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ABSTRACT: WhenX = Γ\Hn is a real hyperbolic manifold, it is already known that if

the critical exponent is small enough then some cohomology spaces and some spaces of

L2 harmonic forms vanish. In this paper, we show rigidity results in the borderline case

of these vanishing results.

RÉSUMÉ : La petitesse de l’exposant critique du groupe fondamental d’une variét́e hy-

perbolique implique des résultats d’annulation pour certains espaces de cohomologie et de

formes harmoniquesL2. Nous obtenons ici des résultats de rigidit́e relíesà ces ŕesultats

d’annulations. Ceci est une géńeralisation de ŕesultats d́ejà connus dans le cas convexe

co-compact.

1. INTRODUCTION.

WhenΓ is a discrete torsion free subgroup ofSO(n, 1), its critical exponent is defined
by

δ(Γ) := inf{s > 0,
∑
γ∈Γ

e−sd(z,γ(z)) < +∞}.

It is easy to see that this definition doesn’t depend on the choice ofz ∈ Hn and that
δ(Γ) ≤ n− 1. The critical exponent measures the growth ofΓ-orbits:

δ(Γ) = lim sup
R→+∞

log Card(B(z,R) ∩ Γ.z)
R

.

An important and beautiful result of D. Sullivan [24] (see also [20] in dimension2) is a
formula between the critical exponent and the bottom of the spectrum of the Laplacian (on
functions) on the manifoldΓ\Hn :

If δ(Γ) ≤ (n− 1)/2 then λ0 (Γ\Hn) = (n− 1)2/4.
If δ(Γ) ≥ (n− 1)/2 then λ0 (Γ\Hn) = δ(n− 1− δ).

WhenΓ is geometrically finite, the critical exponent is linked with the Hausdorff dimen-
sion of the limit setΛ(Γ) = Γ.z ∩ ∂∞Hn (where the closure is taken in the geodesic
compactification of the hyperbolic spaceHn = Hn ∪ ∂∞Hn) or with the entropy of the
geodesic flow ([23],[20],[6]).

WhenΓ is convex-cocompact and isomorphic to a cocompact discrete torsion free sub-
group ofSO(n− p, 1), then

δ(Γ) ≥ n− 1− p

with equality if and only ifΓ stabilizes cocompactly a totally geodesic(n− p)-hyperbolic
subspaceHn−p ⊂ Hn ([9],[7],[28],[3]). Other rigidity results in terms of the critical
exponent have been recently obtained for amalgamated products ([22],[4],[5]).

Using different techniques, H. Izeki, H. Izeki and S. Natayani ([13],[14]) and X. Wang
[26] obtained rigidity results based on the De Rham cohomology with compact support1 :

1or cohomology in complementary degree using Poincaré’s duality
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Theorem 1.1. Let X = Γ\Hn be a convex-cocompact hyperbolic manifold, assume that
for somep < n/2 :

Hp
c (X) 6= {0}

then
δ(Γ) ≥ n− 1− p

with equality if and only ifΓ stabilizes cocompactly and positively a totally geodesic(n−
p)-hyperbolic subspaceHn−p ⊂ Hn.

We say thatΓ stabilizes cocompactly and positively a totally geodesic(n−p)-hyperbolic
subspaceHn−p ⊂ Hn whenΓ stabilizes cocompactly a totally geodesic(n−p)-hyperbolic
subspaceHn−p ⊂ Hn and whenΓ acts trivially on the orientation normal bundle of
Hn−p ⊂ Hn .

In fact, R. Mazzeo has shown that the cohomology with compact support of a convex
cocompact hyperbolicn−manifold is isomorphic to the space of harmonicL2 forms in
degreep < n/2 [17]: If X = Γ\Hn is convex cocompact and ifp < n/2 then

Hp
c (X) ' Hp(X) := {α ∈ L2(ΛpT ∗X), dα = d∗α = 0}.

In [12], with E. Pedon, we obtained the following result :

Theorem 1.2. LetX = Γ\Hn be a hyperbolic manifold, assume that forp < n/2 :

δ(Γ) < n− 1− p,

then
Hp(X) = {0}.

Moreover the bottom of the spectrum of the Hodge-De Rham Laplacian onp forms is
bounded from below by :

λ0(dd∗ + d∗d, Γ\Hn) ≥ (δ(Γ)− p)(n− 1− p− δ(Γ))

if (n− 1)/2 ≤ δ(Γ) < n− 1− p and

λ0(dd∗ + d∗d, Γ\Hn) ≥ (n− 1− p)2

4
if δ(Γ) ≤ (n− 1)/2.

Together with Mazzeo’s interpretation of the space ofL2 harmonics forms, this result
implies a part of the theorem 1.1 : convex cocompact hyperbolic manifolds with non trivial
cohomology with compact support in some degreep < n/2 have a critical exponent strictly
larger thann− 1− p. In this paper, we study rigidity result without the convex cocompact
hypothesis. The case of degreep = 1 is covered by the following very general result of P.
Li and J. Wang [16] (see also [25] for earlier results):

Theorem 1.3. If (Mn>2, g) is a complete Riemannian manifold withRicci g ≥ −(n−1)g
andλ0(Mn, g) ≥ (n− 2), then either

i) M has only one end with infinite volume or
ii) (Mn, g) is isometric to the warped product

(R×N, (dt)2 + cosh2(t)h)

with (N,h) compact andRicci h ≥ −(n− 2)h .

This has the following consequence for hyperbolic manifold :
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Theorem 1.4. LetX = Γ\Hn be a hyperbolic manifold withn > 2 and whose injectivity
radius is positive. If

δ(Γ) ≤ n− 2

then either

i) H1
c (X, Z) = {0} or

ii) H1
c (X, Z) 6= {0}, δ(Γ) = n−2 andΓ stabilizes cocompactly a totally geodesic

hypersurfaceHn−1 ⊂ Hn

Recently M. Kapovich has studied the link between the critical exponent and the coho-
mological dimension of a hyperbolic manifoldX = Γ\Hn relative to theε-ends whose
rank is larger or equal to2 [15]. Let ε be a positive number smaller that the Margulis con-
stant and denoteX<ε theε-thin part ofX, that is the set of point ofX where the injectivity
radius is smaller thanε. Let M<ε ⊂ X<ε be the union of the connected component of
X<ε whose fundamental group has rank larger than or equal to2. M. Kapovich proves the
following result :

Theorem 1.5. Assume that
δ(Γ) < n− p− 1

and letR be a commutative ring with unit andV be aRΓ-module then

Hn−p(X, M<ε, V) = {0}.

Moreover, whenΓ is assumed to be geometrically finite and when

δ(Γ) = n− p− 1 and Hn−p(X, M<ε, V) 6= {0},

thenΓ stabilizes a totally geodesicn−p-hyperbolic subspaceHn−p ⊂ Hn withvol(Γ\Hn−p) <
∞.

We’ll prove a similar rigidity result for the De Rham cohomology in the space ofL2

harmonic form :

Theorem 1.6. Let X = Γ\Hn be a oriented hyperbolic manifold withn > 3 and let
E ⊂ X<ε be the union of all unbounded connected components of theε-thin part and let
p < (n− 1)/2. There is a natural linear map

Hn−p(X) → Hn−p(X, E).

Moreover ifδ(Γ) = n − p − 1 and if this map is non zero thenΓ stabilizes positively a
totally geodesicn− p-hyperbolic subspaceHn−p ⊂ Hn with vol(Γ\Hn−p) < ∞.

We recall that whenδ(Γ) < n − p − 1 andp < n/2, thenHn−p(X) = {0}. The
above restriction on the range of the degreep < (n− 1)/2 comes from the fact that when
p ≥ (n− 1)/2, we are not able to build a mapHn−p(X) → Hn−p(X, E), however we’ll
give a similar result based on the cohomology with compact support (see theorem 3.10).

WhenΓ is geometrically finite, then a quick look at the topological interpretation of
the space ofL2 harmonic forms obtained by R. Mazzeo and R.Phillips [18] shows that we
have in this case :Hn−p(X) ' Hn−p(X, E) (see§3.4). Moreover using the proof of [15,
lemma 8.1], whenn − p > 1 we obtainedHn−p(X, E) = Hn−p(X, M<ε). Hence in
the geometrically finite case, we are able to recover the rigidity result of M. Kapovich for
R = R = V.

We now describe the proof of our result. Our proof owns a lot to X. Wang’s proof of the
theorem 1.1 but with several new technical points.
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The first point is to analyse the case of equality in the refined Kato inequality. When
p < n/2 and whenξ is a harmonicL2 p-form on the hyperbolic manifoldX = Γ\Hn,
then the refined Kato’s inequality ([10][11]) implies that the function

φ := |ξ|
n−1−p

n−p

satisfies

(1.1) ∆φ ≤ p(n− 1− p)φ.

Our first result describes the equality case in this inequality; it is an extension of a result
of X. Wang who described the equality case whenξ is squared integrable andΓ is convex
cocompact.

Then we describe how we can define a map

Hn−p(X) → Hn−p(X, E)

or
Hp

c (X \ E) → Hp(X)
whenp < (n − 1)/2. Note thatE being an open set,X \ E is a closed subset ofX and
that forms with compact support inX \ E have a support that can touch∂E.

The second crucial point is to prove that when the map

Hp
c (X \ E) → Hp(X)

is not zero andδ(Γ) = n − 1 − p then there is aL2 harmonicp-form ξ such thatφ :=
|ξ|

n−1−p
n−p ∈ L2.

Then according to D. Sullivan’s result, the bottom of the spectrum of the Laplacian on
X is δ(Γ)(n−1−δ(Γ)) = p(n−1−p), it is easy to deduce that in factφ is a eigenfunction
of the Laplace operator. Then we use our description of the equality in (1.1).

In the degreep = (n± 1)/2, then our methods does not apply because we are not able
to build a mapHp

c (X \E) → Hp(X). However, there is always a mapHp
c (X) → Hp(X)

and our proof will also show the following result :

Theorem 1.7. Let X = Γ\Hn be a hyperbolic manifold withn > 3. Assume that for a
p < n/2:

δ(Γ) ≤ n− 1− p ,

then the image of the cohomology with compact support in the absolute cohomology is zero
in degreep :

Im(Hp
c (X) → Hp(X)) = {0}.

Moreover either

i) The mapHp
c (X) → Hp(X) is zero

ii) Or the mapHp
c (X) → Hp(X) is an isomorphism,δ(Γ) = n− 1− p andΓ sta-

bilizes cocompactly and positively a totally geodesic(n− p)-hyperbolic subspace
Hn−p ⊂ Hn.

Remark1.8. The case of hyperbolic manifolds of dimension3 is already covered by P. Li
and J. Wang’s result 1.3.
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opportunity to thank P. B́erard and S. Gallot for all the beautiful mathematics that they



RIGIDITY AND L2 COHOMOLOGY OF HYPERBOLIC MANIFOLDS. 5

taught me. I thank V. Minerbe for his useful comments. I was partially supported by the
project ANR project GeomEinstein 06-BLAN-0154. Eventually, I want to dedicate my
paper to H. Pesce.

2. THE EQUALITY CASE IN THE REFINEDKATO’ S INEQUALITY ON HYPERBOLIC

SPACE.

The classical Kato inequality says that ifξ is a smoothp-form on a Riemannian manifold
(Mn, g), then

|d|ξ||2 ≤ |∇ξ|2 .

Whenξ is assumed to be moreover closed and coclosed :

dξ = d∗ξ = 0,

then this Kato inequality can be refined :

(2.1)
n + 1− p

n− p
|d|ξ||2 ≤ |∇ξ|2 ,

See [8], for a convincing explanation of the principle leading to this inequality, and [10],
[11] for the computation of the refined Kato constant. Where(Mn, g) is a hyperbolic
manifold, direct computations show that ifξ is a harmonicp-form then the functionφ :=
|ξ|

n−1−p
n−p satisfies

∆φ ≤ p(n− 1− p)φ,

with equality if and only if we have equality in the refined Kato inequality (2.1). In this
situation, X. Wang has described the equality case whenξ is square integrable and when
(M, g) is convex cocompact [26]. Our first preliminary result is an extension of this result
of X. Wang :

Theorem 2.1. Letp, n be integers with2p < n andn > 3. If ξ be a harmonicp−form on
Hn such that we have everywhere equality :

|∇ξ|2 =
n + 1− p

n− p
|d|ξ||2 ,

then either

i) there is a real constantA, an isometryγ and a parallel(p − 1)− form ω on
Rn−1 such that in the upper-half-space model of the hyperbolic space

Hn ' {(y, x) ∈ (0,+∞)× Rn−1}

endowed with the Riemannian metric(dx)2+(dy)2

y2 , we have

γ∗ξ = Ayn−1−pπ∗ω,

whereπ(y, x) = x, or
ii) there is a totally geodesic copyHn−p ⊂ Hn such that in Fermi coordinates
around thisHn−p

Hn \Hn−p ' (0,+∞)t × Sp−1 ×Hn−p

we have

ξ = A
(sinh t)p+1

(cosh t)n−p+1
dt ∧ dσ;

recall that heret is the geodesic distance toHn−p ⊂ Hn and dσ is the volume
form ofSp−1.
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Our arguments will follow closely those of X. Wang, however in his situation only the
case ii) appears.

2.1. Proof of the theorem 2.1. Let p, n be integers withp < n/2 andn > 3. We consider
ξ a non trivial harmonicp−form onHn such that we have everywhere:

|∇ξ|2 =
n + 1− p

n− p
|d|ξ||2 .

Thenφ := |ξ|
n−1−p

n−p satisfies
∆φ = p(n− 1− p)φ.

Then the Harnack inequalities imply thatφ is positive.
According to [11], there is locally a1-form α such that

α ∧ ξ = 0

and

∇ξ = α⊗ ξ − 1
n + 1− p

∑
j

θj ⊗ θj ∧ α]xξ

for a local orthonormal dual frame(θ1, ..., θn).
Now we letk := n− 1− p soφ = |ξ|

k
k+1 . If X is a vector field, then

∇Xφ =
k

k + 1
|ξ|−

1
k+1−1〈∇Xξ, ξ〉

=
k

k + 1
|ξ|−

1
k+1−1

[
α(X)|ξ|2 − 1

k + 2
〈α]xξ, Xxξ〉

]
But we haveα ∧ ξ = 0 hence

〈α]xξ, Xxξ〉 = α(X)|ξ|2

and we obtain

(2.2) ∇φ =
k

k + 2
φα

Hence,∇φ vanishes only whereα vanishes andα is a smooth(p − 1) form. We work on
the open set

U := {z ∈ Hn,∇φ(z) 6= 0}.
OnU , we can locally find a orthonormal dual frame(θ1, ..., θn) such that

α = (k + 2)u θ1

with u > 0. Hence

(2.3) ∇φ = kuφ θ1

As α ∧ ξ = 0, we can locally find a(p− 1)-form ω such that

ξ = θ1 ∧ ω.

And we have

∇ξ = u

(k + 1)θ1 ⊗ θ1 ∧ ω −
n∑

j=2

θj ⊗ θj ∧ ω


Let (e1, ..., en) be the frame dual to(θ1, ..., θn), then we obtain

∇e1ξ = (k + 1)uθ1 ∧ ω = ∇e1θ
1 ∧ ω + θ1 ∧∇e1ω
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and forj > 1 :
∇ej

ξ = −uθj ∧ ω = ∇ej
θ1 ∧ ω + θ1 ∧∇ej

ω

With the fact that〈∇ej
e1, e1〉 = 0 and〈∇ej

θ1, θ1〉 = 0, we get the following identities

(2.4) θ1 ∧ [∇e1ω − (k + 1)uω] = 0

(2.5) ∇e1θ
1 ∧ ω = 0

(2.6) θ1 ∧∇ej
ω = 0

(2.7)
(
∇ej θ

1 + uθj
)
∧ ω = 0

Let c ∈ φ(U) and letΣc := U ∩ φ−1{c}, this is a smooth hypersurface ande1 is an unit
normal vector field toΣc. Then the equality (2.6) implies that the pull back ofω to Σc is
parallel.

At z ∈ Σc, we decompose

(2.8) TzΣc = Ez ⊕ E⊥
z

where
Ez := {v ∈ TzΣ, v[ ∧ ω = 0}

Let L be the shape operator ofΣc atz

L : TzΣc → TzΣc

Lv = −∇ve1;
we have

∇ej
θ1 = −

n∑
i=2

〈Lej , ei〉θi.

The equation (2.7) implies thatL(Ez) ⊂ Ez. SinceL is a self adjoint operator we also
haveL

(
E⊥

z

)
⊂ E⊥

z and moreover still according to equation (2.7), we have

L(X) = uX,∀X ∈ E⊥
z .

Thenω being parallel, the decomposition (2.8) induced a parallel decomposition of the
tangent bundle ofΣc, in particular ifX ∈ Ez, Y ∈ E⊥

z are unit vectors then the sectional
curvature ofΣc in the direction ofX ∧Y is zero and the Gauss Egregium theorem implies
that

−1 = (〈LX, Y 〉)2 − 〈LX,X〉〈LY, Y 〉
hence we have

LY =
1
u

Y, ∀Y ∈ Ez.

We can now compute the Ricci curvature ofΣc, it is given by the formula

ricciΣc = (rankEz − 1)
(
−1 +

1
u2

)
gEz +

(
rank E⊥

z − 1
)
(−1 + u2)gE⊥z

The hypothesisn− 1 > 2 and the trace of the Bianchi identity

δgΣc
ricciΣc

= −dScalΣc

implies that the functionu is constant on each connected component ofΣc. As u is pro-
portional to the length of∇φ, this implies that

∀j > 1, 0 = 〈∇ej
∇φ, e1〉 = 〈ej ,∇e1∇φ〉.
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So that∇e1e1 = 0, andθ1 is (locally and up to a sign) the differential of the distance to
Σc andφ is a function of the sign distance toΣc.
First case : u = 1 at a pointz: then the connected component ofΣc which containsz
is a totally umbilical flat hypersurface ofHn. Up to an isometry, we can assume that this
connected component ofΣc is included in the horosphere :

{y = 1}
in the upper half-space model of the hyperbolic space.

The facts thatφ depends only on the distance toΣc and thatφ is a eigenfunction of the
Laplace operator imply that there are constantsA,B such that in a neighborhood ofz, we
have

φ(y, x) = Ayn−1−p + Byp

In this case we have

|∇φ| =
∣∣A(n− 1− p)yn−1−p + Bpyp

∣∣ .
But p ≤ (n− 1)/2, hence

|∇φ| ≤ (n− 1− p)φ
with equality at a point if and only ifB = 0. But atz, we haveu = 1 hence (cf. 2.3) atz
we have

|∇φ| = (n− 1− p)φ.

So thatB = 0 andu = 1 aroundz. The unique continuation property for eigenfunctions
of the Laplace operator implies that we have everywhere :

φ(y, x) = Ayn−1−p.

Hence we have also :U = Hn, e1 = y∂y and thatω is a parallel(p − 1)-form on each
horosphere{y = c}. Finally, the equation

∇e1ω = (k + 1)ω

implies that for a certain
ω̃ ∈ Λp−1

(
Rn−1

)∗
we have

ξ = Ayn−1−pdy ∧ π∗ω̃

whereπ(y, x) = x.
Second case :u = 1 nowhere.The distributions induced byEz andE⊥

z are parallel hence
integrable. Locally there is a splitting

Σc = Σc(E)× Σc

(
E⊥) .

And eachΣc(E) has curvature−1 + u−2 and eachΣc

(
E⊥) has curvature−1 + u2 . We

haveω = ΩE ∧ τ , whereΩE is the volume form ofΣc(E) andτ is a parallel form on
Σc

(
E⊥); however, the curvature ofΣc

(
E⊥) is constant, not zero henceΣc

(
E⊥) has only

parallel form in degree0 or in degreedim Σc

(
E⊥). This implies thatdeg ω = rank E =

p− 1.
We fixed nowz0 ∈ U andc0 = φ(z0). We consider a neighborhoodO of z0 such that

O ∩Σc0 is connected and isometric toS × T whereS has curvature−1 + u−2 andT has
curvature−1 + u2. This neighborhood can be choosen so that the exponential map

E : (−δ, δ)× Σc ∩ O → O
(t, z) 7→ E(t, z) = expz(te1)
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is a diffeomorphism. Because locallyφ is a function of the sign distance toΣc0 , we have
for a certain functionf :

φ ◦ E(t, z) = f(t).
By 2.3, we have

f ′

f
= ku ,

henceu is also a function oft. We also have

∆t = − tr∇dt = tr L = (n− p)u + (p− 1)
1
u

.

The equation∆φ = p(n− 1− p)φ = pkφ implies :

f ′′ −
(

(n− p)u + (p− 1)
1
u

)
f ′ + kpf = 0

We obtain
f ′′

f
=

k + 1
k

[
f ′

f

]2
− k.

If we let g(t) := f(t)−1/k, we obtain the equation

g′′ − g = 0.

There are two constantsA,B such thatg(t) = Aet + Be−t. We remark thatAB 6= 0
becauseu 6= 1 hence we can find a constantC and a realτ such that

g(t) =

{
C cosh(t + τ) if AB > 0
C sinh(t + τ) if AB < 0

so that

u =

{
− tanh(t + τ) if AB > 0
−1/ tanh(t + τ) if AB < 0

Moreover, becauseu is always positive we haveτ < 0. We endow(−∞,−τ) × S × T
with the hyperbolic metric

(dt)2 + [f ′(t)/f ′(0)]2 gS + c−2
0 f(t)2gT

so that the mapE is a isometry from(−δ, δ) × S × T ontoO, the natural extension of
this mapE(t, z) = expz(te1) becomes an isometric immersion. The unique continuation
property (applied toφ|E) implies again that on(−∞,−τ)× S × T ,

φ ◦ E(t, z) = f(t)−k.

As φ ◦E remains bounded ast tends to−τ , hence we must haveAB > 0. And the above
hyperbolic metric on(−∞,−τ)× S × T is

(dt)2 +
[
sinh(t + τ)

sinh(τ)

]2
gS +

[
cosh(t + τ)

cosh(τ)

]2
gT .

The metricsinh−2(τ)gS has constant curvature1 and the metriccosh−2(τ)gT has constant
curvature−1, and

(2.9) E∗ξ = C
(sinh t)p+1

(cosh t)n−p+1
dt ∧ dσ;

dσ being the volume form of(S, sinh−2(τ)gS).
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But in Fermi coordinate(0,+∞) × Sp−1 × Hn−p around a totally geodesic copy of
Hn−p ⊂ Hn, the hyperbolic metric is

(ds)2 + sinh2(s)gSp−1 + cosh2(s)gHn−p .

If O is small enough, we can find an isometryι : (−∞,−τ) × S × T → Hn \ Hn−p.
Eventually, the isometryι ◦E−1 a priori defined onO can be extended to an isometryγ of
Hn. Using this isometry and 2.9, we find the desired expression ofξ onO, then the result
follows by the unique continuation property.

3. PROOF OF THE MAIN THEOREM

3.1. Margulis’s decomposition. (See [2, Chapter D] or [21,§12.6]) LetX = Γ\Hn be a
complete hyperbolic manifold and letε be a positive number smaller than the Margulis’s
constantεn. Theε-thin part ofX is the setX<ε, where the injectivity radius is smaller that
ε; we haveX<ε = V (Γ, ε)/Γ where

V (Γ, ε) := {z ∈ Hn,∃γ ∈ Γ \ {id}, d(z, γ.z) < 2ε}.

Let E be the union of all unbounded connected components ofX<ε :

E = ∪Ej

where{Ej}j is the set of the unbounded connected component ofX<ε.
The topology of such anε-end is well known. WhenEj is an unbounded connected

component ofX<ε, there is a pointpj ∈ ∂∞Hn and a parabolic subgroup

Γj := {γ ∈ Γ, γ.pj = pj},

such that on the description of the hyperbolic space as the upper-half space model(
(0,∞)× Rn−1, y−2((dy)2 + (dx)2)

)
where the pointpj is at∞, thenΓj acts freely onRn−1 and Ej is homeomorphic to
(1,∞)×

(
Γj\Rn−1

)
. Let Fj be the flat manifoldΓj\Rn−1 andSj ⊂ Fj be a soul ofFj ,

then there is a maximalΓj-invariantr-planeS̃j ⊂ Rn−1 that is the pull-back of a soul by
the natural projectionRn−1 → Fj := Γj\Rn−1, i.e. Sj = Γj\S̃j .

Moreover, there are always positive constantsyj , rj such that ifÑj is therj-neighborhood
of S̃j ⊂ Rn−1 :

Ñj := {x ∈ Rn−1, d(x, S̃j) < rj}
andNj = Γj\Ñj , then the inclusion(yj ,∞)×Nj ⊂ Ej is a homotopy equivalence. We
considerÊj = [yj ,∞)×Nj andÊ = ∪jÊj . We let

Σj = {yj} ×Nj ⊂ ∂Êj .

And let X̂ :=
(
X \ Ê

)
∪
⋃

j Σj , it is a manifold with boundary

∂X̂ =
⋃
j

Σj .

We consider the cohomology

H•
c (X̂)

of the complex of differential formsα which are smooth on̂X and with compact support,
that is there is aR0 such thatsupport α ⊂ B(o,R0) andsupportα ∩ ∂X̂ is a compact
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subset of∂X̂ =
⋃

j Σj . In particular for all but a finite number ofj we havesupport α ∩
Σj = ∅. We have that

H•
c (X \X<ε) ' H•

c (X̂)

moreover, whenX is oriented we have the Poincaré duality isomorphism :

H•(X, X<ε) '
(
Hn−•

c (X \X<ε)
)∗

The relative cohomologyH•(X, X<ε) is also isomorphic toH•(Γ,∪jΓj , R) which is sim-
ilar to a cohomology studied by M. Kapovich [15]; more exactly, ifΠ is the union of the
Γj ’s whose rank is larger or equal to2, he studiedH•(Γ,Π, V) whereV is aRΓ-module
(for R a commutative ring with unit).

3.2. L2 cohomology and harmonic forms.We first recall some classical facts on the
space ofL2 harmonic forms on a complete Riemannian manifold(X, g).

The first one is the Hodge-De Rham-Kodaira orthogonal decomposition :

L2(ΛpT ∗X) = Hp(X)⊕ dC∞
0 (Λp−1T ∗X)⊕ d∗C∞

0 (Λp+1T ∗X)

where the closure are understood for theL2 topology.
The second one is the reducedL2cohomology interpretation of the space ofL2 har-

monic forms. LetZp
L2(X) be the space of weakly closedL2 p−forms :

Zp
L2(X) :=

{
α ∈ L2(ΛpT ∗X), dα = 0

}
;

By definition,we have

Zp
L2(X) =

[
d∗C∞

0 (Λp+1T ∗X)
]⊥

= Hp(X)⊕ dC∞
0 (Λp−1T ∗X).

Hence if we introduce the reducedL2-cohomology space :

Hp
L2(X) ' Zp

L2(X)/dC∞
0 (Λp−1T ∗X).

Hp(X) ' Zp
L2(X)/dC∞

0 (Λp−1T ∗X).

We can now describe the natural map from cohomology with compact support to the
space ofL2 harmonic forms

Hp
c (X) → Hp(X)

in two closely related ways. The first one is induced by the natural inclusions

Zp
c (X) := {α ∈ C∞

c (ΛpT ∗X), dα = 0} ⊂ Zp
L2(X)

and dC∞
0 (Λp−1T ∗X) ⊂ dC∞

0 (Λp−1T ∗X)

which induces a map

Hp
c (X) =

Zp
c (X)

dC∞
c (Λp−1T ∗X)

→ Hp(X) '
Zp

L2(X)

dC∞
c (Λp−1T ∗X)

.

The second one is induced by the orthogonal projector ontoHp(X) restricted toZp
c (X).

This map is zero ondC∞
c (Λp−1T ∗X) hence induces a mapHp

c (X) → Hp(X).
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3.3. L2 cohomology and ”cuspidal” cohomology.Let X = Γ\Hn be a complete hy-
perbolic manifold. We’ll build a natural map from the cohomology spaceHp

c (X̂) in the
space of harmonicL2 p-form Hp

L2(X) for the degreesp < (n − 1)/2. The main point is

to extend a closedp−form with compact support in̂X to a closedL2-form onX. Let pj

be the projection
pj : [yj ,∞)×Nj → Σj = {yj} ×Nj

and letιj be the inclusionΣj ⊂ X̂

Let α be a smooth closedp-form with compact support in̂X. We extendα to X by
definingᾱ = α on X̂ ⊂ X and

ᾱ = p∗j
(
ι∗jα
)

on [yj ,∞)×Nj .

It is easy to verify that

‖ᾱ‖2L2([yj ,∞)×Nj)
= ‖ι∗jα‖2L2(Σj)

∫ ∞

yj

y−n+2pdy

is finite if p < (n − 1)/2. Becauseα has compact support in̂X, there is only a finite
number ofj such thatι∗jα 6= 0 hence

ᾱ ∈ L2.

Remark that by definition, theΣj ’s are open, henceι∗jα has compact support inΣj . More-
over, it is easy to check that̄α is weakly closed and that

dα = dα .

Hence we have a well-defined map :

Hp
c (X̂) → Hp

L2(X) ' Hp(X)

Remark3.1. Whenc ∈ Hp
c (X̂), we can always find aα ∈ c such that for eachj, α has no

normal component on a neighborhood ofΣj : ∇d(.,Σj)xα = 0, α being moreover closed,
this will imply that nearΣj , α is independant ofr = d(.,Σj) (i.e. invariant by the flow of
the radial vector field∇d(.,Σj)). Then the extension̄α is smooth onX.

3.4. Remark on the geometrically finite case.WhenΓ is geometrically finite, R. Mazzeo
and R. Phillips have computed theL2 cohomology ofX = Γ\Hn in terms of the cohomol-
ogy of a complex of differential forms which vanish on certain faces of a compactification
of X [18].

Indeed such aX can be compactified as a manifoldX̄ with corner∂rX ∩ ∂cX with
boundary

∂X̄ = ∂rX ∪ ∂cX

where∂rX is the regular boundary ofX (the conformally compact boundary ofX) and
∂cX = ∪n−1

t=1 ∂c(t) is the cuspidal boundary ofX, where∂c(t) is the union of the cuspidal
face with rankt. X̂ is homeomorphic toX̄ \ ∂rX. Let Fp :=

⋃
t<n−1−p ∂c(t). When

p < (n− 1)/2, the result of R.Mazzeo and R.Phillips is that

Hp
L2(X) ' Hp(X̄, ∂rX ∪ Fp).

We clearly have a map

Hp(X̄, ∂rX ∪ Fp) → Hp(X̄, ∂rX)

We consider the long exact sequence :

... → Hp−1(Fp, ∂rX) → Hp(X̄, ∂rX ∪ Fp) → Hp(X̄, ∂rX) → Hp(Fp, ∂rX) → ...
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Now if t = n−1, thenHk(∂c(n−1), ∂rX) = Hk(∂c(n−1)). And whent < n−1, then

Hk(∂c(t), ∂rX) ' Hn−k(∂c(t), o)

whereo is the orientation bundle. But the connected component of∂c(t) are homotopic to
compact flat manifold of dimensiont, hence we have

n− k > t ⇒ Hk(∂c(t), ∂rX) = {0}.
Hence the above long exact sequence implies that :

Proposition 3.2. If Γ is a geometrically finite discrete torsion free subgroup ofSO(n, 1)
and ifp < (n− 1)/2 then

Hp
L2(X) ' Hp(X̄, ∂rX ∪ Fp) ' Hp(X̄, ∂rX).

Hence we obtain

Corollary 3.3. If Γ is a geometrically finite discrete torsion free subgroup ofSO(n, 1)
then forp < (n− 1)/2 the map

Hp
c (X̂) → Hp

L2(X) ' Hp(X)

is an isomorphism.

3.5. The main result.

Theorem 3.4. LetX = Γ\H be a hyperbolic manifold and assume thatδ(Γ) = n− 1− p
for some integerp < (n− 1)/2. If the map

Hp
c (X̂) → Hp(X)

is not zero, then thenΓ stabilizes positively a totally geodesicn − p-hyperbolic subspace
Hn−p ⊂ Hn with vol(Γ\Hn−p) < ∞.

3.6. Proof of the main result.

3.6.1. Preliminary. We assume thatΓ ⊂ SO(n, 1) is a discrete torsion free subgroup and
thatδ(Γ) = n− 1− p with p an integer such that2p < (n− 1) and we assume moreover
that we can find

• a non zeroL2 harmonicp-form ξ,
• a closedp-form with compact support in̂X, α

such thatξ andᾱ define the same reducedL2-cohomology class inHp
L2(X). That is to say

there is a sequence of smooth(p− 1)-forms with compact support(βk)k such that

ξ − ᾱ = L2−lim
k→∞

dβk.

According to [12, theorem B], the spectrum of the Hodge-De Rham Laplacian on the
(p− 1)-forms onX is bounded from below with

σp := n− 2p.

That is we have the spectral gap estimate :

(3.1) ∀ϕ ∈ C∞
c (Λp−1T ∗X), (n− 2p)‖ϕ‖2L2 ≤ ‖dϕ‖2L2 + ‖d∗ϕ‖2L2 = 〈ϕ, ∆ϕ〉.

According to the remark (3.1) we can always assume thatᾱ is smooth. Hence according
to [27, prop. 1.3], we can find a smooth(p− 1)-form β ∈ L2(Λp−1T ∗X) such that

ξ = ᾱ + dβ, and d∗β = 0.

Note in particular that this implies∆β = (dd∗ + d∗d)β = d∗ᾱ, so∆β vanishes outside
the support of̄α.
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3.6.2. Some estimates.We are going to prove thatφ := |ξ|
δ(Γ)

δ(Γ)+1 is square integrable. For
this purpose we ’ll use Agmon’s type estimates as P. Li and J. Wang [16] (finite propagation
speed argument can also be used) in order to estimate on the growth ofβ anddβ. There is
a finite setJ andR0 > 0 such that

support ᾱ ⊂ B(o,R0) ∪
⋃
j∈J

p−1
j (Nj)

Let ρ be the function distance inX to B(o,R0) ∪
⋃

j∈J p−1
j (Nj), we have

support ᾱ ⊂ ρ−1{0}.
For τ > 0, we define

ρτ = min(τ, ρ) ;
using the fact thatβ ∈ L2, it is not hard to justify the integration by part formula :∫

X

∣∣(d + d∗)
(
e

c
2 ρτ β

)∣∣2 =
∫

X

〈∆β, β〉ecρτ +
c2

4

∫
X

|dρτ |2 |β|2 ecρτ ,

remenbering thatρ is zero on the support ofd∗ᾱ, we get :∫
X

∣∣(d + d∗)
(
e

c
2 ρτ β

)∣∣2 ≤ ∫
X

〈d∗ᾱ, β〉+
c2

4

∫
ρ−1([0,τ ])

|β|2 ecρτ

Using the spectral gap estimate (3.1), we obtain

σp

∫
X

|β|2 ecρτ ≤
∫

X

∣∣(d + d∗)
(
e

c
2 ρτ β

)∣∣2 ,

and we easily deduce(
σp −

c2

4

)∫
ρ−1([0,τ ])

|β|2 ecρτ ≤
∫

X

〈d∗ᾱ, β〉.

Letting,τ going to infinity, we obtain the

Lemma 3.5. Let σp = n − 2p. Then there is a constantC such that for anyc > 2√σp

then

(3.2)

(
σp −

c2

4

)∫
X

|β|2(x)ecρ(x)d vol(x) ≤ C.

The second estimate of the proof is the following :

Lemma 3.6. There is a constantC such that for anyR > 0 :∫
ρ−1([0,R])

|β|2e2
√

σp ρ(x) ≤ CR.

Proof of the lemma 3.6.–As a matter of fact, according to the inequality (3.2), we have
for all c ∈ [0, 2√σp) :∫

ρ−1([0,R])

|β|2e2
√

σp ρd vol ≤ e(2
√

σp −c)R

∫
ρ−1([0,R])

|β|2ecρd vol

≤ C

(
σp −

c2

4

)−1

e(2
√

σp −c)R

Hence applying this inequality forc = 2√σp − 1/R we get∫
ρ−1([0,R])

|β|2(x)e2σpρ(x)d vol(x) ≤ C
4R

4√σp − 1/R
e1
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This lemma 3.6 implies the following control on the growth ofdβ:

Lemma 3.7. There is a constantC such that for allR ≥ 1 :∫
ρ−1([R,R+1])

|dβ|2 ≤ CRe−2
√

σpR.

Proof. Let R ≥ 1, we use a cut off functionχ such that

support χ ⊂ ρ−1[R− 1, R + 2]) and χ = 1 on ρ−1[R,R + 1]) :

and|dχ| ≤ 2. We have∫
ρ−1([R,R+1])

|dβ|2 ≤
∫

X

|(d + d∗)(χβ)|2.

Integrating by part, we get :∫
X

|(d + d∗)(χβ)|2 =
∫

X

χ2〈β, ∆β〉+
∫

X

|dχ|2|β|2.

As ∆β is zero on the support ofχ, we get∫
ρ−1([R,R+1])

|dβ|2 ≤ 4
∫

ρ−1([R−1,R+2])

|β|2.

�

The last estimate is about the volume growth of the sub-level set of the functionρ:

Lemma 3.8. There is a constant such that for allR ≥ 1

vol
(
ρ−1([0, R])

)
≤ Ce(n−1)R.

Proof. We have

ρ−1([0, R]) ⊂ B(o,R0 + R) ∪
⋃
j∈J

Vj(R)

whereVj(R) is theR-neighborhood ofp−1
j (Nj). We can always chooseR0 large enough

so that forj ∈ J : Σj ⊂ B(o,R0). It is clear that the volume ofB(o,R0+R) satisfies such
an estimate. Now the volume ofVj(R)\B(R0 +R) is always smaller that theR+y−1

j Rj

neighborhood of[yj ,∞) × Sj inside[yj ,∞) × Fj . Definedr := d(., Sj) the distance to
the soul(0,∞) × Sj . In Fermi coordinate around(0,∞) × Sj the Riemannian metric of
the manifold(0,∞)× Fj is

cosh2(r)
(dy)2 + (dx)2

y2
+ (dr)2 + sinh2(r)(dσ)2.

Hence the volume ofVj(R) \B(R0 + R) is less than

C

∫ ∞

yj

dy

yn

∫ R+y−1
j Rj

0

sinhn−1−tj (r) coshtj (r)dr ≤ Ce(n−1)R,

wheretj = dim Sj . �
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3.6.3. Conclusion.

Lemma 3.9. if δ := δ(Γ) = n− 1− p, then the functionφ := |ξ|
δ

δ+1 is L2.

Proof. As a matter of fact : we have∫
{ρ≤1}

φ2 ≤ (vol({ρ ≤ 1}))
1

δ+1

(∫
{ρ≤1}

|ξ|2
) δ

δ+1

.

Moreover fork ∈ N \ {0} : we have∫
{k≤ρ≤k+1}

φ2 ≤ (vol({k ≤ ρ ≤ k + 1}))
1

δ+1

(∫
{k≤ρ≤k+1}

|ξ|2
) δ

δ+1

≤ Cek
(n−1)

δ+1 k
δ

δ+1 exp
(
−2

√
σpkδ

δ + 1

)
≤ Ck

δ
δ+1 exp

(
k

(n− 1)− 2√σpδ

δ + 1

)
But if p < (n− 1)/2 then

(n− 1)− 2
√

σpδ = (n− 1)− 2
√

n− 2p(n− 1− p) < 0,

hence the result. �

Remark3.10. The only place where the hypothesisp < (n − 1)/2 is used is about the
construction of the map

Hp
c (X̂) → Hp

L2(X).

However, there is always a natural map from the cohomology ofX with compact support
in the reducedL2 cohomology. Our above arguments show that ifξ ∈ Hp(X) \ {0} with
p < n/2 has in itsHp

L2(X) class a representative with compact support, i.e.ξ is the range
of the map

Hp
c (X) → Hp(X)

then the functionφ := |ξ|
δ

δ+1 satisfies :

i) If p < (n− 1)/2, thenφ ∈ L2

ii) If p = (n− 1)/2, then there is a constantR such that for anyR ≥ 1 :∫
B(o,R)

φ2 ≤ CR
2δ+1
δ+1 .

We can now finish the proof of the theorem : According to D. Sullivan’s result, the
bottom of spectrum of the Laplacian on function onX is p(n− 1− p) hence we have the
spectral gap estimate :

∀f ∈ C∞
c (X) p(n− 1− p)

∫
X

f2 ≤
∫

X

|df |2.

We use a cutoff functionχR such that

suppχR ⊂ B(o, 2R) , χR = 1 on B(o,R) and |dχR| ≤
2
R

.
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Then

p(n− 1− p)
∫

X

|χRφ|2 ≤
∫

X

|d(χRφ)|2

≤
∫

X

χ2
Rφ∆φ +

∫
X

φ2|dχR|2

ξ being closed and co-closed, the Bochner formula and the refined Kato inequality imply
that

∆φ ≤ p(n− 1− p)φ

hence : ∫
B(o,R)

φ (p(n− 1− p)φ−∆φ) ≤
∫

X

φ2|dχR|2 = O
(
R−2

)
.

Letting R → ∞ we obtainp(n − 1 − p)φ − ∆φ = 0 everywhere and we have equality
everywhere if the refined Kato inequality :

|∇ξ|2 =
n + 1− p

n− p
|d|ξ||2

We apply our theorem (2.1) tōξ the pull back ofξ on Hn. We notice thatΓ must stabilize
the level set of|ξ̄|. We have two cases :

i) In the first case, we have a fundamental domain for theΓ of the type{(y, x) ∈
(0,+∞) × Rn−1, x ∈ D} whereD is a fundamental domain for the action ofΓ
onRn−1 ' {y = 1}. Thenξ can not be inL2.

ii) In the second case,Γ must stabilize the level set

|ξ̄| = sup |ξ̄|.

That isΓ stabilizes a totally geodesic copy ofHn−p ⊂ Hn andξ beingL2, we
have

vol(Γ\Hn−p) < ∞.

Eventually, becausēξ is Γ-invariant, the formula given for̄ξ in the theorem (2.1)
implies thatΓ acts trivially on the orientation bundle of the normal bundle of
Hn−p ⊂ Hn.

3.7. Final remarks. The above argument and the remark (3.10) show that we also obtain
a rigidity result in the casep = (n− 1)/2 related the cohomology with compact support :

Theorem 3.11. LetX = Γ\Hn be a hyperbolic manifold and assume thatp < n/2, then

i) If the critical exponent ofΓ satisfies

δ(Γ) < n− 1− p

thenX carries no non trivialL2 harmonicp−form.
ii) If the critical exponent ofΓ satisfies

δ(Γ) = n− 1− p

and if

Im (Hp
c (X) → Hp(X)) 6= {0}

thenΓ stabilizes cocompactly and positively a totally geodesic(n−p)-hyperbolic
subspaceHn−p ⊂ Hn.
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Eventually, it is true that we always have a injective map [1] :

Im(Hp
c (X) → Hp(X)) → Hp(X)

hence a corollary of the above rigidity result is :

Corollary 3.12. Let X = Γ\Hn be a hyperbolic manifold and assume thatp < n/2. If
the critical exponent ofΓ satisfies

δ(Γ) ≤ n− 1− p,

then
Im(Hp

c (X) → Hp(X)) = {0}.
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