ON GLOBAL EXISTENCE AND TREND TO THE EQUILIBRIUM
FOR THE VLASOV-POISSON-FOKKER-PLANCK SYSTEM WITH
EXTERIOR CONFINING POTENTIAL

by

Frédéric Hérau & Laurent Thomann

Abstract. — We prove a global existence result with initial data of low regularity, and prove the
trend to the equilibrium for the Vlasov-Poisson-Fokker-Planck system with small non linear term
but with a possibly large exterior confining potential in dimension d = 2 and d = 3. The proof relies
on a fixed point argument using sharp estimates (at short and long time scales) of the semi-group
associated to the Fokker-Planck operator, which were obtained by the first author.

1. Introduction and results

1.1. Presentation of the equation. — Let d = 2 or d = 3. We consider the Vlasov-Poisson-
Fokker-Planck system (VPFP for short) with external potential, which reads, for (t,z,v) €
[0, +00) x RY x R?

Of +0.0:f — (e0E + 0:Ve).0uf — 70y (8y +v) f =0,
xr

(1.1) E(t,x):—|Sd11|x|d*x p(t,z),  where p(t,x):/f(t,x,v)dv,
f(O,iL',U) = f(](l',?]),

where x — V¢(z) is a given smooth confining potential (see Assumption 1 below). The constant
€0 € R is the total charge of the system and in the sequel we assume that either g > 0 (repulsive
case) or g9 < 0 (attractive case) in the case d = 3. The constant v > 0 is the friction-diffusion
coefficient, and for simplicity we will take v = 1.

The unknown f is the distribution function of the particles. We assume that fo > 0 and that

fo(z,v)dxdv = 1, it is then easy to check that once a good existence theory is given, these

properties are preserved, namely that for all £ > 0
f>0 and /f(t,a:,v)da:dv =1,
and we refer to Section 3.1 for more details and other basic results.
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This equation is a model for a plasma submitted to an external confining electric field (in the
repulsive case) and also a model for gravitational systems (in the attractive case). When there
is no external potential (V. = 0), the equation has been exhaustively studied. First existence
results were obtained by Victory and O’'Dwyer in 2d [23] and by Rein and Weckler [26] in 3d for
small data. Bouchut [2] showed that the equation is globally well-posed in 3 dimensions using
the explicit kernel. The long time behavior (without any rate) has been studied with or without
external potential by Bouchut and Dolbeault in [3], Carillo, Soler and Vazquez [4], and also by
Dolbeault in [10].

When there is a confining potential, arbitrary polynomial trend to the equilibrium was es-
tablished in [7] where a first notion of hypocoercivity [29] was developed and used later to
the full model [8]. The exponential trend to the equilibrium was shown in the linear case (the
Fokker-Planck equation) for a general external confining potential in [18] (see also [16]). So
far, in the non-linear case, there is no general result about exponential trend to the equilibrium.
In the case of the torus (and V = 0), the strategy of Guo can be applied to many models (see
e.g. [12, 13, 14]). In the case when the potential is explicitly given by V. (z) = C|z|?, a recent
result with small data is given in [20], following the micro-macro strategy of Guo.

In all previous cases (torus, V. = 0 or polynomial of order 2), mention that one can compute
explicitly the Green function of the Fokker-Planck operator and also that exact computations
can be done thanks to vanishing commutators. Here instead we will rely on estimates (in short
and long time) of the linear solution of the Fokker-Planck operator obtained by the first author
in [17], and our approach allows us to deal with a large class of confining potentials V.. Indeed,
in [17, Theorem 1.3 | a first exponential trend to the equilibrium result for a VPFP type model
was given, but only for a mollified non-linearity. We will prove here a global existence result in
the full VPFP case, with trend to equilibrium assuming that the initial condition fj is localised
and has some Sobolev regularity and under the assumption that the electric field is perturbative
in the sense that |eg| < 1.

Let us now precise our notations and hypotheses. We do not try to optimise the assumptions
on the confining potential V. and first assume the following

Assumption 1. — The potential x — V.(x) satisfies

e™Ve e SRY), with V.>0 and V! € W=(R?).

Observe that the assumption V., > 0 can be relaxed by assuming that V, is bounded from
below and adding to it a sufficiently large constant.
We now introduce the Maxwellian of the equation (1.1)

v? /24 Ve (x)+e0Uso (z))

—(
e
(12) Moo(fE, U) = fe—(v2/2+Ve($)+50U00(w))d[[‘d'0’

where Uy is a solution of the following Poisson-Emden type equation

Ve+eo Uoo)

—(
e
(1.3) —AUs = fef(Ve(:Jc)JrsoUoo(iB))dx'

Actually, one gets that under Assumption 1 and |eg| small enough (assuming additionally that
€0 > 0 in the case d = 2), the equation (1.3) has a unique (Green) solution Us, which belongs
to W (R%) uniformly w.r.t |go| (see Propositions 3.5 and 3.6 following results from [9]). The
Maxwellian Mo, is then in S(R% x R?) and is the unique L'-normalised steady solution of
equation (1.1).
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In the case d = 2 and g < 0, existence and uniqueness of solutions to (1.3) are unclear, that’s
why we do not consider this case.
For convenience, we now introduce the effective potential at infinity

—(v?/2+4 Vo (z))
def =
(1.4) Voo B Vet ol 50 that Moo(,0) = S G o

The second assumption on V, is the following

Assumption 2. — The so-called Witten operator W = —Ay 4|0, Ve|? /4— A, V. /2 has a spectral
gap in L*(RY). We denote by ko > 0 the minimum of this spectral gap and d/2.

Example 1.1. — As an example, we can check that if V, satisfies Assumption 1 and is such
that

|0:Ve(z)] — +o0

|z|—ro0

then it satisfies also Assumption 2 since it has a compact resolvent.

We introduce now the functional framework on which our analysis is done. We consider the
weighted space B built from the standard L? space after conjugation with a half power of the
Maxwellian

(1.5) BYE MIPL2 = {f € S'(R*) s.t. /Mo € LA (Moodadv)}.

We define the natural scalar product

(f.g) = / FgMLdud,

and the corresponding norm

11 = (7.0) = [ M dod.
Next, consider the Fokker-Planck operator associated to the potential V., defined by
(1.6) Koo = 0.0y — 0:Voo().0y — YOy (Op +v) .

The last object we need before writing our equation in a suitable way is the limit electric field
1 T
_’Sd—le‘d*x/Moo(x’U)dU'
With all the previous notations, the VPFP equation (1.1) can be rewritten
8tf + Koof = 5O(E - Eoo)avf7

Ex(x) = 0,Ux(x) =

1 T
(17) E(tax) - _Ww*x p(t,l’), where p(t,l’) _/f(t7x7v)dv7
f(o, xz, U) = f0($7 U)'
We define the operator
A2 = —0,.(05 + 05 Voo) + 1
which is up to a conjugation with /\/l})é2
defined on B, and

the Witten operator introduced in Assumption 2 but

A2 = —0,.(0y +v) +1,
which is again up to a conjugation the harmonic oscillator in velocity. They both are non-
negative selfadjoint unbounded operators in B. We also introduce

A? = =0, (0p + 03Vio) — 0p.(0y +v) + 1= A2 + A2 — 1.
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It is clear that

1< A2 A2 < A%
As we mentioned previously, if V. satisfies Assumptions 1 and 2, then V, = V. 4+ ¢gUy also
does, and we check in Subsection 3.3 that the operator

03 (Dy + 0,Vio) — B (Dy +v) = A2 — 1

has 0 as single eigenvalue and a spectral gap bounded in B which is, uniformly w.r.t |gg| small,
bounded from below by kg /2.

In the sequel, we will need the anisotropic chain of Sobolev spaces: for o, 5 >0
(1.8) B =BYJ(R*) ={feB: AyfeB and Ajf € B},
and we endow this space by the norm
1 £llgas = I1AS Fllz + 105 £l 5.
In the case a = 8 we simply define
B*=By(R*) ={feB: Afc B},

with the norm

1fllBe = A% fllB ~ [If]|Bover.
We observe that My, € B*? for all a, 8 > 0, since we have M, € S(R??).

1.2. Main results. — We are now able to state our global well-posedness results.

Theorem 1.2. — Let d = 2 and let fo € B(R*). Assume moreover that Assumptions 1 and 2
are satisfied. Then if eg > 0 is small enough, there ezists a unique global mild solution f to (1.1)
in the class

fec([0,+oo[; BRY)).
Moreover, the following convergence to equilibrium holds true
1f(t) — Moo|lp < Coe"0te, vt >1,
and
I1E(t) = Eooll Lo (r2) < CheRot/e, Vi > 1.
By mild, we mean f and F which satisfy the integral formulation of (1.7), namely

ft)=e"=fo+eo / JEICLS (E(3) — Eoo)uf(5)ds,
(1.9)

0
E(t) = —’S(}_H;d*x/f(t)dv.

In the case d = 3, we need to assume more regularity on the initial condition, but the
known results about the uniqueness of the Poisson-Emden equation (see Subsection 3.2) allow
to consider also the case g9 < 0.

Denote by
1
1.10 Up=—— d

which is such that AUy = / fodv. Then
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Theorem 1.3. — Let d =3 and 1/2 < a < 2/3. Assume that fo € B»*(R5) N L>(RY) is such
that Uy € W2 (R3). Assume moreover that Assumptions 1 and 2 are satisfied. Then if |gq| is
small enough, there exists a unique global mild solution f to (1.1) in the class

f € C([0,400[; B**(R%) N L%.( [0, +0o[; L®(RY)).

loc

Moreover, for alla < a <2/3 and a < <1 such that 3a —1 < < 1
(1.11) £ €(]0,+oo[; B*F(RY)),
and the following convergence to equilibrium holds true

I £() = Mool pas < Coe™™%e, vt > 1,

and

[E(t) — Ecol|Loors) < Cherot/e, vt > 1.

In the previous lines, the constants ¢, C1,Cy > 0 only depend on ||[Vi|[yy2.0c where Vo was
defined in (1.4), on ||Up||y2. and on fj.

Notice that in Theorem 1.3, the parameters (a, ) can be chosen independently from a. It
is likely that the assumption a < 2/3 is technical, but our proof needs that 5 < 1 (see e.g.
Corollary 2.6). Since in this work we focus on low regularity issues, we did not try to relax this
hypothesis.

It is likely that the assumption made on Uy is technical. It is needed here in order to guarantee
that the linearised equation near t = 0 enjoys reasonable spectral estimates. Observe (see
Remark 3.17 for more details), that the assumption fy € B4%(R®) N L°°(R%) alone ensures that
Uy € W2P(R3) for any 2 < p < +o00.

An analogue of the regularizing estimate (1.11) can also be obtained in Theorem 1.2. This
can be proven by getting estimates in some spaces Bﬁf as in the proof of Theorem 1.3 (see
Section 5). We did not include it here in order to simplify the argument.

The proof uses estimates of e *A= in the space B, obtained in [17] by the first author.
Theorem 1.3 extends [17, Theorem 1.3] where he considered a regularised version of the electric
field F in (1.1), which was so that E(t) € L°(R3) for any f € B. Here we tackle this difficulty
by using the Sobolev regularity of f and a gain given by the integration in time. The proof
relies on a fixed point argument in a space based on B in the (x,v) variables, and allowing
an exponential decay in time.

As a consequence of Theorems 1.2 and 1.3, we directly obtain the exponential decay of the
relative entropy. Let us define

H(f(t), Moo) = //f(t) In (m)dm,
then

Corollary 1.4. — Let d =2 or d = 3. Then under the assumptions of Theorem 1.2 or Theo-
rem 1.8, the corresponding solution f of (1.1) satisfies

0 < H(f(t), M) < Ce™/,

where C,c > 0 only depend on second order derivatives of Vp + U and on fy.

We refer to [17, Corollary 1.4] for the proof of this result.
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1.3. Notations and plan of the paper. —

Notations. — In this paper c,C > 0 denote constants the value of which may change from line
to line. These constants will always be universal, or uniformly bounded with respect to the other
parameters.

The rest of the paper is organised as follows. In Section 2 we prove some linear estimates on
~tK (where K is a generic linear Fokker-Planck operator). In Section 3 we gather some estimates
on solutions of (1.1). Finally, Sections 4 and 5 are devoted to the proofs of Theorems 1.2 and 1.3
with fixed points arguments.

€

2. Semi-group estimates

In this section, we denote by V a generic potential satisfying Assumptions 1 and 2. We also
denote by K the associated generic linear Fokker-Planck operator

K = 0.0yf — 0,V.0y — 8y (3 +v).

Similarly, the operators A2 = —9,(0; + 0,V ) +1, A2 = A2 + A2 — 1, the normalized Maxwellian
M(z,v) = e~ (V@)+v?/2) and spaces of type B are built with respect to this generic poten-
tial V. For convenience, we also denote by Xg = v.0,f — 9, V.0,.

—tK

The aim of this section is to state some estimates of e in B—type norms. These are

consequences of [17]. In all the following we pose
KR = Ko / C(),

where kg is the spectral gap of the operator W defined in Assumption 2 (with V' as a poten-
tial), and Cp is a large constant depending only on derivatives of V" explicitly given in [18,
Theorem 0.1].

The operator K is maximal accretive in B (see e.g. [16, Theorem 5.5]). This enables us to
define e *% and to prove that

1) ey < 1

—tK 5 Id when t —> 0, strongly in B%% for any

a > 0. Observe that all the estimates in this section are independent of the dimension d. For
a complete analysis of the linear Fokker-Planck operator we refer to [18] or [16]. We now give
some regularizing estimates for the semi-group associated to K, in the spirit of [17, Section 3].

Following [18, Theorem 3.1], operator e

Proposition 2.1. — There exists C > 0 so that for all o, 5 € [0,1] and all t > 0

22) IASe [pop < CUL+17%02), A [pop < O+ 75
and
23) IADe  pop < CO+772), e A pop < CL+177),

In the previous bounds, the constant C only depends on a finite number of derivatives of V.

Remark 2.2. — Note that the exponents 1/2 in (2.3) and 3/2 in (2.2) when « = 1 are optimal
at least in the case V = 0 and in the case when V is a definite quadratic form in . This can

K is explicit. In the case V = 0

be checked since in these both cases, the Green kernel of e
we refer to [2], and when V is quadratic, we refer to the general Mehler formula given in [19,

Section 4 |.
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Proof of Proposition 2.1. — We first prove the estimate (2.3). In [17, Proposition 3.1], reinter-
preted in our framework, reads

(2.4) |0 +v)e ]|, s S CL+t7Y2).
For f a solution of the equation
Wf+Kf=0, [f(t=0)=fo,
K

with normalized initial condition fy € C§°, and using the regularization property of e "% we
have for ¢t > 0

(Af(1), (D))

1@ + ) f Ol 5 + If D55
Ca+t7 %241

C'(1+ 7122,

Using that BS;S = B and (2.1), we therefore have that

1A f ()15 5

<
<

e Wpmpoy < O+, [l po < O
and by interpolation we get that for all 0 < 5 <1
e |5 pog < CA+72) < Cya+17772)
which reads
IASe K| pop < Ca(1+tP/2)
which is the first result. For the converse estimate, we use that K*, the adjoint of K in B given
by K* = —Xo — 0,.(0, + v), has the same properties as K so that for all ¢ > 0,

IASe™ | < CH(1L+t77/2).
Taking the adjoints of this yields
le™ ™ Alllpp < Ch(1+0/).

Concerning the estimates involving A, the proof is exactly the same as the preceding one
with A, replaced by A,, (3 replaced by 3a, —0,.(0, + v) replaced by —0;.(0; + 9,V (x)) and
using the result from [17, Proposition 3.1]

1(0x + 82V (2))e ]| g < C(A+E32),
instead of (2.4). This concludes the proof. O

From Proposition 2.1, it is easy to deduce the following

Corollary 2.3. — Let a, 8 € [0,1]. Then
Ag e IKNL Ty < O (6 )22 4 1),
and
[AS e =N g < O((t—5)712 4 1).
Proof. — We only prove the first statement, the second is similar. By (2.7), (2.8) and also using

Remark 2.5 we have

1Age™ A g 1A% A g
APl (t=K/27 =0
C((t _ S)—1/2+,8/2—3a/2 + 1)’

which was the claim. O

ININ A
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We define
Bt = {f €B st. (f,Mux)= /fda?dv :O}
the orthogonal of M, in B. At this stage we observe that for f € B* N B+

(2.5) ASf e Bt AYf e BE
and that for all f € B?
(2.6) duf € B-.

For (2.5) we use that the operator A, is self-adjoint: (A% f, M) = (f, A9 M) = 0 since A, M = M.
The same proof holds for A,. The justification of (2.6) is similar using that 9} = —(v + 9y)
and (v + 0,)M = 0.

A careful analysis shows that we have in fact the following better results when we restrict
to Bt.

Proposition 2.4. — For all o, 5 € [0, 1] there exist Co,Cg > 0 so that for allt > 0

@7 A g < Call - 759)e Ay g < Call 4 £/
and
(2.8) 1A el prpe < Ca(L+t772)e™ e AJ || prpr < (1 +177%)e".

In the previous bounds, the constants C, and Cg only depend on a finite number of derivatives
of V.

Proof. — For 0 < t < 1, this is a direct consequence of the preceding proof and the fact that B+
is stable by X, A2 and A? and therefore A?, K and K* by direct computations. For ¢ > 1, the
proposition is a consequence of the regularizing properties of e *¥ stated in [18, Theorem 0.1]
and the spectral gap for K: it is proven there that for all s € R, there exist Ny > 0 and Cs > 0
such that
W0, AN < Cult e,

Using this and possibly replacing k by x/2 gives the result for ¢ > 1. This completes the
proof. O

Remark 2.5. — In fact possibly replacing once more k by /2, we also get directly that Propo-
sition 2.4 is also true with K replaced by K /2. We shall use this just below.
Similarly to Corollary 2.3 we have the following

Corollary 2.6. — Let o, € [0,1]. Then

R9) ISR g € (- 5) VA 1))
and

(2.10) 1A e RNl pe L pr < C((E— )71 /2 4 1) e ),
Proposition 2.7. — There exists C > 0 so that for all v € [0,2] and all t >0
(2.11) ||A76_tKA_7||B_>B <c,

and

(2.12) A e EA| gi_ g1 < Ce .

In the previous bounds, the constant only depends on a finite number of derivatives of V.
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Proof. — We only give the proof of (2.11), since (2.12) can be obtained with the same argument.
Recall the definition (1.8) of the space Bxavﬁ . We first note that it is equivalent to show that e~
is bounded from B;Z;Y into itself. We first begin with the case v = 2. We therefore look, for an
initial data fy € B%j% at the equation satisfied by g = A2f in B. Let us define the operator

Xo = 0.0y — 0, V.0y.
Since
Of+Xof —0v.(0v+v)f =0,  fi=o=fo
and from the regularising properties of e *%, we get
g + Xog — 0-(0y +v)g = [X0, A’JA %9, gi=0 = g0
where we also used that —3,.(9, + v) and A? commute. Integrating against g in B gives
O lgl* < (Xo,A*JA g, 9),

since X is skew adjoint and —d,.(0, + v) is non-negative. Let us study the right-hand side
commutator. We have

[Xo, AZJAT? = [0.0, — 0,V (x).0p, AZJA™
= ([v, A2]05 — [0v, A2)0,V () A2,

This gives with a direct computation

[1X0, AZIA gl 5 < Cllgll5 -
We can do exactly the same with A2 (using that V) is bounded) and we get on the whole that

110, A’JA™2g]| 5 < 2C gl
so that with a new constant C' > 0

A llgll; < 2Clgll -

We therefore get
C
lg®)lls < e llgoll

which we will use for ¢ € [0, 1]. Using the regularising property of e~ ([18, Theorem 0.1]), we
also know that for all ¢ > 1,

ls®lls < fBllg2 < Ml follg < C llgoll 5 -
Putting these results together give for all ¢ > 0,

lg®lls < Cllgolls

K is (uniformly in ¢ > 0) bounded from B? to B2. Now the result is also clear

and therefore e~
for v = 0 by the semi-group property, and by interpolation we get that e *¥ is (uniformly in
t > 0) bounded from B” to BY. As a conclusion we get

IATe M AT gL < Cy,
which was the claim. O
We are now able to state the following interpolation results

Lemma 2.8. — Let 5 € [0,1]. Then there exists C > 0 so that for all a € [0, ]
IAS e | payp < C(1+ 7702,
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Proof. — For a = 0, this follows from Proposition 2.1. Next, set a = 3, then for f € B?
AT fllp < IAe™ ™ fllp < A% A 5o IA flls < Cllf] 5o,

by (2.11). The general case a € [0, 5] is obtained by interpolation. O

Lemma 2.9. — Let 0 < ag < 2. Then for all ag < a < ag+ 2 there exists C > 0 so that for all
0<t<1

[A% (e — 1)|| gy p < CHl*720)/2,

Proof. — For a = ag, the result follows from (2.11). Now we prove the bound for a = ag + 2,
and the general result will follow by interpolation. We write

(1- e_tK)f = /t e KK fds.
0

Then we use that K : B2 — B is bounded, and by (2.11) we get for all f € B%+2

IN

t
1A% (7" = D)l pes / [A®e™F AT |[|A®K f||ds
0

Ct|[ fll o+,

A

hence the result. O

We conclude this section with a technical result.

Lemma 2.10. — For all § € R there exists Cs > 0 so that
(2.13) IATP AT 0, 5y pr < C.

In the previous bound, the constant only depends on a finite number of derivatives of V.

Proof. — From to [18, Proposition A.7] we directly get that operator A;°A;'9,A° is bounded
from B to B. Indeed in the symbolic estimates and pseudo-differential scales introduced there,

the operator 0, is of order 1 with respect to the velocity variable. Now using the stability of B+
by A, and (2.6) yield the result. O

Remark 2.11. — We shall see in the next section (Section 3.6) that most of the results of this
section remain true when V is perturbed by a less regular term V € W%, We will need this
for the small time analysis of the equation (1.1).

3. Intermediate results

In this section, we gather some intermediate results about the Vlasov-(Poisson)-Fokker-Planck
equation. In the first subsection we state some a priori basic properties satisfied by solutions of
the Fokker-Planck equation and then equation (1.1). In the second one we study more carefully
the Poisson term, and in the last one we recall some facts about the equilibrium state.
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3.1. The linear Fokker-Planck equation. — In this section, we just recall from [6, Ap-
pendix A] some standard and basic results about the behaviour of the solutions of the following
linear Krammers-Fokker-Planck equation

8tf + 'Uaxf - (axv - U)'avf - f - 6()E](tvx)avf - Avf = Fa
f(O,x,v) = fO(CC,U)-

Note that equation (1.1) with given field E and V' = V enters in this setting and that the linear
Fokker-Planck equation corresponds to E = 0. In both cases we take F' = 0 and point out that
we used the commutation estimate —9,(0, + v)f = (Oy + v)(=0y)f — f.

For the following, we take T' > 0 arbitrary and denote by X = L?([0,7] x RZ, H!(R?)) and
consider the space ¥ = {f € X, (0 +v.0; — (0, V —0).0,)f € X' } The following result is
classical and we refer to [6, Appendix A] for the proof.

(3.1)

Proposition 3.1. — Suppose E € L>®([0,T] xR%), fo € L*>(R?*?) and F € L*([0, T] xR%, H;1).
Then there exists a unique weak solution f of the equation (3.1) in the class Y. Moreover
(i) If fo > 0 then f > 0.
(ii) If fo € L=(R%), then for all0 <t < T,
1 () oo m2ay < €]l foll oo (roay-

This immediately implies the following a priori estimate on the full problem (1.1).

Corollary 3.2. — Let fy € L¥(R??) N L?(R?%) be such that fo > 0 and consider a solution
of (1.1) such that the field E € L=([0,T] x RY). Then, for all0 <t <T, f(t,.) >0 and

1f @ Loo m2ay < 6dtHfO||L°o(JR2d)-

3.2. Poisson-Emden equation and equilibrium state. — The aim of this subsection is to
prove that the potential U, associated to the stationary solutions of the Vlasov-Poisson-Fokker-
Planck equation is in W (R?). Recall that the equation satisfied by Uy is

e~ (VeteoUso)

(32) — AUx = fe_(Ve+eoUoo)dx

where we recall that ¢g is varying in a small fixed neighbourhood of 0, and that g > 0 in the
case of dimension d = 2.

3.2.1. Case d = 3. — When we are in the repulsive interaction case (g9 > 0), the existence
and uniqueness of a (Green) solution of this equation is given by a result of Dolbeault [9]
(see also [10]) under a light hypothesis on the external potential. We first quote his result in
dimension d = 3 and in the Coulombian case

Proposition 3.3 ([9], Section 2). — Let U, € L°(R?) and M > 0. Assume that e~V € LY(R3),

then there exists a unique solution U € L>*°(R3) oj‘f);he Poisson-Emden equation

o~ (UetU)
(3.3) — AU = Mm.
Moreover U > 0.

The main property of U which will be needed in the following is U > 0, that’s why we do not
even define precisely the space L>*°(R3). For more details, we address to [9].

We then state another result of Bouchut and Dolbeault in the Newtonian case (g9 < 0). This
result happens to hold only for small M.
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Proposition 3.4 ([3, Theorem 3.2 and Proposition 3.4]). — Assume that e~V € L'(R?*)NL>®(R3)
and is not identically equal to 0. Then there exists My < 0 such that for all My < M < 0 there
exists a bounded continuous function of equation (3.3) such that limy_,o U(z) = 0.

Now Assumption 1 on the exterior potential V, implies that e=Ve € L1(R3) N L>®(R?). As a
consequence we can apply Proposition 3.3 at least in the case when ¢g is small to U = ¢gUx,
U.= V., M = ¢g and d = 3 to (3.2) and we get a unique solution U, in L**° when g9 > 0.
Similarly we can apply Proposition 3.4 when g9 < 0 and we get Uy, € L. Notice that in our
context, |gg| is small and hence both Propositions 3.3 and 3.4 apply here.

Actually, the regularity of U, is improved under the assumption e~ € S(R?), and we can
also get some uniformity with respect to the parameter «g.

Proposition 3.5. — Let d = 3. Suppose that V. satisfies Assumption 1. Then the unique
solution Uy, of the Poisson-Emden equation (3.2) is in W (R3), with semi-norms uniformly
bounded w.r.t. €y varying in a small fixed neighbourhood of 0.

Proof of Proposition 3.5. — In order to prove that Uy, € W it is sufficient to prove that
the (Green) solution Us, of the following Poisson-Emden-type equation

(3.4) _ AUoo — 00_167(‘/:5‘1‘50Uoo)

is in W where

Co = / o~ (Ve(@)+e0Uno (@) g

is the normalization constant. We first work on eqUs and note that it is given by
600(; 1 1

_(Ve+€0Uoo)‘
dr |z

€0U =

* €

We then consider the Green solution U, of —AU, = e~ "¢ given by

—Ve

* €

U —
¢ A4nx]

From Propositions 3.3 and 3.4 we get directly that eqUy, exists, at least for £y varying in a small
neighbourhood of 0, and that it is either non-negative or uniformly bounded. It implies that

there exists a constant C' > 0 uniform in g such that 0 < Uy, < CU, since we also have

-1
Uoo — CO *6_(Ve+50Uoo)'
47 |x|

From the Hardy-Littlewood Sobolev inequalities or by a direct computation, we have U, € LP
for 3 < p < co. Therefore this is also the case for Uy. Since we directly have that —AU,, € LP
for all p € [1, 00| from (3.4), we get that

AUy +Up €L, 3<p<oo

and this gives Uy, € W2P by elliptic regularity in R? (see for example [28], [30]).
Now we shall use a bootstrap argument to prove that Uy, € W, Let 3 < p < oo be fixed
in the following. We note that

(3.5) (A + 12Uy = —A (C(]*le—(ve-l—EoUoo)) + 205 tem (Veteolo) 4 7

and we study each term in order to prove that this expression is uniformly in LP. Since Uy, € L™,
we have e~%0V~ ¢ L and we get for all 1 <1i,j < 3

By (e7V) = (—£00ijUno + €8(8:Us0) (0;Usc)) e %0V € LP
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uniformly, since on the one hand U,, € W?2P uniformly and on the other hand
(3.6) Vk, OpUs € L = (0;Us)(0;Us) € LP.

In a direct way we also get dye <0V~ ¢ LP. Since e~V € W?2P and using the same trick as
in (3.6), this gives from (3.5) that Uy, € W*P for the arbitrary fixed 3 < p < co. By a bootstrap
argument using the same method we get that

Uy € W2kP,

for all £ € N and therefore
Us € [| WP Cc WO,
keN
The uniformity w.r.t. €g is also clear and the proof of Proposition 3.5 is complete. O

3.2.2. Case d =2. — We consider here only the Coulombian case (g9 > 0).
In this context, we are able to prove the following result

Proposition 3.6. — Let d = 2. Suppose that V. satisfies Assumption 1. Then the unique
solution U, of the Poisson-Emden equation (3.2) is in W% (R?), with semi-norms uniformly
bounded w.r.t. €9 > 0 varying in a small fixed neighbourhood of 0.

Proof. — Notice that when d = 2, the equation (3.2) is equivalent to

1
Uso = —— In|z| x e~ (VeteoUoo)

27
The existence and uniqueness of a solution U, € LP(R?) for any 1 < p < oo with VU € L?*(R?)
is proved in [9, page 199]. Moreover, the maximum principle ensures that Uy, > 0. It is then
straightforward to adapt the proof of the case d = 3 to conclude. O

In the Newtonian case (g9 < 0), and for particular choices of V, (e.g. Vi(z) = |z|?, see [1]),
there exist solutions to the equation (3.2), but uniqueness is unknown, even under additional
assumptions on the solution (radial symmetry, regularity, decay at infinity). However it would
be interesting to prove the trend to equilibrium also in this case. We refer to [1], where the
authors obtained such a result for a related problem.

Remark 3.7. — To end this section we notice that since Us, € W*(R?), we get that the
potential at infinity V. + eqUs satisfies the same hypothesis as V. alone. As a consequence
it will be possible to apply to K. all the properties obtained for any generic Fokker-Planck
operator K associated to a generic potential V' satisfying Assumptions 1 and 2. This will be
crucial in the next section, in which we study the exponential convergence to the equilibrium.
A second remark is that the total potential at equilibrium is not explicit. In particular, the
Green function for the equation 0 f + Ko f is not known. This justifies a posteriori the abstract
study (anyway with explicit constants) performed in the linear section. In the next section we
first go on with the study of a generic linear Fokker-Planck operator by studying the long time
behaviour and the exponential decay in time.

3.3. Uniformity of the spectral gap and heat-operator estimates. — The aim of this
short subsection is to prove that we have indeed a uniform estimate on the spectral gap for K,
with respect to gg. Let d =2 or d = 3. We work with the operator

Ke =v.0p — 0, Ve(2).0y — Oy. (O +v)
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and consider a bound from below kg of the spectral gap of W coming from Assumption 2.
From [18, Theorem 0.1] we know that there exist constants Cy, C' > 0 such that for all ¢ > 0,

(3.7) et5e

Bé_ S Coe—tl’io/c
where
Be={f e SR st. fM;YV? e [2(R™)},

and M, is the Maxwellian associated to V. and Bel is the orthogonal of M,.. We then add to
the potential a small perturbation of type eUy, with Uy, € W, This will be applied to the
potential Uy, built in the preceding subsection. Notice that Uy, € W with uniform bounds
with respect to 0 < g¢g < 1.

The corresponding modified operator is then

(3.8) Koo = 0.05 — 0 Voo(2).0p — Op. (0y + ),

with Vo = Ve + £9Us. The main result is then the following

Proposition 3.8. — There exists a small real neighbourhood V of 0 such that for allt > 0
He—tKoo HBJ- < 4Cyetro/(8C)

uniformly w.r.t. g € V.
Proof. — We first recall that in (3.7) the precise result of [18, Theorem 0.1] says that Cp depends
on a finite number of semi-norms of V., and that

_ min {1, /-{0}
~ 64(8 +3C,)

where C, = max { sup {Hess(V.)? — ($(0,Ve)? — 1AV,)Id},0}. Adding a small perturbation
€0Uso With Uy, € W does only change the constant C' into 2C and Cj into 2Cy and we only
have to check that xg is changed into ko/4 uniformly in ey sufficiently small.

For this we look at the spectrum of

Woo = =Dy + 0. Voo | /4 — AyVio /2
and we check that as operators in L?(R?) we have
Woo = =D + |0:Voo| /4 — Ay Vi /2

— Ay 10 Vo2 /4 — AV /2 + €310:Uso | /4 — |e0]| AU | /2 + €002 Ve 0o Uno /2

>
> W — ko/8 + 200, VeOpUno /2

if we take go sufficiently small so that 3|0,Us|?/4 + |e0||AUx|/2 < Ko/8. Now there exist
constants a and b such that

|0:VeOrUso| < aW + b
since V, has its second order derivatives bounded, and therefore we get for ¢ sufficiently small
Weo > %W — Ko /4.
Since W > kg, the minmax principle then directly gives that
We > Kko/4

when restricted to the orthogonal of the 0-eigenspace. The proof is complete. ]
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Remark 3.9. — We can also notice that the natural norm into the weighted spaces
B = {f €S st f/\/l;}/z € L2} and B, = {f €S st f./\/le_l/2 € LQ}

where M is the Maxwellian associated to V., are equivalent with an equivalence constant
bounded by 1/2 uniformly in gy small enough. This justifies the use of the norms associated to
the space B instead of the one associated to B, in the statement of the main theorems of this
article.

3.4. Estimates on the Poisson term. — In the following lemma we crucially use the fact
that we work in weighted Sobolev spaces instead of flat ones and that M, € S(R??) uniformly
in |eg] < 1, as proven in the preceding subsection. We have

Lemma 3.10. — Let a € [0, 1] then there exists C > 0 such that for all hy € B*

H /hgdeH% < C llholl go -

Proof. — We work by interpolation. Let us first consider the case a« = 0. By Cauchy-Schwarz,

o
< H(/thgoldv)l/Q(/Mmdv)W]L

Now we consider the case a = 1. We write
L2

)(%/hodv‘m - /@Chodv‘

< / (9 + axV)hodv‘

L2

- H/hoMool/QMgfdv’

L3

, < Collhol g -

Lt H /(BxV)hodv‘

= /((8m+8xV)ho)Mgol/2Mié2dv’

L2

T

L H /hoMgol/Q(ﬁxVMééQ)dv‘

L3
< |( / (00 + 0,V o) ML) / Mocde) || |
+( / h%M;oldv)l/ ( / (8xV)2Moodv)1/ ’ .

< )@ +avnol| +Clitolls < Cllhol

where we used that (9;V)? My € L°L2, and that
102 + 32V hollB + 1ol = (=02(0e + 0:V)ho, ho) 5 + [[hollE
= (A2ho, ho)B = [ Ashol|B < [lholl5: -

This gives the result for a = 1. The complete result follows by interpolation. 0

Lemma 3.11. — Assume that d =2 or d = 3. Let hg € B and denote by

Ey(x) = # */hg($,v)dv.
(i) Case d=2. For all 0 < e <1/2 there exists C > 0 so that
(3.9) [ Eol| oo 2y < Cllhol| =
(ii) Case d=3. For all 0 < ¢ < 1/2 there exists C > 0 so that
(3.10) | Eoll oo 3y < Cllholl pr/2+e-
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Proof. — Let us first recall the Hardy-Littlewood-Sobolev inequality (see e.g. [22]) which will
be useful in the sequel. For all 1 < p,q < +oo such that % — % + é =0

(3.11) Hﬁ * fl pacgay < Cllf | zoeay-

We prove (ii). We consider the Fourier multiplier L, = (1 — A,)Y2. Then, by Hardy-
Littlewood-Sobolev and the Sobolev embeddings, for any € > 0

| Eol| oo (r3y < CHL;/hoduHL3(R3) < CHL316/2+s/hOdUHL2(R3) <| /hodeHl/Hs(W).

Using Lemma 3.10 with a = 1/2 + ¢ we get (3.10).
The proof of (i) is analogous with LZ replaced with Lyt O

Corollary 3.12. — Assume that d =2 or d = 3. Let fo € B+ and denote by
Ey(t,z) = ﬁ */ e fo(x, v)dv.

(i) Case d =2. For all 0 < e < 1/2 there exists C > 0 so that for allt >0

(3.12) 1Eo(t, )| @2y < CL+752)e™ | fol 5.
(ii) Case d=3. For all 0 < e < 1/2 there exists C > 0 so that for allt >0
(3.13) 1Eo(t, ) poeqrsy < Ce™™ | foll pr/2+=-

Proof. — (i). We apply the result of Lemma 3.11 to the case hg = e 5 f for some fy € B+,
then

(3.14) 1Eo(t, e r2y < CllAZe™ ™ folls.
Thus estimate (2.7) together with (3.14) implies
1Eo(t, )| o2y < CL+722)e™™ | fo s,

which was to prove.
(#7). By (3.10) and (2.11), we obtain

1Eo(t, )| o msy < CIAYZ e MATV272| g o |AY2¥ follp < Ce™|| foll prove

which was the claim. O

3.5. Integral estimates. — In this subsection we give a technical result.

Lemma 3.13. — Let v1,7v2,¢ > 0 and assume that v1 < 1. Then there exists C > 0 so that for
allt >0

t
(3.15) / (s7H M 4 1) ((t —5)7H2 4 1) e 79ds <

{C(t‘”“*w +1)  for t<1,
0

for t>1.

Proof. — The proof is elementary: we expand the r.h.s. of (3.15) and estimate each piece. Let
t <1, then

t t
/ (571+71 + 1)((t _ S)flJr’yz + 1)e*C(t*S)ds < / (S—Hvl + 1) ((t _ 5)71+72 4 1)ds,
0 0

Firstly,

t
/ sTI(t = 5) T ds = Oy ™ TR,
0
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by a simple change of variables. Then for t <1

t t
/ s 1tds +/ (t —s)"12ds < C,
0 0

and this yields the result. Now we assume that ¢ > 1. Then on the one hand

1 1
/ (871+71 + 1) ((t _ S)—sz + 1)efc(tfs)d8 Cect/ (571+71 + 1) ((t _ 5)71+72 4 1)ds
0 0

< G

IN

and on the other hand, since y; <1

t t
/ (8—14—71 + 1) ((t _ 8)—1—1—72 + 1)e—c(t—s)d8 < C/ ((t _ s)—l—f—w + 1)e—c(t—s)d8
1 0
< G,
which completes the proof. O
3.6. Low regularity heat estimates. — In this subsection we show how some of the previous

results on the Fokker-Planck operator with potential satisfying Assumption 1 remain valid when
the potential is of type
V =V +eolo
where V, satisfies Assumption 1, Uy € W* and |eg| < 1. This will be applied in Section 5
when the study for short time will be done.
In the following we denote by

K = 0.0y — 0, Ve(x).0y — Oy (0y +v)
and
KO =K — anon(x).av.
Note that the Hilbert spaces of type B defined in (1.5) with either M, (defined in (1.2)) or
M. (when V, + egUy is replaced there by V. only) or even Mg (when V, + egUy is replaced

there by V. 4+ e9Up) are all equal with equivalent norms uniformly in 0 < gy < 1 and depending
only on the norm sup of Uy or Ux.

We will need the following result

Lemma 3.14. — The domains of K and Ky coincide, they are both maximal accretive with
M2S as a core.

Proof. — This is clear for K as already noticed and used (see [18]). The difficulty is that Ky has
only W1 coefficients. There exists Cy > 0 such that ||0,Upl|z~ < Cp, and then for any > 0,
there exists C;, > 0 such that

1020000 fllg < Coll0ufllp < nlIEflp+Cyllflz,

which directly implies that the domains are the same, see e.g. [11, Chapter III, Lemma 2.4].
The fact that M'/2S is a core is also a direct consequence of this inequality. O

We now prove that some results from Section 2 about semigroup estimates remain true for
the new operator Ky with non-smooth coeflicients.

We begin with a general Proposition

Proposition 3.15. — Let us consider the operator Ky with potential Ve + eqUy. Then there
exists Cy > 0 such that the following is true uniformly in g € [0,1] and t € (0, 1]
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(i) ¥ye 0.1, [[Ae AT, < Co,
(ii) VB € [0, 1], H AP e—tKo <o,
(i) Yo € [0, 1], [Age=tHo ||, 5 < Cot=3/2,
(iv) Ya € (0,2 and f € BY,  [|(e70 = ]|y < Cot I/ e

Proof. — We first note that the proof of point (iv) given in Lemma 2.9 is unchanged (for ag = 0)
under the new assumptions on the potential V', and uniformly w.r.t. 9. For points (iii) and (i7)
this is the same w.r.t. the proof of Proposition 2.1 and we emphasise that the constants only
depend on the second derivatives of the potential, which are here uniformly bounded w.r.t. €.

It therefore only remains to check point (i) for which the proof of point (2.11) cannot be
directly adapted, since we have to restrict here to the case when v € [0,1]. We have to show
that et is bounded from quj into itself. We first begin with the case v = 1. We now use that

1fllgr ~ IAfll g ~ (s + 0V fll g + (06 + ) fl 5

with uniform w.r.t. €y equivalence constants, since Uy € W2, We therefore look, for an initial
data fy € B;};j}) at the equation satisfied by g = (9, +9,V)f and h = (0, +v)f in B. We consider
again the operator Xg = v.0; — 0;V,.0,. Since

Ouf + Xof —00:U0.0uf — 0y.(0y +0)f =0,  fizo = fo
we get the system
Org + Xog — €00, UpOpg — 0y.(0y + v)g = HessV h
Bih + Xoh — 200y Upuh — 8p.(9y + v)h = —h — g + 209U f,
with gi—0=¢go € B and hi—g= hg € B.

Integrating the three last equations against respectively f, g and h in B gives,

a1+ gl s + [1l1E) < CUAIE + lglls + IAllE)

since V' has a Hessian uniformly bounded w.r.t. €g. We therefore get

LF Ol + 9B 5 + 1RO 5 < Cre® (I foll s + lgoll 5 + 1 7oll 5)

and we get that e~*%0 is (uniformly in ¢ € [0, 1] and &y € [0,1]) bounded from B! to B'. Now
the result is also clear for v = 0 by the semi group property, and by interpolation we get that
e 0 is (uniformly in ¢ € [0,1] and &g € [0,1]) bounded from BY to BY for v € [0,1]. As a
conclusion we get

AT KA pop < C

This concludes the proof of point (i) and the proof of the Proposition. O

As a consequence, a certain number of results of Section 2 remain true with proofs without
changes. We gather them in the following corollary.

Corollary 3.16. — There exists C > 0 such that the following is true uniformly in o € [0, 1]
andt € (0,1)

() vBel0,1], vacfl, ||Aletol|  <o@4rmoz),

B —B

i) velo1),  [aletonl | <carei),

(iii) Yo, B € [0,1], A FonlP| < o141/,
B—B
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Proof. — The proof of (i) follows the one of Lemma 2.8 thanks to points (i), (i7) and (i)
in Proposition 3.15. Points (i7) and (iii) are consequences respectively of (ii) and (iii) of
Proposition 3.15 since

] < ] o)

B—B B—B H B—B

and

ot ey o)

B—B BB H B—B

O]

Remark 3.17. — Let us observe that if one only has fy € B(R%) N L>°(R%), one can prove
that Uy defined in (1.10) satisfies Uy € W?P(R3) for any 2 < p < co. In other words, the
assumption Uy € W2>°(R3) fills in an e—gap of regularity. More precisely, let p > 2 and ¢ < 2
such that 1/p+ 1/¢g = 1. Then, by Holder

At = [ godo < ([ fpm ) ([ ae)

Thus using that /Mq/pdv € L®(R3), we get

_ —2
[1avras < ¢ [ fpmtdvdn < €L o0l
which implies that Uy € W2P(R?) by elliptic regularity.

Now we prove a result that will be useful for the short time analysis in the next section. Again
we work with the linear Fokker-Planck operator Kq with potential V, + gqUj.

Lemma 3.18. — Assume that d =3 and a > 1/2. Let fo € B*(R%) N L>°(R%) and denote by

So(t,z) = T */ (eftKO — 1) fo(z, v)dv.

||
Then for alle < 1 and 0 <t <1 and uniformly in e € [0, 1] we have
(3.16) 1S0(t) ] 2o ey < Ct**% (|| foll o + |l foll B+)-

Proof. — In the sequel, 0 <t <1 is fixed. Let c =a—1/2 > 0 and let ¢ > 3/0 be large. Then
by the Gagliardo-Nirenberg inequality

3

1—3 3
(3.17) 1Sollzge < ClISoll o I Soll

aq
Wg;‘l)
and we now estimate the previous terms.

By (3.11), there exists p < 3 (with p — 3 when ¢ — +00) such that

I0llz2 < €| [ hov], .

where hg = (e*tKO — 1) fo. Then, by Holder (where p' is the conjugate of p)

/|h0|dv = /(h0|Mgol/p)M§épdv

(/\holpMooldv>1/p(/Mgé/pdv)l/p’

< c(/\honggdv)”p.

IN

This implies that

1/p _
318)  Solg <Ol [ hodellyy < O [ 1ho Mtavds) ™ < ol 2 ol
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Now, by point (iv) of Proposition 3.15 we have |hgllr~ < C|fol|lz, and by Lemma 2.9,
lholls < C1%?|| fo| pe, hence

150l g < CtP (Il foll = + [l foll 5e)-
Next, by (3.11) and Sobolev (recall that p ~ 3 for ¢ large)

oz < 1 = 82177 [ ol = €Y1 = 807 [ o],
since 0 + 1/2 = a. Then we proceed as in the proof of (3.10) to get
(3.19) [Sollwge < Cllhollge < Cllfollpa-
Fix e < 1. Then for ¢ > 1, we combine (3.17), (3.18) and (3.19) to get (3.16). O

4. Proof of Theorem 1.2 (case d = 2)

4.1. Functional setting. — To begin with, we introduce the functional framework which will
be used in both cases d =2 or d = 3.

To show the trend to equilibrium, we look for a solution of the form f = f,, + g with
foo = cMy and g € B*. The normalization [ fdzdv = [ Msdrxdv = 1 then implies that
foo = Moo. Hence we write

=M +g, E=FEx+F,
with
1 T 1 T
8xUOO:EOO:_|Sd1|:L.|d*/MOOd/U’ F:_|Sd1|$|d*/gdv
In the sequel denote by
K=Ky

We want to take profit of the regularization property stated in Lemma 3.11, thus we look for a
solution of the form

g=eTgo+h  F=FR+G,
with
1 x 1 T
Foy=——v—— K god G=—Fro /hd
P fal? [ Bl
and h(0) = G(0) = 0. At this stage we observe that fy = My, + go and that for all ¢ > 0,
e K fy = Moo + e H g,

We construct the solution with a fixed point argument on (h,G), and therefore we define the
map ¢ = (®1, P2) given by

01(h. )0 = o [ & (R + G (Mo o+ () s

iJ = —(t=s)K F 8 o —sK
o(h, G)(t) = Sd 7 !w\d /Rd/ 0(8) + G(5)) 0y (Moo + e go + h(s))dsdv,
and we observe that (f, F) solves (1.9) if and only if (h, G) = ®(h,G). For o, 3,7,9,0 > 0 define

the norms
1)

) Co e LIGD] ey ]

1+t

Glly = sup (€| G(t,.)| 1 )
Gy t>8( Gt o )
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define the Banach space
Z:=X37 %Y, with [|(hG)lz = max (] yes, |G]),

and denote by I'y its unit ball. In each of the cases d = 2 or 3, for a given initial condition gy,
we will prove that if |gg| < 1 is small enough, the map ® is a contraction of the ball I';y C Z. To
alleviate notations, we assume in the sequel that g > 0.

4.2. The fixed point argument in the case d = 2. — This case is the easiest. Let gp € B.
We can fix here « = 8 =0 = 0. Let ¢ < 1 and fix o = 1/2. For simplicity, we write X = Xg’o.
We proceed in two steps. Recall that I'7 is the unit ball of Z. Then

Stepl: ® maps the ball I'y C Z into itself

e We estimate ®1(h,G) in X. By (2.13) and (2.6), we have for all £ > 0

[@1(h, G)(D) B

IN

t
50/ e (t=9)K (Fo + G) 0y (Moo + e *Fgo + h(s)) || pds
0

(4.1)

IN

t
060/0 1Fo + Gl o2y lle KA |l g1 Moo + €K go + h(s) || pds,
and we estimate each factor in the previous integral.

Estimation of || Ms + e *%gg + h(s)||p: We use that M, € B, and by (2.1) we obtain

IMoc +e™*F go + h(s)|| IMeolls + lle™  goll 5 + [I2(s) ]| 5

<
< O+ |Allx)-

(4.2)

Estimation of || Fp + G| (rs): By (3.12) we get

[Fo + Gllre®ey < [[Follzeemey + |Gl Lo (r2)
< O+ 573/ e g g + Ce |G|y
<

(4.3) C(1+573/e (1 +||G|ly).

Estimation of |e™ =K A, || g1, p1: This follows from (2.8)

(44) le™ B A s pr < O((E = 5)72 + 1) 072,

Therefore by (4.1), (4.2), (4.3) and (4.4) we have
t
[@1(h, G) ()5 < Ceo(1 + [|A]x)(1 + ||G!Y)e_‘mt/ (752 + 1) ((t = 9)712 + 1) e ") 2ds.
0
Now, by (3.15) we deduce

121(h, G)(t)l[B < Ceo(L+ [[Allx) (1 + [|Glly)e™ ™,

which in turn yields the bound
(4.5) 181(h, G)l|x < Ceo(1+ [[h]x) (1 + [[Glly) < Ceo(1+[|(h, G)|2)”.

e We turn to the estimation of ||®2(h, G)|ly. We apply (3.9) with

ho = / o I (Fo(s) + G(5)) 0y (Moo + e g0 + h(s) ) ds,
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then for all ¢t > 0

IN

t
[@2(h, G) ()| oo w2) C'”AE/ e UK (Fy(s) + G(5)) 0y (Moo + e go + h(s))ds| 5
0

IN

¢
C/ [ASe™ 9K (R + )y (Moo + e K go + h(s))| pds
0

IN

t
cso/ | Eo + G||Loo(R3)||A5e*(t*S)KAUHBL Moo + e *Ego + h(s)| pds,
0

where in the last line we used (2.13). Then by (4.2), (4.3) and (2.9) with « = ¢ and 8 = 0 we
get

[@2(h, G) ()| oo (r2) <
< Ceo(1+ ||h]|lx) (1 + |G|y )e "t /Ot (8—35/2 +1)((t - 5)"1/2=3/2 1)e‘“(t_s)/2ds.
By (3.15), this in turn implies
(4.6) 19k, G)ly < Ceo(1 + [[Allx) (1 + [Glly) < Ceo(1+ [I(h, G)l|z)*.
As a result, by (4.5) and (4.6) there exists C' > 0 such that
[2(h. G)lz < Coo(1+ (. G| 2)"

Therefore we can choose 9 > 0 small enough so that ® maps the ball 'y C Z into itself.

Step2: ¢ is a contraction of I';

With exactly the same arguments, we can also prove the contraction estimate

[®@1(h2, Ga) — ®1(h1, G2)llz < Ceoll(ha — h1, G2 — G|z (1 + [|(h1, G1)l 2 + [|(h2, G2) | 2)-
We do not write the details.

As a conclusion, if g9 > 0 is small enough, ® has a unique fixed point in I'y C Z. This shows
the existence of a unique h € C( [0, +oo[; B(R?)) such that f = M + e % gy + h solves (1.1).

4.3. Conclusion of the proof of Theorem 1.2. — The convergence of f to equilibrium
follows from the choice of the weighted spaces. By definition

Ih(t)|lz < Ce " ||h]lx — 0, when ¢ — +oo.

Similarly,
IG(#)||z~ < Ce 7"|Gly — 0, when t — +oo0.
5. Proof of Theorem 1.3 (case d = 3)
5.1. Small time analysis: 0 <t < 1. — To begin with we prove a local well-posedness result
for (1.1).

Proposition 5.1. — Let d = 3 and 1/2 < a < 3/4. Assume that fo € B**(R%) N L>(R") is
such that Uy defined in (1.10) is in W2°°(R3). Assume moreover that Assumptions 1 and 2 are
satisfied. Then if |eg| is small enough, there exists a unique local mild solution f to (1.1) in the
class

fec([0,1]; B**(R%) nL®([0,1]; L=(RY)).
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We write
f:e_tKOf0+gv E:E0+F’
where Uy, Eg and F' are defined by

1 =z 1 =z
0.Uy=Fy=———= d F=——03— dv.
o= By =~y [ oo e
In the regime 0 <t < 1, the effective Fokker-Planck operator is given by
Koy = 0.0y — 0:Vo(x).0p — 0y (0y +v),
where Vp = V. 4 €9Up. The mild formulation of (1.1), using Kj, is therefore
t
F(6) =0y w20 [ eI (s) — E0)o,f(s)ds.
(5.1) L. 0
Elt)=—— %, )dv.
() =~ e [ F0de

We construct the solution with a fixed point argument on (g, F'), and therefore we define the
map ¢ = (®1, P2) given by

@y (g, F)(t) = €0 /O t e~ =K P (5)d, (67550 fo + g(s)) ds

1 =z

t
Po(g, F)(t) = _@W */RS {(6_”(0 — l)fo + 60/0 e_(t_S)KOF(s)(?v(e_SKOfO + g(s))ds},

and we observe that (f, E) solves (5.1) if and only if (g, F) = ®(g, F'). For a, 3,7 > 0 define the
norms

o, = SUu t,. a, 5
gl = 500 1ot e
[1Flly, = sup t7V[F(, )]l Lo (r3),
0<t<1
define the Banach space
Z:=X" %y,  with  |[(hG)llz = max (||h] xes [|Gly, ),

and denote by I'g the ball of radius R.
In the sequel we fix
v=a/3—¢, a=a, B=1,
for some ¢ < 1.

The end of this subsection is devoted to the proof of Proposition 5.1. We assume that
go € B*?, for some a > 1/2. In the sequel, we write K = K.

Stepl: ® maps some ball I'r C Z into itself
e Firstly, we estimate ®1(g, F') in X%!. By (2.13), we have for all 0 < ¢ < 1

t
Ao @1(g, F)(#)ll5 - < 60/ [Ave™ KR ()0, (7 fo + 9(s)) | pds
0

¢
(5.2) < C&‘o/ 1| oo ey [1Ave™ K | 5] A (6755 fo + g(s)) | s,
0
and we estimate each factor in the previous integral thanks to the low regularity subsection
results.
Estimation of ||[A, (€™ fo + g(s))||z: To begin with, we use point (i) of Corollary 3.16 to
estimate | A e *X fy||5. Since fo € B® for some a > 1/2, then for § = 1/2 — a/2 we have

1A, ™5 follp < Cs™°|| fol| e
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This gives for 0 < s <t <1

1Mo (€™  fo+9())lls < lle™" follpoa + lg(s)ll poa
< C+ s folle + llgllxen
(5.3) < Cs™(1+ lgllxen).

Estimation of || F'|| o (gs): By definition of the space Y, we have

(5.4) [l oo sy < 87[[Flly, -

Estimation of |[A,e~(*=9)K||3_, z: By point (ii) in Proposition 3.15 we have

(5.5) [Ae K g < Ot — 5)7 12,
Therefore by (5.2), (5.3), (5.4) and (5.5), we have
t
A @10, F)Olls < Ceo(1-+ o) Pl [ 575 =) 2ds
< Ceo(1 + |lgllxen) | Flly, 12,

As a consequence (using that v —d + 1/2 > 0) we have proved

(5.6) 191(g, F)llxco1 < Ceo(1+ [lgllxe) [ Flly, < Ceo(1+ (g, F)llz)".

e We estimate ®;(g, F') in X*°. With the same arguments and the bound given in point (i44)
of Corollary 3.16, for all £ > 0 we obtain

t
6.7) [Az21(g, YD)z < 80/0 [Age™ M F ()0, (€7 fo + g(5)) | pds

IN

t
080/0 1| oo sy [1AGe ™ 5l A, (75 fo + g(s)) | s

IN

Ceo(1 + ||gll xa) || Flly, /Ot 57—5((75 —5)8a/2 4 1)ds
Ceo(L + llgllxan) | Flly, (7707173072 4 47704,
This in turn implies (observing that v — ¢ + 1 — 3a/2 > 0 provided that a < 3/4)
(5.8) 191(g, F) |0 < Ceo(1+ [lglxe) [ Flly, < Ceo(1+ (g, F)llz)".

IN

e We turn to the estimation of ||®2(g, F')|ly,. We apply (3.16) and (3.10) with

ho = (7" =)o+ o | eI B ()3, (0K fo + g(s))ds,
0

then for all 0 <t <1
¢
[®2(g, F) (1)l oo ey < Cot/3= + Ceo/ A2 e~ (=K p(5)0, (67K fy + g(s)) || s,
0

where we used Lemma 3.18.
To control the second term, we can proceed as in (5.7) with a replaced by 1/2 + €. Actually
we have

t
1@a(g, F) (1) oo 3y < Cota/?’“rcfo/O 1| oo sy 1A/ 2 e R 5 A, (€75 fotg(s)) | s ds,
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and we get

[[@2(g, F) () || oo (m3)

IN

t
Cot™3=¢ + Ceo(1 + ||gllxe) | Flly, / sT0((t - s)"2(ate) 4 1)ds
0

A

< C’ot“/3_5+050(1+ lgllxe) I Flly, (t7—5+1/4—35/2_|_t7—5+1)
< 7[Co + Ceo(1+ [lgllxen) | Flly, (¢ F/A73/2 4 =01,
since v = a/3 — e. Therefore
(5.9) 12(g, )y, < Co+ Ceo(1+ [lgllxen)IFllv, < Ceo(1 +[l(g, )l 2)°,

provided that § < 1 and 1/2 —a/2 = § < 1/4 — 3¢/2. This latter condition can be satisfied for
¢ > 0 small enough, since a > 1/2.

As a result, by (5.6), (5.8) and (5.9) there exists C' > 0 such that
2
1©(g, F)|lz < Co+ Ceo(1+ (g, F)llz)"-

Therefore we can choose €y > 0 small enough so that ® maps the ball I'y¢, C Z into itself.

Step2: ® is a contraction of I'y¢,
With exactly the same arguments, we can also prove the contraction estimate
[®1(g2, F2) — @1(g91, F1) |z < Ceoll(g2 — g1, F2 — F1)llz (1 + [|(g1, F1)llz + 192, F2) | ).
We do not write the details.

As a conclusion, if ¢g > 0 is small enough, ® has a unique fixed point in I'sc, C Z. This
shows the existence of a unique g € C([0,1]; B*'(R®)) such that f = e " fy + g solves (1.1).

5.2. Long time analysis: t €]0,+o00[. — We now study long time existence and trend to
equilibrium. We use here the spaces defined in the Subsection 4.1. Let 1/2 < 8 < 1 and
0 < a < 2/3 be such that o < (1 + /3)/3. Fix also

1
0<d<p/2-1/4, 0<U§§min(1—ﬁ—|—a,1),

which is realised for, say, 0 = 1/12. From now, we assume that all these conditions are satisfied.

In this section we prove the following result

Proposition 5.2. — Let d = 3. Assume that 1/2 < a < 2/3 and that fo € B**(R%). Assume
moreover that Assumptions 1 and 2 are satisfied. Then if |eo| is small enough, there exists a
unique local mild solution f to (1.1) which reads

F(t) = Moo + ¢ (fo — Moo) + h(2)

where h € X?’B, thus
h € C(]0,+o0[; B*?(RP)).

Since fy — Moo € B, and by definition of the space X?’B , we obtain the exponentially fast
convergence of f to My,. Notice that in the previous result, the parameters («, 3) can be chosen
independently from a. If one chooses & = a and S close to 1, then the result of Proposition 5.2
combined with Proposition 5.1 and Corollary 3.2 implies Theorem 1.3.

We now turn to the proof of Proposition 5.2. Let gy := fo — Mo € B%* N Bt, for some
a > 1/2. We denote by I'1 the unit ball in Z, and in the sequel, we use the same notations and
decomposition as in Section 4.1. Then
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Stepl: ® maps the ball 'y C Z into itself

e Firstly, we estimate ®;(h, G) in X"”. By (2.13), we have for all ¢ > 0

t
(5.10) HAffI)l(h, G)t)|s < 60/ HAge_(t_s)K (Fo + G)@v (Moo + e_SKgo + h(s)) |lpds
0
t
< 050/ 1o + G| oo ey | ADe™CT9EALTF | g || AY (Moo + K go + h(s)) || pds,
0

and we estimate each factor in the previous integral.

Estimation of ||A€ (Moo +e*Fgo + h(s))||p: To begin with, we use Lemma 2.8 to estimate

the term HAge*SKgOHB. Since gg € B®“ for some a > 1/2, there exists 0 < § < /2 — 1/4 such
that

1ADe™ golls < C(L+57) g0l pe.

Then, we use that My, € B, and by (2.8) we obtain

1A (Moo + e g0+ h(s)) |5

IN

Mool gos + [le™*F goll go.s + [|2(5)]| go.s
C+C1+57)gollpe + (1+ 8_5)||hllxgﬁ

A

(5.11) < OO+ s+ [l gos)

Estimation of || Fp + G||peo(rsy: By (3.13) and the definition of the space Y we get for ¢ > 0
small enough and a > 1/2

[0 + Gllpoomsy < [ Folloomsy + |Gl poo (m3)
< Ce /2| go|| e + Ce™ |G|y
<

(5.12) Ce 7" (1 4+ ||Glly).

Estimation of |Aje~(¢=KAL™P|| 51 51 : This is exactly (2.10), namely

[ABe= (=KAo < O((t—s)7 /2 4 1)e (9,

Therefore by (5.10), (5.11), (5.12), we have when 6 < 1

IAS @1 (h, G) ()] <

t
< Ceo(1+ ||l o) (1 + ||G\y)e‘”’”t/ (s70+ 1) ((t —s)" 2+ 1)e =924
0

Now, by (3.15), if we denote by n = —min(1/2 — 4,0), we have

[A7®1(h, G) (D)5 < Ceo(1 + (|l xour) (1 + [ Glly)e™ ™ (Lipcrryt ™ +1)
(5.13) < Ceo(1+ [ o) (1 + [Glly)e™ ™™ (£7° + 1).

As a consequence we have proved

2
(5.14) 1@1(7, G)ll 0.6 < Ceo(1 + [[All o) (1 + Glly) < Ceo(1+ [[(h, G)l1z)"
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e We estimate @4 (h,G) in X?’O. With the same arguments and the bound (2.9), for all ¢ > 0
we obtain

(5.15) [[AZ®1(h, G)(B)]B <

t
= 80/ [A%e= K (Fy + )0y (Moo + e K go + h(s)) || pds
0
t
< Ceg / |Fo + Gl poo msy | AGe ™ EALT o [AS (Moo + e go + h(s)) || pds
0

t
< 080(1 + ||h||XaB)(1 + ||G”Y)6_m{t/ (S—5 + 1) ((t o S)—1/2+ﬂ/2—3a/2 + 1)6—H(t—s)/2ds
g 0

< Ceo(1+ [|Al| o) (1 + [ Glly)e™ ™ (t7° + 1),

using (3.15) and the fact that 1/2 + /2 — 3a/2 > 0.
This in turn implies

(5.16) 1@1.(2, @)l o0 < Ceo(1 + [[Al] 0.0 ) (1 + [Glly) < Ceo(1 + I(h @)2)”.

e We turn to the estimation of || ®2(h, G)|ly. We apply (3.10) with
t
ho = 50/ e~ (9K (Fo(s) + G(s)) 0y (Moo + e g + h(s))ds,
0
then for all ¢ > 0

[[@2(h, G) ()| oo (s

IN

t
Ceo||AY/?He / e~ (IK(Fy(s) + G(5)) 0y (Moo + e K go + 1(s))ds| 5
0

IN

Ceo /0 t [AY2Hee= =K (B 4 G) 0y (Moo + e K go + h(s)) || pds.
Now we can proceed as in (5.15) with « replaced by 1/2 4 €. Actually we have
[@2(h, G)(E)]| oo (ra) <
< Ceo /Ot 1Fo + Gll oo sy | A2 RN 5 A (Moo + 7 go + h(s)) [ ds,
and for 1/2 < f <1, e < 1, by (2.9) and (3.15) we get

[@2(h, G)(E)]| oo (ra) <
¢
< Cep(1+ HhHX?,g)(l + \|G]y)e‘mt/ (s70+1)((t - s)*%Jf%*%(%%) +1)e "=9)/2gs
0

< Ceo(1 + ||h||X§v,B)(1 + ||G|\Y)e_cmt(1{0<1t§1}75_1/4+6/2_(5_:)’6/2 +1)
< Ceo(L+ [[h]l yor) (1 + [Glly)e™ ™,
if € > 0 is chosen small enough so that we have § < 3/2 —1/4 — 3¢/2. This in turn implies
(5.17) @2, G)lly < Ceo(1+ [Pl o) (1 + [Glly) < Ceo(1+ (B, @)lz)*.
As a result, by (5.14), (5.16) and (5.17) there exists C' > 0 such that
[2(h. G)lz < Coo (14 (.G 2)"

Therefore we can choose £y > 0 small enough so that ® maps the ball 'y C Z into itself.

Step2: @ is a contraction of I';
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With exactly the same arguments, we can also prove the contraction estimate
[®@1(h2, Ga) — ®1(h1, G2)llz < Ceoll(he — h, G2 — G1)ll 2 (1 + [|(~1, G1)l 2z + || (he, G2) | 2)-
We do not write the details.

As a conclusion, if €9 > 0 is small enough, ® has a unique fixed point in I'y C Z. This shows
the existence of a unique h € C(]0, +oo[; B*?(RS)) such that f = Moo +e K go+h solves (1.1).
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