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à Quentin... bienvenue !

Durant ces cinq dernières années j'ai pu découvrir avec un intérêt croissant quelques
problèmes liés aux équations cinétiques. Ce sont des équations passionnantes et di�ciles.
Lors d'invitations, de séjours longs ou de colloques, j'ai eu la chance de rencontrer et de
travailler avec de nombreux collègues qui ont su me faire partager leur enthousiasme et leur
savoir dans ce domaine dont je ne suis pas originaire. Parmi ceux-ci, je tiens en particulier à
citer Francis Nier, Johannes Sjöstrand et Cédric Villani, collègues dont l'ouverture d'esprit
a profondément marqué mon travail et amené plusieurs collaborations ou développements.
Je tiens à les remercier ici.

J'ai eu l'occasion, avec Francis Nier, Thierry Jecko et Gilles Lebeau, d'organiser deux
workshops CINHYPWIT I et II, qui nous ont permis de faire parler à une même occasion
des mathématiciens issus entre autres des mondes semi-classique, probabiliste et cinétique.
Quelques questions et problématiques sont en e�et communes et certaines ont obtenu des
éléments de réponse inattendus. La notion d'hypocoercivité illustre particulièrement ce
propos.

J'ai choisi de ne rapporter dans ce mémoire que la partie de mon travail concernant les
équations cinétiques. C'est pour moi l'occasion de présenter de manière concise quelques
idées mathématiques récentes, en les illustrant, plutôt que de faire un listing de résultats.
Je n'ai du coup pas inclus mes travaux antérieurs issus de ma thèse de doctorat ni les
développements ultérieurs concernant les opérateurs pseudodi�érentiels semi-bornés ([H1]
à [H6] dans la bibliographie). Cependant c'est bien grâce à la très solide formation en
analyse microlocale de mon directeur de thèse Nicolas Lerner que j'ai pu appréhender les
équations cinétiques à la fois avec le regard du novice et (un peu) du technicien. Je lui en
suis très reconnaissant.

Mon arrivée à Reims dans l'équipe de Jean Nourrigat a été l'occasion pour moi de
rencontrer de nombreux collègues et amis. Entre les groupes de travail, les fêtes de la
science, les organisations de colloque et les repas dans le salon du bas, j'ai pu apprécier
leur dévouement, leur passion des mathématiques et de l'enseignement et leur gentillesse.
Ils font de Reims un endroit précieux et fécond qu'il faut apprécier à sa juste valeur.

La rédaction de ce mémoire m'a été très pro�table, comme l'est tout travail de syn-
thèse. Je tiens à remercier les rapporteurs pour leurs commentaires fructueux ainsi que les
membres du jury pour avoir bien voulu porter un jugement sur ce travail.

En�n j'ai une pensée pour mon épouse Barbara, et mes deux garçons Perig et Malo,
mes principales sources de bonheur et d'inspiration, avant toute autre.
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Introduction générale

Depuis quelques années une interaction très fructueuse a lieu entre deux domaines
communs à l'analyse des équations aux dérivées partielles : d'une part l'étude des équations
cinétiques et d'autre part l'analyse microlocale. Mes contributions mathématiques depuis
2000 se situent à cette interface.

L'analyse microlocale, développée jusqu'à un point de technicité extrême depuis les an-
nées 60 par Lars Hörmander en particulier, a pour but d'expliquer et de résoudre les EDP
en travaillant simultanément dans les variables position et fréquence, et en dégageant les
aspects géométriques des équations étudiées, dans le cadre du calcul pseudo-di�érentiel.
Avec un petit paramètre, l'analyse semi-classique permet d'étudier des problèmes ma-
thématiques dans lesquels intervient naturellement un petit paramètre, par exemple la
constante de Planck ~. Une équation typique dont l'étude peut être abordée par analyse
semi-classique est l'équation de Schrödinger, dépendante du temps ou non.

L'étude des équations cinétiques remonte à Boltzmann et à la fondation de la méca-
nique statistique hors équilibre. Il s'agit de décrire des phénomènes mésoscopiques, c'est à
dire à une échelle de grandeur intermédiaire entre le microscopique et le macroscopique,
en parlant de la densité de probabilité de présence de particules et de son évolution. Fon-
damentalement les équations sont de type hyperboliques avec éventuellement un terme de
collision.

L'interaction n'est pas nouvelle puisqu'une des équations à l'origine du développement
des méthodes de commutateurs en analyse microlocale est l'équation de Kolmogorov

∂tf + v∂xf = ∆vf

décrivant l'évolution de la densité de probabilité de présence f(t, x, v) d'un système de
particules di�usées par un bain de chaleur [50]. Cette équation est un modèle cinétique.
D'un point de vue microlocal l'opérateur associé a le double inconvénient de n'être ni
elliptique ni autoadjoint et cette di�culté se retrouve dans tous les modèles que nous
présenterons après. Il s'agit essentiellement de modèles cinétiques inhomogènes avec une
force extérieure dérivant d'un gradient. Par inhomogène, on entend que la densité est une
fonction de la vitesse, du temps et de la position. L'équation caractéristique est du type
suivant

∂tf + v∂xf − ∂xV ∂v = Q(f) ou Q(f, f),

où Q est le noyau de collision et n'agit qu'en vitesse. Un exemple typique est l'équation de
Fokker-Planck

∂tf + v∂xf − ∂xV ∂vf = ∂v(∂v + v)f.

Le but de ce document est modestement de montrer comment des outils profonds dévelop-
pés dans le cadre de l'analyse microlocale ont permis d'aborder des questions issues de la
théorie cinétique, et de donner des éléments de réponse, en particulier concernant le retour
à l'équilibre.
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Introduction générale

Ces questions ont obtenu des éléments de réponse ces dernières années, et ont en parti-
culier abouti à la naissance d'un concept assez général connu sous le nom d'hypocoercivité.
Nous donnons une dé�nition de l'hypocoercivité dans le cadre Hilbertien dans le chapitre
3, mais une dé�nition plus générale pourrait être celle suggérée dans le review récent de
Cédric Villani [93] :

Hypocoercivité : ce dit d'une équation d'évolution pour laquelle il y a
convergence vers l'équilibre.

Cette dé�nition amène plusieurs commentaires :
1. La problématique essentielle développée ces dernières années est celle de l'hypocoer-

civité explicite : Il s'agit de donner des méthodes donnant un taux de retour vers
l'équilibre explicite (exponentiel, polynomial).

2. De manière pratique, on invoque cette notion quand la partie dissipative de l'équation
est dégénérée, et qu'il n'y a pas de propriété de coercivité de l'équation dans l'espace
fonctionnel naturel. Il faut cependant noter que les équations ayant une propriété de
coercivité sont hypocoercives.

3. Cette notion est à mettre en parallèle avec celle de l'hypoellipticité qui, dans le
cadre des équations d'évolution, assure la régularité de la solution pour les temps
strictement positifs même lorsque la donnée initiale ne l'est pas. L'hypoellipticité
est dans la pratique invoquée quand la partie elliptique de l'équation est dégénérée,
et de la même manière que précédemment les équations d'évolution elliptiques sont
hypoelliptiques

4. Lorsqu'il n'y a pas d'état d'équilibre, mais que la solution est évanescente, la notion
d'hypocoercivité est à interpreter comme étant la divergence vers le vide.

Dans la pratique l'hypocoercivité explicite est obtenue lorsqu'il y a existence d'un gap
spectral pour l'équation inhomogène complète dans de bons espaces fonctionnels induit
par l'action combinée de la coercivité du noyau de collision et du transport. Dans cette
direction plusieurs méthodes ont été développées :

1. Les méthodes de dissipation d'entropie [21], [23], [13], [24]... . Elles permettent d'obte-
nir une décroissance polynômiale d'ordre arbitraire en temps de l'entropie, supposant
des estimations a priori su�santes sur la solution.

2. Les méthodes Hilbertiennes [H7], [93], [H9], [H10], [63], [H8], [H11] ... . Ces méthodes
sont essentiellement basées sur des idées microlocales développées initialement dans
le cadre de la mécanique quantique. Elles permettent d'obtenir des taux de retour
exponentiel.

3. Les méthodes micro-macro sur le tore [35], [36], [37], [38] ... Elles ont été essentiel-
lement utilisées sur le tore, et sont basées sur une étude Hilbertienne du couplage
entre quantités macroscopiques (vitesse, énergie, quantité de mouvement) et micro-
scopiques.

Ces trois méthodes permettent une description explicite du retour à l'équilibre dans un
cadre linéaire ou non linéaire perturbatif (la donnée initiale est proche de l'équilibre) pour
les deux dernières et complètement non linéaire étant supposées de bonnes estimations a
priori sur la solution pour la première.

Loin d'être concurrentes, ces trois méthodes sont complémentaires dans le sens suivant :
pour les temps petits, la méthode de dissipation d'entropie donne certes un taux polynomial
de retour, mais peut s'adapter à des données initiales relativement générales. Grâce à cette
méthode et une fois que la solution s'est su�samment rapprochée de son état d'équilibre, les
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méthodes Hilbertiennes (et perturbatives) peuvent être employées. En ce qui concerne les
méthodes micro-macro sur le tore, elles permettent pour l'instant de donner une description
précise (existence, unicité, retour à l'équilibre) d'une large classe de modèles.

Par ailleurs il est clair que les points de vues a priori di�érents de ces méthodes sont
générateurs d'interactions particulièrement fructueuses. Un exemple caricatural et simpliste
est la similitude tant au niveau de la preuve que de l'idée générale entre les inégalités de
Sobolev logarithmiques et l'inégalité de Poincaré. Cette similitude se retrouve entre les
méthodes de dissipation d'entropie et les méthodes Hilbertiennes, et certaines idées venant
d'une approche sont tout a fait transposables dans l'autre.

Les travaux présentés dans ce document correspondent à l'approche Hilbertienne, avec
des idées issues de l'analyse microlocale. On entend par là un ensemble d'outils dévelop-
pés dans le cadre des opérateurs pseudo-di�érentiels (voir [50]). Il s'agit des méthodes
de commutateurs et de méthodes pseudo-di�érentielles (calcul symbolique, calcul microlo-
cal, opérateurs intégraux de Fourier, analyse semiclassique). On peut noter en particulier
que, pour une partie importante du travail correspondant à l'étude à basse temperature,
l'analyse semi-classique est apparue comme un outil tout a fait adapté, et des méthodes uti-
lisées à l'origine pour des opérateurs elliptiques autoadjoints ont permis de donner quelques
réponses. L'omniprésence du Laplacien de Witten, que l'on peut considérer comme l'équi-
valent elliptique autoadjoint de l'opérateur de Fokker-Planck est une des manifestations
de l'intérêt de cette approche.

Les Méthodes Hilbertiennes ont permis par ailleurs de donner des résultats dans d'autres
directions que celle du retour à l'équilibre. Parmi celles-ci on peut citer les suivantes :

1. L'hypoellipticité. Lorsque l'équation a un noyau de type di�usif, la solution est plus
régulière que la donnée initiale.

2. Le pseudospectre. A priori les équations cinétiques linéarisées n'ont pas un spectre
de type sectoriel. Dans le cas de l'équation de Fokker-Planck il est de type cusp à
l'in�ni.

3. La supersymétrie. La structure algébrique de Fokker-Planck est riche et il peut être vu
comme un Laplacien de Hodge déformé et tordu. C'est cette structure qui justi�e la
terminologie "supersymétrie" [94]. Elle facilite en particulier l'étude de l'e�et tunnel,
mais son étude a un intérêt propre.

Les résultats correspondants seront cités dans le texte.

Ce rapport est articulé de la façon suivante :
Dans une première partie, on présente quelques modèles d'équations cinétiques (li-

néaires et linéarisés) et on donne quelques résultats spéci�ques au retour explicite vers
l'équilibre. Cette partie est l'occasion de comprendre en particulier la pertinence de la li-
néarisation. Tous les modèles présentés ne sont pas étudiés mais ils rentrent parfaitement
dans la problématique et les développements ultérieurs des travaux cités.

Dans la deuxième partie, on présente les résultats liés à l'hypoellipticité de l'équation
de Fokker-Planck et aux questions connexes concernant les pseudospectre, la régularisation
en temps petit et l'hypoellipticité maximale.

La troisième partie concerne l'hypocoercivité, sa dé�nition dans le cadre Hilbertien et
son utilisation pour le retour à l'équilibre dans le cadre linéaire et perturbatif.

La quatrième partie propose une étude semi-classique des opérateurs de type Fokker-
Planck. Le paramètre semi-classique est la température. On obtient en particulier des
estimations de résolvantes, une description du spectre et du comportement en temps long,
ainsi que la décroissance exponentielle en espace des fonctions propres.
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Introduction générale

La cinquième partie concerne l'étude de la structure supersymétrique des opérateurs de
type Fokker-Planck dans le régime semi-classique. En particulier, on obtient une estimation
des valeurs propres exponentiellement petites et on prouve l'e�et tunnel dans le cas d'un
potentiel extérieur à double puits.

A la �n de chaque chapitre, une section commentaires et perspectives met en relief les
résultats obtenus, en mentionnant en particulier l'historique, les développements ultérieurs
obtenus le cas échéant par l'auteur ou d'autres collègues, ainsi que quelques questions
ouvertes.

Les chapitres de ce document ne correspondent pas chacun à un article spéci�que de
l'auteur. Par exemple, des résultats semi-classiques sont cités voire réinterprétés dans les
Chapitres 1, 2 ou 3. Le choix de l'auteur a été plus de mettre en relief quelques idées
fondamentales (hypoellipticité, hypocoercivité, supersymétrie) en les illustrant chacune
par certaines parties des articles leur correspondant.
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Chapter 1

Models and main problematic

We introduce in this chapter the models and some related questions. As we shall see, some
concepts will naturally appear in the discussion such as hypoellipticity, hypocoercivity, and
importance of the physical parameters.

1.1 Some kinetic models
The typical evolution equation in kinetic theory models the evolution of a huge number of
particles of density f(t, x, v) ≥ 0, where the position x and the velocity v vary in Rd and
t ≥ 0. The particles are submitted to the free transport, perhaps to a force deriving from
a potential −∂V (x), and to a term coming from collisions. This last term is often linear
Q(f) or bilinear Q(f, f). The equation reads

{
∂tf + v∂xf − ∂xV (x)∂vf = Q(f) or Q(f, f),
f |t=0 = f0.

(1.1)

For a system of �nite total mass, the density f(t, ., .) is non-negative and in L1(dxdv). In
the following, we shall mainly consider normalized f , which corresponds to a system of
total mass equal to 1. We present now some kinetic models, where the physical constants
will also be mainly normalized to 1:

The free transport equation.
This is the following equation

∂tf + v∂xf = 0, f |t=0 = f0.

The system of particles follows only the free transport, and the solution of this equation
is f(t, x, v) = f0(x− vt, v). The Newton equation for this equation is

{
dx/dt = v,
dv/dt = 0,

and the particles follow straight lines. From a microlocal point of view, the solutions of
the Newton equation are the characteristic curves of the transport equation, which is of
hyperbolic type. They can be interpreted as the solutions of

(dX/dt)(t) = Hφ(X(t)), X|t=0 = (x, v), X ∈ R2d

where φ(x, v) = v2/2 is the classical energy of a particle of mass 1 here reduced to its kinetic
energy, and where Hp = (∂φ/∂v,−∂φ/∂x) is the Hamiltonian vector �eld associated to φ.
A standard notation for X(t) is etHφ(x, v).
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1.1 Some kinetic models

The transport equation in a force �eld
In the case when the particles are submitted to an external force �eld deriving from a
potential −∂V (x), the equation is

∂tf + v∂xf − ∂xV (x)∂vf = 0, f |t=0 = f0. (1.2)

The Newton law reads {
dx/dt = v,
dv/dt = −∂xV (x),

and the integral curves describing the evolution of particles are the integral curves of Hφ,
but with φ(x, v) = v2/2 + V (x). Again the method of characteristics gives the solution
f(t, x, v) = f0(e−tHφ(x, v)) if V is C1(Rd). Of course the case when the potential V is not
smooth would imply a re�ned study of the integral curves. We shall restrict to the case
when V is at least C1(Rd).

The Vlasov-Poisson equation
This equation corresponds to the case of particles submitted to a force created by them-
selves via a mean �eld approximation in which the density f appears. The Newton law
reads {

dx/dt = v,
dv/dt = −∂xVnl(x)− ∂xV (x)− γv,

where −∂xVnl is the force generated by the particles. For κ ∈ R the nonlinear potential is
the Green solution of

−∆Vnl(t, x) = κρ(t, x) def= κ

∫
f(t, x, v)dv.

The equation satis�ed by f is then

∂tf + v∂xf − ∂xV (x)∂vf − ∂xVnl(x)∂vf = 0, f |t=0 = f0.

This equation is a simple model of gravitational systems or plasma without di�usion, and
the sign of κ denotes the type of interaction : repulsive when κ > 0 and attractive when
κ < 0.

The (Kramers-)Fokker-Planck equation
With the notation of the preceding paragraphs, this equation reads

{
∂tf + v∂xf − 1

m∂xV (x)∂vf − γ∂v

(
1

mβ ∂v + v
)

f = 0,

f(x, v, t = 0) = f0(x, v),
(1.3)

where m is the mass of the particle, β = 1/kT is the inverse temperature divided by the
Boltzmann constant k, and γ is the friction parameter. This equation is studied in the
papers [H7], [H8], [H10], [H11] and [H12]. Setting all parameters equal to 1 except the
friction coe�cient gives the following equation

{
∂tf + v.∂xf − ∂xV (x)∂vf = γ∂v(∂v + v)f,
f |t=0 = f0.

(1.4)

10



Chapter 1 : Models and main problematic

The system of particles is submitted to a force deriving from a potential V , to a friction
force proportional to the velocity and to a di�usion force deriving from a Brownian linked
to the temperature of the system. The collision kernel is modelled by a second order
operator in velocity taking into account the friction and the di�usion

QFP(f) = γ∂v(∂v + v)f.

This is a linear collision operator, reducing to a harmonic oscillator in some weighted spaces
as we shall see. The Newton law for each particles reads

{
dx/dt = v,

dv/dt = −∂xV (x)− γv +
√

2γ
mβ dw,

where w is a normal centered d-dimensional Brownian. The classical energy of a particle of
mass 1 is then given by φ(x, v) = v2/2+V (x), and because of collisions it is not conserved
through the evolution of the system. In the case of a (locally) con�ning potential, the
classical particles (i.e. the ones evolving through a transport equation with a force �eld)
may be trapped by a local minimum, but when submitted to the di�usion they can escape.
This gives rise to the tunnel e�ect we shall study later.

force �eld, friction and di�usionforce �eld and frictionforce �eld

Figure 1.1: Tunneling e�ect for the Kramers-Fokker-Planck operator

From a kinetic point of view, the previous probabilistic description (see [68], [64]) of
the Fokker-Planck equation is enlightening, because it appears as a simple evolution of the
hyperbolic transport equation in a force �eld with additional friction and di�usion forces.
From a partial di�erential equation point of view, it changes radically of nature since the
principal term is of order 2. In this sense it has to be considered as a degenerate heat
equation. The two points of view converge since the transport (the drift) is absolutely not
negligible with respect to the second order part (the di�usion) and the combining of the
two gives hypoelliptic properties.

Note eventually that the characteristic method gives in fact the exact solution in the
case when the potential is quadratic. This is a particular case of Mehler formulas [51].
These formulas are very useful in the study of some nonlinear models where the nonlinearity
can be interpreted as a right-hand side (see for example [52]).

The semiclassical Kramers-Fokker-Planck equation
As we shall see in Chapters 4 of 5 below, it may be of great interest to study the time
behavior of kinetic equations with respect to physical parameters. We studied particularly
in [H8], [H11] and [H12] Kramers-Fokker-Planck type operators in the low temperature
regime. In the case of the Fokker-Planck operator (1.3), we set all physical constants to 1

11



1.1 Some kinetic models

except γ and the temperature T and we set T = h/2. Before writing the corresponding
equation, recall that by semiclassical equation we only mean an equation in which a small
parameter h appears in front of each derivatives. In the case of the Fokker-Planck equation,
h appears to be a right small parameter since equation (1.3) reads after multiplication by
h

h∂tf + vh∂xf − ∂xV (x)h∂vf − γ
2h∂v (h∂v + 2v) f = 0. (1.5)

The corresponding di�erential stochastic di�erential equation is
{

dx/dt = v,
dv/dt = −∂xV (x)− γv +

√
γhdw,

where w is a normal centered d-dimensional Brownian.
We give an other well-known example of such an equation studied for example in [32]

and [30]. This is an equation modelling a chain of N anharmonic oscillators coupled with
at each extremity with a heat bath. These models are studied in physics in the limit
N −→ +∞, but the case of �xed N has its own interest, at least as a �rst step in the
mathematical comprehension of the models. We stick here on the case N = 2.

z1

α1h

z2

α2h
(x1, v1) (x2, v2)

Figure 1.2: Chains of two anharmonic oscillators coupled with two heat baths.

The particles are described by their respective position and velocity (xj , vj) ∈ R2d with
j ∈ {1, 2}. We suppose that for each oscillator j ∈ {1, 2}, the particles are submitted to
an external force deriving from a potential Vj(xj), and that there is a coupling between
the two oscillators deriving from a potential Vc(x2 − x1). We denote by V the sum

V (x) = V1(x1) + V2(x2) + Vc(x2 − x1),

where x = (x1, x2), and we also write v = (v1, v2). By zj , j ∈ {1, 2} we denote the variables
describing the state of the particles in each of the heat baths, and set z = (z1, z2). We
suppose that the particles in each bath are submitted to a coupling with the nearest
oscillator, a friction force and a thermal di�usion at temperature Tj = h/2, (j = 1, 2). We
denote by wj , j ∈ {1, 2}, two d-dimensional Brownian motions of mean 0 and variance 1,
and set w = (w1, w2).

The Newton law for this model reads



dx1 = v1dt,
dv1 = −∂x1V (x)dt + z1dt,
dz1 = −γz1dt + γx1dt−√γhdw1,
dz2 = −γz1dt + γx2dt−√γhdw2,
dx2 = v2dt,
dv2 = −∂x2V (x)dt + z2dt.

(1.6)

The parameter γ is the common friction coe�cient in the baths. The corresponding partial
di�erential equation of the evolution of the density of particles f(x, v, z) is then

h∂tf + vh∂xf − (∂xV − z)h∂vf

− γ

2
h∂z1(h∂z1 + 2 (z1 − x1))f − γ

2
h∂z2(h∂z2 + 2 (z2 − x2))f = 0.

(1.7)

12



Chapter 1 : Models and main problematic

The classical energy is in this case given by

Φ(x, v, z) = V (x) + v2/2 + z2/2− zx,

and note again that it is not conserved because of collisions.

The Vlasov-Poisson-Fokker-Planck equation
The Vlasov-Poisson-Fokker-Planck (VPFP for short) is a mixed model with a Poisson
interaction, a friction and a di�usion by a Brownian motion. It is studied in [H10]. The
corresponding Newton law reads

{
dx/dt = v,
dv/dt = −∂xVnl(x)− ∂xV (x)− γv,

where κ ∈ R denotes the type of interaction and −∂xVnl is the force generated by the
particles and satis�es

−∆Vnl(t, x) = κρ(t, x) def= κ

∫
f(t, x, v)dv

as in the Vlasov-Poisson case above. The equation satis�ed by f is then

∂tf + v.∂xf − ∂xVnl(x)∂vf + V (x)∂vf = γ∂v(∂v + v)f. (1.8)

This system is nonlinear. As we shall see later the total energy of the system is given by
∫∫

(
v2

2
+ V +

Vnl
2

)fdxdv.

Because of the sign of κ it is clear that the repulsive case (κ > 0) gives rise to a non-negative
potential Vnl and is mathematically easier than the attractive case (κ < 0).

We mainly worked on the following molli�ed VPFP equation, i.e. the VPFP equation
where the Poisson coupling is replaced by a molli�ed one :

−∆Vnl(t, x) = κζ ∗ ρ(t, x), (1.9)

where ζ is an approximation of the identity.

The linear relaxation
This is a simple linear model of the Boltzmann equation. It was studied in [H9]. The
equation satis�ed by the density f is

{
∂tf + v∂xf − ∂xV (x)∂vf = QLR(f),
f |t=0 = f0,

(1.10)

where the collision term is given by

QLR(f) = γ(ρµ∞ − f).

Here again
ρ(t, x) =

∫
f(t, x, v)dv (1.11)

13



1.1 Some kinetic models

is the spatial density of the particles and µ∞(v) = e−v2/2

(2π)d/2 is the normal distribution in
velocity. The collision terme is therefore a simple linear relaxation toward a sort of local
Maxwellian ρµ∞.

The linear relaxation equation is a hyperbolic model, in the sense that singularities
propagate along the evolution. Contrary to the Fokker-Planck equation, there is no di�u-
sion and the collision kernel does not improve the regularity of the solution, therefore no
hypoelliptic property is available. Anyway it is close to the Fokker-Planck equation from a
kinetic point of view (for example energy is not conserved through the evolution) and can
be considered as an alternative without di�usion.

The Boltzmann equation
This is a nonlinear model where the collision kernel takes into account elastic collisions
between particles. If we suppose again that an external force deriving from a gradient is
present, the equation satis�ed by the density is of type (1.1) with collision kernel QB:

∂tf + v∂xf − ∂xV (x)∂vf = QB(f, f). (1.12)

The Boltzmann kernel QB is bilinear, and given by

QB(f, f) =
∫∫

Rd,Sd−1

B(|v − v∗|, cos(θ))
(
f ′∗f

′ − f∗f
)
dv∗dσ. (1.13)

In this expression, we distinguish the postcollisional velocities v′ and v′∗ and the precolli-
sional velocities v and v∗ of two identical particles submitted to an elastic shock, which
means that

v′ + v′∗ = v + v∗ (conservation of momentum),
|v′|2 + |v′∗|2 = |v|2 + |v∗|2 (conservation of kinetic energy).

(1.14)

The postcollisional velocities are then

v′ =
v + v∗

2
+
|v − v∗|

2
σ and v′∗ =

v + v∗

2
− |v − v∗|

2
σ (1.15)

where σ ∈ Sd−1. The deviation angle θ is de�ned by cos(θ) = k.σ where k = (v− v∗)/|v−
v∗|. In (1.13) we use the standard notation

f = f(v), f ′ = f(v′), f∗ = f(v∗), f ′∗ = f(v′∗) (1.16)

(we omitted the space and time variables there). The cross section B depends on the type
of elastic interaction. Some important models are the inverse law ones

B(|v − v∗|, cos θ) = b(cos θ)Φ(|v − v∗|) with Φ(|z|) = |z|γ . (1.17)

Among them we mention the hard sphere case γ = 1 and b constant (supposed to be
bounded as well as its derivatives from now on). We get the following classi�cation

γ > 0 (hard potential) , γ = 0 (Maxwellian potential) , γ < 0 (soft potential) .

There is a priori no regularizing e�ect for the Boltzmann equation, which is essentially of
hyperbolic type (note anyway the case of grazing collisions when b is singular (see e.g.
[91])).

14
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The Landau equation
This is a di�usive version of the Boltzmann equation. The equation satis�ed by f is

∂tf + v∂xf − ∂xV (x)∂vf = QL(f, f), (1.18)

where the collision kernel is given by

QL(f, f) = ∂v.

∫

Rd

A(|v − v∗|) (f∗∂vf − f∂vf∗) dv∗ (1.19)

where v∗ et f∗ are de�ned as in the preceding paragraph. In this expression,

A(z) = |z|2Φ(|z|)P(z),

with Φ de�ned as in (1.17). In opposition to the Boltzmann case, the Landau kernel is of
di�usive type. We refer for example to [91] for a derivation of the Landau kernel from the
Boltzmann one, and mention only that it is obtained when the grazing collisions are taken
into account. We can naturally guess that the full equation has smoothing properties.

1.2 Thermodynamic quantities and H-Theorem
We now introduce the thermodynamic quantities naturally associated to the preceding
equations. The total mass of the system is normalized to 1 :

m = 1 =
∫∫

f(t, x, v)dxdv,

which is constant for all the models we studied before, thanks to the fact that
∫

Q(f, f)dv =
0. The momentum is de�ned by

p =
∫∫

vf(t, x, v)dxdv.

In the study of the momentum study, we have to take into account both the transport and
the collision e�ects:

1. Collision e�ect: if the collision is of linear type (linear relaxation, Fokker-Planck),
then the model is too simple to guarantee the conservation of p. On the contrary
more complex nonlinear collision operators (Boltzmann, Landau) have no e�ect on
p according to the fact that ∫

Q(f, f)vdv = 0.

2. Transport e�ect: in the case when V has some symmetry, then some angular part of
the momentum can be conserved by the transport equation.

As a consequence for bilinear models, the full equation may also conserve some angular
part of the momentum.
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Energy
We already saw that for the transport equation with a potential, the classical energy of a
particle of mass 1 is given by

φ(x, v) = v2/2 + V (x).

The total energy of the system (except for Vlasov models) is then given by

E(f) =
∫∫

(v2/2 + V (x))f(x, v)dxdv

and is naturally conserved by the transport part of kinetic equations. In the case of linear
collision models, the collisions are not elastic and the energy is not conserved through
collisions. For example in the Fokker-Planck case this is due to a transfert to heat baths.
For the more complex nonlinear models (Landau, Boltzmann), it is conserved according
to the microscopic construction (1.14). This can be seen and proven using

∫
Q(f, f)v2dv = 0.

Maxwellian and potentials
We �rst introduce a Gibbs state at temperature T , which is given by

e−φ(x,v)/kT , (1.20)

where φ(x, v) is the classical energy and k is the Boltzmann constant. We suppose in
the following that k = 1 and that T = 1 (this will always be the case except in the low
temperature analysis later). We shall always suppose in the following that V ∈ C∞(Rd)
and refer to a discussion in Section 1.5 about this restriction. In the case when

e−V ∈ L1(dx), (1.21)

we shall say that the potential is con�ning and we introduce the so-called Maxwellian,
which is a L1-normalized stationary state for equation (1.1):

M(x, v) = e−(v2/2+V (x))/

∫∫
e−(v2/2+V (x))dxdv. (1.22)

This is a stationary solution of equation (1.1). In the linear relaxation and Fokker-Planck
cases, a direct computation shows that this is the only one. In the Landau or Boltzmann
cases, and at �xed mass and total energy there may be others if V admits some special
symmetry properties. If not one can show again that it is the only solution by direct
computation (see for example an adaptation of [22]).

In the case when e−V is not in L1(dx) we shall also denote by M the fonction de�ned
in (1.22) but without the denominator. In this case, M is also a distribution solution of
(1.1) but not the density of a �nite measure.

A �rst typical family of admissible V is made of C∞ potentials for which there exists
constants C and Cα where α is a multiindex in Nd of length |α| such that for any α ∈ Nd,

|∂αV (x)| ≤ Cα 〈x〉2−min(|α|,2) and |∂V (x)| ≥ 1/C for x large, (1.23)

where as usual 〈x〉 =
√

1 + |x|2. These potentials are nondegenerate at in�nity and with
at most quadratic growth. We shall call them admissible potentials. A second family is

16
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given by potentials of higher polynomial growth, for which there exists an order 2n > 1 in
R and constants C and Cα such that for any α ∈ Nd

|∂αV (x)| ≤ Cα 〈x〉2n−min(|α|,2) and |∂V (x)| ≥ 〈x〉2n−1 /C for x large. (1.24)

Note that when V is positive at in�nity, both hypotheses (1.23) and (1.24) imply that the
Maxwellian M is L1 normalized and a steady state for the equation.

Entropy
The next fundamental quantity is the entropy

H(f) =
∫∫

f ln f.

In the sequel we shall rather speak about the so-called relative entropy de�ned for f ≥ 0
by these corrections:

H(f |M) =
∫∫

f ln(f/M)dxdv (con�ning case),

H(f |M) =
∫∫ ((

1 +
f

M
)

ln
(

1 +
(

f

M
))

− f

M
)
Mdxdv (other cases).

(1.25)

We shall always assume in the following that the initial data have �nite entropy. The
interest of using these corrections of the entropy is multiple. The �rst one is that, according
to the nonnegativity of the fonction %(s) = s ln s− s + 1, it is nonnegative:

0 ≤ H(f |M),

where we used for the �rst case the fact that H(f |M) can be written as follows

H(f |M) =
∫∫ (

f

M ln
(

f

M
)
− f

M + 1
)
Mdxdv, (1.26)

since f and M are L1 normalized (alternatively we could have used the Jensen inequality
and the convexity of s 7→ s ln s). Now wz make some comments about this de�nition.

1. In the case of a con�ning potential, the di�erence between entropy and relative
entropy is subtle. We observe that according to the de�nition of M, the relative
entropy di�ers only by a constant from the free energy de�ned by H(f)+E(f), since

H(f |M) = H(f) + E(f) + ln
(∫∫

e−(v2/2+V (x))dxdv

)
.

This implies that for elastic models (Boltzmann, Landau, ...) entropy and relative
entropy also di�er only by a constant since E is conserved. In the case of a con�ning
potential, we also have H(M|M) = 0. Therefore it is the good quantity for systems
with same initial energy as the Maxwellian distribution. Now for simple models
(Fokker-Planck, linear relaxation), it will appear to be a good correction of the
entropy so that the Boltzmann H-Theorem remains valid, as we shall see in the next
paragraph. Note that H(f |M) is the distance between f/M and 1 in L log L(Mdx)
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1.2 Thermodynamic quantities and H-Theorem

2. In the case when the potential is not con�ning the Maxwellian is not integrable
anymore, so that the de�nition (1.26) does not give sense. That's why we introduced
the second de�nition in Formula (1.25): we replaced f/M by 1 + f/M in formula
(1.26). With the new formula, the relative entropy remains a good Lyapunov function
for all the models. Note that H(0|M) = 0 and that H(f |M) is the distance between
f/M and 0 in L log L(Mdx).

To conclude the relative entropy as de�ned in (1.25) appears to be a good common ther-
modynamic quantity for all the models. Mention anyway that other convex functions
than % would give rise to Lyapunov functions as well, provided they have good positivity
properties and right control on the bounds of their derivatives ([1]).

The H Theorem
We now recall the H-Theorem, in its relative entropy version (see also [91]). We don't care
about integrability issues. We �rst introduce the entropy dissipation functional (Fisher
information in the 2nd order di�usive operator case) given for f ≥ 0 by

D(f |M) = −
∫∫

Q(f) ln(f/M)dxdv or −
∫∫

Q(f −M) ln(f/M)dxdv

depending on the con�ning or not case (here for short Q(f) denotes either Q(f) or Q(f, f)).
It is non-negative, as can be easily checked for example in the following two cases :

Not-con�ning Fokker-Planck case : D(f |M) =
∫∫

(∂vf + vf)2

f +M dxdv,

Con�ning Boltzmann case :

D(f |M) =
1
4

∫∫

R3d,Sd−1

B(|v − v∗|, cos(θ))
(
f ′∗f

′ − f∗f
)
ln

f ′∗f ′

f∗f
dvdv∗dxdσ.

(1.27)

Note that the non-negativity in the Boltzmann case is due to the inequality (X−Y )(ln(X)−
ln(Y )) ≥ 0. Let now f be a solution of (1.1). With these de�nitions, the Boltzmann H-
Theorem in its inhomogeneous version with a potential reads

d

dt
H(f |M) = −D(f |M) ≤ 0 (1.28)

so that the relative entropy is non-increasing in time. In the next section we shall give
quantitative versions of this theorem.

The Vlasov cases
We present in this paragraph the special case of Vlasov equations, where the nonlinearity
is located in the transport part, and the induced changes in the preceding de�nitions. The
energy is here given by

E(f) =
∫∫

(v2/2 + V (x) +
Vnl
2

)f(x, v)dxdv.

and the natural decreasing functional is the free energy H(f) + E(f). To simplify we
restrict now to the case of a con�ng potential. It is then useful to work with the relative
entropy H(f |M∞) where M∞ is a steady state of the equation and given by

M∞(x, v) =
e−(v2/2+V (x)+V∞(x))

∫
e−(v2/2+V (x)+V∞(x))dxdv

, (1.29)
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and V∞ is the Green solution of the following Poisson-Emden type equation

−∆V∞ = κζ ∗x
e−(V +V∞)

∫
e−(V (x)+V∞(x))dx

, (1.30)

which is in W∞,∞ (see for exemple [10]).

1.3 The explicit constants problematic
Among all the topics concerning the kinetic equations, we were interested in one in par-
ticular: the explicit hypocoercivity, i.e. the explicit measurement of the trend to the
equilibrium. It can be estimated by the decay of the relative entropy thanks to the H-
theorem. We give in terms of the relative entropy some explicit exponential time decay
results (with respect to the physical constants, the form of the potential, the initial data)
gathered in [H7] [H8] [H9] [H10] [H11] [H12] concerning the Fokker-Planck, the Vlasov-
Poisson-Fokker-Planck and the linear relaxation models. In this section we shall assume
the existence and regularity of solutions, that will be proved later on. Before stating the
results we make some remarks:

1. We present the results in the case when V is C∞ satisfying either (1.23) or (1.24).
Anyway both regularity and derivatives assumptions can be relaxed. Indeed as we
shall see the explicit rates of decay often depend only on an explicit �nite number of
semi-norms of V . We shall come back to these points later in Section 1.5.

2. We chose to state the results in their entropy form. Anyway they are consequence of
more precise theorems in weighted subspaces of L log L(Mdx) that we shall introduce
in the next section. The corresponding re�ned Theorems will be quoted in the next
chapters. The reason for this choice is that the good thermodynamic quantity is the
(relative) entropy, and that the use of these weighted spaces has to be considered
as a drawback of the Hilbertian method. In particular we mention that the L2-type
conditions on the initial data appearing in the next statements are a consequence of
the Hilbertian method.

Now we state the results. The �rst one concerns the Fokker-Planck equation.

Theorem 1.1 Consider the Fokker-Planck equation (1.4) and suppose that V satis�es
(1.24). Then for any probability measure f0 such that (f0 −M)/M1/2 (con�ning case) or
f0/M1/2 (not con�ning case) is a bounded measure and for all t > 0, the solution f(t)
satis�es

H(f |M)(t) ≤ CCf0e
−τt,

where τ and C are explicit with respect to the physical constants and Cf0 is the measure of
R2d with respect to the bounded measures (f0 −M)/M1/2 or f0/M1/2 depending on the
con�ning or not case.

Proof. This is Corollary 0.2 in [H7]. In this text this is a consequence of Theorem 2.9 for
the regularization e�ect (the initial data is a measure but the solution is at least a density
for positive time) and then Theorem 3.4 using Corollary 3.3 for the exponential time decay.
In the original text we used the alternative method described (in the semiclassical context
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here) in Section 4.5. Note that the complete description in terms of the relative entropy is
rather new. 2

The second result concerns the linear relaxation equation.

Theorem 1.2 Consider the linear relaxation equation (1.10) and suppose that V is con-
�ning and satis�es (1.23). Then, for any density f0 such that (f0 −M)/M1/2 ∈ L2 and
for all t > 0, the solution f(t) satis�es

H(f |M)(t) ≤ CCf0e
−τt,

where τ and C are explicit with respect to the physical parameters and Cf0 =
∫∫

(f0 −
M)2/M dxdv.

Proof. This is Corollary 1.2 in [H9]. Here in the text it is a consequence of Theorem 3.5
and Corollary 3.3.

The third result concerns the molli�ed Vlasov-Poisson-Fokker-Planck equation. We
de�ne the Maxwellian via formulas (1.29) and (1.30).

Theorem 1.3 Consider the molli�ed Vlasov-Poisson-Fokker-Planck equation (1.8-1.9) and
suppose that V is con�ning and satis�es (1.23). Then there exists κ0 such that for all
|κ| ≤ κ0, for any density f0 such that (f0 −M)/M1/2 ∈ L2 and for all t > 0, the solution
f(t) satis�es

H(f |M∞)(t) ≤ CCfe−τt,

where τ and C are explicit with respect to the physical parameters and κ0, and Cf0 =∫∫
(f0 −M∞)2/M dxdv.

Proof. This is essentially Corollary 1.4 in [H10] with minor modi�cations. Here in the
text it is a consequence of Theorem 3.7 and relies on the hypocoercitive estimates on the
Fokker-Planck operator via a perturbative study. 2

Physical parameters
We proved in [H7] precise lower and upper bounds for τ , depending on the physical pa-
rameters and the form of the potential in the case of the physical Kramers-Fokker-Planck
equation (1.3). We use in this paragraph the notation β = 1/kT . Before stating the results
we introduce the so-called Witten-laplacian operator

A0(Vβ) = (−∂x + ∂xVβ/2) (∂x + ∂xVβ/2) . where Vβ(x) = βV (β−1/2nx).

This is a non-negative operator in L2, and if the potential V satis�es (1.24), then A0(Vβ)
has a spectral gap by standard Theorems, in the sense that the minimum of its spectrum
(except perhaps 0 in the con�ning case) is strictly positive. Under hypothesis (1.24) it
is in fact with compact resolvent and we call ω(Vβ) the smallest non-zero eigenvalue (see
[H7]). With this notation the rate of decay in Theorem 1.1 can be estimated and we get
the following results:
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Theorem 1.4 The rate of convergence τ in Theorem 1.1 of the physical Fokker Planck
equation (1.3) can be estimated from below and above

γ0min {1, ω(Vβ)}
64(5 + 3γ

√
mβ

n−1
2n + 3CVβ

)2
≤ τ ≤ c

√
ω(Vβ) log

[
Q(C(V ),

√
mγ0, β, ω(Vβ))

]
(1.31)

where C2
Vβ

= max
{
sup

(
(HessVβ)2 − (

1
4(∂xVβ)2 − 1

2∆Vβ

)
Id

)
, 0

}
, Q is a rational fraction

of its arguments, C(V ) is a �nite number of semi-norms of V in (1.24) and ω(Vβ) is the
smallest positive eigenvalue of A0(Vβ).

Proof. This is corollary 0.2 in [H7]. Note that improved results were obtained later by
Hel�er and Nier [43] and also Villani [93] as consequences of the corresponding improve-
ments of Theorem 1.1 (see Section 1.5 below). 2

The following tables give the behavior of the rate with respect to the temperature in
Theorem 1.4. The study strongly relies on accurate (semiclassical) estimates for the gap
ω(Vβ) of the Witten Laplacian. The low temperature asymptotics (β → ∞) crucially
depends on the number of local minima of V while high temperature asymptotics (β → 0)
can be carried out under rather general assumptions. The tables present results from [H7],
but mention that an accurate analysis of the low lying eigenvalues of the Witten Laplacian
was performed later in [43] and give also improved bounds. We refer to Section 15.6 of [43]
and the discussion in Section 1.5 below.

In the following tables, the notation a ¹ b means a ≤ κV b where κV depends only on
semi-norms of V . In the low temperature case we obtain

β º 1
(n ≥ 1)

Morse function with 1 critical point Other cases

√
mγ ¹ β

n−1
2n

γ

β
2(n−1)

n

¹ τ ¹
− log

(√
mγβ

−n−1
n

)

√
m

τ ¹ e
− β

3κV√
m

log
(√

mγ + 1√
mγ

)

β
n−1
2n ¹ √

mγ 1

mγβ
n−1

n
¹ τ ¹

log

(√
mγβ

3n−1
n

)

√
m

τ ¹ e
− β

3κV√
m

log (
√

mγ)

Table 1: Low temperature asymptotics.
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In the high temperature case, the simplest case is the c-convex (resp. c-concave) one:

∀x ∈ Rd, ±HessV (x) ≥ cId.

In the other cases we introduce the following conditions depending on the sign of the
potential V at in�nity and the e�ective degree 2n of V :

Hypothesis 1.5 The potential V satis�es (1.24), is positive near ∞ and we have:

n > 1 : The potential V admits a principal part V0 which is an homogeneous potential of
degree 2n, C∞ and non-vanishing outside x = 0 and there exist δ, 0 < δ < 2n−2, and
for any α ∈ Nd, |α| ≤ 2, a constant C ′

α so that |∂α
x V (x)− ∂α

x V0(x)| ≤ C ′
α 〈x〉2n−|α|−δ .

n = 1 : There exist two positive constants C2, κ2 and a function G ∈ L∞(Rd) so that
|∂xV (x)|2 ≥ C2

2 |x|2 + G(x) and HessV (x) + 1
2(dC2 −∆V )Id ≥ κ−1

2 Id.

Hypothesis 1.6 The potential V satis�es (1.24), is negative near ∞ and we have:

n > 1 : There exist n′, 1 < n′ < n, and C2 > 0 so that ∆V (x) ≤ C2(|x|2n′−2 + 1).

n = 1 : There exist two positive constants C2, κ2 and a function G ∈ L∞(Rd) so that
|∂xV (x)|2 ≥ C2

2 |x|2 + G(x) and dC2 −∆V (x) ≥ 2κ−1
2 .

Under these hypotheses we get

β ¹ 1 c2 -convex (concave)
(n ≥ 1)

Hyp. 1.5 Hyp. 1.6

√
mγβ

n−1
2n ¹ 1 γβ

n−1
n ¹ τ ¹

− log

(√
mγβ
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log
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mγβ
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)

√
mβ

n−1
2n

1

mγβ
n−1

n
¹ τ ¹

log

(√
mγβ

−1−n
2n

)

√
mβ

n−1
2n

Table 2: High temperature asymptotics.

We just eventually emphasize the following points
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The Witten Laplacian One fundamental point is that the behavior of τ is very compa-
rable to the lowest non-zero eigenvalue of the Witten Laplacian ω(Vβ). In the low
temperature limit we got in [H7] explicit bounds by using the supersymmetric struc-
ture of the Witten Laplacian in the spirit of [47]. In fact as we shall see in Chapter
5, the Fokker-Planck itself is supersymmetric and this leads very precise estimates
for τ as explained in the next paragraph [H11] [H12].

High temperature limit In this case, the behavior of τ is essentially controlled by the
friction and the behavior of V at in�nity : the possible degeneracy of V are hidden
by the thermal agitation.

Low temperature limit Then the local behavior of V is important. When it admits
degenerate critical points, or multiple minima the trend to the equilibrium is expo-
nentially small. We shall come back to this point later in the semiclassical case.

Recall that things are completely known in the case of a quadratic potential by low-
energy approximation of the spectrum (see [78]) or by expressing the solution to (1.3) with
a Mehler formula ([51]). And this says that the lower bounds are optimal in the case n = 1.

Semiclassical analysis
In the series of papers [H8], [H11] and [H12] we complete the preceding tables in the low
temperature limit. As already mentioned a semi-classical analysis of the Fokker-Planck
equation is possible with h = 2T as a small parameter, which means that h appears in
front of each derivative in the equation. In this paragraph we suppose that V is admissible
in the sense given by (1.23) and that it is a Morse function, and we study the semiclassical
Fokker-Planck equation (1.5). Note that the results were proven for a larger class of
equations including for example the one satis�ed by the chains of anharmonic oscillators
(1.7). We stick here to the Fokker-Planck case.

Recall that we put all the physical constants except h and γ equal to 1. The Maxwellian
in this case is given from (1.20) by

Mh(x, v) = e−2(v2/2+V (x))/h
/∫∫

e−2(v2/2+V (x))/hdxdv, (1.32)

and the relative entropy H(f,Mh) is de�ned as before by (1.25). In the case when V has
only a single critical point we get the following

Theorem 1.7 Consider the semiclassical Fokker-Planck equation (1.5). Suppose that V
satis�es (1.23) and is a Morse function with a single critical point. Then for any density
f0 such that (f0 −Mh)/M1/2

h ∈ L2 (con�ning case) or f0/M1/2
h ∈ L2 (other case), and

for all t > 0, the solution f(t) satis�es

H(f |Mh)(t) ≤ CCf0,he−τt/h, (1.33)

where C is explicit and independent of h small enough, and Cf0,h is the L2 norm of (f0 −
Mh)/M1/2

h (resp. f0/M1/2
h ) in L2. Besides we have

τ = hµ + o(h)

where µ is independent of h and given by an explicit simple formula.
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1.3 The explicit constants problematic

Proof. This is a direct consequence of Theorem 1.4 in [H8] and we recall this result here
in Theorem 4.8 and Example 4.10. The formula for µ is explicit in terms of the explicitly
computable spectrum of the quadratic approximation P 0 of P at temperature 1 at the
critical point via the formula

µ = inf
(
Re (σ(P 0)) ∩ R+∗) > 0

and the spectrum σ(P 0) is given by all numbers given in formula (4.15) in Chapter 4. Note
that this desciption in the quadratic case was already known ([78]). We give an example
in Section 13.2 of [H8]. 2

The second result gives an answer in some of the bad cases of the previous study of the
Fokker-Planck equation, i.e. when the potential has more than one single critical point.
Again we suppose that V is a Morse function satisfying (1.23). We treated in [H11] and
[H12] the following two cases:

double well well and the sea

x0x0
x1

x−1 x1

V (x)

Figure 1.3: Double well case (2 minima and a saddle point) and a well and the sea case (1
minimum and a saddle point)

Theorem 1.8 Consider the semiclassical Fokker-Planck equation (1.5). Suppose that V

satis�es (1.23) and is a Morse function. Then for any density f0 such that (f0−Mh)/M1/2
h

∈ L2 (con�ning case) or f0/M1/2
h ∈ L2 (other case), and for all t > 0, the solution f(t)

satis�es
H(f |Mh)(t) ≤ CCf0,he−τt/h, (1.34)

where C is explicit and independent of h small enough, and Cf0,h is the L2 norm of (f0 −
Mh)/M1/2

h (resp. f0/M1/2
h ) in L2. Besides we have the following

i) If V has precisely three critical points, two local minima x±1 and a "saddle point" x0

of index one, then

τ = h
(
a1(h)e−2(V (x0)−V (x1))/h + a−1(h)e−2(V (x0)−V (x−1))/h

)
,

ii) If V has precisely two critical points, one local minimum x1 and a "saddle point" x0

of index one, then
τ = h

(
a1(h)e−2(V (x0)−V (x1))/h

)
.

In these formulas the aj(h)'s are real with the following asymptotic development aj(h) ∼
aj,0 + aj,1h + ... with aj,0 > 0.
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Proof . The �rst result i) is a direct consequence of Theorem 1.1 in [H12] using the
estimates given in Theorem 11.1 of [H11]. The second result is an adaptation of the
metnod used for the �rst one and is given in Theorem 4.1 of [H12]. Here in the text point
i) is a consequence of Theorem 5.5 and point ii) follows from a similar proof.

1.4 Linearization
The linearization procedure depends on the con�ning properties of the potential.

Con�ning case: linearization near the equilibrium. In this case we linearize f near
the equilibrium given by the Maxwellian M. We introduce the perturbation u de�ned by

f = M+M1/2u. (1.35)

Note that by linearization we mean both addition to the Maxwellian and multiplication
by the square root of M. Since f and M are densities (recall that the mass is conserved
and equal to 1 through the evolution), we get the following important condition on u:

∫
M1/2udxdv = 0. (1.36)

We next notice that the simple formula ln(1 + s) = s − s2/2 + o(s2) gives in a �rst
approximation

H(f |M) ∼ 1
2

∫∫
u2dxdv. (1.37)

This estimate can be considered as a motivation for an Hilbertian study of linearized kinetic
equations. We shall work in the following with u ∈ L2. With the restriction implied by
(1.36) the natural space for u is then

{
u ∈ L2; u ⊥M1/2

}
,

and the basic functional space is L2. We shall present later on linearized equations.

No con�ning properties: linearization near the vacuum. In this case the Maxwellian
is not an equilibrium for the kinetic equations. We therefore introduce the perturbation u
of the vacuum de�ned by

f = M1/2u. (1.38)
Note that by linearization we mean only multiplication by the square root of M1/2 and u
small. Formula ln(1 + s) = s− s2/2 + o(s2) yields again

H(f |M) ∼
∫∫

u2dxdv. (1.39)

We shall work in the following with u ∈ L2 and we note that the natural functional space
is the whole L2 contrary to the con�ning case.

We quote now some di�erences between linear and linearized equations.

Linear equations (transport in a force �eld, linear relaxation, Fokker-Planck).
In these cases, the addition of M in the procedure of linearization is transparent because
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1.4 Linearization

of the linearity of the equation. Therefore the linearized equation equals the original one
conjugated byM1/2. Note anyway that in the con�ning case we suppose in addition (1.36).

Equations with bilinear collision kernel (Boltzmann and Landau). In these cases,
the addition ofM is not transparent anymore. In the con�ning case we shall recall later the
formulas giving the linearized equations. In the case when V is not con�ning, we linearize
near the vacuum, so that the linearized equations are simply the equation of transport in
a force �eld (1.2. This restrict the interest of linearizing in this case. Note that this is an
illustration of the following physical fact: far away, the gaz is too dilute so that collision
signi�cantly occur.

Boltzmann, Landau
linearization

no con�ning properties−→ transport in a force �eld.

In all cases (con�ning or not, linear or bilinear) formulas (1.37-1.39) can be improved.
Using inequality 0 ≤ %(s) = s ln s − s + 1 ≤ s2 and de�nitions (1.25-1.26) we get the
important inequality

0 ≤ H(f |M) ≤
∫∫

u2dxdv. (1.40)

In particular any decay estimate in time in the L2 framework will imply the same decay
for the relative entropy. We shall work in the remaining part of the text with u in the L2

setting.

Eventually note that in the Vlasov cases, we work mainly with the small parameter κ
in (1.9) so that the induced linearized equation is the Fokker-Planck equation.

Common properties of linearized operators
Now we study the linearized operators in terms of u ∈ L2 de�ned through (1.35) or
(1.38). It will be useful in the sequel to de�ne the square roots of the velocity and spatial
Maxwellian de�ned by

M(v) def= e−v2/4/(2π)d/4 (1.41)

and

R(x) = e−V (x)/2/

√∫
e−V dx (in the con�ning case), (1.42)

so that in the con�ning case M1/2(x, v) = M(v)R(x). For the free transport equation the
change of unknown is transparent since the transport commutes with the multiplication
by the Maxwellian so that

(v∂x − ∂xV ∂v)M1/2 = 0.

We shall denote by
X0 = v∂x − ∂xV (x)∂v

the transport part. We introduce the general form of linearized equations. Note again that
for the linear ones, the procedure of linearization is reduced to a simple conjugation with
the square root of the Maxwellian. The general form of the equations is the following

∂tu + Pu = 0, P = X0 − L or P = X0 −R2L, (1.43)
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Chapter 1 : Models and main problematic

where −L is the linearized collision kernel. Note that L only acts in velocity variables. We
shall refer to the collision kernel as an operator in L2(dv) when no confusion is possible.
Common basic properties of L are the following ones. We �rst have

LM = 0, and L ≤ 0 in L2(dv)

which corresponds to the conservation of mass and the fact that the collision kernel is
dissipative. This implies that

LM1/2 = 0,

in the distributional sense, and in the L2 one in the con�ning case. Eventually note that
collision kernels are formally selfadjoint in L2(dv). Other properties will be mentioned
later. We now present the di�erent models.

The (linearized) Fokker-Planck equation
We introduce the following notation from [H7], which will be of current use in the sequel
also for the other models. We introduce the vector-valued di�erential operators a and b
de�ned by

a = γ1/2 (∂x + ∂xV (x)/2) b = γ1/2 (∂v + v/2) , (1.44)
and their formal adjoints

a∗ = γ1/2 (−∂x + ∂xV (x)/2) b∗ = γ1/2 (−∂v + v/2) , (1.45)

on L2. With this notation the (linearized) Fokker-Planck operator and kernel read

PFP = X0 − LFP with LFP = −b∗b. (1.46)

Recall that the collision part LFP = −b∗b takes into account both friction and di�usion,
whereas X0 is the transport part in a potential. In the developed form we get

PFP = v∂x − ∂xV ∂v + γ(−∂v + v/2)(∂v + v/2). (1.47)

Note eventually that in the con�ning case 0 is a simple eigenvalue of PFP with eigenspace
generated by M1/2 (by the Perron-Frobenius Theorem, or by direct computation), and
that 0 is not an eigenvalue in the other cases.

The (linearized) semiclassical Fokker-Planck equation
Recall that the semiclassical Maxwellian was de�ned in (1.32). The semiclassical Fokker-
Planck operator at temperature T = h/2 reads

Ph = vh∂x − ∂xV h∂v +
γ

2
(−h∂v + v)(h∂v + v), (1.48)

and the equation is h∂tu + Phu = 0. As in the classical case, 0 is a simple eigenvalue of
PFP with eigenspace generated by M1/2

h in the con�ning case, and 0 is not an eigenvalue
in the other cases.

We also give the linearized version of equation (1.7) for the chains. This is

h∂tu + vh∂xu− (∂xV − z)h∂vu

+
γ

2
(−h∂z1 + (z1 − x1))(h∂z1 + (z1 − x1))u

+
γ

2
(−h∂z2 + (z2 − x2))(h∂z2 + (z2 − x2))u = 0.

(1.49)
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The (linearized) linear relaxation equation
The linearized linear relaxation operator and collision kernel read (as already noticed it is
reduced to a simple conjugation to the square root of the Maxwellian)

PLR = X0 − LLR with LLR = L+
LR − Id, (1.50)

where as an operator in L2(dv), L+
LR is de�ned for u ∈ L2 by

L+
LRu =

(∫
u∗M∗dv∗

)
M,

with the notation naturally inherited from (1.16). Note that in the velocity variables,
it corresponds to a projection onto the normal distribution in velocity M . In the case
of a con�ning potential it can be understood as is a simple relaxation onto the local
Maxwellian ρ(x)R−1(x)M(v). As in the Fokker-Planck case, 0 is a simple eigenvalue of
PLR with eigenspace generated by M1/2 in the con�ning case, and 0 is not an eigenvalue
in the other cases

The linearized Boltzmann equation
Recall �rst that when the potential V is not con�ning, the linearization procedure yields
the transport equation in a force �eld (1.2). So we suppose that we are in the con�ning
case so that the trapped particles are e�ectively submitted to collisions. We stick to the
inverse law case. The linearized Boltzmann kernel splits into a non-local part L+

B−L∗B and
a multiplicative part, and is multiplied by R2. It reads

PB = X0 −R2LB with LB = L+
B − L∗B − ν(v). (1.51)

with the following notation :

L+
B(u) =

∫∫

Rd,Sd−1

Φ(|v − v∗|)b(cos(θ))
(
u′∗M

′ + u′M ′
∗
)
M∗dv∗dσ,

L∗B(u) = M ((Mu) ∗ Φ) ,

ν(v) = (Φ ∗M2)(v).

(1.52)

The function ν(v) is called the collision frequency. In the case of Maxwellian or hard
potential, it is bounded from below and ν(v) ∼ c|v|γ . The non-local part L+

B − L∗B is
compact in L2, and the dissipative property of LB is clear via the following formula

(LBu, u) = −1
4

∫

Rd×Rd×Sd−1

Φ(|v − v∗|)b(cos(θ))

(
h′∗
M ′∗

+
h′

M ′ −
h∗
M∗

− h

M

)2

M2M2
∗dvdv∗dσ ≤ 0.

(1.53)

The null space of the collision kernel LB in L2(dv) is made of the following d+2 dimensional
subspace

N (LB) = Span
{
M,v1M, ..., vdM, |v|2M}

which is a manifestation of the conservation of the mass, moments and energy. Note that
this is very di�erent from the Fokker-Planck and linear relaxation case, where only the
mass was conserved.
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The linearized Landau equation
Again we suppose that we are in the con�ning case, since if not the linearized equation
reduces to the linear transport equation in a force �eld (1.2). We stick to the inverse law
case. The linearized Landau kernel splits into a non-local part L∗L and a di�erential part,
and again is multiplied by R2. It reads

PL = X0 −R2LL with LL = L∗L − b∗Aν(v)b, (1.54)

where b is the annihilation operator de�ned in (1.44) and

Aν(v) = (A ∗M2)(v),

L∗L(u) = b∗
(∫

A(v − v∗)MM∗(bu)∗dv∗

)
.

(1.55)

The matrix Aν(v) is the analogous of the collision frequency in the Boltzmann case. In the
case of Maxwellian or hard potential, it is bounded from below and Aν(v) has a polynomial
growth. The non-local part L∗L is compact in L2, and the dissipative property of LL (ie
LL ≤ 0) can be easily obtained (e.g. [63]). The null space of the collision kernel LL in
L2(dv) is the same as the Boltzmann one. It is made of the following d + 2 dimensional
subspace

N (LL) = Span
{
M,v1M, ..., vdM, |v|2M}

.

This is again an illustration of the conservation of the mass, moments and energy. We see
a major di�erence with the Boltzmann kernel: the collision is of di�usive type, and looks
very much like the Fokker-Planck kernel −b∗b.

The Cauchy problem for linearized equations
Although this is not a result of main importance, we give here a statement about the
well-posedness of the Cauchy problem (1.43) in L2 at least for the Fokker-Planck operator.
The result here is taken from [H12]. This question is reduced to proving that the operator
PFP �rst de�ned on L2 with domain C∞0 is maximal accretive, so that we can conclude
with the Hille-Yosida Theorem. We de�ne the minimal closed extension Pmin in L2 to be
the graph closure of PFP already introduced, and identify PFP with Pmin. Let Pmax be the
maximal closed extension of PFP i.e. with domain

D(Pmax) =
{
u ∈ L2 ; Pu ∈ L2

}
.

Proposition 1.9 The Fokker-Planck operator PFP de�ned in (1.46) is maximal accretive,
and its resolvent exists on the left half plane {Re (z) < 0}.

Proof. This was �rst proven in [H7] thanks to hypoelliptic properties of the operator, then
simpli�ed by Hel�er and Nier in [43]. Later in Corollary 3.2 of [H11] a proof was given for
more general di�erential operators, and in the semiclassical context, but the adaptation to
the classical case is straightforward. 2

Of course this implies by the Hille-Yosida Theorem that the Cauchy problem (1.43)
is well posed and that C∞0 is a core for PFP. In particular we can de�ne the following
semi-group

U(t) = e−tPFP
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on L2. Since the transport part X0 is skewadjoint, and the collision part b∗b is non-
negative in L2, we get in particular that PFP ≥ 0, and therefore that U is a semi-group of
contraction in L2. We note that the same result applies for the adjoint P ∗

FP of PFP, which
can be deduced from PFP by changing X0 in −X0. We postpone to the next section some
natural questions about the Cauchy problem for linearized kinetic equations.

1.5 Concluding comments and perspectives
Implicit or explicit trend to the equilibrium
As already mentioned in the text, the main problematic of this work is to study the explicit
trend to the equilibrium for inhomogeneous kinetic equations. Note that the �rst implicit
result is given by the H-theorem. The trend to equilibrium was studied by several authors
at least for some speci�c potentials. Bouchut and Dolbeault obtained a �rst implicit result
in [10] by some compactness arguments and time decay for a nonlinear Vlasov-Fokker-
Planck problem with a free energy decay argument. Talay got some implicit exponential
decay [87][88] by studying directly the stochastic process. Concerning a chain of anhar-
monic oscillators coupled to heat baths, Eckmann, Pillet, Rey-Bellet and Eckmann, Hairer
proved in [32] and [30] the existence and uniqueness of a steady state by the isotropic hy-
poellipticity techniques that they introduced for such problems but resolvent and spectral
estimates are missing in order to get exponential trend to the steady state. More recently,
Rey-Bellet and Thomas in [75][76][77] have obtained some results about the implicit ex-
ponential return to equilibrium in the mean for chains of anharmonic oscillators by going
back to the stochastic approach and by introducing some Lyapunov functional.

In the series of papers [35] [36] [37] [38], Guo proved some results with explicit constants
about the exponential return to the equilibrium in the torus using micro-macro methods,
as well as existence in the perturbative setting of nonlinear various equations including the
Vlasov-Maxwell-Boltzmann one.

The �rst explicit decay results with a potential or a boundary were obtained by Villani
and Desvillettes in [21] for the Fokker-Planck equation with perturbation of quadratic
potentials and in [23] for the Boltzmann equation with a boundary. They got an explicit
polynomial decay using the entropy-dissipating method, provided strong a priori bounds
on the solution, and the proof was simpli�ed later in [93]. The method was also employed
for the linear relaxation model in [13] [24].

The �rst explicit exponential time decay result in a case with a potential was given
in [H7] using the Hilbertian method. It was then adapted to the linear relaxation model
in [H9], and the molli�ed Vlasov-Poisson-Fokker-Planck model in [H10]. The asymptotic
expansion in the semiclassical limit was obtained in [H9] and the tunnel e�ect was studied
in [H12]. In [63], the authors gave a complete treatment of various kinetic equations
using similar ideas in the torus. In the �rst part of [93] the method of commutators was
systematized to general sums of squares of vector �elds. We shall come back later in Section
2.5 and 3.5 to the recent improvements concerning the speci�c case of the Fokker-Planck
equation.

Homogeneous kinetic equations
As in the homogeneous case, the explicit trend to the equilibrium is strongly related to an
explicit coercitive estimate for the collision operator. In this direction we mention explicit
coercitive bounds for the linearized Boltzmann and Landau collision operators obtained in
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[62].

A natural scale of Lp spaces
We just mention the following interesting fact about the multiplication by the square root
of the Maxwellian. We introduce the following scale of weighted spaces for p ∈ [1,∞]:

Bp =
{
f ∈ D′ s. t. f/M∈ Lp(Mdxdv)

}

with the natural associated norms inherited from the Lp spaces ([H10]). It is clear that the
scale Bp inherits the properties of the Lp ones. In particular B2 is an Hilbert space and
in fact u ∈ L2 is equivalent to f ∈ B2 in (1.35). But contrary to the Lp spaces the scale
is also increasing in the con�ning case: for any 1 ≤ p ≤ q ≤ ∞, we have Bq ↪→ Bp with
injection of norm 1. Note eventually that the relative entropy can be seen as associated
with a weighted LlogL space.

The linear Cauchy problem
A generalization of Proposition 1.9 to other linearized operators (including Landau, Boltz-
mann and the generalizations) is certainly easy, since the non-local part - when present - is
always compact on L2, and the remaining part is of di�erential nature. Anyway it remains
to be done. This would give the existence of the corresponding semi-group. Anyway we
point out the fact that even for the Fokker-Planck case, the proof was not so direct.

Question 1.10 Are all linear operators de�ned in Section 1.4 maximal accretive?

Note that for proving existence and uniqueness of the solution we don't need that e−tP

is a semi-group associated with a maximal accretive operator, since we can work with weak
solutions (see e.g. [19], [93] for the Fokker-Planck case). Anyway one ingredient of the
proof of hypoelliptic and hypocoercitive estimates in the following chapters is that C∞0 is
a core for PFP. This is the reason why we restricted in this text to the case when V is
smooth, since we don't know how to prove maximal accretivity when V is less regular.

Question 1.11 In the case V is only C2, is the Fokker-Planck operator PFP maximal
accretive as in Proposition 1.9?

Note anyway that very few explicit semi-norms of V are explicitly needed in the explicit
formulas of the rate of convergence (see e.g. Theorems 3.4 or 3.5) or in some hypoelliptic
estimates (see e.g. Theorem 2.10). Note also that hypotheses (1.23) and (1.24) are not
optimal. We postpone to the discussions in Sections 2.5 and 3.5 some remarks about
improvements on this issue, essentially coming from the works by Hel�er and Nier [43] and
Villani [93].

The nonlinear Cauchy problem
As we shall see later in Sections 4 and 5 of Chapter 3 , the Hilbertian hypocoercivity
method allows to treat the problem of existence of solutions for nonlinear problem only in
a perturbative setting. This was done for example in [63], and in the articles by Guo ([35]
[36] [37] [38]). The fully nonlinear problem, for example the one concerning the existence
and uniqueness of solutions of the inhomogeneous Boltzmann equation is now far from
beeing solved and remains an hard and celebrated issue.

31



1.5 Concluding comments and perspectives

Boundary conditions
We presented in this document kinetic equations with a potential. This case can be inter-
preted in di�erent ways:

1. In the case a con�ning potential it may be considered as a simpli�ed model for
particles in a box. A precise analysis is easer in this case since, as we shall see, a
fundamental trick is based on a commutator between the drift and the di�usion. In
the case with a boundary, this would lead to commutators on the boundary, with
subsequent di�culties.

2. The analysis can be made without a potential and with x varying on the torus. This
approach simpli�es a lot the problem since the drift is reduced to v∂x and a complete
linear and perturbative study can be made for a lot of models (from Fokker-Planck
to Maxwell-Boltzmann equations, see for example [35] [36] [37] [38]). This study was
made very recently in [63] using tools close to the ones presented in the next two
Chapters.

3. In the case of a noncon�ning potential, there is no steady state anymore, and the
trend to the equilibrium has to be replaced by the divergence to 0 of the solution.
Anyway there may be some states remaining a long time if there is a local well for
the potential. They have to be interpreted as metastable states (e.g. well and the
sea and double well cases).

In the study of kinetic equations, di�erent boundary conditions may be used. The more
physical one is perhaps the specular re�ection, but we mention also the bounce-back one
and the di�usion by the boundary one (Maxwellian di�usion).

Linearization
As we saw linearization of fully nonlinear equations gives the following problem

∂tu + Pu = 0, P = X0 −R2L,

where R2 is the spatial Maxwellian de�ned in (1.42). This is a completely di�erent model
from this one

∂tu + Pu = 0, P = X0 − L,

since in the �rst case the e�ect of collisions disappears at in�nity because of R2. Physically
it can be interpreted as the fact that the density (supposed to be close to the Maxwellian)
is very low far away and that very few collisions happen when the gas is dilute. At in�nity
we essentially recover the transport equation in a force �eld as when there is no con�ning.
This gives of course strong mathematical di�culties since we can't use the coercivity of
the collision kernel there. The equation is then of hyperbolic type, and the trend to the
equilibrium can't be obtained, and the perturbative study can't be performed. The natural
question is therefore

Question 1.12 How to describe the evolution of the linearized Boltzmann and Landau
equations with a con�ning potential?

Note that this problem comes from the conjugation with the Maxwellian, and from the
fact that the density is supposed to be very small at in�nity. A study using hypocoercivity
in L log L and entropy dissipating tools in the spirit of [23] [93] is perhaps possible.
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Other models
We shall present rather robust methods in the following chapters allowing to treat the
problem of the return to the equilibrium thanks to hypocoercive, hypoelliptic and pertur-
bative methods. They can certainly be applied to other kinetic models which were not
mentioned in this text. We just want to quote some of them:

1. The (linearized) inelastic Boltzmann and Landau equations. These are models for
which the collision operator only conserves mass and momentum, so that the kernel
is of dimension 4.

2. The BGK model (for Bhatnagar-Gross-Krook), which corresponds to a relaxation to
the local Maxwellian with mean temperature, moment and spatial density w.r.t. the
density f at each time. This is neither a linear nor a bilinear model.

3. The spatially degenerate (linearized) kinetic equations. This is a case when the
linearized operator is of type X0 − α(x)L where α may be degenerate.

4. The Vlasov-Maxwell-Boltzmann equation, which is a mixed kinetic hyperbolic sys-
tem.

5. Operators of type X0 +
∑

j X∗
j Xj . They are systematically studied in [93] by the

commutator method in the spirit of [32] and [H7].
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Chapter 2

Hypoellipticity

2.1 The Kohn's method for KFP type operators
In this section we present a part of the work with Francis Nier about the Fokker-Planck
operator (1.3) in [H7]. As we saw in Section 1.1, the Fokker-Planck operator can be viewed
as the in�nitesimal generator of a stochastic di�erential equation modeling a heat bath
and an oscillator. In [32], the authors used a commutators method inspired by Kohn (see
[53] and Chapter 22 in [50]) to treat the case of a chain of oscillators coupled with 2 heat
baths (1.7). This was the departure point for the present study. In this section we shall
use extensively the pseudodi�erential calculus. We refer to the book [50] chapter 18 for an
introduction and further results.

From now on we forget about the physical constants by setting all of them equal to 1
and study essentially the Kramers Fokker-Planck operator

PFP = X0 + b∗b, (2.1)

and the equation ∂tu + PFPu = 0. We put all constants to 1 here and recall that

X0 = v∂x − ∂xV (x)∂v, a = (∂x + ∂xV (x)/2) , b = (∂v + v/2) , (2.2)

and that
a∗ = (−∂x + ∂xV (x)/2) , b∗ = (−∂v + v/2) . (2.3)

We omit the subscript FP when no confusion is possible.

The Witten Laplacian
We �rst introduce the elliptic counterpart of P de�ned as follows: this is

Λ2 = a∗a + b∗b + 1

where a and b were de�ned in (2.2) and where we suppose that V is an admissible potential
with polynomial growth satisfying (1.24). We already saw that b∗b was the harmonic
oscillator in the velocity variable. Operator A0 = a∗a is the so-called Witten laplacian,
and acts only in the spatial variables. It reads

A0 = a∗a = −∆ + |∂xV (x)|2/4−∆V/2, (2.4)

and is in particular an ingredient of the semiclassical proof of the Morse inequalities
([94][47]). We shall come back on this operator and its supersymmetric properties later in
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Chapter 5. Under conditions (1.24) it is easy to get that the Witten laplacian is maximal
accretive, with C∞0 as a core, and with compact resolvent in L2(dx). We therefore get that
Λ2 has the same property in L2(dxdv).

One fundamental link between Λ2 and the Fokker-Planck operator P is the following
commutation identity

[b,X0] = a, [a,X0] = −Hess(V )b, (2.5)

which will be of constant use in the sequel.

Isotropic hypoellipticity
The following result is the �rst fundamental globally isotropic hypoelliptic estimate.

Theorem 2.1 Suppose that V satis�es (1.24). Then for all u ∈ C∞0 we have

‖Λεu‖2 ≤ C(‖Pu‖2 + ‖u‖2), (2.6)

where ε = min(1/4, 1/(4n− 2)) and C is explicit in terms of a �nite number of derivatives
of V .

Proof . This is Theorem 2.1 in [H7]. This is the �rst result we mention here about
hypoellipticity. The main ingredients are the introduction of the following cross-operator,
de�ned by

K = Λ−(2−2ε)a∗b, (2.7)

and the use of a pseudodi�erential-like calculus, that we describe succinctly now.

1. In this calculus, a, b and their adjoints are of order 1, whereas Λ2, K, X0 are of order
2. Of course a commutation implies a gain of 1 in the total order, and operators of
order 0 are bounded. In this sense K is of order 2ε. More precisely, the microlocal
computations are essentially made with respect to the following weights and metric

λ2 = 1 + |x|2(2n−1) + |v|2 + |ξ|2 + |η|2, g0 = dx2 + dv2 + dξ2 + dη2, (2.8)

where ξ, η are the dual variables of x and v. We note that the weight is essen-
tially the symbol of Λ2. The hypothesis (1.24) on the potential is also essentially of
pseudodi�erential type, and σ(Λ2) can serve as an adapted weight in in the sense of
the pseudo-di�erential calculus of Hörmander. Note that other choices of metric are
possible. We shall come on this later on.

2. Operator K alone is not bounded, but thanks to the decay properties of V in (1.24),
we get better estimates. For example the following commutator A∗ = [Λ2ε−2a∗, X0]
is a priori of order 2ε according to the calculus, but is in fact of order 0.

Eventually note that the "isotropic" terminology comes from the fact that in the weight
appearing in (2.8), there is a part involving v and x, and not only their dual variables as
in the classical calculus of Weyl Hörmander. 2
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Functional analysis
Theorem 2.1 has the following generalizations and applications to the functional analysis
of P . We �rst get the following spectral result

Theorem 2.2 Suppose V satis�es (1.24). Then the Fokker-Planck operator P is with
compact resolvent.

Proof. This is Theorem 3.1e in [H7]. This is a direct consequence of hypoelliptic estimates
and the fact that the operator Λ2 is with compact resolvent. 2

We next introduce a natural scale : for each r ∈ R, we denote by Hr the following
space

Hr =
{
u ∈ S ′ s.t. Λru ∈ L2

}
. (2.9)

This scale replaces the usual Hr space in our microlocal calculus. We note that ∩Hr = S
and ∪Hr = S ′ and that H−r is the dual space of Hr. In this space, we can de�ned the
maximal extensions of P de�ned for r ∈ R by

D(Pr) = {u ∈ Hr, Pu ∈ Hr} Pru = Pu.

For the following we omit the subscript r. In [H7] we get the following Theorem

Theorem 2.3 We assume hypotheses (1.24). For all r ∈ R, we have:

a) The space S(R2d) is a core for Pr.

b) If (Pr)∗ denotes the adjoint (closed unbounded operator in H−r = (Hr)′) of Pr, then we
have the identities: (Pr)

∗ = P ∗−r and (P ∗
r )∗ = P−r.

c) There exists λr so that Pr + λr and P ∗
r + λr are m-accretive and the strongly contin-

uous semigroups
(
e−tPr

)
t≥0

and (e−tP ∗r )t≥0 are well de�ned. Moreover they satisfy(
e−tPr

)∗ = e−tP ∗−r and
(
e−tP ∗r

)∗ = e−tP−r for t ≥ 0. For r = 0, they are contraction
semigroups L2(R2d) (λr = 0).

d) There exists a constant Cr so that D(Pr) ⊂ Hr+ε and

∀u ∈ D(P ]
r ), ‖Λεu‖2

Hr ≤ C
(
‖Pru‖2

Hr + ‖u‖2
Hr

)
. (2.10)

(recall ε = min {1/4, 1/(4n− 2)}.)

e) Operators Pr have compact resolvent and their eigenvectors all belong to S(R2d) and do
not depend on r.

Proof. This is essentially Theorem 3.1 in [H7], and is a consequence of the microlocal
calculus we introduced before and Theorem 2.1. Note anyway that the proof of the maxi-
mal accretivity and the semi-group property in L2 can be simpli�ed using Theorem 1.9 as
was proposed later in [H11]. 2
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2.2 Maximal hypoellipticity
It is well known that the Kohn's method does not give the optimal gain of hypoellipticity.
(ε in the preceding section, in particular in (2.6)). As we already noticed, in the case
of the Fokker-Planck operator only one commutator is needed to span the whole tangent
space (this is the commutator between v∂x and ∂v, or more generally between X0 and b
in the isotropic framework). In the hypoelliptic result by Hörmander [49] for operators
with a drift, and when k is the number of commutators needed to span the tangent space,
the optimal gain of hypoellipticity is ε = 2/(2k + 1). Here k = 1 and the waited gain is
therefore 2/3.

In [H8] we worked with an adapted metric taking into account the di�erence between
velocity directions (v, η ) and spatial ones (x, ξ) in order to get this optimal gain. Note that
we did not follow the original proof by Hörmander. This was also done in a semiclassical
context and for more general operators, but we give here a classical version (i.e. without
any small parameter h) and for the Fokker-Planck operator. Since this was not the main
issue in the work [H8], we reduced there the assumptions on the potential V , and studied
operators satisfying hypotheses (1.23) instead of (1.24). We postpone to Section 2.5 some
further comments on this restriction. We introduce the following weights and metric

λ2(x, v, ξ, η) = 1 + (V ′(x))2 + ξ2 + v2 + η2

µ2(x, v, ξ, η) = 1 + v2 + η2 + λ2/3

and g = dx2 + dv2 + (dξ2 + dη2)/µ2,

(2.11)

specializing the spatial directions. Let us introduce operator Υ2 de�ned by

Υ2 = (µ2)w

We pick from [H8] the following result, which implies that we can take ε = 2/3 in Theorem
2.1 instead of ε = 1/4 when n = 1. We refer to Section 2.5 for a general discussion about
this improvement and related questions.

Theorem 2.4 Suppose that V satis�es (1.23). Then for all u ∈ C∞0 we have
∥∥∥Λ2/3u

∥∥∥
2
≤ C

∥∥Υ2u
∥∥2 ≤ C ′(‖Pu‖2 + ‖u‖2), (2.12)

where C, C ′ are explicit in terms of a �nite number of derivatives of V .

Proof. This result is not explicitly written in [H8], but was essentially included in the
proof of resolvent estimates at in�nity in Section 8 and 9 there (see in particular formula
(9.5)). It was given in a semiclassical context and for more general operators (see Chapter
4 here), but the adaptation to the classical one is straightforward. We give now some ideas
about it.

We used a multiplier method, where the multiplier in the Fokker-Planck case is

G(x, v, ξ, η) = −(ξ.η + V ′(x).v)
λ4/3

ψ

(
v2 + η2

λ2/3

)
.

Here ψ is a non-negative C∞ real function equal to 1 near 0. This weight is null when the
velocity variables are big enough and is essentially equal to −(ξ.η + V ′(x).v)/λ4/3 in the
spatial directions. Note that the Poisson bracket inequality

−(ξ.η + V ′(x).v) =
{
v2 + η2, v.ξ − V ′(x).η

}
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is naturally present and corresponds up to constants to the symbol of the commutator
[b∗b,X0]. The idea is to use at the symbol level the operator identity for δ > 0 small
enough

b∗b + δ[X0, [b∗b,X0]] ∼ Λ2.

This comes from

v2 + η2 + δ
{
v.ξ − V ′(x).η,

{
v2 + η2, v.ξ − V ′(x).η

}} ∼ v2 + η2 + ξ2 + η2 ∼ λ2.

Instead of [b∗b,X0] we use its modi�cation given by Gw and we get

b∗b + δ[X0, G
w] ∼ Υ2

which gives the isotropic ellipticity.
We next verify that G and the symbol p of P are good symbols in the microlocal

calculus associated to the metric g:

G ∈ S0(g) ∂G ∈ S−1(g) v2 + η2 ∈ S2(g), ∂p ∈ S3(g)...

In particular, the Weyl quantization Gw of G will give rise to a bounded operator since it
is of order 0. Theorem 2.4 will therefore be a direct consequence of the following estimate
(see (9.5) in [H8])

Re (Pu, (1− δGw)u) ≈ (b∗bu, u) + δRe ([X0, G
w]u, u) ≈ (Υ2u, u) (2.13)

up to lower order terms. Now replacing u by Υu in (2.13) and noticing that we have a good
control on the norm of the commutator term [P, Υ]u in terms of the ones of Υu and u, we
get the right-hand-side inequality in the theorem. The left-hand-side one is nearly direct. 2

Semiclassical result
As explained before, Theorem 2.4 was proven in a semiclassical context. We refer to Section
7 of [H8] for a short review of the semiclassical Weyl Hörmander calculus.

Recall that the semiclassical Fokker-Planck was de�ned in (1.48) and that the small
parameter h is such that T = h/2. In this context, the involved weights and metrics are

λ2(x, v, ξ, η) = 1 + (V ′(x))2 + ξ2 + v2 + η2

µ2(x, v, ξ, η) = 1 + v2 + η2 + (hλ)2/3

and g = (dx2 + dv2)/h2/3 + (dξ2 + dη2)/µ2.

(2.14)

Operator Υ2 is de�ned as before by Υ2 = (µ2)w. In [H8] we proved the following result,
concerning the semiclassical Fokker-Planck operator (1.48):

Theorem 2.5 Suppose that V satis�es (1.23). Then for all u ∈ C∞0 we have
∥∥Υ2u

∥∥2 ≤ C(‖Phu‖2 + h4/3 ‖u‖2), (2.15)

where Ph is the semiclassical Fokker-Planck appearing in (1.48) and C is explicit.

Note that µ2 is essentially bounded from below by h2/3λ2/3. We recover also at the semi-
classical level the waited gain of order ε = 2/3. The proof was essentially explained in the
preceding paragraph and the result is a consequence of estimate (9.5) in [H8]. 2
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2.3 Cuspidal pseudospectral estimates
The spectral study of Fokker-Planck was �rst motivated by the Cauchy problem. It is
related to the resolvent by the following Cauchy formula

e−tP =
1
2π

∫

Γ
e−tz(z − P )−1dz,

where Γ is a contour to be de�ned, and where the integral is convergent in the L2 norm
sense. For sectorial operators, includind the semi-bounded selfadjoints ones, the contour
Γ can be chosen to be the boundary of the following sector

S =
{

z ∈ C,Re (z) ≥ c|z| or |z| ≤ C

}

and the resolvent satis�es the following for z 6∈ S,
∥∥(z − P )−1

∥∥ ≤ C ′ |z|−1 .

It appears that the Fokker-Planck operator is not sectorial. Anyway the commutator
method shows it has the property of beeing of cuspidal type at in�nity (see Figure 2.1).

These type of estimates are related to what is called the pseudospectrum (subset of C
where the resolvent norm is large). Several recent works were done about this (see e.g.
[16] [17] [6] [96] [20]) motivated by questions in numerical spectral analysis or by stability
questions about the spectrum of singularly perturbed non self-adjoint operators.

In this section we deal with the linearized Fokker-Planck operator (1.47).

Cusp using Kohn's method
The method of Kohn can be adapted to get very precise resolvent estimates. Indeed the
idea that commutator techniques should bring information about pseudospectrum is not
new. The results of the previous section say that the semigroup, spectrum, resolvent
associated with the closed operator Pr basically do not depend on r. Hence we drop the
subscript r in Pr except for D(Pr) and the notation P will now refer to the (appropriate)
closed operator. We recall the value

ε = min {1/4, 1/(4n− 2)} ,

where n > 1/2 is the exponent appearing in (1.24). This result was proven in [H7].

Theorem 2.6 Assume Hypothesis (1.24) and consider the Fokker-Planck operator (1.47).
Then there are three constants c, C and C ′ > 0 so that:

i) The spectrum of P is contained in the in�nite cusp

S =
{

z ∈ C,Re (z) ≥ c|z|ε/2 or |z| ≤ C
}

. (2.16)

ii) For any z 6∈ S, the L2-resolvent is estimated by
∥∥(z − P )−1

∥∥ ≤ C ′ |z|−ε/2 . (2.17)
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S S
S

Γ

Γ Γ

Sectorial cuspidal cuspidal via maximal estimate

Re(z) = c|z|
Re(z) = c|z|ε/2

Re(z) = c|z|1/3

Figure 2.1: Integration contours

Proof. The proof was given in Section 4 of [H7]. It relies on the following estimate

‖Λεu‖2 ≤ C(‖(P − iν)u‖2 + ‖u‖2), (2.18)

for ν ∈ R, inherited for free from (2.6), since in the method of commutators, the skew
adjoint part X0 appears only via commutators and therefore can be replaced by X0 − iν
without change, so that writing z = Re (z) + iIm (z) we get

‖Λεu‖2 ≤ C(‖(PFP − z)u‖2 + |Re (z)|2 ‖u‖2). (2.19)

A main ingredient to get (2.17) is then the following lemma of independent interest
proved in Appendix B of [H7] with purely functional analysis methods :

Proposition 2.7 Let (P̃ , D(P̃ )) be a maximal accretive operator in the Hilbert space H.
For any η ∈]0, 1[, the estimate

|z + 1|2η ‖u‖2 ≤ 4
((

(P̃ + 1)∗(P̃ + 1)
)η

u, u
)

+ 4
∥∥∥(z − P̃ )u

∥∥∥
2

holds for all u ∈ D(P̃ ) and z ∈ C with Re (z) ≥ −1.

With this Proposition with η = ε/2, the fact that ((P + 1)∗(P + 1))η ≤ Λ4η for ques-
tion of order of operators, and (2.19), we complete the proof of Theorem 2.6. 2

Note that Theorem 2.6 was adapted to operators which are expressed as a sum of
squares of vector �elds by Eckmann and Hairer in [30].

Cusp with the maximal hypoellipticity method
We can improve the preceding result using maximal hypoellipticity. We showed the fol-
lowing result for potential V satisfying (1.23).

Theorem 2.8 Assume Hypothesis (1.23) and consider the Fokker-Planck operator (1.47).
Then there are three constants c, C and C ′ > 0 so that:
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i) The spectrum of P is contained in the in�nite cusp

S =
{

z ∈ C, Re (z) ≥ c|z|1/3 or |z| ≤ C
}

. (2.20)

ii) For any z 6∈ S, the L2-resolvent is estimated by
∥∥(z − P )−1

∥∥ ≤ C ′ |z|−1/3 . (2.21)

Proof. The proof was given in [H8] in the semiclassical context. The proof there uses
microlocal arguments, but the result can be also proven with the same method as before,
with the maximal resolvent estimate (2.12) instead of (2.6). With the same method as
before we get for z = Re (z) + iIm (z)

∥∥∥Λ2/3u
∥∥∥

2
≤ C(‖(P − z)u‖2 + |Re (z)|2 ‖u‖2), (2.22)

and conclude using in particular Proposition 2.7 with η = 1/3. 2

The semiclassical result given in [H8] was the following: suppose P is the semiclassical
Fokker-Planck operator (1.48). There exist constants c, C ′ > 0 such that for every C ≥ 1
we have the following: There exists h0 > 0, such that for 0 < h ≤ h0, if

Sh =
{

Re z ≥ ch
2
3 |z| 13 or |z| ≤ Ch

}
,

then for all z 6∈ Sh,

|z|1/3h2/3 ‖u‖ ≤ C ′ ‖(P − z)u‖ , ∀u ∈ S. (2.23)

Recall again that in the original proof in [H8] did not use Proposition 2.7. 2

2.4 Smoothing e�ect
As already noticed, it is immediate to see that the Fokker-Planck equation is hypoelliptic,
but the quantitative counterpart is not easy to get. We studied before hypoellipticity for
the stationary problem. Now we pay attention to the smoothing properties of the full
equation

∂tu + Pu = 0, u(0) = u0. (2.24)

We give here two results in this direction. The �rst one, proven in [H7], follows the
preceding section and is an explicit estimate about the smoothing e�et of e−tP in the
Fokker-Planck case. The second one is a result from [H10] and was motivated by nonlinear
problems. It gives precise estimates of the smoothing e�et of e−tP for short time.

Explicit estimates
The previous result about the pseudospectrum of P can be applied to study the smoothing
e�ect of the Fokker-Planck equation, and not only the Fokker-Planck operator.
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Theorem 2.9 Assume Hypothesis (1.24) and consider the Fokker-Planck operator. For
any t > 0, operator e−tP is continuous from S ′(R2d) to S(R2d). Precisely we have for all
u ∈ S, and t > 0, ∥∥e−tP u

∥∥
Hs ≤ Cs(t−Ns + etcs) ‖u‖H−s

where Cs, Ns and cs are explicit.

Proof. This is Theorem 4.2 in [H7]. We give an idea of the proof: We use the contour
Γ de�ned as the boundary of S in Theorem 2.6 (See Figure 2.1). We write for all s such
that s/ε is an integer

(P + λs)s/εe−tP (P + λs)s/ε =
1

2iπ

∫

Γ
e−tz(z + λs)2/ε(z − P )−1dz, (2.25)

for λs su�ciently large de�ned in c) of Theorem 2.3, and note that the resolvent is bounded
on Γ. Then we use the hypoellipticity for P in the following form

Λs ≺ (P + λs)s/ε ≺ Λ2s/ε

inherited from the fact that P is of order 2. 2

Short time behavior
For nonlinear problems we needed in [H10] a better short time estimate of the semi-group
e−tP than the one given by Theorem 2.9.

Theorem 2.10 Assume that V satis�es (1.23) and consider the Fokker-Planck operator.
Then there exists a constant C such that for all 0 < t ≤ 1, we have the following:
i) operators e−tP b∗ and be−tP are bounded by C(1 + t−1/2),

ii) operators e−tP a∗ and ae−tP are bounded by C2(1 + t−3/2),

as bounded operators on L2. Here C depends only on ‖V ′′‖L∞.

Proof. This is Theorem 1.1 in [H10]. The proof there follows a Lyapunov functional
method. It is based on the introduction of the following functional : For u ∈ S we denote

A(t, u) = t3 ‖au‖2 + Et2Re (au, bu) + Dt ‖bu‖2 + C ‖u‖2 , (2.26)
where C À D À E are explicit constants. For u(t) the solution of (2.24), A(t, u(t)) is a
C0(R+,R) ∩ C1(R+∗,R) function, and we can compute its time derivative, which appears
to be negative for C, D and E well chosen, so that

A(t, u(t)) ≤ A(0, u(0)) = C ‖u(0)‖2

gives the result. Again the proof is base on commutators estimates. As an example we
give the two following oversimpli�ed estimates:

∂t ‖u‖2 =− 2Re (Pu, u) = −2 ‖bu‖2 ,

∂tRe (au, bu) =(HessV bu, bu)− ‖au‖2 + other terms .
(2.27)

We gain a non-positive term of type −‖au‖2 in the second equation and the other term
(HessV bu, bu) can be swallowed by a constant time the �rst term so that the sum remains
non-positive. This type of argument can be exploited to deal with the full expression of
A(t, u(t)). 2
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2.5 Concluding comments and perspectives
Microlocal calculus for Landau and Boltzmann
We note that the di�erential part of the linearized Boltzmann and Landau operator can
be included in such a calculus. Anyway only the Landau operator has a di�usion property.
This leads to the following question:

Question 2.11 Does the linearized Landau operator PL satisfy a theorem of type 2.1.

This is clear that such an hypoelliptic result and the related ones (compactness results,
pseudospectral estimates ...) would enlighten the comprehension the Cauchy problem and
in particular the explicit smoothing properties of PL.

Cuspidal pseudospectrum for di�usive operators
The cuspidal form of the pseudospectrum is helpful in the study smoothing properties
(Theorem 2.9) and also in the study of the trend to the equilibrium (see Section 4.5 later).
Anyway this has its own interest. In [31], Eckmann and Hairer showed that the method
from [H7] can be applied to a large family of hypoelliptic Hörmander operators and they
get a Theorem of type 2.6 in this case. Their result is in particular applied to the operator
associated to the chains of anharmonic oscillators studied in [32], [30], and presented in
the case of two oscillators in (1.7). A natural problem is to study the pseudospectrum of
other di�usive kinetic equations with or without a nonlocal part:

Question 2.12 Does the pseudospectrum of the linearized Landau operator PL has a
cuspidal form?

Compactness of resolvents
The compactness of the resolvent of the Witten Laplacian A0 is immediate if we assume
(1.24). Anyway the result of Theorem 2.1 remains true under weaker assumptions on
V , for example when assuming (1.23) (at least in the semiclassical case). Reducing the
assumptions on V may induce the two following things. On the one hand one may loose the
compactness of the resolvent of the Witten Laplacian, and perhaps of the Fokker-Planck
operator. On the other hand one may loose any adapted pseudo-di�erential calculus, and
in particular (2.6) . In this context, Hel�er and Nier [43] worked on degenerate potentials,
and looked at su�cient conditions to get the compactness of the resolvent of the Witten
Laplacian. In the same spirit they raised the following question

Question 2.13 Is the compactness of the resolvent of PFP equivalent to the compactness
of the resolvent of A0.

Maximal estimates
As we saw in Theorem 2.4, we can attain the maximal gain of hypoellipticity ε = 2/3 in
the space direction with a purely microlocal method.

In Theorem 9.1 of [43], the authors also get an estimate of maximal type with the
optimal gain of order 2/3 in the space direction using nilpotent techniques under the
following hypothesis

|∂αV | ≤ Cα(1 + |V ′|)2/3−η with |α| ≥ 2, η > 0 (2.28)
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These methods have a long history in the proof of maximal hypoelliptic estimates, with very
deep and exhaustive results. In this �eld fundamental works are [79] for an introduction
and �rst results on sum of squares of vector �elds withou (type I) or with (type II) a drift

P =
∑

j=1,...N

X∗
j Xj type I , P = X0 +

∑

j=1,...N

X∗
j Xj type II . (2.29)

In [45] and [66] the author give a complete proof of maximal type estimates using this
theory. These methods are explained in [43] and used in the particular case of the Fokker
Planck operator as mentioned before.

Mention anyway that in the case of the Fokker-Planck operator, which is a type II
operator with 1 commutator need to generate the full tangent space, more pedestrian
methods as described above (e.g. method of a microlocal multiplier G in Section 2.2 )
works as well and allow to get the full result in a rather general framework.

Modi�ed norms
Already in the hypoelliptic case, we can see the appearance of the following underlying
idea about the modi�ed L2 norms. In the maximal hypoellipticity section above, one
fondamental ingredient was the introduction of the weight G, and an associated modi�ed
norm de�ned as follows : For u ∈ L2 we denote

‖u‖2
G = (u, (1− δGw)u)

which is equivalent to an anisotropic Hs norm. The introduction of such twisted norms is
very similar to the procedure followed (e.g. in the study of resonances) when conjugating
with Fourier integral operator. We shall see clearly the link in the next Chapter in the
study of hypocoercivity. Note also that this underlying idea is also present in the de�nition
of A in the last section. indeed, we note that for u ∈ S, we have

A(1, u) ∼ ‖u‖2
H1

for the constants chosen in its de�nition.

Short time estimates
Considering the short time linear di�usion estimates for hypoelliptic operators, we mention
the cases V = 0 known since [49] (see also the computations in the case V = x2 in [52])
where the Green function is explicit. Numerous nonlinear result already quoted use this
explicit knowledge.

For generic hypoelliptic operators, this was studied by many authors in the selfadjoint
case, in the spirit of the study of sum of squares of vector �elds theorem with underlying
Lie group structure. We refer to the book [14] and references therein for this subject and
point out that it is linked with the subunit balls appearing when taking into account the
natural associated geometry (e.g. [33], [71]). The author was unable to �nd any general
result concerning the non-selfadjoint case (type II operators), and the estimates given in
Proposition 2.10 seemed to be new. At the same time and independently of [H10], Villani
(see in particular Theorem A.8 in [93]) gave a similar result for more general operators of
type X0 +

∑
X∗

j Xj using derivatives with fractional powers and a method based again on
crossed derivatives. He also extend the result of [H10] (Theorem A.15 in [93]) to higher
order derivatives (of type albke−tP in the Fokker-Planck case). One can suppose that k
derivatives in b and l derivatives in a will give rise to a behavior in t−k/2−3l/2 as in the
quadratic case.
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Assumptions on the potential
As noticed in the text, the hypotheses on V can be relaxed. Although we don't work in this
direction a lot, we mention here some improvements and remarks about this fact. First
recall that in Theorem 2.10, the constants only depend on the second order derivatives
of V . In [93] and independently, Villani showed that such estimates are true under the
following assumptions

|∂αV | ≤ C(1 + |V ′|) with |α| = 2 (2.30)

plus a condition of type Poincaré inequality. In fact the results there are proven for general
type II Hörmander operators, satisfying relative boundedness of the commutators of order
k with respect to the commutators of order k − 1 (Theorem A.12). The same type of
improvement will appear in the next chapter in the case of hypocoercive estimates.

For the stationary problem, Hel�er and Nier also relaxed hypotheses (1.23) and (1.24).
In fact they got (2.6) with ε = 1/4 in [43] under hypotheses (5.6) and (5.7) there, that we
recall now: there exists constants Cα such that

|∂αV | ≤ Cα(1 + |V ′|) with |α| ≥ 2 (2.31)

and there exist M and C > 0 such that

C−1 〈x〉1/M ≤ (1 + |V ′|) ≤ C 〈x〉M . (2.32)

Villani reduces the hypotheses on the control of the gradient of V , and using the trick
explained after 2.33 he gets (2.6) with ε < 2/3. The main improvement compared to
Hel�er and Nier is to allow exponential growth of the potential.

At this point a lot of work has been done in this direction, and deep results on explicit
hypoelliptic estimates are now available. Perhaps one remaining question is

Question 2.14 Is the maximal hypoelliptic estimate (2.12) true (ε = 2/3) under assump-
tions (2.30) (perhaps in addition to a Poincaré inequality).

Averaging lemmas
In kinetic theory, a classical way of measuring the improved regularity of solutions is the
use of averaging lemmas. In the case when V = 0, it gives H1/2 regularity of averages
w.r.t. v of f when f and g are a priori in L2(dxdv) and satisfy ∂tf + v∂xf = g. In
[8], Bouchut studied a priori regularity bounds for f when assuming ∂vf and g in L2. In
particular he gets the optimal gain 2/3 of regularity in the x variable when assuming that
f , ∂vf and g are in L2. Of course in the Fokker-Planck case this result can be improved
since the collision part is smoothing, but the interest of this approach is to measure spatial
regularity induced by the transport part alone.

From stationary to evolution problems
As already noticed in Remark A.10 in [93], hypoelliptic results for the stationary problem
can be obtained from the evolution problem, since

∫ 1

0
e−t(1+P )dt (2.33)
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is a parametrix for (1+L). Using short time estimates in H1/3−η easily proven from L2 and
H1 estimates by interpolation from Theorem 2.10 here or Theorem A.8 in [93] for example,
we can get nearly maximal hypoelliptic estimates of type (2.6) for any ε < 2/3.

Short time estimates in the entropy framework
In [93], Villani extends the method employed for proving Theorem 2.10 to the L log L
setting (Theorem A.16 there). Instead of A(t, u(t)) de�ned in (2.26), it is possible to use
the following entropy-like functional

F(t, f(t)) = t3
∫

f |a log(f/M)|2 dxdv + Et2
∫

f (a log(f/M), b log(f/M)) dxdv

+ Dt

∫
f |b log(f/M)|2 dxdv + CH(f |M)

(2.34)

where C À D À E are explicit constants. Again this appears to be a Lyapunov functional
and as in the Hilbert case for A(t, u(t)) we get

F(t, f(t)) ≤ F(0, f0) = H(f0|M),

so that (for example) ∫
f |a(f/M)|2 dxdv ≤ ct−3H(f0|M).

This is the L log L equivalent of Theorem 2.10.

Hypoellipticity with a boundary
The problem of studying hypoelliptic operators with a boundary is di�cult. Of course in
the case of (di�usive) kinetic equations, the di�culty is reinforced by the non-local behavior
of the (linearized) collision operator and the special form of the boundary conditions. A
�rst question in this direction could be the following one :

Question 2.15 Is the Fokker-Planck equation with specular or bounce-back boundary
conditions globally hypoelliptic, so that an estimate as (2.6) is true?

Note that some hypoellipticity may appear from the boundary alone. In the case of
non-di�usive equation (Boltzmann, linear transport, linear relaxation) a di�usion by the
boundary may imply some regularization of the solution, so that some indirect di�usion
appears and that the complete (linearized) equation my have some hypoelliptic properties.
A �rst step in this direction could be the following one:

Question 2.16 Are the linear transport in a force �eld or the linear relaxation equations
with Maxwellian di�usion by the boundary globally hypoelliptic, so that an estimate as
(2.6) is true?
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Hypocoercivity

3.1 Hilbertian hypocoercivity and time behavior
The term hypocoercivity appeared very recently in the literature. As mentioned in the
introduction, one main issue is to get explicit trend to the equilibrium. When a potential
is present, there are essentially two methods: the Hilbertian one and the entropy dissipating
one (see the introduction). We worked on Hilbertian hypocoercivity in several articles and
give �rst one possible de�nition:

De�nition 3.1 Let H be a Hilbert space and P a maximal accretive unbounded operator
on H with domain D(P ). Let now K ⊂ H be an other Hilbert space endowed with an
Hilbertian norm ‖.‖K such that the restriction of ‖.‖H to K is equivalent to ‖.‖K. The
operator P is said to be hypocoercitive on K if the two following occur :
Stability : The restriction of P to K gives rise to a maximal accretive unbounded operator

with domain K ∩D(P ) with range in K.
Coercivity : There exists a constant λ > 0 such that for all u ∈ K ∩D(P ), we have

Re (Pu, u)K ≥ λ ‖u‖2
K (3.1)

Note that forgetting for a while the Hilbert space H, equation (3.1) is nothing but the
usual coercivity in K. The work is essentially reduced to �nding a norm adapted to a
given subspace K such that hypocoercivity occurs. Note eventually that the equivalence
of norms means that there exists a constant C ≥ 1 such that for all u ∈ K∩D(P ) we have

C−1 ‖u‖K ≤ ‖u‖H ≤ C ‖u‖K . (3.2)

In general the space K is given as a spectral subspace for P , for example the orthogonal
of the Maxwellian, as we shall see in some examples below.

Example 3.2
1. If P is the Fokker-Planck case and the linear relaxation operator in the con�ning

case, we can take
H = L2(dxdv), K =

{
M1/2

}⊥

since Span(M1/2) and Span(M1/2)⊥ are stable spaces for P . Note that if Π0 is the
orthogonal projector onto Span(M1/2), then it is also the spectral projector of P
associated to the eigenvalue 0, so that K = (1− Π0)H. It is remarkable that in the
Fokker-Planck and linear relaxation cases this projector is orthogonal.
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2. In the Fokker-Planck case, one can take

H = H1, K =
{
M1/2

}⊥H1

,

where H1 was de�ned in (2.9).

3. For the Boltzmann and Landau linearized operators on the torus with V = 0, we can
take

H = L2(dxdv), K =
{
M1/2, vjM1/2, v2M1/2

}⊥

which corresponds to the kernel of the collision kernel. (see e.g. [63]).

4. Let in general Π be a spectral projector for P , we can take

H = L2(dxdv), K = (1−Π)H.

This will be done in the semiclassical context later.

Note that hypocoercitive estimates give spectral information on the spectrum of P
restricted to K. Namely it implies that there is no spectrum of P in Re (z) < λ. Anyway
the information is greater. Indeed by direct computation from (3.1) we get

‖(P − z)u‖K ≥ (λ− Re (z)) ‖u‖K ∀u ∈ K ∩D(P ) and Re (z) < λ,

so that with (3.2) and once the existence of the resolvent is stated, one gets the resolvent
estimate ∥∥(P − z)−1

∥∥
K ≤ C/(λ− Re (z)) when Re (z) < λ.

This has to be interpreted as a pseudospectral estimate, as introduced in Section 2.3:
resolvent estimates are far more useful than only information on the spectrum.

Now we see how to get exponential decay in time from hypocoercivity. Of course
resolvent estimates are not su�cient to give the exponential trend to the equilibrium in K.
Hypocoercivity will give it via the following easy corollary:

Corollary 3.3 Let P be an hypocoercitive operator on K ⊂ H. Then for all u ∈ K we
have ∥∥e−tP u

∥∥
H ≤ C2e−λt ‖u‖H , (3.3)

where C is the constant appearing in (3.2).

Proof. This is an abstract version of Lemma 4.1 in [H10] (see also De�nition 12 in [93]).
In fact the proof is immediate, thanks to the equivalence of norms (3.2) and the Gronvall
inequality applied to the following estimate

d

dt
‖u‖2

K = −Re (Pu, u)K ≤ −λ ‖u‖2
K .

for u ∈ S ∩ K. 2
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3.2 The Kohn's method
In this section we describe a �rst way of proving hypocoercitive estimates, based on the
so-called Kohn's method. It was applied in [H7] for the Fokker-Planck case, and in [H9] for
the relaxation case. It is deeply linked with the hypoelliptic estimates we gave in Section
2.1, although there is no need for hypoellipticity here.

For this we introduce an additional operator, which is essentially the cross operator
introduced in (2.7) with ε = 0 there:

K = Λ−2a∗b = Λ−2(
∑

j

a∗jbj).

According to the pseudodi�erential calculus developed in Section 2.1, this operator is
explicitly bounded (in terms of the second and third derivatives of V when V satis�es
hypothesis (1.23) [H9]).

The �rst result was proven in [H10] and concerns the Fokker-Planck operator. Mention
anyway that it is only a simpli�cation of the arguments proposed in [H7], which was the �rst
article proposing an explicit formula for the rate of decay of the Fokker-Planck equation.
Anyway we quote the result from [H10]. The main assumption there is that the Witten
laplacian A0 = a∗a de�ned in (2.4) has a spectral gap in the following sense :

0 < inf
(
σ(A0) ∩ R+,∗) def= ω(V ). (3.4)

Note that when the potential is con�ning, 0 is an eigenvalue with associated eigenfunction
M1/2. In the case when A0 is with compact resolvent, ω(V ) is also in the spectrum and
is the lowest nonzero eigenvalue. Recall that this spectral condition is equivalent to a
Poincaré inequality.

Theorem 3.4 Suppose V satis�es (1.23), (3.4) and is con�ning. Let H = L2(dxdv) and
K = (M1/2)⊥. Then there exists δ > 0 explicit such that PFP is hypocoercitive with the
following norm on K:

‖u‖2
K

def= ‖u‖2
H + δRe (u,Ku)H

for u ∈ K, and with the constant of hypocoercivity λ explicit in terms of γ, δ, derivatives
of order 2 of V and ω(V ).

Hypocoercivity for P reads

Re (Pu, u) +
δ

2
Re (Pu, (K + K∗))u ≥ λ ‖u‖2 .

Again the cross operator allows us to extract information for the spatial direction from the
velocity one, in order to get the coercivity in all directions. According to Corollary 3.3 we
get the exponential time decay for the linearized equation with rate of decay τ = λ. We
refer to (1.31) for an explicit form of λ. Mention also that in the noncon�ning case the
result is the same with an identical proof provided K = M1/2)⊥ is replaced by K = H =
L2(dxdv). The same remark applies for the result below on the linear relaxation operator.

The arguments there were adapted in [H9] and we got the following result for the
(linearized) linear relaxation operator de�ned in (1.50).
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Theorem 3.5 Suppose V satis�es (1.23), (3.4) and is con�ning. Let H = L2(dxdv) and
K = (M1/2)⊥. Then there exists δ > 0 explicit such that PLR is hypocoercitive with the
following norm on K:

‖u‖2
K

def= ‖u‖2
H + δRe (u,Ku)H

for u ∈ K, and with the constant of hypocoercivity λ explicit in terms of γ, δ, derivatives
of order 3 of V and ω(V ).

Proof. We now give some elements about the common proof of Theorems 3.4 and 3.5.
In the Fokker-Planck case, the proof is included in the one of proposition 4.2 in [H10] (see
after formula (29)) and uses arguments developed in [H7]. In the linear relaxation case,
this is Proposition 3.1 in [H9]. Note the adaptation to the case of not-con�ning potential
is straightforward replacing K = (M1/2)⊥ by K = H = L2 in the two theorems. The main
points of the study are the following ones:

1. The method of commutators is e�cient also in the case of non-(pseudo) di�erential
operators. The only things we use in both the linear relaxation and the Fokker-Planck
cases are the following:

(a) Coercivity of the kernel in velocity : (Lu, u) ≥ ‖u‖2 on K,
(b) relative boundedness of L by (powers of ) b∗b,
(c) existence of the spectral gap for A0.

2. The method of commutators is e�cient to get hypocoercivity even in the case when
there is no hypoellipticity, as showed by the linear relaxation case. Note that the
paper [H9] was �rst written to point out this fact.

3. The method of commutators gives explicit bounds.

2

As already mentioned there are many works on hypocoercivity since 4 or 5 years. We
postpone to Section 3.5 some remarks on the use of the commutator method for proving
hypocoercitive estimates, in particular coming from works by Mouhot and Neumann [63],
Guo [35] [36] ..., and Villani [92] [93].

3.3 The FIO methods
Hypocoercivity
In [H8], [H11] [H12] we used an other method to prove hypocoercitive estimates, based on
the theory of Fourier integral operators. We present here a result concerning the semiclas-
sical Fokker-Planck operator (1.48), but the proof works for a large family of operators.
We refer to Chapter 4 for a description of them.

Hypocoercitive estimates are closely related to spectral and resolvent estimates as in the
hypoelliptic case. Anyway we choose to extract from the semiclassical papers [H8], [H12]
the hypocoercitive result and postpone to Chapter 4 the complete semiclassical study. In
particular we will show there that if V is a potential satisfying (1.23), and in addition a
Morse function, then for any B > 0, the spectrum of P in D(0, Bh) is discrete. For such
a B, we denote by ΠB the spectral projection associated to P in D(0, Bh). Under this
additional hypothesis we get the following:
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Theorem 3.6 Let Ph be the semiclassical Fokker-Planck operator de�ned in (1.48). Sup-
pose that V is a Morse function satisfying (1.23) and let B be a large constant. Then there
exists h0 such that for all 0 < h ≤ h0 we have the following :

There exists an explicitly computable and invertible Fourier integral operator Aδ uni-
formly bounded and with inverse uniformly bounded with respect to h, and a constant C > 0
such that Ph is hypocoercitive for H = L2(dxdv), K = (1−ΠB)H and

‖u‖K =
∥∥A−1

δ u
∥∥2

H

for all u ∈ K, with hypocoercivity constant equal to Bh/C.

Proof. This is a reformulation of Theorem 4.7 we shall present in Section 4.4 here in
the case of the semiclassical Fokker-Planck operator. In the general case, it was originally
stated in Proposition 2.3 in [H12]. Note that hypocoercivity for Ph reads

Re (A−1
δ Phu,A−1

δ u) ≥ Bh

C

∥∥A−1
δ u

∥∥2

for all u ∈ K∩S, where we used the standard scalar product on K = L2. Posing v = A−1
δ u

this is equivalent to proving

Re (A−1
δ PAδv, v) ≥ Bh

C
‖v‖2 ,

i.e. proving that operator P δ = A−1
δ PhAδ is coercitive in

Aδ(1−ΠB)L2(dxdv) = (1−Πδ
B)L2(dxdv).

Let us just note here that the symbol pδ of the conjugated operator P δ is very close to the
symbol of P + [X0, G

w] where G was de�ned in Section 2.2. From a microlocal point of
view, hypoellipticity and hypocoercivity are both reduced to some subelliptic estimates,
and can be identi�ed.

3.4 Perturbative study of the molli�ed VPFP equation
We present in this section a result from [H10] concerning the molli�ed Vlasov-Poisson-
Fokker-Planck in a perturbative study (1.8). Before stating it we recall from there some
notation. The Maxwellian of this equation is given by

M∞(x, v) =
e−(v2/2+V (x)+V∞(x))

∫
e−(v2/2+V (x)+V∞(x))dxdv

,

where V∞ is a solution of the following Poisson-Emden type equation

−∆V∞ = κζ ∗x
e−(V +V∞)

∫
e−(V (x)+V∞(x))dx

. (3.5)

It is easy to see that under hypothesis (1.23) on V and supposing that V is con�ning, this
equation has a unique (Green) solution V∞ ∈ W∞,∞ thanks to the ellipticity properties
of the Laplacian. We immediately check that the associated total potential V + V∞ also
satis�es hypothesis (1.23) and is con�ning, and that M∞ ∈ S. Since we shall deal will
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small coupling κ in (1.9), we don't linearize the original equation (1.8) near the Maxwellian
but directly set f = M1/2

∞ u. In the new variables, the linearized Fokker-Planck operator
corresponding to the stationary Vlasov-Poisson-Fokker Planck equation reads

P∞ = v∂x − ∂x(V + V∞)∂v + γ(−∂v + v/2)(∂v + v/2),

and the Molli�ed Vlasov-Poisson-Fokker-Planck equation reads

∂tu + P∞u = −b∗∂xVdi�u, u|t=0 = u0. (3.6)

where
Vdi�(t, x) = Vnl(t, x)− V∞(x) = κφ(x) ∗x (ρ(t, x)− ρ∞(x)),

and
ρ(t, x) =

∫
M1/2

∞ u(t, x, v)dv, ρ∞(x) =
∫
M∞(x, v)dv.

We also introduce without ambiguity the associated Witten Laplacian A∞ as in (2.4), and
we suppose that it also satis�es the hypothesis of type (3.4), which reads in this context

0 < inf
(
σ(A∞) ∩ R+,∗) def= ω∞. (3.7)

We call here solution on [0, T [ a function u ∈ C([0, T [, L2) such that ‖∂xVnl‖L∞([0,T [×Rd) <
∞ and

u(t) = e−tP∞u0 +
∫ t

0
e−(t−s)P∞∂xVnl(s)b∗u(s)ds.

We call it a global solution if it is a solution for all T > 0.

Theorem 3.7 Suppose that V satis�es (1.23). Then equation (3.6) has a unique global
solution for a given initial data u0 ∈ L2.

Besides there exist constants A∞ and C∞ only depending on second order derivatives
of V + V∞ and γ (and uniform in κ varying in a �xed compact set) such that for any
κ ≤ ω∞/C∞ ∥∥∥u(t, ·)−M1/2

∞
∥∥∥ ≤ 6

∥∥∥u0 −M1/2
∞

∥∥∥ e−
ω∞
2A∞ t.

Proof. This is Theorem 1.3 in [H10]. We give some elements of the proof here. It is based
on Duhamel formula

u(t, x, v) = e−tP∞u0(x, v)−
∫ t

0
e−(t−s)P∞b∗∂xVdi�(s, x)f(s, x, v)ds, (3.8)

where b is the annihilation operator de�ned in (2.2). The main ingredients of the proof
are the short time estimates in Theorem (2.10) and the exponential time decay for the
linear problem without right-hand side (3.6) inherited from its hypocoercivity. Note that,
as usual in this type of problem, a major issue is to get L∞ bounds on ∂xV∞. 2
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3.5 Concluding comments and perspectives
Explicit constants
We did not give in this section the explicit form of the hypocoercitive constants appearing
in the theorems, since this was the aim of Section 1.3 in the �rst Chapter. The explicit
formulas appear there. Recall anyway that one of the main advantage of the hilbertian
hypocoercitive method is to provide explicit estimates. In fact [H7] was the �rst article
where explicit lower bounds in the case of general potentials were given. In this direction
we can have a look at the quadratic case, for which the rate of decay is explicit and of order
1 (when all physical constants are equal to 1). Then formula (1.31) gives a lower bound of
order 10−4. Villani improved the result (see Section 7.2 in [93]), and a lower bound there
is of order 10−2.

Mention also that in the semi-classical case, things are better, since we get an asymp-
totic formula w.r.t. h, even in the case when the potential has multiple wells. We have to
keep in mind that although h is supposed to be very small in the proofs, a careful analysis
could show that perhaps h = 0.1 is su�cient to get the full result. We did not pay attention
to the explicit bounds on h in this text, but is was important to point out the fact that
semiclassical techniques give explicit result

Hypocoercivity in H1 or in L2?
In Section 3.2, we mainly worked with H = L2 and with the cross operator K = Λ−2a∗b.
Anyway it is possible to work directly in H = H1 and with (essentially) a new cross
operator K = a∗b. This was implicitly done in Theorem 2.10 thanks to the introduction
of the Lyapunov functional A(t, u(t)) de�ned by (2.26). With the same constants as the
ones de�ned there and following the same kind of proof (in fact simpler) it is easy to show
that P (i.e. linearized Fokker-Planck or linear relaxation operators there) is hypocoercitive
with

H = H1, K = (M1/2)⊥H1 and ‖.‖K = A(1, .), (3.9)
where we �xed t = 1 in the de�nition of A(t, u). This method has one drawback, especially
for the non-di�usive equations (like the linear relaxation one), which is to need initial data
in H1 since no regularizing e�ect is present (Note that in the Fokker-Planck case and using
the complete version of A(t, u), we get the regularizing e�ect). One advantage is that there
is no need of hard functional analysis concerning the inverse of Λ.

In the same spirit, Mouhot and Neumann showed using the same type of estimates on
the Torus that a large family of operators (including the linearized Boltzmann and Landau
operators) are hypocoercitive with

H = H1
γ , K = H1

γ ∩N (L)⊥ and ‖.‖K = Aγ(1, .),

where N (L) is the null space of the collision kernel L, H1
γ is an H1 space with a polynomial

weight in velocity of type ν(v) in (1.52) for Boltzmann and Aν(v) in (1.55) in the Landau
case, and Aγ(1, .) is a similarly weighted and crossedH1 norm. The main point is again that
coercivity of the collision kernel and the use of the cross derivatives leads to hypocoercivity
of P . Note that if γ is small (e.g γ < 0 in the Boltzmann case) we don't recover the
exponential decay in L2 since H1

γ 6↪→ L2. Using the conserved quantities (mass, momentum
and energy), it is easy to get the exponential trend to the equilibrium (or the stationary
state if the initial momentum is not 0) using for example Corollary 3.3.
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Hypocoercivity for ∑
j X∗

j Xj +X0 type operators and relaxed assumptions
on V

In the review [93], Villani proposed a systematic method to prove hypocoercitive estimates
for operators of Hörmander type II satisfying a priori relative boundedness of the iterated
commutators and a spectral gap condition. The proof is rather long, with H = H1 (with
the natural generalization to the multiple commutator case), and very instructive. In the
Fokker-Planck case (Theorem 35 in [93], the relative boundedness condition of Villani reads

∂αV is relatively bounded when |α| = 2 by 1 and ∇x in L2(e−V ). (3.10)

This condition reduces to (2.30)

|∂αV | ≤ C(1 + |V ′|) with |α| = 2. (3.11)

The second condition is the spectral gap condition (3.4). We note that the boundeness
hypotheses on V is the same as the one needed to prove hypoelliptic estimates. In fact
this was already the case in [H7], where both hypoelliptic and hypocoercive estimates were
simultaneously proved.

As already noticed the fact that no derivatives of higher order than 2 (in the Fokker-
Planck case) are needed is also striking. In Theorem 35 in [93], the potential is supposed
to be only C2 and an approximation argument for V allows to conclude the proof.

Now we speak about the conditions on V , as in the hypoelliptic case (Section 2.5).
Under conditions (5.6) and (5.7) in [43] (see (2.31) and (2.32) here) Hellfer and Nier proved
the hypocoercivity of operator PFP. In fact in this case the resolvent of PFP is compact and
the condition on the spectral gap is automatically ful�lled. As for the hypotheses (5.6) and
(5.7), they are stronger than the ones proposed later by Villani (3.11), and weaker than
the original ones in [H7]. In this text, we made the choice to work with hypotheses (1.23)
or (1.24) since relaxing the hypotheses on V was not the major goal of the presentation.

From compactness of the resolvent to hypocoercitive estimates
In Theorems 3.4 and 3.5, condition (3.4) implies the hypocoercivity of operator PFP if
in addition we assume some good behavior of V at in�nity. As noticed in the preceding
paragraph, (3.4) is automatically ful�lled in the case when V is with compact resolvent.
This may appear as a surprising fact since the compactness of the resolvent is inherited
from conditions at in�nity on V , and is not necessary to get a spectral gap for the Witten
Laplacian. This point is enlightened by the semiclassical study, where we see that the
spectral gap condition is a consequence of the behavior of the V near its minima. The
main point is to understand the fact that proving the existence alone of a spectral gap is
not su�cient: what is important is the order of magnitude of this spectral gap. As we saw
in Theorem 1.4, it may be very small with ω(V ). As shown by tables 1 and 2 in Section
1.3, the rate of decay is governed by the minima of V in the low temperature limit, and
by the behavior at in�nity of V in the case of high temperature.

Hypocoercivity for linearized Boltzmann and Landau I
The study in the torus is far more simple thanks to the fact that mass, momentum and
energy are conserved, so that there is a complete decoupling between macroscopic quantities
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and microscopic ones (the ones in K concerned by hypocoercivity). In the case with an
external potential or boundary conditions, the coupling appears and (at least when there is
no axisymmetry, i.e. symmetry of V with respect to an axis) there exists a unique steady
state for a given initial energy. The trend to the equilibrium is then complicated because
macroscopic quantities also tend to zero.

In [23] (see also [93]), the authors use a step by step method to deal with the macroscopic
quantities, analysing the trend to the so-called "local Maxwellians". They are Maxwellians-
like densities with mean temperature and/or momentum and/or spatial distribution than
the real distribution f . One example of such local Maxwellians is ρ(t, x)M2 (recall M2

is the normal distribution in velocity). The absence of axisymmetry implies in particular
a Korn-type inequality, and at the end (in an L log L framework) some hypocoercivity
appears. The question is then

Question 3.8 Is there a modi�ed norm (of typeHk
γ) such that operators X0−LB (linearized

Boltzmann operator without R2 in (1.51)) and X0−LL (linearized Landau operator without
R2 in (1.54)) are hypocoercitive?

Some attempts were made by the author with k = 3 but a Korn type inequality
(adapted to the case with a potential) seems to be missing.

Hypocoercivity for linearized Boltzmann and Landau II
In Question 3.8 we omitted the factor R2 in front of the collision kernel L. Of course in the
case with a boundary it is e�ectively absent. In the case with a potential (say con�ning)
it implies a strong degeneracy at in�nity of the collision part. We already mentioned that
it could be interpreted as the fact that the gas is too dilute at in�nity, and that collisions
are rare.

In order not to have this prefactor R2, one solution is to work completely in an L log L
framework and to set

f = M+ h

instead of f = M +M1/2u. The question is then how to adapt the method of the cross
derivatives in the L log L setting.

L log L L2 setting

exponential trend to

=⇒ Hilbertian hypocoercivity
cross derivatives in L2

the equilibrium

linearized equation
f = M+M1/2uoriginal equation

cross derivatives in L log L
=⇒ L log L hypocoercivity ?

f = M+ h

Figure 3.1: All in one method in L log L

In the case of the Fokker-Planck operator and more general operators of type X0 +∑
X∗

j Xj , villani proposed a version of the preceding all-in-one procedure (Theorem 28
in [93]). In the case of the Fokker-Planck operator, it can be seen as follows: Instead
of using the Lyapunov function A(1, u(t)) with f = M + M1/2u in (3.9) (exponentially
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decreasing via hypocoercivity), we can use the (higher-order-crossed-entropy) F(1, h(t))
where f = M+h and F was de�ned in (2.34). This can be made for initial data such that
F(1, h0) < ∞, and we get the exponential decay for F(1, h(t)) thanks to the estimate

d

dt
F(1, h(t)) ≤ −cF(1, h(t)).

Note eventually that using the short time hypoellipticity result (2.34) we get the exponen-
tial decrease for any initial data with �nite relative entropy.

Note eventually that one advantage of the last method is to deal with very low decay
assumptions on the initial data (mainly �nite initial entropy) to compare with the weight
M present in the Hilbertian method.

Perturbative study for non linear problems
We mention here that a perturbative study is also possible using hypocoercivity for in
particular the Boltzmann and Landau equations. This was developped in the Torus case
by Mouhot and Neumann [63] and with a slightly di�erent approach by Guo with his
micro-macro method very close to the Hilbertian coercitive one (see the introduction) in
[35], [36],[37], [38] (The work [H10] is in the same spirit). Consider the fully nonlinear
equation in the variable u where f = M+M1/2u:

∂tu + Pu = Γ(u, u),

where Γ(u, u) is the bilinear term in u. Then for su�ciently smooth u it is possible to
bound (Γ(u, u), u) by terms of the form ‖u‖3

Hk
γ
and this term can be swallowed by the term

coming from hypocoercivity of type −‖u‖2
Hk

γ
for small data. The method is robust and in

general, as soon as hypocoercivity has been obtained, the nonlinear result follows.

The Vlasov-Poisson-Fokker-Planck equation
There is a huge literature on the subject (e.g. [19], [9], [67], [73] and [69]). Essentially
when d = 3 these results use the explicit Green function and Lp estimates available in this
case. The case of a general con�ning potential was not studied and in fact Lp di�usion
estimates on the semi-group seem to be hard to get in this case. This is the reason why
we only deal with a molli�ed equation in the last part of this paper. For the trend to the
equilibrium, we quote [12], [10], [85] and [27].

As already mentioned the main di�culty in the analysis was to get uniform in time
bounds in L∞(dx) of the derivative of the nonlinear potential. This led us to reduce the
study to the case of a molli�ed Vlasov-Poisson-Fokker-Planck system. The natural question
is therefore

Question 3.9 Is it possible to extend the previous results in the case of the real Vlasov-
Poisson-Fokker-Planck case, and in particular to get uniform in time bounds for the Poisson
potential ?

Note that recent works on the Vlasov Poisson case ([80]) allow to get existence and
uniqueness results using the dispersive properties of the Poisson equation. Perhaps the
methods could help in founding uniform bounds. It is also an interesting question to study
the relevance in the Vlasov-Poisson-Fokker-Planck case where a di�usion is added.
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Chapter 4

Semiclassical analysis of KFP type
operators

This chapter present results form [H8], [H11] and [H12] concerning the semiclassical anal-
ysis of Kramers-Fokker-Planck type operators (KFP for short). The main steps and the
underlying ideas follow the study of the Schrödinger operator as given in [46], [47], and the
result are very similar. Anyway the operators we deal with are non-selfadjoint nor elliptic
and it gives rise to deep di�erences in the study of the time-independent problem. Note
furthermore that the equation of evolution is a heat-like problem. Anyway tools from the
semiclassical school appear to be very e�cient in the study. We refer to the books by Di-
massi and Sjöstrand [25] and Hel�er and Nier [43] for an introduction to the semiclassical
calculus and the Schrödinger case, and refer to section 7 of [H8] for a brief review about
the semiclassical pseudodi�erential calculus.

We shall present below the following results

1. First we de�ne a class of operators generalizing the semiclassical Fokker-Planck oper-
ator. These models satisfy hypocoercitive assumptions at a symbolic and geometric
level. Next we give some ideas of how to construct the globally de�ned FIO used in
Theorem 3.6. This is essentially taken from [H11].

2. Then we show how to get the pseudospectral estimates in the complex place. In
particular we shall recall how to take pro�t of the fact that near critical points, the
operators have a low spectrum very close to the one of their quadratic approximation.
This part concerns results from [H8] and [H11].

3. In the next section we give the complete asymptotic description of the low lying
eigenvalues. This result is based on the previous pseudospectral estimates and a well
posed Grushin problem. This is essentially taken again from [H8].

4. In this section we show how to get the exponential trend to the equilibrium from
the Cauchy Formula and cuspidal pseudospectral estimates. This is an alternative
method with respect to the hypocoercitive one, which was used �rst in [H7]. Here we
present the semiclassical version of [H8]. Note that in this part we need some kind of
hypoellipticity. Note that the results are obtained supposing that the eigenvalues are
simple. The case of multiple eigenvalues will be (partly) treated in the next chapter
and induces a lot of new di�culties.
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4.1 Hypocoercitive assumptions and conjugation

5. In Section 4.6 we give a result about the fact that - as is the Maxwellian in the con-
�ning case - eigenfunctions decrease exponentially in space, by giving some weighted
resolvent estimates. This part is taken from [H11].

6. In the last section we give some comments and perspectives.

4.1 Hypocoercitive assumptions and conjugation
We already introduced a result of hypocoercivity for the semiclassical Fokker-Planck oper-
ator in Theorem 3.6 of Section 3.3 above. We shall now present a larger class of operators
for which this construction is e�cient. In the next paragraph, we introduce this class,
which includes the semiclassical Fokker-Planck operator (1.48) and the semiclassical chain
of anharmonic oscillators (1.49).

A Class of hypocoercitive operators
In the following the spatial variables will be denoted by x ∈ Rn so that we make no
di�erence between the position and the velocity, and the dual one will be denoted by ξ.
We consider operators of the following form

P = −
n∑

j,k=1

h∂xj ◦ bj,k(x) ◦ h∂xk
+

1
2

n∑

j=1

(
cj(x)h∂xj + h∂xj ◦ cj(x)

)
+ p0(x) (4.1)

and denote P = P2 + iP1 + P0. Here the coe�cients bj,k, cj , p0 all belong to C∞(Rn;R),
with bj,k = bk,j . Associated to P in (4.1) is the symbol in the semiclassical sense, obtained
from (4.1) by replacing h∂xj by iξ

p(x, ξ) = p2(x, ξ) + ip1(x, ξ) + p0(x), (4.2)

p2(x, ξ) =
n∑

j,k=1

bj,k(x)ξjξk, p1(x, ξ) =
n∑

j=1

cj(x)ξj , (4.3)

so that pj(x, ξ) is a real-valued polynomial in ξ, positively homogeneous of degree j.We may
notice that p(x, ξ) coincides with the Weyl symbol of P modulo O(h2), locally uniformly.
We assume �rst the following

Hypothesis 4.1 (non-negativity and symbolic estimates) The symbol p satis�es p2 ≥ 0
and p0 ≥ 0 and has the following growth conditions

|∂α
x bj,k(x)|+ |∂α+1

x cj(x)|+ |∂α+2
x p0(x)| = O(1), |α| ≥ 0, (4.4)

where α + k denotes any multiindex of length |α|+ k.

In section 3 in [H11], we proved that for such operators, Proposition 1.9 here is valid,
so that the graph closure of P : S(Rn) → S(Rn), still denoted by P and such that
Re P ≥ 0, coincides with the maximal closed realization of P , with the domain given by
D(P ) = {u ∈ L2; Pu ∈ L2}. Hence, the contraction semigroup e−tP/h : L2 → L2, t ≥ 0
is well-de�ned.

We now introduce an assumption about the critical values of the symbol p.
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Chapter 4 : Semiclassical analysis of KFP type operators

Hypothesis 4.2 (critical set) We suppose that the set {x ∈ Rn; p0(x) = 0, p1(x, ∂x) = 0}
is �nite and equal to = {x1, . . . xN}. We call critical set the set C de�ned by

C = {ρ1, . . . ρN} ⊂ R2n, (4.5)

where for all 1 ≤ j ≤ N , we set ρj = (xj , 0).

The coe�cients p0, p1, p2 in (4.2) all vanish at least to the second order at each ρj ∈ C.
We de�ne

p̃(x, ξ) = p0(x) + 〈ξ〉−2p2(x, ξ), (4.6)

and for each T0, we consider the time average of p̃ along the �ow generated by p1.

〈p̃〉T0 =
1
T0

∫ T0/2

−T0/2
p̃ ◦ exp(tHp1) dt, T0 > 0. (4.7)

We introduce now additional assumptions of dynamical nature. In the following, we denote
by π the projection on the x variable of a given ρ = (x, ξ) :

Hypothesis 4.3 (dynamical assumptions) There exists T0 > 0 and a neighborhood U of
C such that the following holds

1. ∀ρ ∈ U we have 〈p̃〉T0
(ρ) ∼ |ρ− ρj |2,

2. For ρ 6∈ U but π(ρ) ∈ π(U) we have 〈p̃〉T0
(ρ) ≥ 1/C, C > 0.

3. There exists C such that for all x 6∈ π(U) we have

meas
(
{t ∈ [−T0

2
,
T0

2
]; p0(exp tν(x)) ≥ 1

C
}
)
≥ 1

C
.

Example 4.4 In the Fokker-Planck case, ip1 is the symbol of X0 and Hypotheses 4.1, 4.2
and 4.3 reduce to (1.23).

Some ideas about the construction of the FIO Aδ.
In this paragraph we give some elements on the construction of the FIO Aδ given in section
4 of [H11] and mentioned in Theorem 3.6 here. Recall that the main idea is to get some
coercitive estimate for the conjugated operator A−1

δ PAδ, so that the original operator P
is hypocoercitive. It is based on the construction of a weight ψε very similar to the weight
G used in the hypoellipticity context in Section 2.2 here.

We de�ne ψε to be the following average of (a modi�cation p̃ε outside C + B(0, ε) of )
p along the �ow generated by p1 :

ψε = −
∫

k(
t

T0
)p̃ε ◦ exp(tHp1)dt, 0 < ε ¿ 1,

where k is a real function de�ned by

k(t) = 0 when |t| ≥ 1/2, t + 1/2 in [−1/2, 0[ and t− 1/2 in [0, 1/2].
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Here and in the following we shall set ε = Ah where A is a su�ciently large positive
constant. The modi�cation p̃ε of p is used in order to insure some good symbolic behavior
of the phase without destroying the main properties of p. In particular we have

p̃ε ≤ p̃ ≤ p0 + p2 and p̃ε = O(ε) (4.8)

in addition to good symbolic estimates. The function ψε satis�es the following:

Hp1ψε = 〈p̃ε〉 − p̃ε. (4.9)

We associate to ψε a canonical transformation

κ(δ) : R2n → Λδ := {(x, ξ) + iδHψε(x, ξ); (x, ξ) ∈ R2n}, 0 < δ ¿ 1, (4.10)

where δ is small enough and �xed, so that

κ(δ)(x, ξ) = (x, ξ) + iδHψε(x, ξ) +O(ε1/2δ2). (4.11)

Here we denote by Hf the Hamilton �eld of f de�ned by f ′ξ(x, ξ) · ∂x − f ′x(x, ξ) · ∂ξ.
Associated to κ(δ) in (4.10) there is an elliptic invertible Fourier integral operator with

a complex phase Aδ = Aδ,ε, constructed in Section 5 of [H11], such that

Aδ and A−1
δ = O(1) : L2 → L2. (4.12)

The operator Aδ quantizing the transformation κδ is used in Sections 6 and 7 of [H11]
to de�ne the conjugated operator

P δ = P δ,ε = A−1
δ PAδ, (4.13)

acting on L2(Rd). By an Egorov-type Theorem and according to the symbolic estimates
given before, the symbol of this operator is then essentially equal to

pδ = p + δHp1ψε +
∑

j=0,2

Õ(δ
√

ε)#(∂ξpj ,
∂xpj

〈ξ〉 ) + Õ(h + δ2ε)

so that with (4.8) and (4.9) we get that
{

pδ ≥ δε
C − Ch ∼ h outside of C + B(0,

√
ε) for a constant C > 0 ,

pδ and Re pδ ∼ dist(ρ, C)2 +O(h2) inside of C + B(0,
√

ε).
(4.14)

The main feature of the preceding study is clearly the fact that p + δHp1ψε is bounded
from below by h outside a neighborhood of C and of real part similar to a positive quadratic
form near C.

4.2 Pseudospectral estimates
In this section we give the main resolvent estimates that will allow the spectral study
in the next sections. The following Proposition is based on the work [H8] but with the
generalizations granted to the use of the FIO method from [H11].

As we shall see in the Theorem, the spectrum is located in a neighborhood of the one
generated by the quadratic approximations of the operator at the critical points. For all
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critical points ρj where j ∈ {1, N}, the spectrum σ(P (j)) of the quadratic approximation
P (j) of P at ρj in a suitable weighted space is given by all numbers of the form

µj,k =
1
i

n∑

l=1

(
νj,k,` +

1
2

)
θj,`, νj,k,l ∈ N. (4.15)

Here θj,`, 1 ≤ ` ≤ n are the eigenvalues of the Hamilton map of P (j) for which Im (θj,`) > 0.
The description of the spectrum of quadratic operators satisfying a sectorial type condition
is given in [81] and adapted in our context in Section 5 of [H8]. In particular they are dis-
tributed in an angle in R++iR avoiding the imaginary axis (except in 0) and symmetrically
with respect to the real axis.

Dh

Bh

resolvent estimates
spectrum of the

quadratic approximation

Figure 4.1: Locus of the resolvent estimates

Theorem 4.5 Suppose P satis�es Hypotheses 4.1, 4.2 and 4.3. Then we have the follow-
ing:

1. For every constant B > 0 there is a constant D > 0 such that P has no spectrum in

{z ∈ C; Re z < Bh, |Imz| > Dh} (4.16)

when h > 0 is small enough. Moreover ‖(P −z)−1‖ = O(h−1) for z in the set (4.16).

2. For every constants B′, C > 0, P has no spectrum in

{z ∈ C; |z| ≤ B′h, dist (z,∪jσ(P (j))) ≥ h/C}. (4.17)

when h > 0 is small enough. Moreover ‖(P −z)−1‖ = O(h−1) for z in the set (4.17).

Proof. It splits into two parts. The �rst one concerns resolvent estimates far from C and
was proven in [H11] Proposition 7.2 using an estimate of type (4.20) below. The second
one was essentially proven in [H8] using the quadratic approximation of P δ near the critical
points, and recalled in [H11] Theorem 8.4.

4.3 Eigenvalues
Thanks to the preceding resolvent estimates, we were able in [H11] to give an asymptotic
description of the low lying spectrum of KFP type operators.
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Theorem 4.6 Suppose P satis�es 4.1, 4.2 and 4.3 and let B′ > 0. Then there exists
h0 > 0 such that for 0 < h ≤ h0, the spectrum of P in the disc D(0, B′h) is discrete, and
the eigenvalues are of the form,

λj,k(h) ∼ h(µj,k + h1/Nj,kµj,k,1 + h2/Nj,kµj,k,2 + ...), (4.18)

where the µj,k are the eigenvalues in D(0, B′) (repeated with their multiplicity) of the
quadratic approximation of P|h=1

at the critical point ρj and Nj,k is the dimension of
the corresponding generalized eigenspace.

Here it is understood that C has been chosen, so that no eigenvalue of the quadratic
approximations is on the boundary of the disc D(0, C). Note that as in the quadratic case,
they are distributed in the disc in an angle in R+ + iR avoiding the imaginary axis (except
perhaps 0. See Figure 4.1).

Proof. The proof is given in section 11 of [H8]. It is based on the construction of auxiliary
well-posed Grushin problems (we shall explain in a moment what is a Grushin problem):

1. A Grushin Problem with h = 1 for the quadratic approximation in a suitable weighted
space.

2. By dilation, the same problem for h-quantized quadratic operators, with h small.

3. A localized Grushin problem near the critical points for the quadratic approximation.

4. A localized Grushin problem for the original operator thanks to the fact that P and
its quadratic approximation are close there.

5. A global Grushin problem for the original operator.

6. A Grushin problem in formal Taylor series for the original operator suitably conju-
gated so that the principal symbol coincides with the quadratic approximation at the
critical points.

7. The identi�cation of the spectrum and its asymptotic expansion thanks to a �nite
dimensional reduced problem.

Note �rst that during the proof, we need to prove a �rst result of weak exponential
decay of the eigenfunctions (Remark 11.7 in [H8]) in order to show that the localized
problem for the original operator is well posed. We shall come back to this later in Section
4.6.

We explain a little in the case of a single critical point ρ0 for P the spirit of the Grushin
problem obtained after step 5. Let µ0 be an eigenvalue of the quadratic approximation P (0)

given in (4.15) (we omit the index j and k there). Let Eµ0 ⊂ D(P (0)) be the corresponding
space of generalized eigenvectors. Let e1, ..., eN0 be a basis for Eµ0 and let f1, ..., fN0 ∈
S(Rn) have the property that det((ej |fk)) 6= 0. A possibly natural choice would be to let
f1, ..., fN0 be the dual basis in the space E∗

µ0
of generalized eigenvectors of P (0)∗, associated

to the eigenvalue µ0.
Put

R−u− =
∑

u−(j)ej , R+u = ((u|fj)) ∈ CN0 ,
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for u− = (u−(j)) ∈ CN0 . The well posed Grushin problem after step 5 is the following
system

(P − hz)u + R−u− = v, R+u = v+

where z varies in a disc D(0, B′), for which we prove the corresponding a priori estimate :

h‖u‖+ |u−| ≤ C(‖v‖+ h|v+|).
The spirit is the following : we get that the enlarged operator

P(z) =
(

P − z R−
R+ 0

)
: D(P )× CN0 → L2 × CN0 .

has a bounded inverse given by

E(z) =
(

E(z) E+(z)
E−(z) E−+(z)

)
: L2 × CN0 → D(P )× CN0 , (4.19)

so that the eigenvalues of P are the same than the ones of the reduced problem given by
the �nite dimensional matrix E−+ (recall the well know formula : (z − P )−1 = −E(z) +
E+(z)E−+(z)−1E−(z)). In step 7 we then show how to get their asymptotic expression by
working with Taylor series. 2

4.4 Hypocoercitive estimate and trend to the equilibrium
As already mention in Section 3.1, hypocoercitive estimates allow to treat the return to
equilibrium of the heat equation ∂tu + Pu = 0. The following result was already stated in
the case of the Fokker-Planck operator and with the hypocoercitive terminology (Theorem
3.6). We give the complete version now. With the notation introduced in the preceding
sections it reads:

Theorem 4.7 Let P be an operator satisfying Hypotheses 4.1, 4.2 and 4.3 and let P δ =
A−1

δ PAδ be the conjugated operator de�ned in (4.13). Let B be a large positive constant
and Πδ

B be the spectral projection of P δ associated with D(0, Bh). Then there exists C such
that for h su�ciently small we have

Re (P δu, u) ≥ Bh

C
‖u‖2

for all u ∈ S such that u ∈ Ran(1−Πδ
B).

Proof. See Proposition 2.3 in [H12]. The proof splits into two parts:

1. In [H12] we prove that there exists an operator Kh with symbol con�ned in
√

h-
neighborhood of the critical points of ph, such that

Re ((P δ + Kh)u, u) ≥ Bh

C
‖u‖2 . (4.20)

At this stage, only the behavior at in�nity of p (ie hypothesis 4.3) is important and
we don't use the fact that it is a Morse function. Essentially the real part of the
symbol pδ of P δ is larger than h/C outside a neighborhood of the critical points of
pδ.
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4.4 Hypocoercitive estimate and trend to the equilibrium

2. In [H12] we proved that when u ∈ Ran(1−Πδ
B) we have

‖Khu‖ ≤ h ‖u‖ /C ′

where C ′ is a su�ciently large constant so that the right-hand side can be eaten
by the right-hand side of (4.20). This was done by using an additional selfadjoint,
quadratic and positive operator having the same eigenfunctions as P δ in D(0, Bh),
so that Khu = 0 modulo small error terms.

2

It is therefore clear from Theorem 4.7 that if u ∈ Ran(1−ΠB), where

ΠB =
1

2πi

∫

hγ
(z − P )−1 dz (4.21)

is the spectral projection of P associated with the spectrum of P in D(0, Bh) (recall that
P and P δ are isospectral), then

∥∥∥e−tP/hu
∥∥∥ ≤ O(1)e−t/C ‖u‖ , C = C(B) > 0, (4.22)

as explained after Theorem 3.6 in Chapter 3. Therefore, it only remains to consider the
restriction of the semigroup e−tP/h to the �nite-dimensional subspace Ran(Π), generated
by the generalized eigenfunctions of P corresponding to the eigenvalues of P of modulus
< Bh. For b > 0, he result at least in the case when the eigenvalues in {Re (z) < b} are
simple in the following:

Theorem 4.8 Suppose P satis�es Hypotheses 4.1, 4.2 and 4.3. Consider the set {µjk} of
eigenvalues of the quadratic approximation of P |h=1 at the critical points (repeated with
their multiplicities) de�ned in the preceding theorem. Let b > 0 be such that the line
Re z = b avoids the set {µjk} and de�ne the �nite set Jb = {µj,k; Re (µj,k) < b}. Assume
that the µj,k in Jb are simple and distinct. Then we have

e−tP/h =
∑

µj,k∈Jb

e−tλj,k/hΠj,k +O(1)e−tb in L(L2, L2), (4.23)

where λj,k is the eigenvalue of P associated to µj,k, and Πj,k the associated (rank one)
spectral projection which are uniformly bounded with respect to h. Here the term O(1) is
with respect to t ≥ 0 and h → 0.

Remark 4.9 Note that in the case µj0,k0 is simple, the fact that the projection Πj0,k0 is
uniformly bounded in norm with respect to h is proven thanks to a simple Cauchy formula
around the attached eigenvalue of P δ. If they are not simple, then a multiple one can give
rise to di�erent eigenvalues λj,k for the original operator P perhaps exponentially close. It
is then di�cult to obtain resolvent estimates since some tunneling e�ect may appear, and
that no bound for the spectral projectors are directly available any more. This case will be
partly treated in the following chapter. Note that this question is related to the explicit
constant problematic described in Section 1.3.

Example 4.10 We give some details in the case for the Fokker-Planck operator. We take
b such that Jb ∩ C∗ 6= ∅ and that Re (Jb ∩ C∗) is reduced to a single real number (This
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Chapter 4 : Semiclassical analysis of KFP type operators

happens for example when there is only one critical point, but also in other cases). Note
in particular that it implies that V has at most one local minimum as we shall see later
in the end of Section 5.1. Then Theorem 4.8 gives the complete result of trend to the
equilibrium. We set

τ = inf {Re (λj,k);µj,k ∈ Jb ∩ C∗} ,

and we get
e−tP/h −Π0 = O(1)e−tτ/h in L(L2, L2), (4.24)

where Π0 is the projection on the 0's (unidimensional) eigenspace if it exists or 0 in the
other cases. This gives Theorem 1.7 about the entropy.

Re(z) = bRe(z) = b

case of one minimum for V case of no minimum for V

Figure 4.2: trend to the equilibrium - simple eigenvalues cases

4.5 Exponential time decay: an alternative method
In this section we explain an alternative method employed in [H7] [H8] for cuspidal opera-
tors in order to get the exponential trend to the equilibrium (see Section 2.3). It is slightly
di�erent from the hypocoercitive one presented in section 4.4 used in [H9] [H10] [H12],
and which is valid for a larger class of operators since no di�usion property is needed. We
present it in the semiclassical context. It is based on the two following ingredients :

1. Pseudospectral estimates for cuspidal operators given for example in Theorem 2.6 or
2.8, for example the one given in (2.23) in the semiclassical context.

|z|1/3h2/3 ‖u‖ ≤ C ′ ‖(P − z)u‖ , ∀u ∈ S. (4.25)

2. Pseudospectral estimates near the spectrum, for example the one given in Theorem
4.5

‖(z − P )−1‖ ≤ D/h, for z ∈ D(0, B′h) with dist (z,∪jσ(P (j))) ≥ h

C
. (4.26)

Proof. The proof is based on the Cauchy formula for the operator P : we take the explicit
contour Γh given in (2.23) de�ned by the boundary of

Sh =
{

Re z ≥ ch
2
3 |Im z| 13 or |z| ≤ Ch

}
, Γh = ∂Sh,

and restrict it in the region Re z > bh. Here c and b are positive constants such that b is
di�erent from the real parts of the eigenvalues of the quadratic approximations of P with
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4.6 Exponentially weighted estimates for eigenfunctions

Re(z) = ch2/3|z|1/3

Γh Γb

Re(z) = bh

Figure 4.3: Change of contour

h = 1. This de�nes (a part of a contour) Γb there. In the region Re z ≤ bh, Γb is a segment
included in Re z = bh and joining the two other pieces of Γb. We de�ne Jb to be the set as
in Theorem 4.8.

Then with the notation of the preceding section we get

e−tP/h =
1

2πi

∫

Γh

e−tz/h(z − P )−1dz

=
∑

µj,k∈Jb

e−tλj,k/hΠj,k +
1

2πi

∫

Γb

e−tz/h(z − P )−1dz

=
∑

µj,k∈Jb

e−tλj,k/hΠj,k +O(1)e−tb in L(L2, L2),

(4.27)

where the last estimate is due to the fact that the contour integral is convergent.

4.6 Exponentially weighted estimates for eigenfunctions
In this section we give results from Section 9 of [H8] about the exponential decay in space of
the eigenfunctions of Kramers-Fokker-Planck type operator. This type of result is classical
in the case of the Schrödinger operator using Agmon estimates (see e.g. [25] or [43]). Here
we have to adapt to the case of KFP type operators, and the results will be of great interest
in the study of the tunneling e�ect in the next chapter. We assume here Hypotheses 4.1,
4.2 and 4.3.

For j = j0 �xed, consider the critical point ρj0 = (xj0 , 0) in (4.5). Let

µ =
1
i

n∑

`=1

(
ν` +

1
2

)
θ`, ν` ∈ N, (4.28)

be an attached value as in (4.15) and assume that µ is simple in the sense that (ν1, ..., νn) ∈
Nn is uniquely determined by µ. In particular, every θ` for which ν` 6= 0 is a simple
eigenvalue of Fp. Then as in [46] (see also Chapter 3 in [25]) we can construct

λ(h) ∼ h(µ + hµ1 + h2µ2 + ...) (4.29)

with uniquely determined coe�cients µ1, µ2, ... and

a(x;h) ∼ a0(x) + ha1(x) + ... in C∞(neigh (xj0)), (4.30)
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Chapter 4 : Semiclassical analysis of KFP type operators

where aj(x) = O(|x−xj0 |(m−2j)+), m =
∑

ν` and a0 has a non-vanishing Taylor polynomial
of order m, such that

(P − λ(h))(a(x;h)e−φ+(x)/h) = O(h∞)e−φ+(x)/h (4.31)

in a neighborhood of xj0 . Here the phase φ+ appearing is the phase associated to the
outgoing stable manifold of p at the critical point. This phase will appear in Chapter
5 concerning the tunneling e�ect. Note of course that λ(h) is equal modO(h∞) to the
corresponding value in Theorem 4.6.

As in [46] we notice that if γ ⊂ D(0, B) is a closed h-independent contour around λ(h)
avoiding all the others values µj,k in (4.15), and

Πhγ =
1

2πi

∫

hγ
(z − P )−1dz (4.32)

the corresponding spectral projection, then, using also Theorem 4.5,

‖πhγ(χae−φ+/h)− χae−φ+/h‖L2 = O(h∞) (4.33)

if χ ∈ C∞
0 (Ω) is equal to one near xj0 . It follows that χae−φ+/h is a linear combination

of generalized eigenfunctions of P with eigenvalues inside hγ up to an error O(h∞) in
L2-norm.

In the following we denote by by B the matrix B(x) = (bj,k(x))j,k=1,...,n where the bj,k's
are the coe�cient of the second order part of p appearing in (4.3). Recall that the matrix
B is only non-negative. The main result is as follows:

Theorem 4.11 Consider P satisfying Hypotheses 4.1, 4.2 and 4.3.

a) Outside any h-independent neighborhood of xj0, we have

u, B
1
2 hDu = O(e−1/(Ch)) in L2-norm.

b) There exists a neighborhood Ω of xj0, where

u(x;h) = (a + r)e−φ+(x)/h, with ‖r‖L2(Ω), ‖B
1
2 hDr‖L2(Ω) = O(h∞). (4.34)

Proof. This is Theorem 9.1 in [H11] and the proof is given there. Note that it relies on
a new resolvent estimate for a conjugated operator

Pψ = eψ/h ◦ P ◦ e−ψ/h,

where ψ is a function depending only on the space variable such that the conjugated op-
erator has the essentially the same properties 4.3 than the original one. In particular
in the weighted space we keep the good resolvent estimates of type (4.16) which gives a).
For b) we use essentially the WKB approximation given by (4.33) near the critical point. 2

Remark 4.12 Note that in the Fokker-Planck case for example the procedure of conjugat-
ing by ψ corresponds essentially to the inverse procedure of the one of conjugating by the
square root of the Maxwellian. Indeed as can be directly veri�ed, the operator obtained
from the original Fokker-Planck operator P after a conjugating by Mα for 0 < α < 1/2
give rise to an operator satisfying also Hypotheses 4.1, 4.2 and 4.3.
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4.7 Concluding comments and perspectives
Simple eigenvalue problem
As said before, we got the exponential decay in space of the eigenfunctions only in the case
when the corresponding eigenvalue is simple. In this case we can even do the construction
(4.29-4.30-4.31) in any neighborhood Ω ⊂⊂ Rn provided that
1) φ+ is well-de�ned in a neighborhood of Ω.
2) Hq |Λ+

6= 0 on Ω \ {xj0}.
3) Ω is star-shaped with respect to the point xj0 and the integral curves of the vector �eld
ν+ := (πx)∗ (Hq |Λ+

), where π((x, ξ)) = x.
In the case when the eigenvalue is not simple, it has an asymptotic expansion in h1/N

instead of h, and the construction of WKB modes is not so clear. As a consequence we
don't now how to prove the exponential space decay. We shall deal with some cases in the
next chapter.

The FBI method
In [H8] we used an other method for proving resolvent estimates near the critical points,
based on the Fourier-Bros-Iagolnitzer transform. We want to emphasize the fact that the
underlying idea is essentially the same, that is �nding a good weight function and a related
(dilated) space in which the conjugated operator is coercitive, which in turn implies that P
satis�es good resolvent estimates. Recall that the multiplier method explained in section
2.2 is based on the construction of a (subelliptic) norm of type

‖u‖2
G = ‖u‖2 − δ (Gwu, u)

which is microlocally very close to the dilated norm used in the FBI proof. recall the point
already mentioned: from a microlocal point of view, all the methods are essentially based
on the same idea of twisting the norms.

Spectrum or pseudospectrum
As we saw in the preceding chapter, pseudospectral estimates are fundamental to get
the return to the equilibrium for the operators we deal with. This can be related to
the fact that for nonselfadjoint operators the right spectral notion is the pseudospec-
trum and not the spectrum. recall that the pseudospectrum is roughly de�ned as the
set where the resolvent is large. It is studied by many authors, also in the elliptic
case ([90], [6], [16], [17], [96], [18], [20]...). In particular numerical studies of the ex-
plosion of the norm of the resolvent are made. We refer to the pseudospectral gateway
http://web.comlab.ox.ac.uk/projects/pseudospectra/ and the references therein for more
details. Here we adopt the inverse point of view, i.e. we look for sets where the resolvent
is controlled (Theorem 4.5 or Theorem 2.8 in its semiclassical version given by (2.23)).

Note also that the use of modi�ed norms and spaces is very close to what is done in
the study of resonances. There again the problem is reduced after conjugating to look at
nonselfadjoint operators and their spectrum. The main di�erence is that in our case, the
Hilbert space is the same (only the norm changes) whereas in the resonances's case, the
authors work in weighted space (see e.g. [89]).
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The manifold cases
We just mention here that the results presented in this section are also valid when replacing
Rn by a manifold without a boundary M .
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Chapter 5

Supersymmetry and tunneling e�ect

We present in this chapter some results concerning the supersymmetric structure of Fokker-
Planck like operators from [H11] and [H12]. Recall that supersymmmetry means here that
the operators are Hodge Laplacians of type d∗d + dd∗ where d is the operator associated
the De-Rham complex of k-forms and d∗ its adjoint in a sense we shall precise below.

The relations between the Fokker-Planck operator and supersymmetry was already
implicitly present in the literature in the quadratic case (see for example the book of Risken
[78]). Recently the Witten approach has been independently extended to the case of non-
elliptic operators like the Kramers Fokker-Planck in [86] (in supersymmetric language)
and in [5], [56] ... (in terms of di�erential forms). Note that the deep relations between
the Witten Laplacian and the Fokker-Planck operator in [H7] (see Chapter 2 and 3 here)
were also a good indication of possible deeper links. In the works [H11] and [H12] we
exploit this intrinsic structure to study the tunneling e�ect as was done by Witten [94]
and Hel�er-Sjöstrand [47] in the Witten Laplacian case.

The aim here is also to understand inner structures of kinetic equation, and perhaps
to extend this study to other models such as the linear relaxation model, for which very
similar eigenfunctions properties seem to happen (see the last section of [H9]).

5.1 Construction
In [H11] (following also [86]) we build a family of KFP-type operators using the concept of
supersymmetry. These operators are Hodge Laplacians associated with two fundamental
objects on a manifold M :

1. A smooth invertible map A(x) : T ∗xM → TxM, x ∈ M,

2. A smooth function φ ∈ C∞(M,R).

In this presentation we shall restrict ourselves to the case when M = Rn equipped with
the Lebesgue measure and work with the canonical coordinates. We �rst introduce the
nondegenerate bilinear form

〈u|v〉A = 〈∧kA(u)|v〉, u, v ∈ ∧kT ∗xM. (5.1)

If a : ∧kT ∗xM → ∧`T ∗xM is a linear map, we de�ne the "adjoint" aA,∗ : ∧`T ∗xM → ∧kT ∗xM
by

〈au|v〉A = 〈u|aA,∗v〉A. (5.2)
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5.1 Construction

(In the complexi�ed case, we use the sesquilinear scalar product (u|v)A = 〈u|v〉A and de�ne
aA,∗ the same way.) If ω is a one form we get in particular

(ω∧)A,∗ = (Aω)c, (5.3)

where c denotes the usual operator of contraction. If u, v are smooth k forms with supp(u)∩
supp(v) compact, we de�ne

〈u|v〉A =
∫
〈u(x)|v(x)〉A(x)µ(dx), (u|v)A =

∫
(u(x)|v(x))A(x)µ(dx)

and denote by aA,∗ the formal adjoint of an operator a : C∞
0 (M ;∧kT ∗M) → D′(M ;∧`T ∗M).

We can as a basic example consider

h∂xj : C∞
0 (M ;∧kT ∗M) → C∞

0 (M ;∧kT ∗M),

acting coe�cient-wise, and a straightforward computation shows that

(h∂xj )
A,∗ = −h∂xj . (5.4)

Let us now consider the function φ ∈ C∞(M ;R) and introduce the Witten (de Rham)
complex

dφ = e−φ/h ◦ hd ◦ eφ/h = hd + (dφ)∧ : C∞
0 (M ;∧kT ∗M) → C∞

0 (M ;∧k+1T ∗M), (5.5)

with as usual d2
φ = 0. In coordinates we have

dφ =
n∑

1

(h∂xj + ∂xjφ) ◦ dx∧j , (5.6)

where h∂xj + ∂xjφ acts coe�cient-wise and commutes with dx∧j , so that

dA,∗
φ =

n∑

1

(−h∂xk
+ ∂xk

φ) ◦A(dxk)c, (5.7)

The corresponding Witten-Hodge Laplacian is given by

−∆A = dA,∗
φ dφ + dφdA,∗

φ . (5.8)

Since (dA,∗
φ )2 = (d2

φ)A,∗ = 0, we also have −∆A = (dφ + dA,∗
φ )2, and −∆A conserves the

degree of di�erential forms. In coordinates we get

−∆A ≡
∑

j,k

(−h∂xk
+ ∂xk

φ)Aj,k(x)(h∂xj + ∂xjφ)

+
∑

j,k

2h∂xj∂xk
φ ◦ dx∧j A(dxk)c,

(5.9)

Now write
A = B + C, with tB = B, tC = −C. (5.10)
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Then (5.9) gives

−∆A =
∑

j,k

(−h∂xk
+ ∂xk

φ)Bj,k(x)(h∂xj + ∂xjφ)

+
∑

j,k

((∂xk
φ)Cj,kh∂xj + h∂xj ◦ Cj,k ◦ (∂xk

φ))−
∑

j,k

h∂xk
(Cj,k)h∂xj

+
∑

j,k

2h∂xj∂xk
φ ◦ dx∧j A(dxk)c.

(5.11)

Note that the principal symbol is given by

〈Bξ, ξ〉+ 2i
〈
Cφ′x, ξ

〉
+

〈
Bφ′x, φ′x

〉

and that the last term in (5.11) vanishes on 0-forms, i.e. on scalar functions.

Example 5.1 To recover the Kramers-Fokker-Planck operator (cf [86]), we replace n by
2d, put M = R2d

x,v and set

A =
1
2

(
0 Id
−Id γ

)
, φ(x, v) = v2/2 + V (x).

Then from (5.11) we get the Kramers-Fokker-Planck operator for 0-forms:

−∆(0)
A = vh∂x − V ′(x)h∂v +

γ

2
(−h∂v + v)(h∂v + v). (5.12)

Note that the �rst order part (the drift) is nothing but the Hamilton �eld Hφ of φ with
respect to the standard symplectic form

∑
dvj ∧ dxj .

Example 5.2 The chain of anharmonic oscillators has also a supersymmetric structure.
In (5.11) replace n by 3d, put M = R3d

x,v,z and set

A =
1
2




0 Id 0
−Id 0 0
0 0 γId


 , φ(x, y) = v2/2 + V (x) + z2/2− zx.

Then we recover the twisted Witten-Hodge operator for 0-forms:

−∆(0)
A =

γ

2
(−h∂z1 + (z1 − x1)) (h∂z1 + (z1 − x1))

+
γ

2
α2 (−h∂z2 + (z2 − x2)) (h∂z2 + (z2 − x2))

+ (yh∂x − (∂xV − z)h∂y)

(5.13)

proposed in (1.49).

The quadratic case
From the study of the preceding chapter we already now that the true eigenvalues and
the eigenvalues of the quadratic approximations at critical points are very close. In the
study of the supersymmetric case in Section 10 of [H11] we are able to give a more precise
description of the spectrum.
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For the following we assume that B ≥ 0 and φ is quadratic non-degenerate and that P
is the corresponding Hodge Laplacian. From (5.11) we get that the symbol p of P is given
by

p(x, ξ) =
∑

j,k

Aj,k(−iξk + ∂xk
φ)(iξj + ∂xjφ)− h tr(Aφ”) + 2h

∑

j

(φ′′ ◦ tA)(dxj)∧∂cxj

The �rst sum is the principal symbol and the remaining part is the subprincipal symbol.
Note that the last sum reduces to a constant matrix and vanishes on 0 forms. We quote
the following results

1. First introduce the fundamental matrix Fp of p, which is the matrix of the lineariza-
tion of the hamiltonian �ow Hp at a critical point, and is given by

Fp =
(

p′′x,ξ p′′ξ,ξ

−p′′x,x −p′′x,ξ

)
.

The eigenvalues of Fp are given by ±2iθj where θ1, ..., θn are the eigenvalues of Aφ′′.
This follows from the fact that we know explicitly two transverse Lagrangian manifold
associated to the phases ±φ. We split the set of those θj into two parts : for
1 ≤ j ≤ n+ we suppose Re (θj) > 0 and Re (θj) < 0 for the others. Then the lowest
(in the sense real part of) eigenvalue of −∆(m)

A is given by

2


θj1 + .. + θjm −

n∑

n++1

θj


 , 1 ≤ j1 < .. < jm ≤ n.

We conclude that if m 6= n − n+, then all eigenvalues have a real part > 0 and if
m = n−n+, then precisely one eigenvalue is equal to 0, while the others have positive
real part. In particular on 0 forms, we recover the fact that if there is no minimum
for φ, then 0 is not an eigenvalue (which corresponds to a noncon�ning potential in
the (quadratic) Fokker-Planck case.

2. We recover that they take place in an angle

ei[−π
2
+ ε

C
, π
2
− ε

C
][0, +∞[.

This is again a consequence of the study of quadratic operators taking values in such
an angle in [81], and the fact that through a suitable conjugation, the supersymmetric
KFP operator satis�es such a condition.

Remark 5.3 It gives rise to the following result for the original operator. We shall suppose
in the next section that φ is a Morse function with a �nite number of critical points and
a suitable behavior at in�nity so that the assumptions of Theorem 4.6 are ful�lled. Then
from this Theorem and using the notation from there, Nmin local minima of a given phase
function φ will give rise to Nmin eigenvalues for −∆(0)

A on 0 forms which are o(h). Also if
there is a unique critical point of index 1 for φ, then there will be a unique eigenvalue o(h)
for −∆(1)

A . We shall study some of these cases in the next section and evaluate precisely
the eigenvalues.
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5.2 Tunneling e�ect in the double well case
This section present the spectral analysis and the trend to the equilibrium in a case when
there are multiple eigenvalues. This was done in [H11] and [H12] where we restricted to
the two following simple cases

1. Double well case (two local minima and a point of index 1 for φ).

2. Case of a well and the sea (one local minimum and a point of index 1 for φ).

double well well and the sea

x0x0
x1

x−1 x1

φ(x)

x

Figure 5.1: Double well and a well and the sea.

Here we present the result in the double well case ([H11]), mentioning that the other
case is simpler and that its study follows essentially the same argumentation ([H12]). We
suppose from now on that A = B + C as in (5.10) with B ≥ 0 and that φ is a Morse
function positive at in�nity with the following decay estimates

∂α
x φ(x) = O(1), ∂α

x (〈B∂xφ, ∂xφ〉) = O(1), |α| ≥ 2, (5.14)

and
|φ′(x)| ≥ 1/C, |x| ≥ C, (5.15)

which implies that φ(x) → +∞ with φ(x) ≥ 1
C |x|, for |x| ≥ C. We suppose also that

Hypothesis 4.3 are ful�lled for operator P = −∆(0)
A in (5.9). In particular Hypothesis 4.2

holds with
C = {ρj ; j = 1, . . . N}, ρj = (xj , 0),

and we can apply the results of Chapter 4 here to P .
We study the trend to the equilibrium in the case of multiple eigenvalues. We now

restrict to the double well case. We assume the following speci�c assumption where for for
convenience we change the indices of the critical points xj :

φ has precisely three critical points, two local
minima x±1, and a "saddle point" x0 of index one.

(5.16)

Theorem 5.4 Let P = −∆(0)
A where we assume (5.14), (5.15), (5.16). We also assume

that P satis�es the additional dynamical Hypothesis 4.3. Then for C > 0 large enough,
P has precisely 2 eigenvalues, λ1 = 0 and λ2 in the disc D(0, h/C) when h > 0 is small
enough. Here λ2 is real and of the form

λ2 = h(a1(h)e−2S1/h + a−1(h)e−2S−1/h), (5.17)

where aj(h) are real, aj(h) ∼ aj,0 + aj,1h + ..., aj,0 > 0, Sj = φ(x0)− φ(xj).
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Proof. This is Theorem 11 in [H11] where we changed a little the notation in order to
explain further possible developments. This gives part i) of Theorem 1.8 about the entropy.
We give here some elements of the proof. According to the preceding section (see Remark
5.3) we know that for C > 0 large enough, we have the following:

1. Operator P = −∆(0)
A has precisely 2 eigenvalues λ1 = 0 and λ2 in the disc D(0, h/C)

for h small enough spanning a corresponding 2-dimensional spectral subspace E(0).
We already know that the �rst eigenvalue λ1 = 0 is associated with the Maxwellian
e−φ/h as the corresponding eigenfunction. Since a truncation of this function can
be used as a quasimode near each of x±1 we also know that λ2 = O(h∞) and
we call ψ±1 the functions in E(0) obtained by projecting onto E(0) the Maxwellian
h−n/4cj(h)e−(φ−φ(x±1))/h truncated near the other wells x∓1 and x0. These functions
are natural quasimodes associated to each minimum x±1. Note that by construction
they live far away from their base point x±1 and in particular in a pointed neighbor-
hood of x0.

2. Operator −∆(1)
A has precisely one eigenvalue λ

(1)
1 = o(h) spanning a one-dimensional

eigenspace E(1) generated by an eigenfunction ψ
(1)
0 . From an easy extension of The-

orem 4.11 we can associate to the critical point x0 a phase φ+ corresponding to the
stable outgoing manifold and we get as there that

ψ
(1)
0 (x; h) = χ0(x)e−

1
h

φ+(x)h−
n
4 a0(x; h) +O(e−S0/h). (5.18)

Here χ0 ∈ C∞
0 (neigh (U0)) is equal to one near x0, S0 > 0 and a0(x; h) ∼ ∑∞

0 a0,k(x)hk

is a symbol as in Theorem 4.11 with a0,0(U0) 6= 0.

3. Operator −∆(k)
A has no eigenvalue = o(h) for k ≥ 2.

Since our operators are real we know that the spectra are symmetric around the real axis,
hence λ1 = 0, λ2 and λ

(1)
1 are real. The fundamental property of supersymmetric operators

consists of the following remarkable intertwining relations

−∆(1)
A dφ = dφ(−∆(0)

A ), −∆(0)
A dA,∗

φ = −dA,∗
φ ∆(1)

A ,

which implies that λ
(1)
1 = λ2. Now we are reduced to the following �nite dimensional

problem : Let (ν−1, ν1) be the matrix of dφ : E(0) → E(1) with respect to the bases
(ψ−1, ψ1) and (ψ(1)

0 ). and let Let t(ν∗−1, ν
∗
1) be the matrix of dA,∗

φ for the same bases. The
eigenvalue λ2 can be viewed as the second eigenvalue of dA,∗

φ dφ : E(0) → E(0) or equivalently
as the scalar dφdA,∗

φ : E(1) → E(1) (using also that −∆(2)
A has no eigenvalue = o(h)). Either

way, we get
λ2 = ν∗−1ν−1 + ν∗1ν1. (5.19)

So the problem of computing the eigenvalue λ2 is reduced to the computation of the singular
values of dφ and dA,∗

φ . Here we have to do di�erently with respect to the Witten (elliptic)
case since our operators are not selfadjoint. We compute them using basis for the dual
spaces of E(0) and E(1) constructed from eigenvalues ψ∗±1 and ψ

(1),∗
0 of the dual problem

associated to the operator (−∆A)
tA,∗ = −∆tA. In particular it allows to do an explicit

computation (up to exponentially small error terms ) of the following expression :

ν±1 = (ψ(1),∗
0 , dφψ±1).
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This can be done using the stationary phase essentially since ψ
(1),∗
0 and ψ±1 have non-

disjoint support. 2

5.3 Trend to the equilibrium
In this section we present a result of [H12] concerning the trend to the equilibrium in
the double well case. It gives an answer to the question raised in Remark 4.9 about the
uniform control with respect to h of the spectral projectors associated to exponentially
close eigenvalues in this case.

Theorem 5.5 Let Let P = −∆(0)
A where we assume (5.14), (5.15), (5.16). We also assume

that P satis�es the additional dynamical conditions in Hypothesis 4.3. Let C > 0 large
enough so that the disc D(0, h/C) contains precisely 2 eigenvalues of P , λ1 = 0 and λ2

given in (5.17). Let Πj be the spectral projection associated with the eigenvalue λj, j = 1, 2.
Then we have

Πj = O(1), h → 0. (5.20)
We have furthermore, uniformly as t ≥ 0 and h → 0,

e−tP/h = Π1 + e−tλ2/hΠ2 +O(1)e−t/C , C > 0, in L(L2, L2). (5.21)

Proof. See Theorem 3.2 in [H12]. We give some elements of the proof. For B large enough
we use Theorem 4.7 and the notation there to reduce the study to the �nite dimensional
subspace Ran(ΠB). For all remaining eigenvalues except λ1 and λ2, A Cauchy formula
gives uniform bounds of the corresponding spectral projectors so that for any normalized
u ∈ (1−Π1 −Π2) we get

e−tP/hu = O(1)e−t/C ,

and we get (5.21). We just now have to prove bounds for the spectral projectors Π1 and
Π2. Let us denote Π = Π1 + Π2. Then from the computations in the preceding section,
the restriction of P to the space E(0) = Ran(Π) has the matrix

(
ν∗−1

ν∗1

) (
ν−1 ν1

)
=

(
ν∗−1ν−1 ν∗−1ν1

ν∗1ν−1 ν∗1ν1

)
, (5.22)

with respect to the basis (ψ−1, ψ1), with the eigenvalues λ1 = 0 and

λ2 = ν∗−1ν−1 + ν∗1ν1 ∼ max|νj |2 ∼ max|ν∗j |2 (5.23)

A simple computation shows that a corresponding normalized basis of the eigenvectors is
given by

u1 =
1√
λ2

(ν1ψ−1 − ν−1ψ1), and u2 =
1√
λ2

(ν∗−1ψ−1 − ν∗1ψ1). (5.24)

The corresponding matrix of the coe�cients is given by

W =
1√
λ2

(
ν1 −ν−1

ν∗−1 ν∗1

)
. (5.25)

We have det W = 1 and it follows from (5.23) that W = O(1). Hence the inverse matrix
W−1 has the same properties, so that u1, u2 is a good basis of eigenfunctions for P . We
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can do the same for the conjugated operator P ∗ and this gives rise to a corresponding well-
behaving basis of eigenfunctions (u∗1, u

∗
2) of the eigenspace E(0),∗. Then uniform bounds

of Π1 and Π2 with respect to h follow from the following characterization of the spectral
projectors:

Πj = (·|u∗j )uj , j = 1, 2.

2

Note that with τ = λ2 we get point i) of Theorem 1.3 about the time decay of the
relative entropy.

5.4 Concluding comments and perspectives
We give here some comments and open problems concerning the supersymmetric approach
of the KFP like operators.

Other cases
We gave in the preceding sections precise results in the double well case. Our approach
gives also the corresponding results in the case of the well and the sea presented in the
beginning of the Section 5.2 [H12] which gives in particular Theorem 1.8. It can be also
applied to the case of the chain of anharmonic oscillators presented in Example 5.2 in the
case when φ satis�es conditions of type 4.1, 4.2 and 4.3 and at least when the two baths
are at the same temperature. In the case when they are di�erent, we are led to study
a stationary state instead of a steady state, and a priori no supersymmetry is available
anymore. Of course the question of rate of decay to this stationary state is of great interest
for this important model (with multiple oscillators) studied in [32] [30] [31] for example.
This can be considered as a limitation of the supersymmetric method.

Tunneling e�ect without supersymmetry
In a �rst approach we tried to prove the tunneling e�ect without using supersymmetry.
The problem is the following : In the elliptic case (Witten Laplacian on a manifold M) it
is possible to extend the quasimodes far away from the critical points thanks to a smooth
distance on M naturally associated to the Witten Laplacian: the Agmon distance. Thanks
to this procedure, the support of the eigenfunctions related to each well are not disjoint and
we can conclude (Note that in this case we don't avoid a priori non-resonant wells). In the
supersymmetric case the situation is di�erent since quasimodes associated to exponentially
small eigenvalues and related to minima are essentially Maxwellian and therefore known
very far away from the minima, and at least su�ciently close to the other critical points.
As a consequence we only need to know the quasimodes associated to critical points xj

of index di�erent from 0 near xj : no procedure of extension is necessary. If we quit the
supersymmetric case, we have to be able to extend them but no Agmon distance is available
anymore. In place there is a degenerate distance naturally associated to the operator (a
Finsler distance [57]), but the notion of geodesic is not so clear. This leads to the following
question:

Question 5.6 Is it possible to use the associated Finsler distance to extend the quasimodes
far away from any critical points ?
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The Heat method
In Remark 11.7 of [H8], we used the heat equation for giving a rough estimate about the
exponential space decay of eigenfunctions. This method is in a sense at the opposite of our
general problematic, which is giving at the end some accurate results on the trend to the
equilibrium from resolvent and hypocoercitive results. One can anyway wonder whether
this approach could give precise results, such as uniform bounds of the spectral projectors
in Theorem 5.5 above.

The Bismut Laplacian
In a series of recent papers ([5], [56] and references therein), Bismut and Lebeau studied (in
terms of di�erential forms) some Fokker-Planck type operators with semiclassical param-
eter γ. In this sense, both operator X0 associated to the linear transport with a potential
(1.2) and the degenerate witten Laplacian in velocity (which reduces to the harmonic oscil-
lator) can be viewed as Fokker-Planck operators with respectively γ = 0 and γ = ∞. The
Fokker-Planck operator can be considered as an intermediate model. This series of works
may be of great interest to understand the intrinsic structure of KFP type operators.

Multiple wells
In a series of recent articles [41], [42], [44], Hel�er and Nier (and co-authors) proposed a
complete study of the small eigenvalues for the Witten Laplacian using supersymmetric
tools, completing older works [47]. This was done in particular in the case with a boundary
[44]. The adaptation of these methods is perhaps possible in the KFP case, but with deep
modi�cations due to non-ellipticity and non-selfadjointness. Some works are in progress in
this direction, and we hope to be able to give an answer to the following question:

Question 5.7 Is it possible to evaluate the exponentially small eigenvalues in the multiple
well case using supersymmetry.

Linear relaxation model
As mentioned in [H9] the (linearized) linear relaxation model (1.50) has strong common
properties with the Fokker-Planck operator. For example the collision part is reduced to
an orthogonal projector onto the Maxwellian. It is natural to wonder whether there also
exists a deep algebraic structure for this non-local operator. Of course it is not a di�erential
operator and there is no di�usion. Anyway one can suppose that in the low temperature
limit, some tunneling e�ect may also happen. This gives rise to the following question

Question 5.8 Is the linear relaxation model of supersymmetric type, and what is the
complex in which it is a twisted Hodge Laplacian?

On the other hand the non-local part can be considered as a simple model of the
linearized Boltzmann collision operator. Of course one may think that for other models,
some deep structure is present, and the question is pertinent also for them.
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