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THE WAVE TRACE FOR RIEMANN SURFACES
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Abstract

We present a wave group version of the Selberg trace formula for an
arbitrary surface of finite geometry. As an application we give a new
lower bound on the number of resonances for hyperbolic surfaces.
Motivated by recent results we formulate a conjecture on a lower
bound for the counting function of resonances in a strip.

1 Introduction

The purpose of this note is to present the Selberg trace formula in terms
of the wave group for a general hyperbolic surface, M , of finite geometry
type. The novelty is in allowing infinite volume surfaces and in considering
the consequences of the formula for resonances in that case. The study of
the Selberg trace formula in this generality was previously conducted by
Patterson [P2] and the first author [G].

In sect. 2 we present the geometric part of the formula and in sect. 3 we
recall some facts about the spectrum and resonances which follow from the
more general results of our previous work [GZ2]. Sect. 4 is then devoted to
a new application to resonance counting.

We recall that as a consequence of the Poisson formula for resonances,
the authors [GZ2] gave asymptotic counting estimates in disks

#
(
RM ∩ {|λ| ≤ r}

)
� r2 .

for the resonance set RM (each resonance must be counted according to its
multiplicity ; we refer to [Z1] for a small correction to the definition [GZ2]
of the multiplicity of the resonance λ = 0). Here we prove estimates in
strips

#
(
RM ∩ {|λ| ≤ r, Imλ < ε−1}

)
= Ω(r1−ε) .

In the discussion of related bounds, we propose a conjecture on the lower
bound estimate, related to the entropy of the geodesic flow (which is the key
parameter in upper estimates showed by the second author [Z2]). Recently,
other results on lower bounds for resonances in situations where the classical
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dynamics is hyperbolic were obtained by V. Petkov [Pe] in the case of several
strictly convex obstacles and by L. Farhy and V. Tsanov [FT] for surfaces.

We start by introducing the geometric and analytic notation which will
be used in the paper. We will use the Poincaré half-plane model for the
hyperbolic plane H2 defined as P2 = {w = u + iv, v > 0} with metric
v−2(du2 +dv2). A cusp C is isometric to the limited strip Sh = {0 ≤ u ≤ h,
v ≥ 1} with the edges {u = 0} and {u = h} identified, its boundary
being a closed horocycle of length h. A funnel F is isometric to a half
annulus AF = {u ≥ 0, 1 ≤ u2 + v2 ≤ e2`∂F } with the edges {u2 + v2 = 1}
and {u2 + v2 = e2`∂F } identified, its boundary being totally geodesic of
length `F ; in Fermi coordinates with respect to the geodesic boundary
C = ∂F , the funnel is isometric to R+

δ ×(R/`∂FZ)θ with the warped metric
dδ2 + cosh2 δdθ2.

Let (M,g) be a complete surface with a metric g of constant curvature
−1, of finite geometry type and non-elementary: M is a quotient of the
hyperbolic plane H2 by a Fuchsian group Γ which is assumed to be torsion
free, non-cyclic and with a finite presentation. The surface M has a finite
number of ends of two types: cusps and funnels. More precisely, M is the
union of the Nielsen region N and f funnels Fj , j = 1, . . . , f , each attached
to one of the totally geodesic boundary components Cj of N . The Nielsen
region N , of finite area 2π(2g + c + f − 2), is the union of a compact N0
(compact surface of genus g and with f + c boundary components) and c
attached cusps Ci, i = 1, . . . , c, through their horocycle boundary Hi. Let
us denote D a fundamental domain for the action of Γ on H2 and by π the
covering projection H2 → Γ\H2 = M .

The Laplacian, ∆M , is defined on the half-densities by ∆M (udvol1/2M ) =
(∆u)dvol1/2M where ∆ is the usual Laplace-Beltrami operator acting on
functions. The L2-space of sections of the half-density bundle Ω1/2M
will be denoted by L2(M ; Ω1/2M). We will use the modified spectral pa-
rameter λ, with physical sheet chosen to be {Imλ < 0}: the resolvent
(∆M − 1/4 − λ2)−1 has finitely many poles there. The modified spectral
parameter is related to the true spectral parameter, Λ, by Λ = 1

4 + λ2 and
to the usual parameter s of hyperbolic scattering theory by s = 1

2 +iλ . The
choice of λ formulates the results similarly to those of euclidean scattering
theory.
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2 The Wave Selberg Trace Formula

To formulate the trace formula in terms of the wave group of M , we
introduce the 0-integral by a regularization defined in geometric terms.
We recall that the finite part, FPε→0 h(ε), is defined as h0 when h(ε) =
h0 +

∑
j hjε

−λj logmj ε + o(1), Reλj ≥ 0, mj ∈ N (h0 is unique – see for
instance [H, Lemma 3.2.1]).
Definition 1. The regularized integral 0∫ ω of a n-density ω on M is
defined, if it exists, as the finite part

0
∫
M
ω = FP

ε→0

∫
M(ε)

ω

where M(ε) is defined by

M(ε) = N0∪
c⋃
i=1

{
m∈Ci, d(m,Hi)≤−log ε

}
∪

f⋃
j=1

{
m∈Fj , d(m, Cj)≤−log ε

}
.

This was introduced in [GZ2] by analogy with the b-integral of Melrose
[Me] which arises in the study of pseudodifferential calculus on manifolds
with cylindrical ends, the b-calculus. The underlying pseudodifferential
calculus in the infinite volume case is the 0-calculus of Mazzeo and Melrose
[MMe] and hence the notation. The regularization in the cusps is very
closely related to the b-integral. We remark that in the definition above we
chose specific defining functions of the boundary at infinity. In general, the
0-integral in n dimensions depends on the n-jet of the defining function at
the boundary while the b-integral depends only on the 1-jet.

Let us remark that the 0-volume of a funnel F is zero, as indicated by
a simple calculation in Fermi coordinates:

Vol
(
F ∩ {d(m,∂F ) ≤ − log ε}

)
= `∂F

∫ − log ε

0
cosh δdδ = `∂F

ε−1 − ε
2

.

Hence the 0-volume of M is the volume of its Nielsen region N.
For a smoothing operator K with a half-density kernel K, its 0-trace is

defined as the 0-integral of κ = ∆∗K, where ∆ is the diagonal embedding
M →M×M . If K is trace-class in its action on L2(M ; Ω1/2M), its 0-trace
and L2-trace coincide.
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Using the 0-trace we can give a wave equation version of the Selberg
trace formula. It is essentially well known in the finite volume case.

Theorem 1. Let M = Γ\H2 be a Riemann surface of finite type with c
cusps, each with boundary length hi, i = 1, . . . , c. Let N denote its Nielsen
region, PM the set of its primitive oriented closed geodesics C with length
`C and Poincaré map PC. Then, in the distributional sense in t ∈ R,

0-tr cos t
√

∆M − 1
4

= −Vol(N)
8π

cosh (t/2)
sinh2 (t/2)

+
1
2

∑
C∈PM

∑
k∈N

`C
|1− P kC |1/2

δ(|t| − k`C)

+
c

4
coth(|t|/2) +

[
c(γ − log 2)−

c∑
i=1

log hi

]
δ(t) , (2.1)

where cosh t sinh−2 t (resp. coth |t|) is to be understood as the distributional
derivative of− sinh−1 t defined as a principal value (resp. sgn(t) log | sinh t|).

Proof. The kernel density

WH2(t)(w,w′)

= sgn(t) 1
4π

[
sinh2(t/2)− sinh2(d(w,w′)/2)

]−1/2
+ dvol1/2H2 (w)dvol1/2H2 (w′)

of the wave operator
sin t

√
∆H2− 1

4√
∆H2− 1

4

induces the kernel WM (t) of
sin t

√
∆M− 1

4√
∆M− 1

4

by taking the mean on the group Γ

WM(t) =
∑
γ∈Γ

(γ∗ ⊗ Id)WH2(t)

with 0-trace wM (t) = 0-trWM (t) such that

wM (t) =
sgn(t)

4π

∑
γ∈Γ

0
∫
D

[
sinh2(t/2)− sinh2(d(γw,w)/2)

]− 1
2

+ dvolH2(w)

=
sgn(t)

4π
FP
ε→0

∑
γ∈Γ

∫
D(ε)

[sinh2(t/2)− sinh2(d(γw,w)/2)]
− 1

2
+ dvolH2(w) ,

(2.2)

where D(ε) is the lift in D of M(ε).
Let us consider t non-negative. To evaluate wM (t), as usual in Selberg

trace formula calculations, the different terms are grouped in partial sums
along conjugacy class, w[γ](ε, t) corresponding in (2.2) to the conjugacy
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class [γ] ' Γ/Z(γ) where Z(γ) is the centralizer of γ in Γ. Using the
invariance of the kernel WH2(t), we have

w[γ](ε, t) =
1

4π

∑
γ̃∈[γ]

∫
D(ε)

[
sinh2(t/2)− sinh2(d(γ̃w,w)/2)

]− 1
2

+ dvolH2(w)
(2.3)

=
1

4π

∫
Mγ(ε)

[
sinh2(t/2)− sinh2(d(γw,w)/2)

]− 1
2

+ dvolH2(w) .
(2.4)

The set Mγ(ε) converges, for ε → 0, to a fundamental domain D(Z(γ))
for the action of Z(γ) on the hyperbolic plane. The contribution of the
trivial element in (2.2) is Vol(N)/(4π sinh(t/2)), since FPε→0 Vol(M(ε)) =
Vol(N).

The sum w[γk0 ](ε, t) with γk0 the k-th power of the primitive hyperbolic
γ0 (conjugate to the isometry w → e`γ0w) gives an integrand summable on
D(Z(γ)) with the sum

FP
ε→0

w[γk0 ](ε, t) = w[γk0 ](0, t) =
`γ0

4 sinh(|k|`/2)
[
|t| − |k|`γ0

]0
+ .

Through the correspondence between the primitive conjugacy classes [γ0] of
hyperbolic elements and the primitive closed oriented geodesics C (of length
`C = `γ0 and Poincaré map PC with eigenvalues e±`C , so that the determi-
nant |1 − P kC | is equal to 4 sinh2 (k`C/2)), the contributions of hyperbolic
elements to wM (t) can be written as

1
2

∑
C∈PM

∑
k∈N

`C
|1− P kC |1/2

[
|t| − k`C

]0
+ .

For a primitive parabolic element γi associated to the cusp Ci, the terms
corresponding to the conjugates of γki , k ∈ Z \ {0}, give the sum

Ii
(
ε, sinh(t/2)

)
=

∑
k∈Z\{0}

w[γki ](ε, t)

=
1

2π

∫
Mγi (ε)

∑
k∈N

[
sinh2(t/2)−

(
khi
v

)2 ]−1/2

+
dvolH2(w) .

(2.5)

The sets Mγi(ε) and {0 ≤ u ≤ hi, v ≤ ε−1} differ, modulo Γ, by a set
where the integrand in (2.5) is summable, with sum vanishing when ε→ 0.
Hence Ii(ε, s) has the same finite part as

Ji(ε, s) =
hi
2π

∫ ε−1

0

∑
k∈N

[
s2 −

(
khi
v

)2 ]−1/2

+

dv

v2 (2.6)
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which is
FP
ε→0

Ji(ε, s) =
log |s|

2
+
γ − log hi

2
− log 2

2
,

with γ the Euler constant.
The theorem results from taking the distribution derivative of the trace

formula,

0-tr
sin t

√
∆M−1

4√
∆M−1

4

=
Vol(N)

4π sinh (t/2)
+

sgn(t)
2

∑
C∈PM

∑
k∈N

`C
|1− P kC |1/2

[
|t|−k`C

]0
+

+
c

2
sgn(t) log

∣∣ sinh(t/2)
∣∣+

sgn(t)
2

[
c(γ − log 2)−

c∑
i=1

log hi

]
. �

3 Spectral Theory and Resonances

The Laplacian ∆M has [1/4,∞) as continuous spectrum, each cusp con-
tributing with multiplicity 1 and each funnel with infinite multiplicity. If
there are funnels, its discrete spectrum, σpp(∆M ), is finite and included in
(0, 1/4). If there are funnels and cusps, there are eigenvalues and the least
one is of the form δ(1− δ) with δ the Poincaré exponent of the group Γ or
the entropy of the geodesic flow.

The finer analysis of the spectrum is carried out by considering the
resolvent acting on spaces of distributions. In term of the parameter λ
related to the actual spectral parameter Λ by Λ = 1

4 +λ2, the meromorphic
L2(M ; Ω1/2M)-bounded operator valued function defined on the physical
sheet {Imλ < 0}

RM (λ) =
(
∆M − 1

4 − λ
2)−1 : L2(M ; Ω

1
2M)→ L2(M ; Ω

1
2M)

admits a meromorphic extension [GZ1] to C when the values of the function
RM (λ) are taken as operators between the space of smooth compactly sup-
ported half-densities C∞0 (M ; Ω1/2M) to the space of distributional sections
C−∞(M ; Ω1/2M).

The singularities in C of the function RM define the resonance set
RM of the surface M : it is proved in [GZ2] that the polar parts at any
resonance λ0 is built from operators with finite rank, so the multiplicity
mλ0 is defined as the dimension of the sum of the ranges of the Ak where
RM (λ) =

∑N
k=1Ak(λ− λ0)−k +Hλ0(λ) with Hλ0 holomorphic in a neigh-

bourhood of λ0 6= 0. When λ0 = 0 that dimension has to be taken twice –
see [Z1].
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The counting function NM of the resonance set RM is defined by

NM (r) =
∑

λ∈RM∩{|λ|≤r}
mλ = #

(
RM ∩ {|λ| ≤ r}

)
,

where the elements in RM appear in the last member according to their
multiplicities (which is the usual abuse of notation also observed here).

In [GZ2] we obtained the Poisson formula for resonances:

0-tr cos t
√

∆M − 1
4 = 1

2

∑
λ∈RM

eiλ|t| , t 6= 0 , (3.1)

which combined with Theorem 1 gives a trace formula relating resonances
spectrum and closed geodesic length spectrum.

To sketch the proof of the Poisson trace formula (3.1) we need to recall
some definitions related to the continuous spectrum. The Eisenstein eigen-
functions EM (λ) are, for a hyperbolic surface M and up to simple factors,
meromorphic extensions of Eisenstein series defined on the physical sheet.
Let P denote the Poisson kernel defined on ∂∞H2 ×H2, explicitly in the
Poincaré model by

P (x,w) =
Imw

(Rew − x)2 + (Imw)2 , (x,w) ∈ R×P2 .

The Eisenstein eigenfunctions (in fact sections of the half-density bun-
dle Ω1/2M) are defined in [GZ2] as renormalized boundary values of the
resolvent kernel RM (λ)(m,m′) as m′ go to infinity: they are parametrized
by the set of points at infinity of M , which is build by one point (at infinity)
for each cusp and the funnel boundary ∂FM = tfj=1∂∞Fj where ∂∞F is
the boundary at infinity of the funnel F .

The Eisenstein function corresponding to the cusp C is given by

EM (λ,C,m) =
[
e−( 1

2 +iλ)d(m′,∂C)RM (λ)(m,m′)dvol
− 1

2
M (m′)

]
m′∈C,d(m′,∂C)→∞

= 1
2iλ

( ∑
γ∈Γ/Γξi

P
1
2 +iλ(ξ, γw)

)
dvol1/2M (m) ,

if ξ ∈ D, with stabilizer Γξ in Γ, goes down via the projection π on the
point at infinity of the cusp C of M and w ∈ P2 projects through π on
m ∈M .

To describe the Eisenstein eigenfunctions corresponding to the bound-
ary ∂∞F of a funnel F , let us recall that the funnel is a conformal compact
manifold with boundary: in the coordinates (ρ, θ) ∈ (0, π/2)ρ× (R/`∂FZ)θ
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with sin ρ = cosh−1 δ, the hyperbolic metric is sin−2 ρ(dρ2+dθ2). Let us de-
note F̃ (ε) = {m ∈ F, ρ(m) ≥ ε} and |N∗∂F̃ (ε)|σ the bundle of σ-conormal
densities on ∂F̃ (ε), which is trivialized by the section |dρ|σ. The Eisenstein
eigenfunction EM (λ, F,m), section of the bundle Ω1/2

∂∞F
⊗ |N∗∂∞F |iλ with

base ∂∞F , is given by

EM (λ, ξ,m) =
[
RM (λ)(m,m′)

∣∣∣∣dρ(m′)
ρ(m′)

∣∣∣∣− 1
2 +iλ ]

m′∈F,d(m′,∂F )→∞

=
1

2
√
π

Γ(1
2+iλ)

Γ(1 + iλ)
eθ(

1
2 +iλ)

(∑
γ∈Γ

P
1
2 +iλ(eθ,w)

)
dvol

1
2
M (m)dθ

1
2 |dρ|iλ,

where w ∈ P2 projects by π on m and ξ ∈ ∂∞F ' R/`∂FZ has coordi-
nate θ: here it is assumed that the fundamental domain D (represented in
the Poincaré plane) covers the funnel F by the half-annulus AF , with the
boundary ∂∞F corresponding to the action of the isometry w→ e`Fw of Γ
on {u > 0}.

The Eisenstein eigenfunction EM (λ) is the set of these eigenfunctions

EM (λ;m) =
(
(EM (λ,Ci,m))ci=1, (EM (λ, ξj ,m))fj=1)

)
∈ Cc ⊕ C∞

(
∂∞F ; Ω1/2

∂∞F
⊗ |N∗∂FM |iλ

)
for which the scattering matrix is an intertwining operator for the opposite
values of the spectral parameter λ (see Sect. 2 of [GZ2] for more details):

SM (λ)EM (−λ;m) = EM (λ;m) .

We define the “free” scattering matrix, which is the identity on Cc

and the scattering matrix on each of the free funnels, Fj (with Dirichlet
boundary conditions on the neck ∂Fj):

Sc,F (λ) = IdCc ⊕
f⊕
j=1

SF 0
j
(λ) .

The relative scattering matrix is then given by

S̃M (λ) = Sc,F (λ)−1SM (λ) .

It is of the form I +AM (λ) where AM (λ) is a trace class operator. Hence
we can define the determinant and the scattering phase:

τM (λ) = det S̃M (λ) ,

σM (λ) = i
2π log τM (λ) .
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Then the Birman-Krein type formula (see Proposition 4.5 of [GZ2]) is

0-tr cos t
√

∆M − 1
4 = 1

2
d̂σM
dλ (t) +

∑
1
4 6=

1
4 +λ2∈σpp(∆M )

cos(tλ) + 1
2m0 ,

where we normalize λ’s in the summation by demanding that Imλ ≥ 0,
Reλ ≥ 0 and where m0 is the multiplicity at 0. The Poisson formula
follows, once some control on the growth of the scattering determinant is
obtained.

We remark that in the above formula the need for the relative scattering
matrix arises only when f 6= 0 and that in that case only finitely many
eigenvalues, all with Reλ = 0, can appear.

4 Lower Bounds on the Number of Resonances

We would like to use the formulæ of sect. 2 and 3 to establish some new
lower bounds on the number of resonances for convex co-compact surfaces.
In applying ideas originating in the work of Ikawa [I] and of Sjöstrand and
the second author [SZ] we take advantage of the exactness of the dynamical
side of the Poisson formula.

We first recall the existing lower bounds. A general Tauberian argu-
ment of [SZ] applied as in that paper, or more naturally using the formula
presented here, shows that for every d > 0, a sufficiently small ε > 0 and
ρ > 2/(d− ε2) we have∑

λ∈RM∩{|Reλ|≤r}

| Imλ|≤ρ log |λ|

exp
(
−(d−ε) Imλ

)
>
(
B−od,ε(1)

)
r , B=

1
π

∑
k`C=d

`C
|1−P kC |1/2

.

This is valid for any Riemann surface of finite geometry type (hence the
statement is slightly more general than that in [SZ]). If we can control
singularities in the trace then a similar result remains valid for more general
surfaces of the type considered in [GZ2]. In [GZ1] and [GZ2] we provided
global bounds

r2/C ≤ NM(r) ≤ Cr2 , r > C , (4.1)

with NM (r) def= #(RM ∩ {|λ| ≤ r}). To formulate the new result we recall
the Hardy-Littlewood notation: f(r) = Ω(g(r)) if and only if there does
not exist a constant C for which |f(r)| ≤ C|g(r)|.
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Theorem 2. Let M be a hyperbolic surface of finite geometry. For any
ε ∈ (0, 1/2)

#
(
RM ∩ {|λ| ≤ r, Imλ < ε−1}

)
= Ω(r1−ε) . (4.2)

Proof. Let us put ϕγ,d(t) = ϕ(γ−1(t− d)) for ϕ ∈ C∞0 (R) satisfying

ϕ(0) > 0 , ϕ ≥ 0 , suppϕ ⊂ [−1, 1] .

To apply the Poisson formula (3.1), we take d ≥ 1 and γ ≤ 1 (so that ϕγ,d
has support in R+), d will be taken in the length spectrum of M and γ
chosen small. The Poisson formula gives

0-tr
∫ ∞

0
ϕγ,d(t) cos t

√
∆M − 1

4dt = 1
2

∑
λ∈RM

ϕ̂γ,d(−λ) . (4.3)

The left-hand side is analysed using Theorem 1 which gives

0-tr
∫ ∞

0
ϕγ,d(t) cos t

√
∆M − 1

4dt

=
∑

|k`C−d|<γ

`C

|1− P kC |
1
2
ϕγ,d(k`C)−Vol(N)

∫ ∞
0

cosh(t/2)
8π sinh2(t/2)

ϕγ,d(t)dt

+
c

4

∫ ∞
0

ϕγ,d(t)
tanh(t/2)

dt .

The unique negative term in the sum is equal to

γVol(N)
∫ 1

−1
ϕ(s)

(
cosh(t/2)

8π sinh2(t/2)

)
|t=d+sγ
ds = O(γ)e−

d
2 .

Forgetting all the non-negative terms, except the one corresponding to the
length d, we obtain the lower bound

0-tr
∫ ∞

0
ϕγ,d(t) cos t

√
∆M − 1

4 ≥ C
−1e−

d
2 (1 +O(γ))−O(γ)e−

d
2

≥ C−1e−
d
2 (1−O(γ)) . (4.4)

By C we will denote below a large, but not necessarily the same, constant.
On the other hand, noting that∣∣ϕ̂γ,d(ζ)∣∣ =

∣∣γϕ̂(γζ)e−idζ∣∣ ≤ CMγe(d±γ) Im ζ
(
1 + |γζ|

)−M
, ± Im ζ ≥ 0 ,

for all M , we see that∣∣∣∣ ∑
λ∈RM∩{Imλ≥α}̂

ϕγ,d(−λ)
∣∣∣∣ ≤ CMγe−α(d−γ)

∫ ∞
0

(1 + γr)−MdNM (r) .
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By using the global upper bound (4.1) we obtain∣∣∣ ∑
λ∈RM∩{Imλ≥α}̂

ϕγ,d(−λ)
∣∣∣ ≤ Cγ−1e−αd . (4.5)

Assume now that

P (α, r) = #
(
RM ∩ {|λ| ≤ r, Imλ < α}

)
≤ Pε(α)r1−ε

so that∣∣∣∣ ∑
λ∈RM∩{Imλ<α}

ϕ̂γ,d(−λ)
∣∣∣∣ ≤ Cγ ∫ ∞

0
(1 + γr)−MP (α, dr)

+
∑

λ∈RM∩{Imλ≤0}

∣∣ϕ̂γ,d(−λ)
∣∣ ≤ Cγε + Cγe

d+γ
2 . (4.6)

Here we used the fact that there are only a finite number of resonances λ
with Imλ ≤ 0, in which case − Imλ ≤ sup(δ − 1

2 , 0) ≤ 1
2 . Combining (4.4)

with (4.5), (4.6) in (4.3) we obtain

C−1e−d/2
(
1−O(γ)

)
≤ Cγ−1e−αd + Cγε + Cγed/2 .

If we choose γ = e−βd, then

C−1e−
d
2
(
1−O(γ)

)
≤ Ce−(α−β)d + Ce−εβd + Ce−d(β− 1

2 )

which gives a contradiction if εβ > 1/2, α − β > 1/2 and β > 1 (which is
implied by εβ > 1

2 as ε < 1
2). Hence we can take any α > 1

2(1 + ε−1). �

Remark. The lower bound (4.2) is based on the existence of only one
closed geodesic (and its iterates). For the hyperbolic plane, a non-trapping
example, we only have a finite number of resonances in every strip: RH2 =
i
(1

2 + N0
)

(i
(1

2 + k
)

with multiplicity 2k + 1): by explicit calculations the
exact trace formula

0-tr cos t
√

∆H2 − 1
4 = − 0-Vol(H2)

cosh (t/2)
8π sinh2 (t/2)

=
1
2

∑
λ∈RH2

eiλ|t| , t 6= 0

is valid, where 0-Vol(H2) = −2π is defined, for any base-point m0, by

0-Vol(H2) = FP
ε→0

Vol
(
{dH2(m0,m) ≤ − log ε}

)
.

We note that this exact trace formula allows an extension of the validity
of (3.1) to surfaces whose hyperbolic ends are compact perturbations of
cusps, funnels or the hyperbolic plane (in [GZ2] only cusps and funnels
were considered).
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The result presented in Theorem 2 is very weak. We expect the following
stronger result:

Conjecture. There exists α > 0 such that

#
(
RM ∩ {|λ| ≤ r, Imλ < α}

)
≥ r1+δ

C , r > C , (4.7)

where δ = dim Λ(Γ) with Λ(Γ) the limit set of the group Γ.
In [Z2], the second author proved an upper bound Cr1+δ for the left

hand side of (4.7) when Γ has only hyperbolic elements. The only example
at the moment showing that this is optimal is that of a hyperbolic cylinder
where δ = 0 and the bound certainly holds (see [GZ1]). We recall that
following the work of Patterson [P1] and Sullivan [Su] M can be thought of,
from the dynamical point of view, as a hyperbolic manifold of dimension
1 + δ, which is half of the dimension of its trapped set in the cotangent
bundle. If we think of resonances in a strip as the analogues of eigenvalues
then the exponent 1 + δ should appear naturally in their Weyl law.

We conclude with a simple example which indicates that neglecting
finer aspects of the distribution of the length spectrum (length of closed
geodesics) and of the coefficients in the trace formula will not give the
conjecture, at least when δ < 1/2:
Remark. Let {`C} = N considered as a hypothetic length spectrum
where each length n appears with (pseudo-)multiplicity eδn so that

eδr
δ ≤ #{`C ≤ r} ≤ eδ(r+1)

δ . (4.8)

Then by (the usual) Poisson formula∑
`C

e−`C/2δ(t− `C) =
∑
j∈N

eiλjt , t > 0 .

where λj = 2πj + i(1
2 − δ). Hence the λj ’s have a linear growth in a fixed

strip while the left hand side has the basic qualitative properties (e.g. (4.8))
of the geometric side of the trace formula.
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[GZ1] L. Guillopé, M. Zworski, Upper bounds on the number of resonances

for non-compact Riemann surfaces, J. Funct. Anal. 129 (1995), 364–389.
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