologous to zero. By (3.5), we have a smooth form
n € W(A*1T*(M \ D)) such that h = dn and én = 0 on M \ D. Now
if 7 € W(A*'T*M) is a smooth extension of 1, then h — d7j is a closed
L?-form which is L? cohomologous to h. Then the support of h — d7 is in
D and h — dfj is zero when pulled back to D. Hence the L?-cohomology
class of h is in the image of the natural map i from H¥(D) ~ H*(D,dD)
in H*(M). o

For the remaining equality, we conclude with the analysis done in [C5]:

Theorem 4.3. If the Gauss—Bonnet operator is non-parabolic at infinity

and if any harmonic form in W is in L? then the long sequence (4.8) is

exact.

Proof. Our hypothesis is

. {aeW, da+da =0}

hoo (M) =4d
(M) 1m{aeL2,da+(5a:O}

In [C5], we computed this dimension, our result is that if we define

{a e W(AT*(M \ D)) N C*®, da + da = 0}

{a € L2(AT*(M \ D)) N C*®, da + o = 0}

=0.

hoo(M \ D) = dim
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then we have

heo(M) = $heo(M \ D).
Our hypothesis implies that a smooth W-harmonic form on M \ D is in
fact in L?. We can now show that keri € Imb. Let o be a closed k-form
with compact support in D which is zero in L?-cohomology, thus by (3.5),
we have a 3 € W(A*~1T* M) with

66=0 and a=4dg.

Now [ is smooth by elliptic regularity, and j*( is harmonic and in W. By
hypothesis, j*3 and 3 must be in L?. Hence [a] = b[B|anp]- o

REMARK 4.9. In fact, in order to show the equality

ker {i: H*(D,0D) — H*(M)} = Im{b: H5_, (M \ D) — H"*(D,0D)},

we only need to verify that on M \ D, the W harmonic (k — 1)-form is L2.

Moreover, we can consider this long exact sequence if (M, g) is a com-
plete Riemannian manifold with compact boundary M, and if we put an
appropriate boundary condition on the boundary (the relative condition
on some connected component of M and the absolute condition on the
other). When U C M is an open set with smooth compact boundary with
OU C int(M). Then we can define the sequence

(U)o ) 1, (M U) 2 L 0)
On M\ U, HY , (M \ U) is defined with the absolute boundary condition
on AU, and on OM we put the same boundary condition as for defining
H§(M ). The map ¢ is well defined because, by definition, an element of
Zé“ﬁ, .(U) when extended by zero on M is an element of Z§(M). For the
coboundary map b, due to the non-compactness of U, we have to consider
only extension with compact support. In fact this coboundary map is

the composition of the natural map from H} , (M \ U) to the de Rham

cohomology group H 5bs(M \ U) then of the usual coboundary map from
HE (M) to HET1(U) (the group of cohomology with compact support of U)
and finally of the natural map from H**1(U) to HYTL(U). The same proof

2,rel
leads to the following results:

Theorem 4.4. If the Gauss—Bonnet operator is non-parabolic at infinity
then kerj* = Imi. Moreover if any harmonic form in W (AT*M) is in
L?(AT*M) then the long exact sequence is true. More exactly if hoo(U) = 0
then ker b = Im j* and if hoo (M \ U) = 0 then keri = Imb.

The fact that ker j* = Im1i implies the following:
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COROLLARY 4.5. If the Gauss—Bonnet operator is non-parabolic at infin-
ity and if U is an open set of M with compact boundary, then Im(Héfrel(U)

— Hg,abs(U)) injects in HE(M).

Proof. 1f [a] € Hé“ﬂ,el(U) is map to zero in H5(M), then by (3.5) there is

a € W(A*1T*M), such that o = dB on M. This identity is also true

on U, and 8|y € W(A*'T*U). So [a] is map to zero in Héiabs(U) o
If U = M, then the result is due to M. Anderson ([An]): Im(HE (M) —

(M)) always injects in H5(M).

4.2 Some examples. In [C1], we have shown the following:

Hk

abs

Theorem 4.6. If (M", g) is a complete Riemannian manifold, which for a
p > 4 satisfies the Sobolev inequality

1-2
voecgon. won( [ W @a) < [ japed.
M M
and whose curvature tensor R satisfies
/ |R|P/?(x)dx < o0,
M

then the sequence (4.8) is exact.

This result can be attained by the analysis done here, because, as
we noted earlier, on such a manifold the Gauss—Bonnet operator is non-
parabolic at infinity. Moreover, the main analytical tool used in [C1] was
that if « € H} satisfies Aa = (d§ + dd)a € C§°(AT*M) then o € L2
And this implies that a H&-harmonic form is in L?. We can generalize this
result.

Theorem 4.7. There is a constant C(n) such that if (M™, g) is a complete
Riemannian manifold whose curvature tensor R and whose heat kernel

(P(t, z, y))(t,@y)eRj xMx M Satisty

/M \R|2(a?)</oo \/mdtfdx < 00

C(n)/|R|(x)
then the exact sequence (4.8) holds.

Proof. First we remark that our assumption implies that we have

[e%) 2
/ |R\(a:)</ Mdt) dr < 00.
M C(n)/|R|(x) t

Hence there is a choice of the constant C'(n) which implies that the Gauss—
Bonnet operator is non-parabolic at infinity by Proposition 3.8. Moreover,
the Remark 3.7 implies that W = H&.
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Now we have only to show that if @ € H{ is a harmonic form then a
is in L?, because we have in our case H& = W. We will use the Bochner—
Weitzenbock formula ~

Aa=Aa+Ra=0.
The main point is the following:

If K is a compact of M, large enough and Q@ = M \ K, then we have
that

IAG Rl 22 @) —12(0) <1,

186 Rll 73 ()— 2 () < 1
where Agq is the minimal self-adjoint extension of A : C§°(AT*Q) —
CP(AT*Q).

To prove this, we note that we have the following:
R(z)| < c(n)|R(z)],

where R is the Riemannian curvature tensor; and by a consequence of
Kato’s lemma, we have

[Ag'al(z) < Ag'lal(x),
see for instance [HeSU] or the appendix of [B] written by G. Besson. Hence
we need only to show that

IAG Rl z2(0)—12(0) < 1/c(n)

1A BRI a3 ()— 13 0y < 1/¢(n)
where Agq is the minimal self-adjoint extension of the symmetric operator
A CP(Q) — C§°(2). Let us show the first bound. We will prove that
I|R|AG | 2— 2 < 1/c(n); which is the same result because an operator
and its adjoint have the same norm. Recall that, in [C2], we showed the
following Sobolev Orlicz inequality: if u € C§°(M), we associate to it

I(u) = inf { /M w; v e C(M) sit. /M¢(|v(a:)|,a;)dx < 1},

where ¢ is the function on Ry x M defined by

b\, ) = A(/;oﬁ Wdt)Q,

where we assume that this integral is finite, otherwise all what we will say
will be vacuous. I is a norm and the completion of the space C5°(M)
with respect to I is a Banach space (an Orlicz space) made from a locally
integrable function. We have shown that for a universal constant C, we
have the Sobolev inequality

Vu € CO(M), I(u?) < C||Aul.
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By definition, we have the Holder inequality,

/ |R|2u2 < I(u2)inf {)\,/ ¢(|R|2(x)/)\,x)d:p < 1};
so that if WeQ choose 2 in order that ?
/ ¢(4C(n)2C’|R|2($),$)da§ <1,
we then obtain that N
Yu € C5°(Q), H|R|uHL2 < %HAUH[} .
This ends the proof of the first bound.

For the second bound, as the operator Aél/ % is an isometry between
L?(Q) and H}(2), we only need to prove that

|Ag"*IRIAG?| 122 < 1/e(n) .

We will prove that H|R|1/2A51/ZHL2HL2 < 1/4/c(n). For some constant C,
we have the Sobolev inequality

Vu € CO(M), N(u?) < CO||dul|p -
With the Holder inequality

[ < Nyt {, [ o)/ <1},
Q Q
and the inequality ¢(\,z) < ¢(A\2, ), we obtain
Vue CR@), [ IR <
Q

This ends the proof of our two bounds.

We can now finish the proof. If p is a smooth function which is 1 out of
compact and with support in €, then the form (A 4+ R)pa = 3 is a smooth
form with compact support in 2. We remark that

A§1B s in H& and in L?.

As the matter of fact, the linear form ¢ — (3, ¢) 2 is continuous on H, 6,
hence there is v € HO1 satisfying

 (Ad) = (8,00, V6 € CFAT™).
So that v = A§1B € H{. To prove that Aélﬂ is in L?, we note that if f
is a smooth function with compact support which is 1 on the support of g,

then - -
Ag'B=A,"f8.
But we know that the operator ¢ — A§1f¢ is bounded on L?, so Aélﬂ is
in L2
Now we have the equality
(dg; + Ag'R)pa = Ag'5.



Vol. 13, 2003 L2-COHOMOLOGY OF MANIFOLDS WITH FLAT ENDS 385

But the operator (Id + Ag'R) is invertible on H} and on L? so that
po=(ld + Ag"R)TTAGS.
As we have
(Idg + A" R) AL B = (12 + A 'R) 1AL S,
we obtain that pa is a squared integrable and o € L2. O

In [C5], we have given a cohomological interpretation of the dimension

of {ao e W, do+ 6o = 0}
{ae L2, da+ 6a =0}

This dimension can be thought of as the dimension of half bound states
in quantum mechanics. This dimension is zero when zero is not in the
essential spectrum of the Laplacian, or equivalently when the Gauss—Bonnet
operator is Fredholm on its domain. But in this case, the spaces of L?-
cohomology and of reduced L?-cohomology are the same, and the long
exact sequence (4.8) always holds for the L2-cohomology. For instance,

Theorem 4.8. If M is an even dimensional locally symmetric space of
finite volume and negative curvature then the exact sequence (4.8) holds.

This is a consequence of the work of Borel and Casselman [BoC]: the
Gauss—Bonnet operator is a Fredholm operator in this case.
With the results of [C5], we can now extend Proposition 3.9.

Theorem 4.9. If (M, g) is a complete Riemannian manifold of dimension n
and if there is a compact set K of M such that (M \ K, g) is isometric to
the warped product (]0,00[ xOK,dr? + f%(r)g), then the Gauss-Bonnet
operator is non-parabolic at infinity in the following two cases f(r) = ar
for some a > 0, or lim, . f'(r) = 0:

1. Moreover let k = [n/2], if f(r) = ar, and if the first eigenvalue \§
of the Laplace ogaerator acting on closed k-differential forms of 0K
satisfies A& > %a then the exact sequence (4.8) holds. Moreover

when the manifold is oriented and of even dimension then
k—2

xi2(M) = x(M) = 3 (~1)7b; (9F) .
=0
2. If lim,—oo f/(r) = 0 and if we have [ f' < oo for all t > 1 then
when n is even the exact sequence holds and we have xr2(M) =
X(M) + Z?;&(—l)jbj(aK); and in odd dimension dim M = 2k + 1,
the exact sequence holds, provided that by(0K) = 0.

In fact, the second Gauss—Bonnet formula was already known by
J. Briining ([Br]).
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4.3 Novikov—Shubin invariants and non-parabolicity at infinity.
We recall here a result from [C6]. It gives a spectral condition which implies
that the Gauss—Bonnet operator is non-parabolic at infinity.

PROPOSITION 4.10. Assume that (M, g) is a complete Riemannian mani-
fold such that there is a « > 2 and a locally bounded function C(z), x € M
with
He_tA(x,x)H <C@)t™?, vt>1,zeM,
then the Gauss—Bonnet operator of (M, g) is non-parabolic at infinity and
hoo (M) = 0.
We make some remarks:

e The non-parabolicity at infinity property and the dimension he, (M)
depend only on the geometry at infinity, so the conclusion of the
theorem remains valid for any complete Riemannian manifold which
is isometric outside some compact set to one satisfying the hypothesis
of the theorem.

e By the Karamata theorem, our assumption is equivalent to the fol-
lowing on F, the spectral resolution of A,

|E(0, ], z,2)|| < C(x)A*/?, YA€ [0,1], Vo€ M.
In fact the best possible exponent « is linked with the Novikov—Shubin
invariants: if (M, g) is the universal covering of a compact manifold M
and if D = d+ ¢ is the Gauss—Bonnet operator acting on differential forms

on M, and if F C M is a fundamental domain of the covering M — M,
then

6 = inf {a ’ / trace,\;p;]\me_m (z,x)dx = O(t‘o‘/2)}
F

is a Novikov-Shubin invariant of M. It doesn’t depend on the metric
([NoS]), nor on the differential structure ([L1]) and it is a homotopy in-
variant of M ([GroS]).

According to the calculus done by M. Rumin ([R]) and by L. Schubert
([S]) we have

COROLLARY 4.11. Ifn > 1 then the Gauss—Bonnet operator of the Heisen-
berg group

1 r1 X2 ... Tnp z

Hop1 = oo ' 5 X1, e Ty Yl s Yn, 2 ER
. 0 1 vy,
0 1
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with a left-invariant metric is non-parabolic at infinity. Furthermore, for
any complete Riemannian manifold which is isometric outside some com-
pact to such Hap 11, the exact sequence (4.8) holds.

Proof. Tt is shown in [R] and [S] that the hypothesis of Proposition 4.10
holds with @« = n + 1 for the Gauss—Bonnet operator of the Heisenberg
group Hop i1 with a left invariant metric. o

5 Manifolds with Flat Ends

In this section, our results are applied to a complete Riemannian manifold
with flat ends. Let (M",g) be a complete Riemannian manifold whose
curvatures vanish outside some compact set.

5.1 Geometry of flat ends. Then (M",g) has a finite number of ends
FEy, Es, ..., Ep, and according to the works of Eschenburg—Schroeder, com-
plete flat ends are classified into three families [ES]:

Theorem 5.1. 1. E has a finite cover isometric to (R” — B(R)) x T"7,
where v > 2 and T"™" is a flat (n — v)-torus.

2. E is isometric to the Riemannian product |0,00[ XY where Y is a
compact flat manifold.

3. The universal cover of I is isometric to Yz g x R"2, for R > f3, and
the 1 (E) respects this decomposition, where Y3  is defined as follows: If
c3,r(s) = (Bs — Rsins, Rcos s) is the cycloid and ng g its unit normal vec-
tor. ThenYj g is |0, 0o[ xR equipped with the metric <I>27R(da:2+dy2) where
®5 R 10,00 xR — R? is the immersion @5 g(s,t) = cg r(s) + tng r(s).

In the third case, a finite cover of the end is isometric to (Y3 g x R"72)/T
a flat bundle of an (n — 2) flat torus on Yz g = Y r/{(s,t) ~ (s + k7,1),
k € Z} with 7 = 2m, if § > 0 and 7 is any positive real number if g = 0.

We also note that in the second and third case the rank of the fundamen-
tal group of ' is n — 1, where, as in the first, the rank of the fundamental
group of F is less than n — 3.

5.2 The L?-cohomology of flat ends. First, we compute the L*-
cohomology of flat ends.

LEMMA 5.2. In case (2) of the classification (Theorem 5.1), if # is the
relative or absolute boundary condition, then Hé“#(E) = {0}.

Proof. According to Proposition 2.1, it is enough to show that the L2-
cohomology of the double manifold E#FE is trivial. But E#FE is the
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Riemannian product R x Y; and it is well known that HY(R x V) = {0}
(this is, for example, a consequence of the Kunneth formula). m

This lemma can also be obtained from the result of Atiyah—Patodi—
Singer ([AtPS]): on a manifold with cylindrical end, the L2-cohomology is
the image of the relative cohomology in the absolute cohomology.

LEMMA 5.3. In case (3) of the classification (Theorem 5.1), if # is the
relative or absolute boundary condition, then Héf#(E) = {0}.

Proof. Let w : E — E be the finite cover of E which is a flat bundle of a
(n —2) flat torus on Yz g. We have
o € L*(AT*E) if and only if 7*a € L*(AT*E).

So it is enough to show the result for £. Now, the (n — 2) flat torus
acts on F by isometry and this action generates Killing fields of bounded
length, so by the argument of N. Hitchin, a # — L2?-harmonic form must
be invariant by the torus action (Theorem 3 of [Hi]). Hence there is an
identification between Hé“ #(E) and the space of L?-harmonic forms on
Y3 r with value in the flat unitary bundle (Y3 g x A(R"~2)* /T satisfying the
relative or absolute boundary condition. Now there are no such non-trivial
0 and 2-forms as they must be parallel; and 1-forms being L? harmonic is
a conformal invariant property. As }7@ g is conformally equivalent to the
cylinder, Lemma 5.2 implies that there are no L? harmonic 1-forms with
value in this flat unitary bundle. O

LEMMA 5.4.  In case (1) of the classification (Theorem 5.1), if E is
isometric to the product (R¥ — B(R)) x T"™" then

d
H} o (E) = R A HFH(T" ).

Proof. Proposition 4.3 of [C3] implies that HS ,(R” — B(R)) = ]er—fl;
hence the lemma by the Kunneth formula. O

5.3 The parabolic ends. We then eliminate the parabolic ends. Let
Ep be the union of parabolic ends of M, i.e. the union of the ends of type
(2) and (3) in the classification (Theorem 5.1).

PROPOSITION 5.5.  HJ(M) ~ Im(H},,(M \ Ep) — Hj , (M \ Ep)).
Proof. First we look at the short sequence
H (M \ Bp) = HE(M) = Hf gy, (Ep).

From Theorem 4.4, we know that ker j* = Imi, and from Lemmas 5.2, 5.3,
and we know that HY , (Ep) = {0}. So in any L?-cohomology class on M
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there is a closed L? smooth form with support in M \ Ep. Second, we look
at the short sequence

HY (Ep) = HE(M) - H} 3, (M \ Ep).
Again, this sequence is exact and Héirel(Ep) = {0}.
The injective map between Im(Hé“vrel(M \ Ep) — Héiabs(M \ Ep)) and
HX (M) is surjective hence it is an isomorphism. o

5.4 The non-parabolic ends. We now have to compute the reduced
L?-cohomology of M \ Ep with relative or absolute boundary condition
on 0Ep. We will only deal with the case of absolute boundary conditions;
the case of relative boundary conditions is identical.

Now on (M \ Ep,g) any W -harmonic form must be L?.

As a matter of fact, by Theorem 1.5, this property only depends on
the geometry of ends: if E is an end of M \ Ep, then E has a finite cover
isometric to £ = (R¥ — B(R)) x Tg, where v > 2 and Tg is a flat (n — v)-
torus. Now a harmonic form on E is in W (resp. L?) if and only if it is
pulled back to a W (resp. L?) form on E. And F is the end of RV x Tg so
by Theorem 1.5, it is enough to show the result for R” x Tg. But in [C4]
it is shown that kery (d + d)rv x1, = kery (d + 6)rv ® ker(d + 6)1,.

Now, for v > 2, R is non-parabolic, so the topology of W is given by
the quadratic forms a — [, [Vaf* = [, |(d + 0)al?; so a W-harmonic
form is parallel. But by the Sobolev inequality, an element of W has to be

in L?/(*=2) Hence any W-harmonic form on RY is zero.

So on M \ Ep, we have hoo (M \ Ep) =0 and let Exyp = Ug’:lEi be the
union of the ends of M \ Ep and U = Ep U Exp be the union of the ends
of M. We have the long exact sequence,

(MA\T) 2 B (Exp)—...

2,rel

"'*)Hg,rel(ENp) # Hg,abs(M\EP) L) Hfbs
Each F; has a finite cover isometric to F; = (R¥ — B(R)) x T; where
v; > 2 and T; is a flat (n — v;)-torus. So for a finite subgroup I'; of
O(v;) x Isom(T;), E; = E;/T;. Let p; : E; — E; be the covering map.
p; induces an isomorphism between H. éfr .(E;) and the space of I';-invariant
element in Hé“ﬂ,el(Evi):
k k 2R
HZ,rel(Ei) = H2 rel(Ei) :

We have shown that
. dr
Héirel( 2) =
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and the isomorphism between HJ - 4(E;) and H*=1(T;) is induced by the
map

HEU(Ty) — HEY(0F) 2 HS, o ().
As T'; acts on T; ,we also have Hgﬂ,el(Ei) = HF1(T)%. Let 7 : U;T; —
OFEnp be the immersion induced by the p;’s; and we define
QM \ U ker7*) = {a € C*°(AT*(M \ U)) such that 7*a =0} .
Then Q(M \ U, ker 7) is a subcomplex of the complex of differential forms

on M\ U. Let H*(M \ U, ker 7*) be the associated cohomology spaces.
Now we have also the exact sequence

= P HE T b H*(M\ U, ker r* ) s, Habs (M\U) S @Hk
We can build a map Héﬁabs(M \ Ep) — HF(M \ U, ker *): if o is a
smooth closed L2-form on M \ Ep, then from (3.5) and Lemma 5.4 on a
end F; C Enp, we have
dr

Q= TVz_l A Bi + di,

where v € W(A*'T*E;) and r is the radial coordinate on E;; up to
some additive constant, on F;, r is the function distance to dF;. Now let
7 € W(AR=1T*(M \ Ep)) be an extension of the ~;’s, then a—d7 is a closed
element of Q (M \ U, ker 7*) and its cohomology class in H*(M \ U, ker )
depends only on the L2-cohomology class of o. So we get the desired map.
Now, we have a commutative diagram

Hk 1(M\U) %HQ rel(ENP) %Hécabs(M\EP)

abs

| | |

HY(MN\U) —> @, H*{(T;)T — = H* (M \ U, ker 7*)

abs

J* k
Habs

(M\U) — H2 rel(ENP)

L]

(\U) ="~ @, HH(T)"

J” E
Habs

The first two and last two vertical arrows are isomorphisms, hence by the
fifth arrow lemma, we have an isomorphism between HY , (M \ Ep) and

,abs
HF(M \ U, ker 7). We have proved
PROPOSITION 5.6.  H5 ,, (M \ Ep) ~ H*(M \ U, ker 7*).
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And we arrive to our main result.

Theorem 5.7. Let (M",g) be a complete Riemannian manifold with flat
ends. Let Ep be the union of the parabolic ends and Exp the union
of the remaining ends. Each connected component of OFEp has a finite
cover isometric to S*"1(R) x T""" where v > 2 and T""" is a flat torus.
We get an immersion « : |J; T — M \ (Ep U Enxp) and we note i :
OEp — M\ (Ep U Enp) the inclusion map. We define two subcomplexes
OfCOO(AT*(M\ (EP U ENP)))"
Q(M \ (Ep U ENP), ker 7T*)
= {a € C®(AT*(M \ (Ep U Enp))) such that 7*a =0},
and Q(M\ (Ep U EpNp), ker 77, aEp)
={a € QM \ (EpU Enp),ker ) such that i*a = 0} .

Let H*((M\ (EpUENp), ker 7*) and H*((M\ (EpUENp),ker 7*,0Ep)
be the associated cohomology spaces. Then we have the isomorphism

H5(M) ~Im(H"(M \ (Ep U Enp), ker m*,0Ep)
— H¥(M \ (Ep U Enp), ker ).

5.5 A L? Chern—Gauss—Bonnet formula. We now investigate a
Chern-Gauss-Bonnet formula for the L? Euler characteristic. We only con-
sider manifolds with non-parabolic ends. In this case, the exact sequence
(4.8) holds, hence we have

Xr2(M) = x(M) + X2 re(Enp) 5
where Enp is the union of the ends of M, each of these ends E has a finite
cover isometric to E = (R” — B(R)) x Tg, where T is a flat (n — v) torus.
And for a finite subgroup I'gy of O(v) x Isom(Tg), we have E = E/T'g.
Assume that M is oriented and even dimensional; then we can compute
X (M) with the Chern formula,

(M) = /M Q9 +§E:/2E(R) P(II),

where the summation is with respect to all ends E of M, Yg(R) is the
hypersurface (RS*~! x Tg)/T'r and P(II) is a polynomial expression in
the curvature and in the second fundamental form of Y g(R). We can
compute fEE (R) P(II). This integral is multiplicative with respect to finite

cover hence we obtain
1

/EE(R) P(II) = E/RSHXTE P(II).
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Again with the Chern formula, we have
| PUD = X(RD" x Te) = x(D")(Ts).
RSv—1 XTE

Hence, we conclude that
0 if dim M
/ P([I):{ 1 ?f v < ?m )
S5 (R) Zr | v=dimM.
We now compute the L?-Euler characteristic of an end E of M. We
know that dr

Hg,rel(E) =

Let Gg be the image of I'g in Isom(T E) then we also have the isomorphism
Hg,rel(E) = Hkil(TE)GE’

and we get xr2(F) = —x(Tg,Gg), where x(Tg, Gg) is the Gg equivariant

Euler characteristic of Tg. We can give a more precise formula. We know

that the cohomology of the torus T is the exterior algebra of H'(Tg) or

the exterior algebra of left invariant differential forms on Tg. It is well
known that

- ANH"N(Tg).

dim H*(T )% = Z Troge(r )Y
'YEGE
Hence
X(Tg,Gp) =Y (~1)F dim H*(Tp)"F = 2L Z > (D) Tepge(ry7™
k eGg k

With the formula

> (D) ey p, 7" = det(dpgr(ry) — 7).
p

X(T5,Gp) = g > det(Idyryy — ) -
v€GE
This formula can also be obtained from the Lepschetz fixed point formula.
And we have proved the following theorem:

we obtain

Theorem 5.8. If (M",g) is a complete oriented Riemannian manifold of

even dimension whose curvature vanishes outside some compact, and if for

each end E of M we have
o volEﬁB (r)

r—00

xr2 (M / Q9 + q(E),
E end of M

ioo’

then

where q(FE) is defined as follows:
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e When m(FE) has no torsion then q(E) = 0.

e When rank 7 (E) = 0 we have q(FE) = 1/|m(E)| — 1

e When rank 1 (E) > 0 then 71 (E) acts isometrically on S¥~! x RV,
n —v = rankm(E) < n — 1. Hence 7 (E) is a subgroup of
Isom(SY~! x R*¥) = O(v) x [R"* x O(n — v)] and let Gg be the
image of m1(F) in O(n — v), then we have

4(E) = — g > det(Id — 7).
v€GE

When the manifold has a parabolic end, the exact sequence does not
hold and we cannot give an explicit formula for the L2-Euler characteristic.
As a matter of fact, we cannot expect that the L?-Euler characteristic is
the sum of the integral of the Euler forms and of a contribution of ends.
A counterexample is given in [C4]: If M = R2#R? is two copies of R?
glued along a disk, this surface has two planar ends and no non-trivial L2-
harmonic forms. On R?, we have x72(R?) =0 = [z, KdA/2r. But on M,
we have xz2(M) =0 # —2 = [,, KdA/2m. The surfaces M and R? U R?
have the same ends, but the differences between the L? Euler characteristic
and the integral of the Euler forms are not equal.
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