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SOME OLD AND NEW RESULTS ABOUT RIGIDITY OF CRITICAL METRIC

GILLES CARRON

ABSTRACT. We present a new proof of a recentegularity of G. Tian and J.Viaclovsky.
Moreover, our idea also also works with a kind@f, p < dim M /2 assumptions on the
curvature.

1. INTRODUCTION

In this paper, we obtain some newegularity and rigidity results for critical metrics
and our arguments will also give new proof of classicaégularity results.

The class of critical metric has been introduced and studg biian and J. Viaclovsky
([32)) : A Riemannian metrig is said to becritical if its Ricci curvature tensor satisfies a
Bochner type formula :

V*V Ricciy + R(Ricciy) = 0
whereV is the Levi-Civita connection an®* is its differential adjoint andR is a linear
action of the Riemann curvature tensor on the space of syrio®etensor, in particular
there is a constanf (that only depends on this action) such that :

(1.1) Vh € O*T; M, |R(h)| < Y|Rm||h|.

Examples of critical metric are Einstein metric, Kahlertriewith constant scalar cur-
vature, locally conformally flat metric with constant sgatairvature and in dimension
4, Bach flat metric with constant scalar curvature. Our main result is the following
e-rigidity result :

Theorem A. There is a constant > 0 that only depends on the dimensierand of the
constantl’ appearing in the estimate (1.1) such thatif”, g) be a complete Riemannian
manifold whose metric is critical and such that its Riemanrvature tensor satisfies for
some fixed point € M :

[Rm(y)| <

d(o,y)? ’
then the metrig is flat : Rm = 0.

Our result generalizes a recent result of V. Minerbe ([23pvproved a similar result
for Ricci flat metric with controlled volume growth :

Theorem 1.1. Assume thatM™, g) is complete Ricci flat Riemannian manifold
Riccig =0
such that for some fixed pointc M, somer > 1 and some positive constafit> 0 :

vl B(o.R) _ (R)”

vol B(o,r) — r

VR >r >0,

Date December 1, 2010.
1991 Mathematics Subject ClassificatioB3C20, 58E11.

1


http://hal.archives-ouvertes.fr/hal-00542198/fr/
http://hal.archives-ouvertes.fr

hal-00542198, version 1 - 1 Dec 2010

2 GILLES CARRON

then there is a constaiat> 0 that only depends on, v, C such that if

[Ran(y)] € s

then the metrig is flat : Rm = 0.

The first step in the proof of theorem 1.1 was to establigh &lardy inequality :

erch(M),u(n,y,C)/ |f()]

M d(% 0)

And the final step was to use the Bochner type equation

dvoly(z) < /M |df (x)|d volgy(z).

V*VRm+R(Rm) =0

satisfied by the Riemann curvature tensor of a Ricci flat metri

There are many otherrigidity results that relies on a priori functional ineditya(such
as a Sobolev inequality or as the above Hardy inequality)amtegral bounds on the
curvature (cf. for instance [5], [30], [27],[28], [24],[1L®6], [32, Theorem 7.1],[35],[20]
). Such a result has been shown recently for critical metriGhrian and J.Viaclovsky in
dimensiond and by X-X. Chen and B.Weber in higher dimension ([32], [12] :

Theorem 1.2. There are positive constants> 0 andC > 0 that depend only on the
dimensiom and of the constarif appearing in the estimate (1.1) such that wiiéf", )
be a complete Riemannian manifold whose metric is critiodl such that for some € M
andr > 0, the geodesic balB(z, r) satisfies the Sobolev inequality :

n

<af )l

«JﬂM%WWMO

Vf e Cge(B(z,r)) , (/B

and the following bound for the curvature tensor :

n

Af/ | Rm(y)| 2 dvoly(y) < e
B(z,r)

then
C n "
sup |[Rm|<A— |Rm |2 (y)d voly(y)
B(z,37) r B(x,r)
Such a result implies the followingrigidity result :

Corollary 1.3. Let(M™, g) be a complete Riemannian manifold whose metric is critical .
Assume thaf\/", g) satisfies the Sobolev inequality :

WGGﬂM%(AANMWWWMO_HSAAﬁWMWWM)

If the curvature tensor satisfies

A%/ | Rm(y)|2dvol,y(y) < e
M

then(M™, g) is isometric to the Euclidean spate'.
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In another paper [34], G. Tian and J. Viaclovsky were ableepdace the hypothesis on
the Sobolev inequality by a uniform lower bound on the volgrenth of geodesic balls :

Yy € B(x,r), Vs € (0,r) : vol B(y,s) > vs"

It is known that the Sobolev inequality implies such a umiidower bound (([1] or [8]).
The proof of this improvement used as a preliminary resw@tahovee regularity result
(theorem 1.2) and hence it relied on the intricate de Geldegih-Moser iteration scheme
developed in [32] or [12]. Our idea leads to a direct prooti$ improvement that do not
used this iteration scheme and moreover we are able to gwe 58 e regularity/rigidity
result, for instance we’ll obtain the following :

Theorem B. There is a constant > 0 that only depends on, p and of constani" ap-
pearing in the estimate (1.1) such that wHed", g) be a complete Riemannian manifold
whose metric is critical and such that any geodesic Balt M (with radiusr(B)) satis-
fies:
r2P
vol B
then the metrig is flat : Rm = 0.

/ |Rm(y)|Pdvoly(y) < e
B

Our argumentalso leads to a new and direct proof of the fatigwesult of M. Anderson

Theorem 1.4. There is a positive constaat > 0 such that i M™, g) is a complete Ricci
flat manifold satisfying :
1B
lim YO (x,r)
r—00 rn

then(M™, g) is isometric to the Euclidean spate'.

Z Wn(l - en)

This result was used by Anderson to proveragularity result based on volume growth
for metric with bounded Ricci curvature ; for Einstein metrthis result implies some
uniform bound on the Riemann curvature tensor. In fact waiol# new proof and a new
formulation of this estimate :

Theorem C. There are constart(n) > 0 and C(n) such that if(M™, g) is a complete
Ricci flat manifold and: € M andr > 0 are such that

vol B(z,7) > wy (1 — €,)r"
then

sup |[Rm| < C(Qn) (wnr —V:lB(y,r)) .
B(z,r/2) r yEB(z,3r) r

Our idea is quite versatile and can be used to obtain othiitsicand regularity re-
sults. In a future work, we intend to consider applicatiohthese ideas to the question
of convergence of Einstein/critical metric in dimension> 4 in the spirit of results of J.
Cheeger, T. Colding, G. Tian [10] or of G. Tian and J. Viackyw§f33]. What nowadays
is missing is an answer to a question of M. Anderson (cf. [2nRep. 475] and G. Tian
[31] about the geometry of Einstein/critical Riemanniamifid with maximal volume
growth and whose curvature satisfies some bound on :

sup (7’4”/ |Rm|2> .
r B(z,r)

1, is the volume of the unit Euclidean ball.
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2. SOME DEFINITIONS AND USEFUL TOOLS
2.1. Regular metric.

Definition2.1 We say that a Riemannian manifdld/", g) is (A, k) regular or that the
Riemannian metrig satisfiesA, k) regularity estimates if for any € M and anyr > 0
ande € (0, 1) such that

1
sup |Rm|< —
r

B(z,er)
thenforallj =1,...,k
, A
(2.1) sup [V/Rm| < ——.
B(z,%sr) (ET)JT

Remark.2. a) The choice of half the radius in the estimate (2.1) is eahjt indeed it
is easy to show that th@\, k) regularity estimate implies the following : if for some
x € M,r > 0ande € (0,1) we have

1
sup |Rm|< —
B(z,er) r

thenforalld € (0,1)andallj =1,...,k, we have

, A
sup |V Rm| < ———5——.
s VRS S
b) This condition of regularity is clearly invariant by siceg : if a metricg satisfieg A, k)
regularity estimates then for any positive constanthe metrich?g satisfies(A, k)
regularity estimates.
¢) Hence, a metrig satisfies(A, k) regularity estimates if and only if for every positive
constant: the metricg;, = h?g satisfies the following estimates : for amyc M and
anye € (0,1) such that
sup |Rmy, | < &
BQh (I71)
thenforallj =1,...,k
sup |V/Rmy, | < A&
By, (z%)
Sometimes, we will used a weaker assumption on the metric :

Definition2.3. We say that a Riemannian manifdld/”, g) is weakly (A, k) regular if if
foranyz € M and anyr > 0 such that

1
sup |[Rm| < —
B(z,r) r

thenforallj =1,...,k

sup |V/Rm| <
B(z,g)

2.2. Examples of Regular metric.
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2.2.1. Einstein metric and metric with harmonic curvaturé/hen(M™, g) is Einstein
Riccig = (n — 1)7g

then the curvature satisfies an elliptic equation

(2.2) V*VRm+R(Rm) =0

whereR is a certain action of the curvature operator on the spaceifture tensors.
Indeed the Bianchi identies implies that

d¥ Rm = 0

and the fact that the Ricci curvature is zero implies thatciinwature tensor (viewed as a
2-forms valued in symmetric tensors) is coclosed :

(dV)*Rm =0,
hence the above equation (2.2) is a consequence of a Boarnaulé (cf [4, Proposition
4.2)])

(dV)*dV + dV(dV)* — V'V +R.

So that any harmonic Riemann tensor :

(d¥V)*Rm =0
satisfies the Bochner formula (2.2). This implies the follogv:
Proposition 2.4. If (M™, g) is a Riemannian manifold with harmonic curvature :

(dV) Rm =0
then(M™, g) is (A, k) regular for a constant\ that only depends on andk.
Proof. This regularity result can be proved with some rather atassilliptic regularity es-
timates, along the line of the proof of regularity of criticaetric (see the proof of propo-
sition 2.6). But we can also use less elaborate tools usihgtba maximum principle
(following for instance the argumentation of W. Shi, [29%¢ten 7]).

Indeed assume thatis a complete Riemannian metric with harmonic curvature. If

we assume that on a geodesic Mallz, 1) ¢ M, and for some € (0, 1), we have the
following uniform bound on the curvature :

sup |Rm| < &?
B(z,1)

Then the exponential map is a local diffeomorphism form thieiuclidean balB(0, 1) C
(TyM,g,)to B(x,1):

exp, : B(0,1) = B(x,1)
Then metricg = exp} g has also a harmonic curvature tensor and its curvaturerténso
bounded by:2. We will proved the regularity estimate in the b&l{0, 1) endowed with
the metricg = exp’ g. Hence we work now on the Riemannian manif@&{0, 1), g) The
Bochner’s formulae imply thet

A|Rm|? < C(n)é*| Rm |* — 2|V Rm |?
and A|VRm|? < C(n)e?|VRm|? — 2|V?Rm |2

2c (n) will be a constant that only depends @rand that can vary from one estimate to another.
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We definev = (33¢* + | Rm |?)|V Rm |? and consider the functiop = 2u — u? where

if ly] <1/2
uly) =4 (3 -4Jy2)” if1/2 <|y| < 3/4
0 if3/4 < |yl

then we have
[Ap| < C(n) and |dp|* < ¢ .
Hence at a point where the functigm is maximal we have
vdp 4+ pdv = 0and 0 < A(pv)
Hence at such a point :
0 <vAp — 2 {dp, dv) +pAv

A quick computation shows that
Av < (C(n)e?|Rm|? — 2|VRm |*)|[VRm |2 + (33¢* 4+ | Rm |*)(C(n)e?|V Rm |2 — 2|V Rm |?)
—2(d|Rm|? d|VRm|?)

< C(n)e?v —2|VRm|* = 2(33¢* + |Rm |*)|[V? Rm |? + 8/ Rm ||V Rm |*|VZ Rm |
< C(n)é*v — [VRm|* — 2(33¢* + |Rm |?)|VZ Rm |? + 16| Rm |*| V? Rm |2

< C(n)e?v — [VRm |[* — 2(33¢* + | Rm |?)| V2 Rm | + 16¢*|V? Rm |2

< CO(n)é*v — |[VRm|*

Hence at a point where the functigm is maximal, we have
0 < C(n)v+C(n)etpv — ¢ [VRm|?*,
so that we have at such a point :
), V7 2 4
® (31292 <" [VRm|[" < C(n)pv .
This estimate implies the following

sup v < C(n)e®,
B(0,1)

and with the definition of = (33¢* + | Rm |?)|V Rm |? , we get :
sup |[VRm|? < C(n)et.
B(0,4)

The estimate on the higher order covariant derivative oRleenann tensofV’ Rm |
can be obtained with the same argument using commutaties hdtween the covariant
derivativeV and the rough LaplaciaW* V. O

We have already seen that Einstein metric have harmonica&iartensor, another ex-
ample of metric with harmonic tensor are locally conformdlat metric with constant
scalar curvature.
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2.2.2. Critical metric. As noticed by G.Tian and J.Viaclovsky [32] , another largesslof
Riemannian metric satisfies these regularity estimates:

Definition2.5. We say that a Riemannian metric is critical if its Ricci tensatisfies an
Bochner's type equality :

(2.3) V*V Ricciy + R(Ricciy) =0 .

whereR is a linear action of the Riemann curvature tensor on theesphsymmetric2
tensor,

Proposition 2.6. A manifold(M™, g) endowed with a complete critical metric is(i&, k)
regular for a constant\ that only depends on and k and on the Bochner formula (2.3).

Proof. First, Indeed using twice the Bianchi identities, we hawe($4, formula 3.7]) :

V*VRm+ R(Rm) = d¥ (dV)* Rm = —d¥ dV Ricci,

where dV Ricciy (X,Y, Z) = d¥ Ricciy (Y, Z, X). Now we can use the coupled elliptic
system:

(2.4) V*V R'rn + R(Rm)' :'falv dV Riccig
V*V Ricciy + R(Riceig) =0 .

By scaling, we assume that on some geodesicB@il 1) and for some € (0,1), we
have the following uniform bound on the curvature :
sup |Rm| < &?
B(z,1)
Then the exponential map is a local diffeomorphism form thielEuclidean ball®(0, 1) C
(T2M, go) to B(x,1)
exp, : B(0,1) = B(x,1)
Then metricg = exp} g is also critical and has its curvature tensor bounded’yWe
will proved the regularity estimate in the b&{0, 1) endowed with the metrig = exp g.
Hence we work now on the Riemannian manif@&l0, 1), g) :

Moreover according to J.Jost and H.Karcher [13], M.Andef8oremark : 2.3i) ] there
is a constand,, such that around each point B(0, 1/2) there is a harmonic chart on the
ball of radiuss,,

x : B(p,d,) = R"”
such that the metrig, g has uniformC!* andWW?2" estimate.
Looking at the elliptic equation (2.3) in these coordinateglies that we have a uniform
W2 bound
|| Ricci ||W2,n(]B(p_’5n/2)) < C(n)|Rm HL"(IB(p.,zSn)) < C(n)€2
So that we get an estimate
HV2 Ricci |‘Ln(B(p75n/2)) < C(H)EQ.

If we look now at the elliptic equation

V*V Rm + R(Rm) = —d" dV Ricci,
then we get similarly
(n) [ Rm | o (B p,6, /2)) + [V Ricei || 2n@(p,5,/2))]

(n)e?.

| Rm [[wzn (8 (p,6, /2)) < C
c

IN
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In particular we have a uniform estimate ®Rm on these ball8(p, 6,,/4),

sup |VRm| < C(n)e?.
B(0, 25
These argument can be bootstrapped because a uniform boAtdRm, j = 0,... &k
implies uniformC**+1® and W*+2" estimate on the metrig,g and these estimates on
the metric imply a¥*+2» estimate on the curvature tensor. O

Some example of critical metric :

i) A Kahler metric with constant scalar curvature is caficindeed if( M, w) is a Kahler

manifold with Ricci formp, The ricci form is closed of typél, 1) and we have
d*p = —d°Scal,
When the scalar curvature is constant, the Bochner formuld ol) forms implies
that
0= (dd* 4+ d"d)p =V*Vp+ R(p).
i) Another important example is the case of Bach flat metridimension 4.

2.3. Thepoint selection lemma. The following proposition can be found in [21, Appen-
dix H] and is also known as the 1/4-almost maximum lemma (seg-4maximum lemma
in [16, p. 256].

Proposition 2.7. Assumethap : X — R isa continuous function on a complete locally
compact metric spacgX, d). If for somer, € X andr > 0 we have

1
o(x0) > o}

then for anyA > 0 there is a poin& € B(zg, 2Ar) such that
_ 1
p(T) > o}
and
vz e B (E,Asa(f)’m) , 9(2) < 4p(T).

Proof. Starting fromz, we build inductively a sequencg, ;...
If 2, is such that omB (o, d(zo, 21) + Ap(z)"/2)
¢ < dp()
then we define
Ti+1 = Ty.
If it is not the case then we can fing; such that
d(xo, x141) < d(vo, 1) + ———=
p(z1)
and
P(Ti41) > dp(a).
If the pointsxg, 1, ..., xy are distincts then we get fére {0,..., N} :
(1) > 4'p(x0)
and

IN
IN
N
N
5

d(zo, x7)
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As ¢ is continuous and®(x, 2Ar) compact, the sequence must stabilize. O

Remark2.8. We only need the fact that is bounded on the balB(z, 2Ar)

3. SOME ¢-RIGIDITY & REGULARITY RESULTS

3.1. e-quadratic decay.

Theorem 3.1. Let (M, g) be a complete Riemannian manifold whose metric is weakly

(A, 1) regular (whereA > 1). Lete = GLA If for some fixed point € M we have :

M <
vy € ) |Rm(y)| = d(O,y)Q

then the metrig is flat : Rm = 0.

Proof. If the curvature does not vanish identically, then our hippsts implies that we can
find a pointx € M where the curvature reached its maximum, in particular :

1 1
|Rm(z)| = 2 and BS(I;S‘)|RH1| < 2
By (A, 1) regularity, we know that
1
sup [VRm|<A—
B(z,r/2) r

In particular, foré = 1/(2A), we have fory € B(z, ér) :

1 1 1
| Run(y)| > | Rm(x)| —6rA— > 2| Rm(z)| = 55 .

We have supposed

hence
d(o,x) <er,
and whery € 0B(z, 0r), we haved(o,y) > d(y,z) — d(o,x) > dr — er and

2 2

<
~d(o,y)? T (0 —€)Pr?’

hence the result. O
3.2. L= e-regularity.

Theorem 3.2. Let(MM, g) is a complete Riemannian manifold whose metrig\isl) reg-
ular for someA > 1. There is a constart(A,n) > 0 such that if for some: € M and
r > 0 we have

) Vy € B(z,2r), Vs € (0,7/4),vol B(y,s) > vs"

i) S R (n)dy < (A, n)v
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then

2
n

16 1 n
sup [Rm| < =5 7/ |Rm % (y)dy
B(m,%r) r v E(Aa TL) B(z,r)

Proof. Assume that there is a poiate B(z, 17) such that

2
"
Rl (z) = &

wherep € (0,4]. By the point selection lemma (with = 1/8), we find a pointy €
B(z,1r) c B(z, 2r) such that

and

By (A, 1) regularity, we get

8 4A
sup |[VRm| <A = —.
B(y,Ap/2) | | 24p%  Ap?

As in the proof of of the theorem 3.1, if we let

5= Ak
~ 8A 64A
then on the balB(y, dp) :
1
Hence we get

/ |Rm |2 (0)do > / |Rm |2 (0)do
B(z,r)

B(y,ép)
-, vol Bn(y, ép)
> 2% o

(E)

1 n
e(A,n) = 16A\/§) ,

we get that wherf, ., [Rm |2 (y)dy < e(A,n)v, we can not find a point € B(x, 57)
such that

For

16
[Rin(z) > 5.

Moreover when: € B(z, 3r) then foru? = r?| Rm |(z) we get:

ve(A,n) (%)" = <645§A)n < /Bw) |Rm|# (0)do.




hal-00542198, version 1 - 1 Dec 2010

SOME OLD AND NEW RESULTS ABOUT RIGIDITY OF CRITICAL METRIC 11

Remarks3.3. i) For Einstein manifold, this results is due to M. Andersf#])(: assume
that

Riccig = (n — 1)7g

and note byV,(r) the volume of a geodesic ball of radiusin the simply con-
nected complete Riemanniarnmanifold with constant sectional curvature then
the Bishop-Gromov inequality implies that fore B(z, 2r) ands € (0,7/4) we
have :

V:(s)
vol B(y, s) > V.2r) vol B(y,2r) > V. (2r)

vol B(x, r)

Hence whenr|r? < 1, our proof of theorem (3.2) shows that the above hypothgsis
andii) can be gathered in a single one :

Vz(r)

—_— 2 (0)do < .
VOlB(.{E,’I‘) /B(z,r) |Rm|2 (J) 7= E(n)

i) For critical metric and in dimension 4, this result haebelso proven G.Tian and
J.Viaclovsky ([34, theorem1.2]). In fact, this result wagfinement of a earlier result
in ([32, theorem 3.1]) where the hypothesisvas replaced by a Sobolev inequality :

Vo € Co(B(x,7)), |l 22y < Allde] 2
And according to ([1] or [8]), such a Sobolev inequality ifnegla lower bound on
the volume on geodesic ball : B C B(z,r) is a geodesic ball of radiug B) then

i< o) (1)

It should also be noticed that the main argumentin the prbiioresult of G.Tian and
J.Viaclovsky was also a point selection lemma that reliesi@ifo the e regularity
result on [32], that is the proof relies on a intricate de@edtoser-Nash iteration
scheme argument. The results of G.Tian and J.Viaclovskyphas extended by X-
X. Chen and B.Weber?@) in two directions : for extremal Kahler metric and in
dimensionn > 4. Now from the proof of ([34, proposition 3.1]), it is clearatthee-
regularity result of X-X. Chen and B.Weber (see [12, theode@}) implies the above
e regularity result. But our proof is shorter and doesn'’t rtydeGeorgi-Moser-Nash
iteration scheme argument but on quite classical elligioveate.

iii) Eventually, it should be noticed that it is clear that wet estimate on the covariant
derivative of the Riemann tens® Rm , j = 1,... , k, if we assume that the metric
is (A, k) regular.

This result also implies someL? rigidity result :
Corollary 3.4. Let(M, g) is a complete Riemannian manifold whose metrig\isl ) reg-
ular for someA > 1. Assume that :

i) Vx € M andvr > 0, vol B(x,r) > vr™
i) [y, |Rm |2 (y)dy < e(A,n)v
Then
Rm = 0.
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3.3. e-LP regularity. The above argument can be extended to offfeestimates on the
curvature :

Theorem 3.5. Let (M, g) be a complete Riemannian manifold whose metr{@igl) reg-
ular for someA > 1. Letp > 0. Foranyz € M andr > 0 we let3:

r(B) v
M(z,r):= sup ( / Rmp) .
(@) BCB(z,r) volB Jp | |
There is a constard(A, p) > 0 such that if for some € M andr > 0 we have
M(z) < €(A,p)

then

sup |Rm| < ———
B(z,ir) | | 6(A,p)7’2

And we also get the following-L? rigidity result :

Corollary 3.6. Let(M, g) is a complete Riemannian manifold whose metrig\isl ) reg-
ular for someA > 1. Assume thatVz € M andVr > 0:

2P
- R p d < A p
BT Jy | B0y =)

Then
Rm = 0.

Itis also clear that these results together with [32, theofel] gives some conditions
that implies finiteness of the number of ends and that eacliseAdE of order 0, but we
prefer to refrain from stating it.

4. ALMOST MAXIMAL VOLUME GROWTH

With the point selection lemma, we are going to give an a#téve proof of the follow-
ing (slightly improved) result of Anderson [3]:

Theorem 4.1. There are constart(n) > 0 andC(n) such that if(M™, g) is a complete
Ricci flat manifold and: € M andr > 0 are such that

vol B(z,r) > wp(1 — €,)r"

then

C L — vol B(y, r) \ 7
sup |Rm| < (;1) (w ! V: € r)) .
B(x,r/2) " yeB(z,§r) "
This theorem has the following corollary
Corollary 4.2. If (M™, g) is a complete Ricci flat manifold such that

1B
lim YO (x,r)
T—00 T

then(M™, g) is isometric to the Euclidean spate'.

Z Wn(l - en)

Swhere B runs over all the geodesic ball of radiu§B) included inB(x, ).

4., is the volume of the unit Euclidean ball.
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Anderson has shown first the corollary 4.2 with an argumerntdntradiction and then
he deduced (also by contradiction) an estimate focth&-harmonic radius when the vol-
ume of the geodesic ball is almost maximal under a uniforrmbaan the Ricci curvature.
When the manifold is Einstein, the elliptic regularity oktkinstein equation implies a
bound on the curvature. For Einstein metric, our curvatstiemate is more precise . Here
we are going to show the theorem 4.1, the corollary 4.2 is siightforward.

Proof. Again assume that there is a poing B(x,r/2) such that such that
12
Rm(z) > 55

wherep € (0,4]. By the point selection lemma (with = 1/8) we find a pointy €
B(z,1r) C B(z, 2r) such that

1 w2
R — >
| Rm(y)| 0
and
4
sup  |Rm|< —.
p

By (A, 7) regularity, we getfofj =1, ... ,7.:

(4.1) sup  |V/Rm]| < C(ﬁ)z.
B(y,up/16) (:u‘p)]p

According to A. Gray and L. Vanhecke, we know the asymptatjgamsion of the volume
of geodesic balls [14],[15, Theorem 3.3] :

1
C120(n+2)(n + 4)

We are going to estimate the)(r6)” . The first step is to remark that iB(s) is the
Euclidean ball of radius in (T, M, g,) then

exp, : B(Ap) = B(y, Ap)
is an immersion, hence fgr= exp; g, we get for alr < Ap:
vol B(y, r) < vol; B(p).

The estimation (4.1) and the Jacobi equation implies that+$ J(t) is a Jacobi field
along the geodesit + exp, (tv) with [v| = 1, J(0) = 0 and|J'(0)| = 1 then for all
t €[0,up/16] andl € {0,...,7} :

dl

<77 (B)] < BalBm(y)|(up)*~!

Then Gray&Vanhecke’s computation leads to

ol Biy.r) = o (1 [R)Prt +00))

1 2.4
200 T o) 4y )l + 6(5))
where for some constaft,, > 1 depending only on the dimensian
16(s)| < Dus®|Rm(y)|(up) ™"
We choose = 1,112 p such that

D\ ()| ()~ = s ()

Vs € (0, up/16) , volz B(s) = w,s" (1
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1
2 _
= 240(n + 2)(n + 4)D,,

Then we get for = n,u%p

vol B(y, ) < vol B(y, o) < volz B(o) < 1 ni u®
rm - on o =" 240(n+2)(n+4) )"

O

4.1. A spheretheorem. With the same idea, we can give a direct proof of the following
result

Theorem 4.3. There is as,, > 0 such that if(M", g) is closed Einstein manifold with
positive scalar curvature:
Riccig = (n —1)g
and
vol(M, g) -
volS®  —
then(M, g) is isometric to the round sphef&.

1—¢,

Perhaps, there is a nice optimal volume pinching for Eingtegtric with positive scalar
curvature, a nice result in this direction has been proved/bysursky ([17]) any non
standard Einstein metricon the spher§* must satisfies

vol(S, g) < 1 -
volS§* — 3
The same proof will also prove a local version of this restittr:r € [0, 7], we denote by
V1 (r) the volume of a geodesic ball §" :

Vi(r) = vol(s™1) /0 ' (sin(t))"Ldt.

Theorem 4.4. There is as,, > 0 such that if(M", g) is closed Einstein manifold with
positive scalar curvature:
Riccig = (n —1)g
and such that for somee (0, 7] and allz € M :
vol(B(z,r))
Vi(r)
then(1M, g) has constant sectional curvature.

>1 —En’l“4

These theorems are consequence of a result of M. Andersoof dinel isolation of the
round metric amongst Einstein metric. Indeed, a consequeh@&nderson’s result ([3,
theorem 1.2]) is the following :

Ford > 0, we can choose(n, §) > 0 such that the hypothesis

vol(M, g)
vol S™

implies that the sectional curvature @fre in a interva(l — §, 1 + 6). Now according to
[18], [22], [6],[7], we know that a Einstein metric with sémbal curvature in the interval
(%, 2) has constant sectional curvature. If we don't care aboubtitenal value of the
pinching condition such a rigidity result can be easily mowith the maximum principle.

Ricciy = (n —1)g and >1—¢(n,0)
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Indeed the Weyl tensdiV of an Einstein metric satisfies a Bochner formula ([4, Propo-
sition 4.2],[30]):

V*VW + W=WxW

2 Scalg
n

whereW « W is a quadratic expression in the Weyl tensor. Hendeiiti, = (n — 1)g,
we obtain that the length of the Weyl tensor satisfies :

AW2 +4(n—1)|W|? =2(W,W+W) - 2|[VW |?
Hence at a point where the length of the Weyl tensor reach@sdkimum, we have :
4n—1D)WPE SAWP+4(n—1)|W|* =2(W,WxW) < c(n)| W5

2(n—1)
c(n) *

Proof. We use again the same idea to proved the above theorems. Adlsatti/™, g) is
a closed Einstein manifold with positive scalar curvature:

Hence eitheWW = 0 or max,ca | W(x)| >

Ricciy = (n —1)g
and that the sectional curvaturegpére not constant, then we know that
2n—1)
c(n) -
Letx € M be a point where this maximum is reached :

1
5= | W(a)| = mpx | W

max | W| >
M

By regularity, we obtain estimates on all the covariant\dgive of the Weyl tensor : for
jed{l, ..., 7}
. 1
max |V W| < C(n)—
M pJ

(Recall that the diameter dff is bounded byr and thatp? < %.)
The same argument using the computations of Gray and Vaalstakv that for some
constan®,, > 0 and for alls € (0, d,p) :

vol(B(z, s)) <1 1 (f)4
Vi(s) — 240(n+2)(n+4) \p)
Then the Bishop-Gromov comparison principle implies theat t
vol(M,g)  vol(B(z,n)) < vol(B(x, dnp)) <1_ 54
volS* — Vi(m) T Vi(0np) T 240(n+2)(n+4)
It also implies that for € (d,,p, 7]
vol(B(z, 7)) c1_ 5k “1_ §b ot
i(r)  — 240(n+2)(n+4) — 240(n +2)(n + 4)7*"

2(n—1)

and becausg? < o)

, we have a constant, such that for ali- € (0, 7] :

vol(B(z,r))

<1l- nr4.
G
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4.2. Another rigidity result. The same argument can be used to prove a volume rigid-
ity result when the scalar curvature is zero and when thengetarm in the asymptotic
expansion in the volume of geodesic balls has a definite sign :

Theorem 4.5. There is a constar,, > 0, such that wheriM/", g) is a complete locally
conformally flat manifold with zero scalar curvature of dms®nn > 4 such that for
somev > 0:

Ve e M, ¥r>0 : vr" <vol B(x,r) < w,r™ (1 +e,0%)
then(M™, g) is isometric to the Euclidean spate'.

Proof. Indeed at a almost maximal point of the length of the Riemann curvataresor,
we have ) A

Rm(z)| = - and max |[Rm| < —.

[Rine)| = — and max [Rm| <
becauseol B(z,r) > vr™, then Cheeger’s estimate of the injectivity radius ([94,[the-
orem 4.2]) implies that the injectivity radius atis bounded from below :

inj, > nnvp.

Again if we denote byB(s) the Euclidean ball of radiusin (T, M, g,) then

exp, : B(navp) = B(y, nnvp)
is a diffeomorphism (Note that our hypothesis implies intigaftar thatv < w,,). Hence
for g = exp g, we get for allr < n,,vp:
vol B(y, r) = volg B(r).

When the metric is locally conformally flat with zero scalarature, Gray&Vanhecke’s
computation is that

2n — 17
(n? —4)(n 1 4)
The same arguments implies that for sofpe> 0 ande,, > 0, we have fors = §,,vp

vol B(z,7) = wyr™ (1 + %0 | Riccig (x)[2r* + O(rﬁ))

vol B(x, 8) > wys" (1 + v4€n) .
O

Remark4.6. Using the [15, Corollary 3.4] in dimensidh the same proof furnishes that
there is a=(A) > 0 such that if(M, g) is complete(A, 7) regular3-manifold with zero
scalar curvature such that

Vo € M, ¥r >0 : vol B(z,r) > w,r3(1 —¢),
then(M, g) is isometric to the Euclidean spaké.
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