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Letu ∈Hs(O), O⊂Rn, s > n/2, be the solution of a semilinear or quasilinear strictly hyperbolic
equation with given singular support on an initial hypersurface or in the past. The singular support
of u in the future can be larger than that of the solutions to the corresponding linear problem.
These “anomalous singularities” that develop have been shown to arise in two ways: if singularity-
bearing characteristics for the linear problem cross, then nonlinear singularities can propagate
along all forward characteristics issuing from the crossing point (Rauch-Reed, Lascar, Beals);
and, forn > 2, if Γ = {x(s)} is a characteristic that is the projection of two null bicharacteristics
Γ± = {x(s),±ξ(s)}, and if the corresponding linear solution has wave front set containingΓ+ ∪
Γ−, then nonlinear singularities can “self-spread” fromΓ along all possible characteristics (Beals).
Singularities of strength approximately2s− n/2 appear in a solution to a nonlinear equation of
order greater than two.

For second-order equations anomalous singularities of order2s− n/2 do not appear; they are
at worst of order roughly3s− n: this paper provides complete proofs for the general semilin-
ear equationsp2(x,D)u = f(x, u) andp2(x,D)u = f(x, u,Du), with f smooth, and an outline
of the proof in the quasilinear case. The idea behind the proof bears certain similarities to the
arguments used in the study of conormal (Bony, Melrose-Ritter) or stratified (Rauch-Reed) solu-
tions. An algebraic property ofp2(x, ξ) allows estimates one2k(D)(f(u)) for certain microlocally
elliptic operatorse2k in terms of estimates on(p2(x,D))ku in the case of singularities due to self-
spreading. Since(p2(x,D))ku ∈Hs−k(O) if p2(x,D)u = f(u) andk < s−n/2, it follows that
an extras−n/2 derivatives are estimated wheree2k is elliptic. A geometric property of the char-
acteristic set ofp2 then shows that, for both self-spread singularities and those due to characteristic
crossings, extra derivatives in characteristic directions of orders− n/2 are controlled, allowing
the conclusion.
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