RIGIDITY AND L? COHOMOLOGY OF HYPERBOLIC MANIFOLDS.

G. CARRON

ABSTRACT: WhenX = I'\H" is a real hyperbolic manifold, it is already known that if

the critical exponent is small enough then some cohomology spaces and some spaces of
L? harmonic forms vanish. In this paper, we show rigidity results in the borderline case
of these vanishing results.

RESUME : La petitesse de I'exposant critique du groupe fondamental d’'unetuy-
perbolique implique degsultats d’annulation pour certains espaces de cohomologie et de
formes harmonique&?. Nous obtenons ici degsultats de rigidé reliésa ces ésultats
d’annulations. Ceci est uneeralisation de &sultats @ja connus dans le cas convexe
co-compact.

1. INTRODUCTION.

WhenT is a discrete torsion free subgroupS®(n, 1), its critical exponent is defined
by
§(T) :=inf{s > 0, Z e™34=7() <« o0l
el

It is easy to see that this definition doesn’'t depend on the choice ®f H" and that
§(T") < n — 1. The critical exponent measures the growtiafrbits:

1 T.
5(T) = Tim sup og Card(B(z, R) N z)
R—+00 R

An important and beautiful result of D. Sullivan [24] (see also [20] in dimen8&iois a
formula between the critical exponent and the bottom of the spectrum of the Laplacian (on
functions) on the manifold™\ H" :

If5(T) < (n—1)/2 then Ao (T\H") = (n — 1)2/4.

If§(T') > (n—1)/2 then Ao (T\H") = §(n — 1 — ).
WhenT is geometrically finite, the critical exponent is linked with the Hausdorff dimen-
sion of the limit setA(T") = T'.z N d,.H™ (where the closure is taken in the geodesic
compactification of the hyperbolic spaBe* = H" U d,,H") or with the entropy of the
geodesic flow ([23],[20],[6]).

WhenT is convex-cocompact and isomorphic to a cocompact discrete torsion free sub-

group ofSO(n — p, 1), then

o(f)>n—-1-p

with equality if and only ifl" stabilizes cocompactly a totally geodegic— p)-hyperbolic
subspaceld™—? < H"™ ([9],[7],[28],[3]). Other rigidity results in terms of the critical
exponent have been recently obtained for amalgamated products ([22],[4],[5])-

Using different techniques, H. 1zeki, H. I1zeki and S. Natayani ([13],[14]) and X. Wang
[26] obtained rigidity results based on the De Rham cohomology with compact sdpport

Lor cohomology in complementary degree using Poiglsatuality
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Theorem 1.1. Let X = I'\H" be a convex-cocompact hyperbolic manifold, assume that
for somep < n/2:

HE(X) # {0}
then
SC)>n—1-p
with equality if and only if" stabilizes cocompactly and positively a totally geodésie-
p)-hyperbolic subspacd™—? c H".

We say thal stabilizes cocompactly and positively a totally geodesi¢n—p)-hyperbolic
subspac@l”—? ¢ H™ whenl stabilizes cocompactly a totally geodegic- p)-hyperbolic
subspaced”~? C H" and whenI' acts trivially on the orientation normal bundle of
H"~? C H" .

In fact, R. Mazzeo has shown that the cohomology with compact support of a convex
cocompact hyperbolia—manifold is isomorphic to the space of harmodi¢ forms in
degreep < n/2 [17]: If X = I'\H" is convex cocompact andf < n/2 then

HP(X) ~HP(X) = {a € L*(A’T*X),da = d*a = 0}.
In [12], with E. Pedon, we obtained the following result :
Theorem 1.2. Let X = I'\H" be a hyperbolic manifold, assume that fox n /2 :
0IT)<n—1-np,
then
HP(X) = {0}.
Moreover the bottom of the spectrum of the Hodge-De Rham Laplacignforms is
bounded from below by :
No(dd* + d*d,T\H") > (§() — p)(n — 1 — p— 6(I"))
if (n—1)/2<6(')<n—-1-pand
—1—=p)?
Ao(dd* + d*d, T\H") > %
if §(T) < (n—1)/2.

Together with Mazzeo's interpretation of the spacd.éfharmonics forms, this result
implies a part of the theorem 1.1 : convex cocompact hyperbolic manifolds with non trivial
cohomology with compact support in some degree n/2 have a critical exponent strictly
larger tham — 1 — p. In this paper, we study rigidity result without the convex cocompact
hypothesis. The case of degnee- 1 is covered by the following very general result of P.

Li and J. Wang [16] (see also [25] for earlier results):

Theorem 1.3.If (M™>2, g) is a complete Riemannian manifold withicci ;, > —(n—1)g
and\o(M™, g) > (n — 2), then either

i) M has only one end with infinite volume or
iy (M™,g) isisometric to the warped product

(R x N, (dt)* + cosh®(t)h)
with (N, h) compact andRiccip > —(n — 2)h.

This has the following consequence for hyperbolic manifold :
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Theorem 1.4. Let X = I"\H" be a hyperbolic manifold with > 2 and whose injectivity
radius is positive. If
() <n—2

then either
) HY(X,Z)= {0} or
i) H(X,Z)# {0},6(T") = n—2 andT stabilizes cocompactly a totally geodesic
hypersurfacéd”~! c H"

Recently M. Kapovich has studied the link between the critical exponent and the coho-
mological dimension of a hyperbolic manifold = I'\H" relative to thee-ends whose
rank is larger or equal t? [15]. Lete be a positive number smaller that the Margulis con-
stant and denot& . thee-thin part of X, that is the set of point ok’ where the injectivity
radius is smaller than. Let M. C X_. be the union of the connected component of
X .. whose fundamental group has rank larger than or equallth Kapovich proves the
following result :

Theorem 1.5. Assume that
(Y<n—p-1
and letR be a commutative ring with unit arid be a RI'-module then
H" P(X, M., V)={0}.
Moreover, wheri" is assumed to be geometrically finite and when
0T =n—p—1land H" P(X, M., V) # {0},

thenT stabilizes a totally geodesic—p-hyperbolic subspadd™—? C H" with vol(T\H"?) <
0.

We'll prove a similar rigidity result for the De Rham cohomology in the spacé’of
harmonic form :

Theorem 1.6. Let X = I'\H" be a oriented hyperbolic manifold with > 3 and let
E C X, be the union of all unbounded connected components cttihia part and let
p < (n—1)/2. There is a natural linear map

H"P(X) — H"P(X, E).

Moreover if6(I') = n — p — 1 and if this map is non zero thdn stabilizes positively a
totally geodesia — p-hyperbolic subspac8”? C H" with vol(T\H"?) < oo.

We recall that whed(I') < n —p — 1 andp < n/2, thenH"P(X) = {0}. The
above restriction on the range of the degvee (n — 1)/2 comes from the fact that when
p > (n—1)/2, we are not able to build a mag"?(X) — H" ?(X, E), however we'll
give a similar result based on the cohomology with compact support (see theorem 3.10).

WhenT is geometrically finite, then a quick look at the topological interpretation of
the space of.? harmonic forms obtained by R. Mazzeo and R.Phillips [18] shows that we
have in this caseH" P(X) ~ H" P(X, F) (see§3.4). Moreover using the proof of [15,
lemma 8.1], whem — p > 1 we obtained™?(X,E) = H" P(X, M..). Hence in
the geometrically finite case, we are able to recover the rigidity result of M. Kapovich for
R=R=V.

We now describe the proof of our result. Our proof owns a lot to X. Wang’s proof of the
theorem 1.1 but with several new technical points.
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The first point is to analyse the case of equality in the refined Kato inequality. When
p < n/2 and wher¢ is a harmonicL? p-form on the hyperbolic manifoldl = T'\H",
then the refined Kato’s inequality ([10][11]) implies that the function

6= lg| "

n—p

satisfies

(1.2) A¢ <p(n—1-p)e.
Our first result describes the equality case in this inequality; it is an extension of a result
of X. Wang who described the equality case wijés squared integrable aridis convex
cocompact.

Then we describe how we can define a map

H'P(X)— H'"P(X,E)
or
HY(X\ E) — HP(X)
whenp < (n — 1)/2. Note thatE being an open seX \ E is a closed subset of and

that forms with compact support i \ E have a support that can toudli.
The second crucial point is to prove that when the map

H(X\ E) — H"(X)

is not zero and(I') = n — 1 — p then there is &2 harmonicp-form ¢ such thatp :=
€= € L2,

Then according to D. Sullivan’s result, the bottom of the spectrum of the Laplacian on
Xisdé(I)(n—1-46(I")) = p(n—1—p), itis easy to deduce that in fagtis a eigenfunction
of the Laplace operator. Then we use our description of the equality in (1.1).

In the degree» = (n £ 1)/2, then our methods does not apply because we are not able
to build a mapH? (X \ E) — HP(X). However, there is always a ma&f (X) — HP(X)
and our proof will also show the following result :

Theorem 1.7. Let X = T"\H" be a hyperbolic manifold with. > 3. Assume that for a
p<n/2
then the image of the cohomology with compact support in the absolute cohomology is zero
in degreep :
Im(H?(X) — HP(X)) = {0}.
Moreover either
i) The mapH?(X) — HP(X) is zero
ii) Orthe mapH?(X) — HP(X) is an isomorphismj(I") = n — 1 —p andI sta-
bilizes cocompactly and positively a totally geodédsic- p)-hyperbolic subspace
H"—P C H™.

Remarkl.8 The case of hyperbolic manifolds of dimensidis already covered by P. Li
and J. Wang’s result 1.3.

AcknowledgementsThis text is an attempt to answer some of the questions that have been
asked after my talk at the conference "Spectral Theory and Geometry” in honour of my
teachers, advisor : P.&@ard and S. Gallot. Hence it is a pleasure to thank G. Besson,
L. Besseres, Z. Djadli for having organized this very nice conference. | also take the
opportunity to thank P. &ard and S. Gallot for all the beautiful mathematics that they
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2. THE EQUALITY CASE IN THE REFINEDKATO'S INEQUALITY ON HYPERBOLIC
SPACE

The classical Kato inequality says thaf is a smoottp-form on a Riemannian manifold
(M™, g), then
jdle]® < Vel
When¢ is assumed to be moreover closed and coclosed :
d§ = d*¢ =0,
then this Kato inequality can be refined :
n+l-—p
(2.2) — = |dlé|l” < Ve,
n—p
See [8], for a convincing explanation of the principle leading to this inequality, and [10],
[11] for the computation of the refined Kato constant. Whgté€™, g) is a hyperbolic
manifold, direct computations show thatifs a harmonig-form then the functior :=
|55 satisfies
Ap <p(n—1-p)o,
with equality if and only if we have equality in the refined Kato inequality (2.1). In this
situation, X. Wang has described the equality case whisrsquare integrable and when
(M, g) is convex cocompact [26]. Our first preliminary result is an extension of this result
of X. Wang :

Theorem 2.1. Letp, n be integers witl2p < n andn > 3. If £ be a harmonigp—form on
H"™ such that we have everywhere equality :
n+1—p

IVel? = ———= [dl¢|®,
n—p

then either
i) there is a real constantd, an isometryy and a parallel(p — 1)— formw on
R™! such that in the upper-half-space model of the hyperbolic space
H" ~ {(y,z) € (0,+00) x R"™}
endowed with the Riemannian met#ﬁi”)r‘);;i")?, we have
’Y*f — Ay7l717p7r*w,
wheren(y, z) = z, or
ii) there is a totally geodesic cop§i"~? < H" such that in Fermi coordinates
around thisH"~?
H" \ H""? >~ (0, +00); x SP™1 x H"™P
we have
(sinh¢)P*1
(cosht)n—ptl
recall that heret is the geodesic distance " ? ¢ H" anddo is the volume
form ofSP—1,

E=A dt A do,
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Our arguments will follow closely those of X. Wang, however in his situation only the
case ii) appears.

2.1. Proof of the theorem 2.1. Let p, n be integers withy < n/2 andn > 3. We consider
& anon trivial harmonip—form onH"™ such that we have everywhere:

n+1-p 1-—
Vel = =L |ale|*.

Theng := |¢| "+ satisfies
A¢=p(n—1-p)o.
Then the Harnack inequalities imply thais positive.
According to [11], there is locally &-form « such that

aNéE=0
and
VE=a®f- ——— Zw@emmg

for a local orthonormal dual fran(e91, ey 0.
Now we letk :=n —1—pso¢p = |§|ﬁ. If X is a vector field, then

Vxo —m|f\_m_l<vxf,§>

BLEDTES [ X)eP — L (atie, Xie)

k +1
But we haver A £ = 0 hence

(aLE, XLE) = a(X)[¢)?

k+2

and we obtain

k
2.2 =
(2:2) Vo= a0¢

Hence,V ¢ vanishes only where vanishes and: is a smooth(p — 1) form. We work on
the open set

U:={zeH", V¢(z) # 0}.

OnU, we can locally find a orthonormal dual frart@, ..., 6™) such that

a=(k+2)ubt
with » > 0. Hence
(2.3) Vo = kug6'
As a A& =0, we can locally find dp — 1)-form w such that
E=0"ANw.

And we have
VE=u|(k+1)0' @0 Nw =) /@6 Aw
j=2
Let (eq, ..., e,) be the frame dual t¢9?, ..., ™), then we obtain
Ve, b=k+1Dub Aw =V, 0 Aw+0' ANV, w
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and forj > 1: _
Ve, § = —ut Nw = Vejel Aw+ 0 A Ve,w
With the fact thatV e, e;) = 0 and(V.,0',0") = 0, we get the following identities

(2.4) O A [Ve,w— (k+ Duw] =0
(2.5) Ve, 0! Aw=0

(2.6) 0' AVe,w=0

(2.7) (Ve,0' +ub?’) Aw =0

Letc € ¢(U) and let,. := U N ¢~1{c}, this is a smooth hypersurface andis an unit
normal vector field t&.. Then the equality (2.6) implies that the pull back.ofo X, is
parallel.

At z € ¥, we decompose

(2.8) 1.%.=E.® E+
where
E,.={ve T, 0" Aw = 0}
Let L be the shape operator Bf. at z
L T, —T.,%,

Lv=—V,eq;
we have

n

Vejﬁl = — Z<L€j, €l>91
=2
The equation (2.7) implies thdi(E.) C E.. SincelL is a self adjoint operator we also
haveL (EX) C E+ and moreover still according to equation (2.7), we have
L(X) =uX,VX € E+.

Thenw being parallel, the decomposition (2.8) induced a parallel decomposition of the
tangent bundle of., in particular if X € E.,Y € E+ are unit vectors then the sectional
curvature ofy,. in the direction ofX A Y is zero and the Gauss Egregium theorem implies
that
—1=((LX,Y))? = (LX,X)(LY,Y)
hence we have
LY = %Y, VY € E..

We can now compute the Ricci curvatureXf, it is given by the formula
1
ricciy,, = (rank £, — 1) (—1 + 2) gm. + (rankEj -1)(-1+ u?)gpL
w E

The hypothesis — 1 > 2 and the trace of the Bianchi identity
dgy, Ticcip, = —dScaly,

implies that the function: is constant on each connected componer of As u is pro-
portional to the length oV ¢, this implies that

Vi>1, 0= <v6_7v¢ael> = <6javelv¢>'
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So thatV,,e; = 0, andé* is (locally and up to a sign) the differential of the distance to
Y. and¢ is a function of the sign distance k..

First case :u = 1 at a pointz: then the connected componentXf which contains:

is a totally umbilical flat hypersurface &f". Up to an isometry, we can assume that this
connected component &f. is included in the horosphere :

{y=1}
in the upper half-space model of the hyperbolic space.
The facts that) depends only on the distanceXp and thaty is a eigenfunction of the
Laplace operator imply that there are constatit®® such that in a neighborhood of we
have

¢y, z) = Ay"~'7P + By”
In this case we have
Vol = [A(n —1—p)y" """ + Bpy?|.

Butp < (n —1)/2, hence

V| < (n—1-p)¢
with equality at a point if and only i3 = 0. But atz, we haveu = 1 hence (cf. 2.3) at
we have

Vo] = (n—1-p)o.
So thatB = 0 andu = 1 aroundz. The unique continuation property for eigenfunctions
of the Laplace operator implies that we have everywhere :

Py, x) = Ay" 1P

Hence we have alsolU = H", e; = yd, and thatw is a parallel(p — 1)-form on each
horospherdy = c}. Finally, the equation

Ve,w=(k+ 1w
implies that for a certain
OeAr (R
we have
£=Ay" I Pdy A TR
wherer (y,z) = x.

Second caseu = 1 nowhere.The distributions induced b¥, andE! are parallel hence
integrable. Locally there is a splitting

Y. =3%.(E) x X (BF).

And eachS,.(E) has curvature-1 + u~2 and eactt. (E+) has curvature-1 + u? . We
havew = Qg A 7, whereQg is the volume form ofl.(F) andr is a parallel form on
Y. (E+); however, the curvature &f, (E-+) is constant, not zero hende (E+) has only
parallel form in degreé or in degreelim . (E+). This implies thatlegw = rank £ =
p— 1.

We fixed nowzy € U andeg = ¢(zp). We consider a neighborhod@ of z, such that
0N 3%, is connected and isometric ®Hx T whereS has curvature-1 + «~2 and7 has
curvature—1 + »2. This neighborhood can be choosen so that the exponential map

E:(-60)xX.Nn0O -0
(t,2) — E(t, z) = exp,(ter)
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is a diffeomorphism. Because locallyis a function of the sign distance k., we have
for a certain functiory:

po Et,z) = f(t).
By 2.3, we have
I
f

henceu is also a function of. We also have

ku,

At=—trVdt =trL = (n—p)u—i—(p—l)l
u

The equatiom¢ = p(n — 1 — p)¢ = pk¢ implies :

1
1= ((n —plu+(p— l)u) f'+kpf=0
We obtain
f_kl H k
f koLf '
If we let g(t) :== f(t)~'/*, we obtain the equation
g// —g= 0.
There are two constantd, B such thatg(t) = Ae' + Be~'. We remark thatdB # 0
because: # 1 hence we can find a constatitand a reat such that
) = Ccosh(t+71) if AB>0
| Csinh(t+7) if AB<0
so that
) —tanh(t + 1) it AB>0
~ | —1/tanh(t+7) if AB<0
Moreover, because is always positive we have < 0. We endow(—oco, —7) x S x T
with the hyperbolic metric
(@) + 'O/ £ ©O) g5 + ¢ F (1) gr

so that the mafF is a isometry from(—4,4) x S x T onto O, the natural extension of
this mapE(t, z) = exp,(te;) becomes an isometric immersion. The unique continuation
property (applied tap| ;) implies again that oii—oo, —7) x S x T,

goB(t,z) = f(1)~".
As ¢ o E¥ remains bounded @gends to—7, hence we must havéB > 0. And the above
hyperbolic metric or{—oo, —7) x S x T'is
sinh(t 4+ 7)7? cosh(t +7)1?
sinh(7) § cosh(T) g
The metricsinh ~?(7)gg has constant curvatuteand the metricosh 2 (7)gp has constant
curvature—1, and

(dt)* + [

(sinh )P+t

dt N\ do;

do being the volume form ofS, sinh~2(7)gs).
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But in Fermi coordinate0, +o00) x SP~! x H"~P around a totally geodesic copy of
H"~P C H", the hyperbolic metric is

(ds)? + sinh?(s)ggp—1 + cosh?(s)ggn—».

If O is small enough, we can find an isometry (—oco,—7) x S x T — H™\ H"P.
Eventually, the isometryo E~! a priori defined or© can be extended to an isometrypf
H"™. Using this isometry and 2.9, we find the desired expressignoof(, then the result
follows by the unique continuation property.

3. PROOF OF THE MAIN THEOREM

3.1. Margulis’s decomposition. (See [2, Chapter D] or [2312.6]) LetX = T'\H" be a
complete hyperbolic manifold and letoe a positive number smaller than the Margulis’s
constang,,. Thee-thin part of X is the setX .., where the injectivity radius is smaller that
¢; we haveX .. = V(T',¢)/T where
V(Te):={z e H",Iy e T\ {id}, d(z,7.2) < 2¢}.
Let £ be the union of all unbounded connected componenf$ gf:
E = UE;

where{E;}; is the set of the unbounded connected componeit.af
The topology of such ae-end is well known. Whert; is an unbounded connected
component ofX ., there is a poinp; € 0-,H™ and a parabolic subgroup

Lj={y €T, vp; =p;},
such that on the description of the hyperbolic space as the upper-half space model
((0,00) x R"™,y72((dy)* + (dz)?))

where the poinp; is at oo, thenT; acts freely onR"~* and E; is homeomorphic to
(1,00) x (I';\R™™1). Let F; be the flat manifold”;\R"~* andS; C F; be a soul off;,
then there is a maximeilj—invariantr—planegj C R™*~! that is the pull-back of a soul by
the natural projectioR” ! — F; := T;\R""!,i.e. S; = T;\S;.

Moreover, there are always positive constants:; such thatifV; is ther;-neighborhood
of S; c Rt

Nj = {Z’ S Rnil,d(iﬂ, SJ) < 7"]'}

andN; = T';\N;, then the inclusiorfy;, c0) x N; C E; is a homotopy equivalence. We

I

considerE; = [y;,00) x N, andE = U; E;. We let
Ej = {yj} X Nj C an

And letX := (X \ E) U, ¥;, itis a manifold with boundary
X =%
i

We consider the cohomology

H:(X)
of the complex of differential forma which are smooth ofX and with compact support,
that is there is &, such thatupport & C B(o, Ry) andsupport o« N 90X is a compact
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subset 0D X = Uj ¥;. In particular for all but a finite number gfwe havesupport a: N
¥; = 0. We have that

~

HS (X \ X<o) = H2(X)
moreover, wherX is oriented we have the Poinéaduality isomorphism :
H*(X,Xco) ~ (H*(X\ X<0))

The relative conomolog¥ * (X, X .. ) is also isomorphic té7* (T", U,;T";, R) which is sim-
ilar to a cohomology studied by M. Kapovich [15]; more exactlyliis the union of the
I';'s whose rank is larger or equal 8 he studiedd*(T', II, V) whereV is a RT'-module
(for R a commutative ring with unit).

3.2. L? cohomology and harmonic forms. We first recall some classical facts on the
space ofL.?2 harmonic forms on a complete Riemannian manifotd ¢).
The first one is the Hodge-De Rham-Kodaira orthogonal decomposition :

LA(APT*X) = HP(X) @ dOZ° (AP=1T*X) @ d*Cg° (APHIT*X)

where the closure are understood for fifetopology.
The second one is the reducédcohomology interpretation of the space bt har-
monic forms. LetZ?, (X) be the space of weakly closéd p—forms :

Z8,(X) = {a € L*(A’T*X),do = 0} ;

By definition,we have

Z2,(X) = [d*Ce(APH'T*X)] T = HP(X) @ dCE (AP 1T X).

Hence if we introduce the reducéd-cohomology space :

HP, (X) ~ Z%,(X)/dCg (AP 1T+ X).

HP(X) = Z7,(X)/dCF (AP 1T X).

We can now describe the natural map from cohomology with compact support to the
space ofL2 harmonic forms

HP(X) — HP(X)
in two closely related ways. The first one is induced by the natural inclusions

ZP(X) = {a € C®(APT*X),do = 0} C Z%,(X)

C

and dC§°(APIT*X) C dCS° (AP—1T*X)
which induces a map

B ZP(X) v Z12(X)
T dCX(APTIT*X) HX)

HP(X) ~ .
dC= (AP 1T X))

(&

The second one is induced by the orthogonal projector X ) restricted toZ? (X).
This map is zero odC'°(AP~1T* X) hence induces a mag? (X ) — HP(X).
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3.3. L? cohomology and "cuspidal” conomology.Let X = I'\H" be a complete hy-
perbolic manifold. We'll build a natural map from the cohomology spH@Q)A() in the
space of harmoni&? p-form HY ., (X) for the degreep < (n — 1)/2. The main point is
to extend a closegd—form with compact support iX to a closedZ.?-form on X. Let Dj
be the projection
pi ¢ [yj,00) X Nj = X5 = {y;} x Nj

and let:; be the inclusiort; C X

Let « be a smooth closeg-form with compact support itk. We extendn to X by
defininga = « onX C X and

a=p; (L;‘-a) on [y;,00) X Nj.

It is easy to verify that

o0

HO_‘”%z([yj,OO)XNj) = HL;O‘”%z(Ey‘)/ y7n+2pdy
Yi

is finite if p < (n — 1)/2. Becausex has compact support i, there is only a finite
number ofj such that;« # 0 hence

aclL?
Remark that by definition, the;'s are open, henceg a has compact support id;. More-
over, it is easy to check thatis weakly closed and that
da =da.
Hence we have a well-defined map :
HE(X) — H,(X) ~ HP(X)

~

Remarlk3.1 Whenc € H?(X), we can always find a € ¢ such that for eacl, « has no
normal component on a neighborhooddf: Vd(.,3;).a = 0, a being moreover closed,
this will imply that near;, « is independant of = d(., X;) (i.e. invariant by the flow of
the radial vector field/d(., X;)). Then the extensioa is smooth onX.

3.4. Remark on the geometrically finite case.WhenI" is geometrically finite, R. Mazzeo
and R. Phillips have computed tiié cohomology ofX = I'\H" in terms of the cohomol-
ogy of a complex of differential forms which vanish on certain faces of a compactification
of X [18].

Indeed such & can be compactified as a maniféldwith cornerd, X N 9.X with
boundary

0X =0,XU0.X

whered,. X is the regular boundary oX (the conformally compact boundary a&f) and
0.X = UP='0.(t) is the cuspidal boundary of, whered, (t) is the union of the cuspidal
face with rankt. X is homeomorphic toX \ 9, X. Let F, := Ut<n_1_p 0c:(t). When
p < (n —1)/2, the result of R.Mazzeo and R.Phillips is that

HY . (X) ~ HP(X,0,X UF,).
We clearly have a map
H?(X,0,X UF,) — H?(X,0,X)
We consider the long exact sequence :
. — HP"Y(F,,0,X) — H?(X,0, X UF,) — H?(X,0,X) — HP(F,,0,X) — ...
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Now if t = n—1, thenH*(d.(n—1),0,X) = H*(9.(n—1)). And whent < n— 1, then
H"(0,(t),0,X) =~ H"*(0.(t),0)

whereo is the orientation bundle. But the connected component @} are homotopic to
compact flat manifold of dimensian hence we have

n—k>t= H0.(t),0,X) = {0}.
Hence the above long exact sequence implies that :

Proposition 3.2. If I" is a geometrically finite discrete torsion free subgroufsof(n, 1)
andifp < (n —1)/2 then

HY,(X) ~ H?(X,0,X UF,) ~ H’(X,9,X).
Hence we obtain
Corollary 3.3. If I is a geometrically finite discrete torsion free subgroups6f(n, 1)
then forp < (n — 1)/2 the map
H?(X) — HP,(X) ~ HP(X)
is an isomorphism.
3.5. The main result.

Theorem 3.4. Let X = I'\H be a hyperbolic manifold and assume théf) =n—1—p
for some integep < (n — 1)/2. If the map

~

HE(X) — HP(X)
is not zero, then theh stabilizes positively a totally geodesic— p-hyperbolic subspace
H"~P ¢ H" with vol(I'\H"?) < oco.
3.6. Proof of the main result.
3.6.1. Preliminary. We assume thdt C SO(n, 1) is a discrete torsion free subgroup and

thaté(I') = n — 1 — p with p an integer such th&p < (n — 1) and we assume moreover
that we can find

e anon zera.? harmonicp-form &,

e a closedv-form with compact support iX,

such that anda define the same reducéd-cohomology class ifil} . (X ). That is to say
there is a sequence of smoggh— 1)-forms with compact suppo({3x ), such that

E—a= L2—k1Lrgo dfk.
According to [12, theorem B], the spectrum of the Hodge-De Rham Laplacian on the
(p — 1)-forms onX is bounded from below with
op i =mn — 2p.
That is we have the spectral gap estimate :
(1) Vpe CX(A'TX), (n—2)llel2a < lldel2: + ld"¢ll3: = (o, Ap).

According to the remark (3.1) we can always assumedhssmooth. Hence according
to [27, prop. 1.3], we can find a smooth — 1)-form 3 € L2(AP~1T* X) such that

E=a+dp, andd*g =0.

Note in particular that this implieAs = (dd* + d*d)8 = d*&, so Ag vanishes outside
the support ofv.
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3.6.2. Some estimatedlVe are going to prove that := [¢| ST is square integrable. For

this purpose we 'll use Agmon’s type estimates as P. Li and J. Wang [16] (finite propagation
speed argument can also be used) in order to estimate on the grow#ndf/3. There is

a finite set/ and Ry > 0 such that

support @ C B(o, Ry) U U p;l(Nj)
jed
Let p be the function distance i to B(o, Ro) U, ¢, p; ' (IV;), we have
support a C p~*{0}.
Forr > 0, we define
pr = min(7, p);
using the fact that € L2, it is not hard to justify the integration by part formula :
* 5 2 c c? c
[ avay o) = [ ap.ger + % [ laonf? o e
X X X

remenbering that is zero on the support af*@, we get :

2
d+d*) (50 8)|° < d*a, « 2 jcpr
Jlurareeals [wameG [ e

Using the spectral gap estimate (3.1), we obtain

7 [ P < [ fd+an) (e5)

and we easily deduce

2 .
(0-5) [, 1er < [ wap).
p=1([0,7]) X

Letting, 7 going to infinity, we obtain the

2
)

Lemma 3.5. Leto, = n — 2p. Then there is a constaidt such that for any: > 2, /5,
then

(3.2) (ap - 12) / 1812 (z)e*® dvol(z) < C.
b'e

The second estimate of the proof is the following :
Lemma 3.6. There is a constant’ such that for anyk? > 0 :

/ |5|2e2\/ﬁp(I) < CR.
p=1([0,R])

Proof of the lemma 3.6.As a matter of fact, according to the inequality (3.2), we have
forallc € [0,2,/7,):

/ |B|%e*Vr Pd vol < 6(2‘/@76)1%/ |B)%e“*dvol
p—1([0,R)) p~1([0,R])

2\ !
<C <0p - 4> e2Vor —oR
Hence applying this inequality fer= 2, /7, — 1/R we get

4R
/ 1([0,R]) |ﬁ|2(x)62%p(m)dml(x) =
P 5

1
“iye, 1R
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This lemma 3.6 implies the following control on the growthdgf:

Lemma 3.7. There is a constan® such that for allR > 1 :
/ |dB|? < CRe2VorR,
p~H([R,R+1])

Proof. Let R > 1, we use a cut off functioly such that
support Y C p '[R—1,R+2])and x = lon p ' [R, R+ 1]) :
and|dx| < 2. We have

/ daP? < / (d+ d) (D).
p=1([R,R+1]) x

Integrating by part, we get :

/Xl(d+d*)(><ﬁ)\ :/Xx <67Aﬁ>+/xldx| 8P,

As Aj is zero on the support of, we get

/ app <4 [ 182,
P~ ([R,R+1]) p~1([R—1,R+2])

O

The last estimate is about the volume growth of the sub-level set of the function

Lemma 3.8. There is a constant such that for &l > 1
vol (p~1([0, R])) < Celn—DE
Proof. We have
p~'([0,R]) € B(o,Ro + R)U | J V;(R)
=
whereV; (R) is the R-neighborhood of)j‘l(Nj). We can always choosk, large enough
sothatforj € J:3; C B(o, Ry). Itis clear that the volume @B (o, Ry + R) satisfies such
an estimate. Now the volume ¥f(R) \ B(R, + R) is always smaller that thB + yj_le
neighborhood ofy;, c0) x S; inside[y;, c0) x F;. Definedr := d(., S;) the distance to
the soul(0, c0) x S;. In Fermi coordinate aroun@, oo) x S; the Riemannian metric of
the manifold(0, co) x Fj is
(dy)? + (dx)?
y2

Hence the volume of;(R) \ B(Ry + R) is less than

cosh?(r) + (dr)? + sinh?(r)(do)?.

gy Rty; 'R;
C’/ o / sinh" ™% (1) cosh® (r)dr < Cem~DE
Yj /o

wheret; = dim §j. O
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3.6.3. Conclusion.
Lemma 3.9. if § := §(T') = n — 1 — p, then the functior := |¢|5+7 is L2,

Proof. As a matter of fact ;: we have

2 < (vol({p < 1})) 71 2 m.
/{,,Sl}‘i’ < (vol({p < 1)) (/{pg}a)

Moreover fork € N\ {0} : we have

)

rESY
/ ¢* < (vol({k < p < k+1})) 71 / €2
{k<p<k+1} {k<p<k+1}
< Ce“%ﬁl) I{:% exp (—2\/07)1{:6)

St

1) -2 /58

< Okt exp (1N = 2VO0
511

Butif p < (n —1)/2 then

(n—=1)=2/0,6 =(n—1)=2y/n—-2p(n—1-p) <0,

hence the result. O

Remark3.10 The only place where the hypothesis< (n — 1)/2 is used is about the
construction of the map

~

HY(X) — H.(X).

However, there is always a natural map from the cohomology efith compact support
in the reduced.? cohomology. Our above arguments show thgté +?(X) \ {0} with
p < n/2hasinitsH? . (X) class a representative with compact support£iis.the range
of the map

HE(X) — HP(X)

then the functiorp := [¢| 1 satisfies :

i) If p<(n—1)/2,theng € L?
i) If p=(n—1)/2, then there is a constaftsuch that for any? > 1:

/ $2 < R+ .
B(o,R)

We can now finish the proof of the theorem : According to D. Sullivan’s result, the
bottom of spectrum of the Laplacian on function &ns p(n — 1 — p) hence we have the
spectral gap estimate :

Vi eCx() pn-1-p) [ < [ 1P,
X X
We use a cutoff functiony r such that

2
suppxr C B(0,2R), xr = 1 on B(o, R) and |dxgr| < =
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Then
2 2
p(n—1-p) / xrdl® < / d(xd)
X X

< [ ono+ [ laal
X X
¢ being closed and co-closed, the Bochner formula and the refined Kato inequality imply
that
Ap <p(n—1-p)p
hence :

/ ¢<p<n—1—p>¢—A¢)§/ ¢?|dxrl? = O (R2).
B(o,R) X

Letting R — oo we obtainp(n — 1 — p)¢ — A¢ = 0 everywhere and we have equality
everywhere if the refined Kato inequality :
n+1l—p

n—p
We apply our theorem (2.1) tthe pull back of onH"™. We notice thal’ must stabilize
the level set of¢|. We have two cases :

i) In the first case, we have a fundamental domain forTthe the type{(y, ) €
(0,+00) x R*~! 2 € D} whereD is a fundamental domain for the actionlof
onR"~! ~ {y = 1}. Then¢ can not be in.2.

ii) Inthe second casé, must stabilize the level set

€] = sup [¢].

That isT" stabilizes a totally geodesic copy BI*? ¢ H" and¢ being L?, we
have

Vel = dle]|?

vol(T\H"~?) < 0.

Eventually, becausg s I'-invariant, the formula given fof in the theorem (2.1)
implies thatI" acts trivially on the orientation bundle of the normal bundle of
H"~P C H".

3.7. Final remarks. The above argument and the remark (3.10) show that we also obtain
a rigidity result in the casg = (n — 1)/2 related the cohomology with compact support :

Theorem 3.11. Let X = I"'\H" be a hyperbolic manifold and assume that n/2, then
i) If the critical exponent of" satisfies
M <n—1-p

thenX carries no non trivialL? harmonicp—form.
i) If the critical exponent of” satisfies

(Ny=n—-1-p
and if
Im (HZ(X) — H"(X)) # {0}

thenT stabilizes cocompactly and positively a totally geodésie p)-hyperbolic
subspacél”—? C H".
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Eventually, it is true that we always have a injective map [1] :
Im(H?(X) — HP (X)) — HP(X)
hence a corollary of the above rigidity result is :

Corollary 3.12. Let X = I'\H" be a hyperbolic manifold and assume that n/2. If
the critical exponent of satisfies

5(F)§n_]-_pa

then
Im(HE(X) — H"(X)) = {0}.
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