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gk

x = 1 ak

α ∈]− 1, 1[ ∀s ∈ [0, 1] g(s) = (1− s)−αΦ(s) Φ [0, 1]
s = 1 Φ(1) -= 0

lim
λ→0

|λ|1+α

∫ 1

0

g(s)

|1 − seiλ|2ds = Φ(1)

∫ ∞

0

s−α

1 + s2
ds.

lim
λ→π

|λ− π|1+α

∫ −1

0

g(−s)

|1 − seiλ|2
ds = Φ(1)

∫ ∞

0

s−α

1 + s2
ds

C∞ ]0, π[ ] − π, 0[

g(ρ) = (1− ρ)−αΦ(ρ) α ∈]− 1, 1[ Φ [0, 1]
ρ = 1 Φ(1) -= 0

lim
λ→θ

|λ− θ|1+α

∫ 1

0

g(ρ)

|1 − ρei(λ+θ)|2|1 − ρei(λ−θ)|2
dρ =

Φ(1)

4 sin2 θ

∫ ∞

0

s−α

1 + s2
ds,



lim
λ→−θ

|λ + θ|1+α

∫ 1

0

g(ρ)

|1 − ρei(λ+θ)|2|1 − ρei(λ−θ)|2dρ =
Φ(1)

4 sin2 θ

∫ ∞

0

s−α

1 + s2
ds

C∞ ] − π,−θ[ ] − θ, θ[ ]θ, π[

gk

Y α < 0

Y gk

Pa

k = 1 . . . p + 1 gk(s) = (1 − s)−αkΦk(s) −1 < αk < 0 Φk

s = 1 Φ(1) -= 0 Y
h → ∞

r(h) = nα




∑

{k|αk=α}

ck cos(hθk) + o(1)



 ,

α = sup{αk} ck

d = 2

P (L1, L2) = (1 − aL1)(1 − bL2)
[0, 1]

ga(x) = (1 − x)−α1Φ1(x) gb(x) = (1 − x)−α2Φ2(x) Φ1 Φ2

α1 α2 ] − 1, 0[



Y

f(λ1,λ2) ∼
c

|λ1|1+α1 |λ2|1+α2
(0, 0),

c

Y r(h, l)
hα1 lα2

P (L1, L2) = 1 − aL1Lk
2 k ∈ Z − {0} a

[0, 1] a
(1−x)−αΦ(x) α ∈]−1, 0] Φ

Y

f(λ1,λ2) ∼
c

|λ1 + kλ2|1+α
,

λ1 + kλ2 = 0 c

Y r(h, l)
hα l = kh r(h, l) = 0 l -= kh

P (L1, L2) = (1 − 2ρ1L1 cos ν1 + ρ2
1L

2
1)(1 − 2ρ2L2 cos ν2 + ρ2

2L
2
2),

ρ1 ρ2

gρ1(x) = (1 − x)−α1Φ1(x) gρ2(x) = (1 − x)−α2Φ2(x)
Φρ1 Φρ2 α1 α2

] − 1, 0[

Y
(∓ν1,∓ν2)

f(λ1,λ2) ∼
c

|λ1 ± ν1|1+α1 |λ2 ± ν2|1+α2
,

c

r(h, l)
hα1 cos(hν1)lα2 cos(lν2)

P (L1, L2) = 1 − ρ cosβ L1L
k
2 + ρ2L2

1L
2k
2



ρ [0, 1] β -= 0 k ∈ Z − {0}

ρ (1 − x)−αΦ(x)

Y λ1+kλ2 =
∓β

f(λ1,λ2) ∼
c

|λ1 + kλ2 ± β|1+α
.

r(h, l) l -= kh
hα cos(hβ) l = kh

P (L1, L2) = 1 − a
L1 + L2

2

a [0, 1] g(x) = (1 − x)−αΦ(x)
α ∈ [−1, 0] Φ [0, 1] x = 1 Φ(1) -= 0

X

Xn1,n2 − a
Xn1−1,n2 + Xn1,n2−1

2
= εn1,n2,

ε σ2

Xn1,n2 =
∑

k≥0

ak

2k

k∑

j=0

Cj
kεn1−k+j, n2−j,

∑

k≥0

(
1

22k

k∑

j=0

(Cj
k)

2

)
E(a2k) < ∞ ⇔ E

(
1

1 − a2

)
< ∞

1
22k

∑k
j=0(C

j
k)

2 k ≥ 0
α

Y

f(λ1,λ2) =
σ2

4π2

∫ 1

0

g(x)

|1 − xeiλ1+eiλ2

2 |2
dx.

g X



−1 < α< 0 g(x) = (1 − x)−αΦ(x) Φ [0, 1]
x = 1 Φ(1) -= 0 f(λ1,λ2)

0

α = −0.75 Φ ≡ 1

λ1 + λ2 = 0

P (L1, L2) =

(
1 − ρ

eiν1L1 + eiν2L2

2

)(
1 − ρ

e−iν1L1 + e−iν2L2

2

)
,

ρ [0, 1] g(x) = (1 −
x)−αΦ(x) −1 < α < 0 Φ [0, 1] x = 1

Φ(1) -= 0

Xn1,n2 − ρ cos ν1Xn1−1,n2 − ρ cos ν2Xn1,n2−1

+
ρ2

2
cos(ν1 − ν2)Xn1−1,n2−1 +

ρ2

4
Xn1−2,n2 +

ρ2

4
Xn1,n2−2 = εn1,n2.

Y

f(λ1,λ2) =
σ2

4π2

∫ 1

0

g(x)

|1 − xei(λ1+ν1)+ei(λ2+ν2)

2 |2|1 − xei(λ1−ν1)+ei(λ2−ν2)

2 |2
dx.

(ν1, ν2) (−ν1,−ν2)

(ν1, ν2) (−ν1,−ν2)

α = −0.75 Φ ≡ 1
λ1 − ν1 + λ2 − ν2 = 0

(ν1, ν2)

[−π, π]2

p ∈ N Li i = 1, 2
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Zd j ∈ Zd

xj X

Φi,j X × X

ω = (xi)i∈Zd ∈ XZd

Λ Zd

EΛ(ω) =
∑

{i,j}⊂Λ

Φi,j(xi, xj) +
∑

i∈Λ
j∈Λc

Φi,j(xi, xj),

Λc Λ Zd EΛ

Λ

ρ = ⊗i∈Zdρi ρi

X ρi X = R
X = {±1} µ XZd

Φ ρ

µ (dωΛ|ωΛc) =
1

ZΛ(ωΛc)
e−EΛ(ω)ρ(dω),

ωΛ Λ ωΛc Λc ZΛ(ωΛc)
Λ



i j r(i, j) = cov(xi, xj) r(h) = cov(xi, xi+h)

X = {−1, 1} 1/2(δ−1 + δ1)

Φi,j(xi, xj) =

{
βxixj

∑d
k=1 |ik − jk| = 1

0 ,

β > 0
d = 1 β

d ≥ 2
βc d d = 2

d = 2
βc = 1

2 ln(1 +
√

2) ≈ 0.441

r β β -= βc

β = βc

r(h) ∼
h→∞

{
|h|−1e−κ|h| si β -= βc

|h|−(d−2+µ) siβ = βc,

κ > 0 µ ∈ [0, 2]
1/4 d = 2

d ≥ 2
βc



XY
d ≤ 2 d = 2

X = R

Φi,j(xi, xj) =

{
β
(

1
2J(0)x2

i + exi

)
i = j

βJ(i − j)xixj i -= j,

β e
(J(i))i∈Zd

J(i) = J(−i) i
∑

i∈Zd |J(i)| < ∞
e = 0

e

J

J

Ĵ(λ) =
∑

n∈Zd

J(n)ei<n,λ>, λ ∈ [−π, π]d,

J
e = 0

∫

[−π,π]d
Ĵ−1(λ)dλ < ∞.

r(h) =

∫

[−π,π]d
Ĵ−1(λ)ei<h,λ>dλ

(un)n∈Zd ∀k ∈ Zd,
∑

J(n)uk+n = 0



e -= 0 J

e = 0

Ĵ [−π, π]d

Ĵ−1

Ĵ

d ≥ 3

J(n) =






− 1
2d

∑d
j=1 |nj| = 1

1 n = 0
0 .

Ĵ(λ) = 1 −
∑

|n|=1

1

2d
ei<n,λ> = 1 − 1

d

d∑

k=1

cos(λk).

1
2

∑d
k=1 λ

2
k [−π, π]d

d ≥ 3
J Ĵ(0) = 0

d = 2

J(k, l) =






∏
0<j≤k

j−1+α
j−α l = pk, |k| > 1

1 k = l = 0
0

p α ∈] − 1/2, 0[
J(k, pk)

α

J(k, pk) ∼ Γ(1 − α)

Γ(α)
k2α−1



k → ∞ J r̃ f̃
α

∑

k∈Z
J(k, pk)eikλ =

2π

r̃(0)
f̃(λ) =

Γ2(1 − α)

Γ(1 − 2α)

∣∣∣∣2 sin

(
λ

2

)∣∣∣∣
−2α

.

Ĵ(λ1,λ2) =
∑

k,l∈Z2

J(k, l)ei(kλ1+lλ2) =
∑

k∈Z
J(k, pk)eik(λ1+pλ2)

=
Γ2(1 − α)

Γ(1 − 2α)

∣∣∣∣2 sin

(
λ1 + pλ2

2

)∣∣∣∣
−2α

.

Ĵ [−π, π]2 α ∈] − 1/2, 0[
J Ĵ

λ1 + pλ2 = 0

r(h, l) =

∫

[−π,π]2
|λ1 + θλ2|2αei(hλ1+lλ2)dλ1dλ2.

r(h, θh) h θh ∈ Z

r(h, θh) =

∫

[−π,π]2
|λ1 + θλ2|2αeih(λ1+θλ2)dλ1dλ2.

u = λ1 + θλ2 v = θλ2 − λ1

θ ≥ 1

{
−(θ − 1)π < u < (θ − 1)π
−2π + u < v < 2π + u

⋃{ −(θ + 1)π < u < −(θ − 1)π
−2θπ − u < v < 2π + u

⋃{ (θ − 1)π < u < (θ + 1)π
−2π + u < v < 2θπ − u.



r(h, θh) =
∫ (θ−1)π

−(θ−1)π
|u|2αeihudu +

∫ −(θ−1)π

−(θ+1)π
(2u + 2(θ + 1)π)|u|2αeihudu

+
∫ (θ+1)π

−(θ−1)π
(2(θ + 1)π − 2u)|u|2αeihudu

= 2
∫ (θ−1)π

0
u2α cos(hu)du + 4(θ + 1)π

∫ (θ+1)π

(θ−1)π
|u|2α cos(hu)du

− 4
∫ (θ+1)π

(θ−1)π
u|u|2α cos(hu)du

=
1

h2α+1

(
2
∫ (θ−1)πh

0
u2α cos(u)du + 4(θ + 1)π

∫ (θ+1)πh

(θ−1)πh
|u|2α cos(u)du

− 4
h

∫ (θ+1)πh

(θ−1)πh
u|u|2α cos(u)du

)
.

r(h, θh) ∼ ch−2α−1,

h → ∞ c
X

r(h, θh)

r(h, l) ∼ |(h, l)|−2α−1L(|(h, l)|) b

(
(h, l)

|(h, l)|

)

|(h, l)| → ∞

nα−3/2L(n)−1/2 (ii)
X nα−1

X

∫

[−π,π]3

1

|3 − (eiλ1 + eiλ2 + eiλ3)|2
dλ = ∞.

6+cos(λ1) cos(λ2)+cos(λ1) cos(λ3)+sin(λ1) sin(λ2)+
sin(λ1) sin(λ3)+cos(λ2) cos(λ3)+sin(λ2) sin(λ3)−3 cos(λ1)−3 cos(λ2)−3 cos(λ3)



λ3 [−π/2, 0]

∫ 0

−π/2

1

|3 − (eiλ1 + eiλ2 + eiλ3)|2
dλ3 =

1

G(λ1,λ2)

(

arctan

[
sin(λ1) + sin(λ2)

G(λ1,λ2)

]
+

arctan

[
cos(λ1) cos(λ2) − 4 cos(λ1) + sin(λ1) sin(λ2) − sin(λ1) − 4 cos(λ2) − sin(λ2) + 9

G(λ1,λ2)

])
,

G(λ1,λ2) = | cos(λ1) cos(λ2) + sin(λ1) sin(λ2) − 3 cos(λ1) − 3 cos(λ2) + 5|.

(λ1,λ2) ∈ [0, π
6 ]2

c

G(λ1,λ2)
≤
∫ 0

−π/2

1

|3 − (eiλ1 + eiλ2 + eiλ3)|2
dλ3 ≤

π

G(λ1,λ2)
,

0 < c < π [0, π
6 ]2

cos(λ1) cos(λ2) + sin(λ1) sin(λ2) − 3 cos(λ1) − 3 cos(λ2) + 5

≤ λ1λ2 +
3λ2

1

2
+

3λ2
2

2
≤ 3

2
(λ1 + λ2)

2

cos(λ1) cos(λ2) + sin(λ1) sin(λ2) − 3 cos(λ1) − 3 cos(λ2) + 5

≥ −λ2
1

2
− λ2

2

2
+

λ2
1λ

2
2

4
≥ −λ2

1

2
− λ2

2

2

G(λ1,λ2) ≤ max

(
3

2
(λ1 + λ2)

2,
1

2
(λ2

1 + λ2
2)

)
=

3

2
(λ1 + λ2)

2.

1/G [0, π
6 ]2

D =
(
1 − x

2
(cos λ1 + cosλ2)

)2
+ x2 (sinλ1 + sin λ2)2

4

D =

(
x cos

λ1 − λ2

2
− cos

λ1 + λ2

2

)2

+ sin2 λ1 + λ2

2
.



f(λ1,λ2) =
σ2

4π2

∫ 1

0

(1 − x)−αΦ(x)

(x cos λ1−λ2
2 − cos λ1+λ2

2 )2 + sin2 λ1+λ2
2

dx

f
y ∈ [0, 1] f

σ2

4π2

∫ y

0

(1 − x)−αΦ(x)

(x cos λ1−λ2
2 − cos λ1+λ2

2 )2 + sin2 λ1+λ2
2

dx.

∫ y
0 (1 − x)−α−2Φ(x)dx

(λ1,λ2) y f

(λ1,λ2) 0

λ1 + λ2 = 0 D = (x cosλ− 1)2 u = (1− x) cosλ
1−cos λ

f(λ,−λ) =
σ2

4π2

(1 − cosλ)−α−1

cos−α+1 λ

∫ cos λ
1−cos λ

0

u−α

1 + u2
Φ

(
1 − u

1 − cosλ

cos λ

)
du

∼ c|λ|2−α−2

∫ ∞

0

u−α

1 + u2
du,

λ = 0 c

λ1 +λ2 -= 0 u =
x cos

λ1−λ2
2 −cos

λ1+λ2
2

sin
λ1+λ2

2

f(λ1,λ2)∼
σ2

4π2

1

sin λ1+λ2
2

∫ B

A

(2 sin λ1
2 sin λ2

2 − u sin λ1+λ2
2 )−α

1 + u2
Φ(1)du

A = − 1

tan(
λ1+λ2

2 )
B =

2 sin
λ1
2 sin

λ2
2

sin
λ1+λ2

2

λ1 + λ2 -= 0 λ1 + λ2 = o(λ1λ2)

f(λ1,λ2)∼c
|λ1λ2|−α

λ1 + λ2

c
λ1 + λ2 -= 0 λ1λ2 = o(λ1 + λ2)

f(λ1,λ2)∼c(λ1 + λ2)
−α−1

c



λ1 + λ2 -= 0 λ1λ2 λ1 + λ2

f(λ1,λ2)∼c(λ1 + λ2)
−α−1

c

λ1 + λ2 λ1λ2

−1 < α < 0 g(x) = (1 − x)−αΦ(x) Φ [0, 1]
x = 1 Φ(1) -= 0 f(λ1,λ2)

(ν1, ν2) (−ν1,−ν2)

(λ1,λ2) (ν1, ν2)

x 5→
∣∣∣∣1 − x

ei(λ1+ν1) + ei(λ2+ν2)

2

∣∣∣∣
2

[0, 1] 1/c y
[0, 1]

f(λ1,λ2) ≥
σ2

4π2

∫ y

0

(1 − x)dΦ(x)
∣∣∣1 − xei(λ1+ν1)+ei(λ2+ν2)

2

∣∣∣
2∣∣∣1 − xei(λ1−ν1)+ei(λ2−ν2)

2

∣∣∣
2 dx

≥ c
σ2

4π2

∫ y

0

(1 − x)dΦ(x)
∣∣∣1 − xei(λ1−ν1)+ei(λ2−ν2)

2

∣∣∣
2dx.

(λ1,λ2) (ν1, ν2)∫ y

0 (1−x)−α−2Φ(x)dx +∞ y
(ν1, ν2) (−ν1,−ν2)

(ν1, ν2) (−ν1,−ν2)

100 × 100 Xi,j (i, j)



(1 − 1

2
L1)(1 − 1

2
L2)Xn1,n2 = εn1,n2 ,

ε

ga(x) = gb(x) = 3
2

√
1 − x N = 1000

k = 1 g (1− x)0.9 N = 1000

λ1 +λ2 = 0
r(k, l) k = l

α = −0, 48
θ = 0 e = 1

α = −0, 48 θ = π/6 e = 2
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X

Sn(t) = d−1
n

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd
,

t ∈ [0, 1]d dn

D([0, 1]d)

d = 1

X

Xn1,...,nd
=
∑

k∈Zd

ak1,...,kd
ξn1−k1,...,nd−kd

,

ξ ak

a ∈ L2([−π, π]d)
X

|a|2 ξ
d = 1 d = 2

X a
Sn

Sn



d ≥ 3
Sn

a

Sn

d

(ξk)k∈Zd

(ξk)k∈Zd

fξ M > 0 Sξ
n ]0,∞[d

Sξ
n(t1, . . . , td) = n−d/2

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

ξk1,...,kd

B

ξ B(t1, . . . , td)
σ(s, t) = (s1 ∧ t1) . . . (sd ∧ td)

ξk

ξk =

∫

[−π, π]d
ei<k,x>dW (x),

W fξ

n ≥ 1 Wn

[−nπ; nπ]d

Wn(A) = nd/2W (n−1A).

d > 1
d = 1

I L2(Rd) L2(Ω,A, P )

Φn L2(Rd) Φ
∫

Φn(x)dWn(x)
I (Φ) .



∀Φ ∈ L2(Rd), E (I (Φ))2 ≤ (2π)dM ||Φ||22
I
(
x 5→

∏d
j=1

eitjxj−1
ixj

)
= B(t1, . . . , td)

ξ Φ L2(Rd) I(Φ) =
∫

ΦdW0, W0

(ii) I

ξ
(iv) B (iii)

B(t1, . . . , td) =

∫ d∏

j=1

eitjxj − 1

ixj
dW0(x1, . . . , xd).

Sn

∑
k∈Dn

ckξk Dn Zd

ck

X

Xn1,...,nd
=
∑

k∈Zd

ak1,...,kd
ξn1−k1,...,nd−kd

,

ak1,...,kd
(2π)d/2 a ∈ L2([−π, π]d)

a(x) =
∑

k∈Zd

ak1,...,kd
e−i<k,x>.

X a
fX X

fX(x) = fξ(x)|a(x)|2,

x = (x1, . . . , xd) ∈ [−π, π]d ξ σ2

fX(x) = σ2

(2π)d |a(x)|2

X n−d/2)
t = (t1, . . . , td) [0, 1]d

Sn(t) = n−d/2

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd
.



ξ Wn

Sn(t) =

∫

[−nπ,nπ]d
a
(x

n

) d∏

j=1

Dn(xj, tj)dWn(x).

x = (x1, . . . , xd)

Dn(xj , tj) =
eixj([tjn]+1)/n − 1

n(eixj/n − 1)
I[−nπ, nπ](xj).

t
X a(x/n)

∏d
j=1 Dn(xj , tj)

L2(Rd)

d ≤ 2

(ξk)k∈Zd (Xk)k∈Zd

ξ a
a ∈ L2([−π, π]d) a(0) -= 0 d ≤ 2

1

nd/2

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

a(0)B(t),

B ξ
a ã α ∈]−1; 0[

a ∈ L2([−π, π]d) ∀λ ã(λx) = |λ|α ã(x) d ≤ 2

1

nd/2−α

[nt1]∑

k1=0

. . .

[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

I

(

ã(x)
d∏

i=1

D(xi, ti)

)

,

I

d = 1

[−π, π]
(ii)

[−π, π]



d ≤ 2

ξ (i)
a

[−π, π]d a

d = 1

(ii)

a(x, y) = |(x, y)|α
a(x, y) = |x+θy|α

−1/2 < α< 0 θ ∈ R

ξ

(i)
Sn(t) t

lim
n→∞

∫

Rd

∣∣∣∣∣a
(x

n

) d∏

j=1

Dn(xj , tj) − a(0)
d∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx = 0.

L2 Sn(t) t

∫

Rd

∣∣∣∣∣a
(x

n

) d∏

j=1

Dn(xj , tj) − a(0)
d∏

j=1

D(xj, tj)

∣∣∣∣∣

2

dx

=

∫

[−nπ,nπ]d

∣∣∣∣∣a
(x

n

) d∏

j=1

Dn(xj , tj) − a(0)
d∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx

+

∫

∪d
j=1{|xj |>nπ}

∣∣∣∣∣a(0)
d∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx.

t xj 5→ D(xj , tj) R



|D(xj, tj)|2 < 2x−2
j R

∫

[−nπ,nπ]d

∣∣∣∣∣a
(x

n

) d∏

j=1

Dn(xj, tj) − a(0)
d∏

j=1

D(xj, tj)

∣∣∣∣∣

2

dx

≤2

∫

[−nπ,nπ]d

∣∣∣a
(x

n

)
− a(0)

∣∣∣
2

d∏

j=1

|Dn(xj , tj)|2 dx

+ 2

∫

[−nπ,nπ]d
a2(0)

∣∣∣∣∣

d∏

j=1

Dn(xj , tj) −
d∏

j=1

D(xj, tj)

∣∣∣∣∣

2

dx.

n

x/n → x

∫

[−nπ,nπ]d

∣∣∣a
(x

n

)
− a(0)

∣∣∣
2

d∏

j=1

|Dn(xj , tj)|2 dx =

∫

[−π,π]d
|a(x) − a(0)|2

d∏

j=1

F̃[ntj ]+1(xj)dx,

F̃[ntj ]+1(xj) = 2π
[ntj ] + 1

n
F[ntj ]+1(xj),

Fn

Fn(x) =

{
1

2πn
sin2(nx/2)
sin2(x/2))

x -= 0
n
2π x = 0.

d = 1 F̃[nt1](x1)
|a(x) − a(0)|2 x = 0

d ≥ 2
∏d

j=1 F̃[ntj ](xj)
d = 2

∫

[−π,π]2
|a(x) − a(0)|2

2∏

j=1

F̃[ntj ]+1(xj)dx

=

∫

||x||≤δn

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx +

∫

||x||>δn

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx,

(δn)n>0

||(x1, x2)|| = max(|x1|, |x2|) a(x) x = 0



d ≤ 2

δn → 0

∫

||x||>δn

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx ≤

∫

|x1|>δn

∫ π

−π

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx +

∫

|x2|>δn

∫ π

−π

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx.

∫

|x1|>δn

∫ π

−π

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx

=

∫ π

−π

F̃[nt2]+1(x2)

(∫

|x1|>δn

|a(x) − a(0)|2 F̃[nt1]+1(x1)dx1

)
dx2.

F̃

sup
|x1|>δn

F̃[nt1]+1(x1) ≤
π2

nδ2
n

.

∫

|x1|>δn

∫ π

−π

|a(x) − a(0)|2
2∏

j=1

F̃[ntj ]+1(xj)dx ≤ π2

δ2
n

1

n

∫ π

−π

F̃[nt2]+1(x2)b(x2)dx2,

b(x2) =
∫
[−π,π] |a(x) − a(0)|2dx1 [−π, π]

v2,n =
1

n

∫ π

−π

F̃[nt2]+1(x2)b(x2)dx2 −→
n→∞

0.

v1,n =
1

n

∫ π

−π

F̃[nt1]+1(x1)b(x1)dx1

b(x1) =
∫
[−π,π] |a(x) − a(0)|2dx2

δ2
n = (v1,n∨v2,n)1/2 limn→∞ δn = 0

(ii)
t

lim
n→∞

∫

Rd

∣∣∣∣∣n
αa
(x

n

) d∏

i=1

Dn(xi, ti) − ã(x)
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx = 0.

ã



d ≤ 2,

(i)

∫

[−π,π]d
|ã|2(x)dx < ∞, (ii)

∫

Rd

|ã|2(x)
d∏

i=1

(x−2
i ∧ 1)dx < ∞.

d = 2 d = 1
a(x) ã(x) x = 0 0 < η < π

|x| < η |ã2(x)/a2(x)| < 2
∫

|x|<η

|ã|2(x)dx =

∫

|x|<η

|a|2(x)
|ã|2(x)

|a|2(x)
dx ≤ 2

∫

[−π,π]d
|a|2(x)dx < ∞.

ã
∫

|x|<η

|ã|2(x)dx =

∫ η

0

r2α+1dr

∫ 2π

0

|ã|2(cos θ, sin θ)dθ =
η2α+2

2α + 2

∫ 2π

0

|ã|2(cos θ, sin θ)dθ.

∫

[−π,π]d
|ã|2(x)dx =

π2α+2

2α + 2

∫ 2π

0

|ã|2(cos θ, sin θ)dθ < ∞,

(i)
(ii)

∫

Rd

|ã|2(x)
d∏

i=1

(x−2
i ∧ 1)dx

=

∫ ∞

0

∫ 2π

0

r2α+1|ã|2(cos θ, sin θ)
(
(r−2 cos−2 θ) ∧ 1

) (
(r−2 sin−2 θ) ∧ 1

)
dθdr

≤
∫ 1

0

r2α+1dr

∫ 2π

0

|ã|2(cos θ, sin θ)dθ

+

∫ ∞

1

∫ 2π

0

r2α+1|ã|2(cos θ, sin θ)
(
(r−2 cos−2 θ) ∧ 1

) (
(r−2 sin−2 θ) ∧ 1

)
dθdr

r ≤ 1 r > 1
θ [0, π]

|θ − π/2| < π/4 {|θ − π/2| < π/4} sin−2 θ < 2
{|θ − π/2| > π/4} cos−2 θ < 2

∫ ∞

1

∫ 2π

0

r2α+1|ã|2(cos θ, sin θ)
(
(r−2 cos−2 θ) ∧ 1

) (
(r−2 sin−2 θ) ∧ 1

)
dθ

≤ c

∫ ∞

1

r2α−1dr

∫ 2π

0

|ã|2(cos θ, sin θ)dθ < ∞

(ii)



d ≤ 2

∫

Rd

∣∣∣∣∣n
αa
(x

n

) d∏

i=1

Dn(xi, ti) − ã(x)
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx

≤ 2

∫

[−nπ,nπ]d

∣∣∣nαa
(x

n

)
− ã(x)

∣∣∣
2

d∏

i=1

|Dn(xi, ti)|2dx

+ 2

∫

Rd

|ã|2(x)

∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx.

lim
n→∞

∫

[−nπ,nπ]d

∣∣∣nαa
(x

n

)
− ã(x)

∣∣∣
2

d∏

i=1

|Dn(xi, ti)|2dx = 0

ã

∫

[−nπ,nπ]d

∣∣∣nαa
(x

n

)
− ã(x)

∣∣∣
2

d∏

i=1

|Dn(xi, ti)|2dx

= n2α

∫

[−π,π]d
|a(x) − ã(x)|2

d∏

j=1

F̃[ntj ]+1(xj)dx,

F̃[ntj ]+1 α < β < 0

n2α

∫

[−π,π]d
|a(x) − ã(x)|2

d∏

j=1

F̃[ntj ]+1(xj)dx =

n2α

∫

|x|≤nβ

|a(x) − ã(x)|2
d∏

j=1

F̃[ntj ]+1(xj)dx + n2α

∫

|x|>nβ

|a(x) − ã(x)|2
d∏

j=1

F̃[ntj ]+1(xj)dx.

β > α

a(x) ∼ ã(x) x ε > 0
n0 n > n0 |x| ≤ nβ

|a(x) − ã(x)| ≤ ε|ã(x)|.



n > n0

n2α

∫

|x|≤nβ

|a(x) − ã(x)|2
d∏

j=1

F̃[ntj ]+1(xj)dx

≤ εn2α

∫

|x|≤nβ

|ã|2(x)
d∏

j=1

F̃[ntj ]+1(xj)dx

≤ cε

∫

|x|≤nβ+1

|ã|2(x)
d∏

j=1

sin2
(

[ntj ]+1
n

xj

2

)

x2
j

( xj

2n)2

sin2( xj

2n)
dx

≤ cε

∫

Rd

|ã|2(x)
d∏

j=1

(1 ∧ (tj + 1)2x2
j )

x2
j

dx.

(ii)

lim
n→∞

∫

Rd

|ã2|(x)

∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx = 0.

∫

Rd

|ã|2(x)

∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx

=

∫

[−nπ,nπ]d
|ã|2(x)

∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx +

∫

∪i{|xi|>nπ}
|ã|2(x)

d∏

i=1

|D(xj , tj)|2dx.

Rd

x/n → x

∫

[−nπ,nπ]d
|ã|2(x)

∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx

= n2α+d

∫

[−π,π]d
|ã|2(x)

∣∣∣∣∣

d∏

i=1

Dn(nxi, ti) −
d∏

i=1

D(nxi, ti)

∣∣∣∣∣

2

dx.

sup
x∈[−π,π]d

∣∣∣∣∣

d∏

i=1

Dn(nxi, ti) −
d∏

i=1

D(nxi, ti)

∣∣∣∣∣

2

= O(n−2).



d

∫
[−π,π]d |ã|

2(x)dx < ∞

∫

[−nπ,nπ]d
|ã|2(x)

∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx = O(n2α+d−2)

d ≤ 2 α < 0

d

L2 a(x/n)
∏d

j=1 Dn(xj , tj)
d = 2 a

d ≥ 3

a (i)
L2

a [−π, π]3

a(x1, x2, x3) =

{
1 |x1| ≤ c x2x3 = 0

|x2|α/2|x3|α/2 + 1

−1 < α< −1/2 0 < c < π
L2([−π, π]3) a(0) -= 0

a(x/n)
∏3

j=1 Dn(xj , tj) L2([−π, π]3)

L2 a(x/n)
∏3

j=1 Dn(xj , tj)∏3
j=1 D(xj , tj)

∫

R3

∣∣∣∣∣a
(x

n

) 3∏

j=1

Dn(xj , tj) −
3∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx

=

∫

R3

∣∣∣∣∣

(
a
(x

n

)
− 1
) 3∏

j=1

Dn(xj , tj) +
3∏

j=1

Dn(xj, tj) −
3∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx.

|x + y| ≥
∣∣|x|−| y|

∣∣




∫

R3

∣∣∣∣∣

(
a
(x

n

)
− 1
) 3∏

j=1

Dn(xj , tj) +
3∏

j=1

Dn(xj , tj) −
3∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx




1/2

≥

∣∣∣∣∣∣∣

(∫

R3

∣∣∣a
(x

n

)
− 1
∣∣∣
2

3∏

j=1

|Dn(xj , tj)|2dx

)1/2

−




∫

R3

∣∣∣∣∣

3∏

j=1

Dn(xj , tj) −
3∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx




1/2
∣∣∣∣∣∣∣
.



n → ∞
x/n → x

∫

|x1|>c

F̃[nt1]+1(x1)dx1

∫ π

−π

|x2|αF̃[nt2]+1(x2)dx2

∫ π

−π

|x3|αF̃[nt3]+1(x3)dx3

F̃

1

n

(
π − c +

sin(([nt1] + 1)c)

[nt1] + 1

)∫ π

−π

|x2|αF̃[nt2](x2)dx2

∫ π

−π

|x3|αF̃[nt3](x3)dx3.

n
∫

|x1|>c

F̃[nt1](x1)dx1

∫ π

−π

|x2|αF̃[nt2](x2)dx2

∫ π

−π

|x3|αF̃[nt3](x3)dx3 ≥ κn−2α−1,

κ > 0 c ti α < −1/2
t

lim
n→∞

∫

R3

∣∣∣∣∣a
(x

n

) 3∏

j=1

Dn(xj, tj) −
3∏

j=1

D(xj, tj)

∣∣∣∣∣

2

dx = ∞.

d
x = 0

(i)

x = 0

x = 0
[−π, π]d X

ξ ξ



d

(ξk)k∈Zd

a ∈ L2[−π, π]d [−π, π]d 0 a(0) -= 0
(Xk)k∈Zd ξ

a

1

nd/2

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

a(0)B(t),

B ξ

t

lim
n→∞

∫

Rd

∣∣∣∣∣a
(x

n

) d∏

j=1

Dn(xj , tj) − a(0)
d∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx = 0.

∫

[−π,π]d
|a(x) − a(0)|2

d∏

j=1

F̃[ntj ]+1(xj)dx.

tj > 0 F̃[ntj ]+1(xj) ∏d
j=1 F̃[ntj ]+1(xj)

|a(x)−a(0)|2
x = 0 [−π, π]d

lim
n→0

∫

[−π,π]d
|a(x) − a(0)|2

d∏

j=1

F̃[ntj ]+1(xj)dx = 0.

(ξk)k∈Zd (Xk)k∈Zd

a ∈ L2([−π, π]d)

a(x1, . . . , xd) = g

(
d∑

i=1

cixi

)
,

ci g
R x = 0 g(0) -= 0



1

nd/2

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

a(0)B(t),

B ξ

∫

[−π,π]d
|a(x) − a(0)|2

d∏

j=1

F̃[ntj ]+1(xj)dx =

∫

[−π,π]d

∣∣∣∣∣g
(

d∑

i=1

cixi

)
− g(0)

∣∣∣∣∣

2 d∏

j=1

F̃[ntj ]+1(xj)dx.

c1 -= 0
u = x1 +

∑d
i=2

ci
c1

xi

∫

[−π,π]d
|a(x) − a(0)|2

d∏

j=1

F̃[ntj ]+1(xj)dx ≤

∫

[−τ,τ ]

|g(c1u)−g(0)|2
(∫

[−π,π]d−1

F̃[nt1]+1

(
u −

d∑

i=2

ci

c1
xi

)
d∏

j=2

F̃[ntj ]+1(xj)dx2 . . . dxd

)
du,

[−τ, τ ] u

Kn(u) =

∫

[−π,π]d−1

F̃[nt1]+1

(
u −

d∑

i=2

ci

c1
xi

)
d∏

j=2

F̃[ntj ]+1(xj)dx2 . . . dxd,

n → ∞
∫

[−τ,τ ]

|g(c1u) − g(0)|2Kn(u)du −→ 0.

i ci = ti = 1 Kn

(d − 1) Fn

Kn

[−τ, τ ]
|g(c1u) − g(0)|2

u = 0
ci ti

X
d = 1

(i) (ii)



d

(ξk)k∈Zd (Xk)k∈Zd

a

a(x1, . . . , xd) =
d∏

j=1

aj(xj),

aj ∈ L2([−π, π]) aj(0) -= 0
aj(x) ãj(x) ãj αj ∈ ]−1/2, 0[

aj ∈ L2([−π, π])
J j aj

αj I

1

n(d/2−
P

j∈J αj)

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

(
∏

j∈I

aj(0)

)
I

(
∏

j∈J

ãj(xj)
d∏

j=1

D(xj, tj)

)
,

I

ξ I
j ãj(x) = |x|αj

−1/2 < αj < 0

1

n(d/2−
Pd

j=1 αj)

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

∫

Rd

d∏

j=1

eitjxj − 1

ixj |xj|−αj
dW0(x),

W0

t

lim
n→∞

∫

Rd

∣∣∣∣∣n
(
P

j∈J αj)
d∏

j=1

aj

(xj

n

)
Dn(xj , tj) −

∏

j∈I

aj(0)
∏

j∈J

ãj(xj)
d∏

j=1

D(xj, tj)

∣∣∣∣∣

2

dx = 0.

d = 1
d

AB − CD = (A − C)(B − D) + (A − C)D + (B − D)C.

[−π, π]d



(ξk)k∈Zd (Xk)k∈Zd

a

a(x) =

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

α

,

−1/2 < α< 0 ci

d ≤ 3

1

nd/2−α

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

fidi−→
n→∞

I

(
a(x)

d∏

i=1

D(xi, ti)

)
,

I
d ≥ 4 − 1

d−2 < 2α < 0

lim
n→∞

∫

Rd

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx = 0.

∫

Rd

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx

=

∫

[−nπ,nπ]d

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx

+

∫

∪i{|xi|>nπ}

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α d∏

i=1

|D(xj , tj)|2dx.

x/n → x

∫

[−nπ,nπ]d

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(xi, ti) −
d∏

i=1

D(xi, ti)

∣∣∣∣∣

2

dx

= n2α+d

∫

[−π,π]d

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(nxi, ti) −
d∏

i=1

D(nxi, ti)

∣∣∣∣∣

2

dx.

An =




x ∈ [−π, π]d ;

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α

≥ nγ γ < 1 − 2α




 .



d

An An [−π, π]d

An An

∫

[−nπ,nπ]d

∣∣∣∣∣
∏

j

Dn(xj , tj) −
∏

j

D(xj , tj)

∣∣∣∣∣

2

dx = O(n−1),

∫

[−π,π]d

∣∣∣∣∣
∏

j

Dn(nxj , tj) −
∏

j

D(nxj , tj)

∣∣∣∣∣

2

dx = O(n−d−1).

n2α+d

∫

An

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(nxi, ti) −
d∏

i=1

D(nxi, ti)

∣∣∣∣∣

2

dx

≤ n2α+d+γ

∫

[−π,π]d

∣∣∣∣∣

d∏

i=1

Dn(nxi, ti) −
d∏

i=1

D(nxi, ti)

∣∣∣∣∣

2

dx = O(n2α−1+γ).

γ < 1 − 2α n → ∞
An

n2α+d

∫

An

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α ∣∣∣∣∣

d∏

i=1

Dn(nxi, ti) −
d∏

i=1

D(nxi, ti)

∣∣∣∣∣

2

dx

≤ O(n2α+d−2)

∫

An

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α

dx.

∫

An

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α

dx =

∫ n
γ
2α

−n
γ
2α

|u|2αdu

∫

[−π,π]d−1

dx2 . . . dxd = c n
γ
2α (2α+1).

∫

An

∣∣∣∣∣

d∑

i=1

λixi

∣∣∣∣∣

2α

dx = o(n2−d−2α),

γ

2α
(2α + 1) − 2 + d + 2α < 0.

d = 3
γ

2α
(2α + 1) + 2α + 1 < 0 ⇔ γ > −2α



γ ] − 2α; 1 − 2α[
d ≥ 4

γ > −2α
d + 2α− 2

2α + 1
,

− 1
d−2 < 2α < 0 γ < 1−2α

B

B

d = 1
Bn Rd

Bn(t1, . . . , td) =

∫

[−nπ, nπ]d

d∏

j=1

eitjxj − 1

ixj
dWn(x1, . . . , xd).

L2(Rd) I[0,t1]×···×[0,td]

Bn

L2(Rd)
B

I
Wn fn(x) = fξ(n−1x), x ∈ [−nπ, nπ]d

fξ M

tj ∈ R xj ∈ R D(tj , xj) = eitjxj−1
ixj

xj -= 0 D(tj, 0) = tj

E(Bn(t1, . . . , td)
2) =

∫

[−nπ, nπ]d

d∏

j=1

|D(tj, xj)|2fn(x)dx

≤ M
d∏

j=1

∫ ∞

−∞
|D(tj, xj)|2dxj

≤ M
d∏

j=1

4|tj|
∫ ∞

0

1 − cos u

u2
du ≤ c

d∏

j=1

|tj|,

c



Bn B
Sξ

n

Sξ
n(t) = n−d/2

[nt1]∑

k=0

. . .
[ntd]∑

kd=0

∫

[−π, π]d
ei<k; x>dW (x)

= n−d

[nt1]∑

k=0

. . .

[ntd]∑

kd=0

∫

[−nπ, nπ]d
ei<k; x/n> dWn(x)

=

∫

[−nπ, nπ]d

d∏

j=1

n−1




[ntj ]∑

kj=0

eikjxj/n



 dWn(x)

=

∫

[−nπ, nπ]d

d∏

j=1

Dn(xj , tj) dWn(x).

E
(
Bn(t1, . . . , td) − Sξ

n(t1, . . . , td)
)2

=

∫

[−nπ, nπ]d

∣∣∣∣∣

d∏

j=1

D(xj , tj) −
d∏

j=1

Dn(xj , tj)

∣∣∣∣∣

2

fn(x)dx.

fn M

Bn B

sup
x∈[−nπ,nπ]d

∣∣∣∣∣

d∏

j=1

Dn(xj , tj) −
d∏

j=1

D(xj , tj)

∣∣∣∣∣

2

≤ O(n−2)

∫

[−nπ, nπ]d

∣∣∣∣∣

d∏

j=1

Dn(xj , tj) −
d∏

j=1

D(xj , tj)

∣∣∣∣∣

2

dx ≤ O(n−1)

d = 1 t |x| < nπ

|Dn(x, t) − D(x, t)| =

∣∣∣∣
eix([tn]+1)/n − 1

n(eix/n − 1)
− eitx − 1

ix

∣∣∣∣

≤
∣∣∣∣(e

ix([tn]+1)/n − 1)

(
1

n(eix/n − 1)
− 1

ix

)∣∣∣∣ +
∣∣∣∣
eix([tn]+1)/n − eitx

ix

∣∣∣∣

≤ 2

∣∣∣∣
1

n(eix/n − 1)
− 1

ix

∣∣∣∣ +
∣∣∣∣
eix([tn]+1)/n − eitx

ix

∣∣∣∣ .



∣∣∣∣
1

n(ei x
n − 1)

− 1

ix

∣∣∣∣
2

=
|ix − n(ei x

n − 1)|2

4n2x2 sin2( x
2n)

=
(x − n sin(x

n))2 + n2 sin4( x
2n)

4n2x2 sin2( x
2n)

=
sin2( x

2n)

x2
+

( x
n − sin(x

n))2

4x2 sin2( x
2n)

.

1/(4n2)
u = x/n [−π, π]

(u − sin(u))2

4n2u2 sin2(u
2 )

≤ 1

n2

1 ∧ u4

4 sin2(u
2 )

≤ c
1

n2
∀u ∈ [0, π].

∣∣∣∣
1

n(ei x
n − 1)

− 1

ix

∣∣∣∣
2

≤ c
1

n2
.

∣∣∣∣∣
eix ([tn]+1)

n − eitx

ix

∣∣∣∣∣

2

=

∣∣∣eix( ([tn]+1)
n −t) − 1

∣∣∣
2

x2

=
4

x2
sin2

(
x

2

(
[tn] + 1

n
− t

))

≤
∣∣∣∣
[tn] + 1

n
− t

∣∣∣∣
2

= O

(
1

n2

)
.

sup
x∈[−nπ,nπ]

|Dn(x, t) − D(x, t)|2 ≤ O

(
1

n2

)
.

fn∫ nπ

−nπ

|Dn(t, x) − D(t, x)|2fn(x)dx ≤ O

(
1

n2

)∫ nπ

−nπ

fn(x)dx ≤ O

(
1

n

)
.

d = 1
d = 2

sup
x∈[−nπ,nπ]2

|Dn(x1, t1)Dn(x2, t2) − D(x1, t1)D(x2, t2)|2

≤ 3 sup
x∈[−nπ,nπ]2

|Dn(x1, t1) − D(x1, t1)|2 sup
x∈[−nπ,nπ]2

|Dn(x2, t2) − D(x2, t2)|2

+ 3 sup
x∈[−nπ,nπ]2

|Dn(x1, t1) − D(x1, t1)|2 sup
x∈[−nπ,nπ]2

|D(x2, t2)|2

+ 3 sup
x∈[−nπ,nπ]2

|Dn(x2, t2) − D(x2, t2)|2 sup
x∈[−nπ,nπ]2

|D(x1, t1)|2.



t D(., t)
d > 2

L1

Φ L2(Rd) Φ̂
Φ 5→ Φ̂

L2(Rd) L2(Ω) Φ (2π)d/2
∫

Φ̂dWn

Φ = I[0,t1]×···×[0,td] Bn(t1, . . . , td)
Bn([0, t1] × · · · × [0, td])

Bn

∫

Rd

Φ(t)dBn(t) = (2π)d/2

∫

[−nπ, nπ]d
Φ̂(x)dWn(x),

x = (x1, . . . , xd) t = (t1, . . . , td)

Φ
Φ̂

Φ̂(x1, . . . , xd) = (2π)−d/2

∫

Rd

Φ(t1, . . . , td)e
it1x1 . . . eitdxddt1 . . . dtd,

d Φ t1
t2 td

Φ̂(x1, . . . , xd) = (2π)−d

∫

Rd−1

[
Φ(t1, . . . , td)

ei(t1x1+···+tdxd)

ix1

]

t1∈R
dt2 . . . dtd

− (2π)−d

∫

Rd

∂Φ(t1, . . . , td)

∂t1

(
ei(t1x1+···+tdxd)

ix1
+ (−1)d−(d−1) e

i(t2x2+···+tdxd)

ix1

)
dt1, . . . , td,

Φ

Φ̂(x1, . . . , xd) = −(2π)−d

∫

Rd

∂Φ(t)

∂t1

(
ei(t1x1+···+tdxd)

ix1
− ei(t2x2+···+tdxd)

ix1

)
dt

= −(2π)−d

∫

Rd

∂Φ(t)

∂t1

eit1x1 − 1

ix1
ei(t2x2+···+tdxd)dt.

Φ̂(x) = (2π)−d

∫

Rd

∂Φ(t)

∂t1∂t2

(
ei(t1x1+···+tdxd)

ix1ix2
− ei(t2x2+···+tdxd)

ix1ix2

+
ei(t3x3+···+tdxd)

ix1ix2
− eit1x1ei(t3x3+···+tdxd)

ix1ix2

)
dt

= (2π)−d

∫

Rd

∂Φ(t)

∂t1∂t2

eit1x1 − 1

ix1

eit2x2 − 1

ix2
ei(t3x3+···+tdxd)dt.



p tp 2p−1

tp
eitp+1xp+1+···+itdxd

ixp

1, eit1x1 , . . . , eitp−1xp−1 (−1)d−q q
ti eitp+1xp+1

tp+1 1/ixp+1

(1+∑d
p=1 2p−1) 2d

∏d
j=1

eitjxj−1
ixj

Φ

Φ̂(x1, . . . , xd) = (−1)d(2π)−d/2

∫

Rd

∂Φ(t1, . . . , td)

∂t1 . . . ∂td

d∏

j=1

eitjxj − 1

ixj
dt1 . . . dtd.

∫

Rd

Φ(t)dBn(t) = (2π)d/2

∫

[−nπ, nπ]d
Φ̂(x)dWn(x)

= (2π)d/2

∫

[−nπ, nπ]d

(
(−1)d(2π)−d/2

∫

Rd

∂Φ(t1, . . . , td)

∂t1 . . . ∂td

d∏

j=1

eitjxj − 1

ixj
dt

)
dWn(x)

= (−1)d

∫

Rd

∂Φ(t1, . . . , td)

∂t1 . . . ∂td

(∫

[−nπ, nπ]d

d∏

j=1

eitjxj − 1

ixj
dWn(x)

)
dt

= (−1)d

∫

Rd

∂Φ(t1, . . . , td)

∂t1 . . . ∂td
Bn(t1, . . . , td)dt1 . . . dtd

(Yn(t))n∈N Y (t) t ∈ K K
Rd (Yn(t))n∈N

Y (t) E|Yn(t)| n ∈ N t ∈ K
E|Yn(t)| → E|Y (t)| t ∈ K n → ∞ H

L1(K) H(Yn) H(Y )

E(B2
n(t)) n t E|Bn(t)|

Bn

Bn(t) B(t) Bn

E|Bn(t)| E|B(t)| B
Yn = Bn K Rd

H(g) =

∫

Rd

∂Φ(t1, . . . , td)

∂t1 . . . ∂td
g(t1, . . . , td)dt1 . . . dtd,



Φ H
L1(Rd)

Φ H(Bn)
H(B)

∫
ΦdBn (−1)d

∫
Rd

∂Φ(t)
∂t1...∂td

B(t)dt
IB

IB(Φ) = (−1)d

∫

Rd

∂Φ(t)

∂t1 . . . ∂td
B(t)dt.

L2(Rd)
IB(Φ)

E (IB(Φ))2 = E

(∫

Rd

(−1)d ∂Φ(t)

∂t1 . . . ∂td
B(t)dt

)2

≤ lim E

(∫

Rd

∂Φ(t)

∂t1 . . . ∂td
Bn(t)dt

)2

≤ lim E

(
(2π)d/2

∫

[−nπ, nπ]d
Φ̂dWn

)2

≤ (2π)dM ||Φ̂||22 = (2π)dM ||Φ||22.

IB L2(Rd)
Φ L2(Rd)

E (IB(Φ))2 ≤ (2π)dM ||Φ||22.

I

I(Ψ) = IB(Ψ̌), ∀Ψ ∈ L2(Rd)

Ψ̌ Ψ
(ii)

E (I(Ψ))2 = E
(
IB(Φ̌)

)2 ≤ (2π)dM ||Ψ̌||22 = (2π)dM ||Ψ||22.

(i)

ρ
Xk,n Xk

Xk X
∀ε > 0 limk→∞ limn→∞P{ρ(Xk,n, Yn) ≥ ε} = 0

Yn X
Ψ L2(Rd) Ψk

Ψ̂k L2(Rd) Ψ



∫
ΨkdWn I(Ψk)

E (I(Ψk) − I(Ψ))2 ≤ (2π)dM ||Ψk − Ψ||22 −→ 0 k → ∞
E(
∫

ΨkdWn −
∫

ΨdWn)2 ≤ (2π)dM ||Ψk − Ψ||22,

lim
k→∞

limn→∞E(

∫
ΨkdWn −

∫
ΨdWn)2 = 0.

Xk,n =
∫

ΨkdWn Xk = I(Ψk) X = I(Ψ) Yn =
∫

ΨdWn

Ψ L2(Rd)∫
ΨdWn I(Ψ)

Ψn Ψ L2(Rd)∫
ΨndWn I(Ψ) (i)

Ψ̌ = I[0,t1]×···×[0,td]

I

(
d∏

j=1

eitjxj − 1

ixj

)

= lim
n→∞

∫ d∏

j=1

eitjxj − 1

ixj
dWn(x) = lim

n→∞
Bn(t) = B(t),

(iii)
(iv) ξ

B(t)
σ(s, t) =

∏d
j=1 tj ∧ sj (ii)

I M = (2π)−d

(iii) I W0

A W0(A) = I(IA)
I

0 ≤ E (W0(A)) ≤ lim inf
n→∞

E (Wn(A)) = 0.

I
W0

∀Φ ∈ L2(Rd) I(Φ) =

∫
ΦdW0.

(iii)
W0

(B(t))t∈Rd

t ∈ Rd ε > 0

lim
s→t

P (|B(s) − B(t)| > ε) = 0,



B(t)

(Sξ
n(s), Sξ

n(t)) (B(s), B(t))
{(x, y) ∈ R2 : |y − x| > ε} R2

P (|B(s) − B(t)| > ε) ≤ lim inf
n→∞

P
(∣∣Sξ

n(s) − Sξ
n(t)
∣∣ > ε

)
.

E(Sξ
n(s) − Sξ

n(t))2

E(Sξ
n(s) − Sξ

n(t))2 = E



n−d/2

[ns1]∑

k1=0

. . .
[nsd]∑

kd=0

ξk − n−d/2

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

ξk




2

.

d∏

j=1

{
0, . . . , [nsj ]

}
=

d∏

j=1

{
0, . . . , [ntj ] ∧ [nsj ]

}
∪
{

[ntj ] ∧ [nsj ] + 1, . . . , [nsj]
}

,

{
[nsj ] + 1, [nsj]

}
= ∅

d∏

j=1

{
0, . . . , [nsj]

}
=

d−1⋃

l=1

⋃

Cl
d

∏

j∈Cl
d

{
0, . . . , [ntj ] ∧ [nsj]

} ∏

j∈Cl
d

{
[ntj ] ∧ [nsj ] + 1, . . . , [nsj]

}

⋃ d∏

j=1

{
[ntj ] ∧ [nsj] + 1, . . . , [nsj ]

}⋃ d∏

j=1

{
0, . . . , [ntj ] ∧ [nsj]

}

C l
d {1, . . . , d} C l

d

C l
d {1, . . . , d}

Sξ
n(s)−Sξ

n(t)

l = 0
j′ ∈ C

0
d = {1, . . . , d}

Sξ
n(s)−Sξ

n(t) =
1

nd/2

d−1∑

l=0

∑

Cl
d

∑

j∈Cl
d

j′∈Cl
d




[ntj ]∧[nsj]∑

kj=0

[nsj′ ]∑

kj′=[ntj′ ]∧[nsj′ ]+1

ξk −
[ntj ]∧[nsj]∑

kj=0

[ntj′ ]∑

kj′=[ntj′ ]∧[nsj′ ]+1

ξk



 .



x 5→ x2

E
(
Sξ

n(s) − Sξ
n(t)
)2 ≤ 2(2d − 1)

d−1∑

l=0

∑

Cl
d

E




n−d/2

∑

j∈Cl
d

j′∈Cl
d

[ntj ]∧[nsj ]∑

kj=0

[nsj′ ]∑

kj′=[ntj′ ]∧[nsj′ ]+1

ξk





2

+ 2(2d − 1)
d−1∑

l=0

∑

Cl
d

E



n−d/2
∑

j∈Cl
d

j′∈Cl
d

[ntj ]∧[nsj]∑

kj=0

[ntj′ ]∑

kj′=[ntj′ ]∧[nsj′ ]+1

ξk





2

.

ξ

E
(
Sξ

n(s) − Sξ
n(t)
)2 ≤ 2(2d − 1)

d−1∑

l=0

∑

Cl
d

E




n−d/2

∑

j∈Cl
d

j′∈Cl
d

[ntj ]∧[nsj ]∑

kj=0

[nsj′ ]−[ntj′ ]∧[nsj′ ]−1∑

kj′=0

ξk





2

+ 2(2d − 1)
d−1∑

l=0

∑

Cl
d

E




n−d/2

∑

j∈Cl
d

j′∈Cl
d

[ntj ]∧[nsj ]∑

kj=0

[ntj′ ]−[ntj′ ]∧[nsj′ ]−1∑

kj′=0

ξk





2

.

p1, . . . , pd {0, . . . , n}

E

(
n−d/2

p1∑

k1=0

. . .
pd∑

kd=0

ξk

)2

= n−d
p1∑

k1,k′
1=0

. . .
pd∑

kd,k′
d=0

∫

[−π,π]d
fξ(λ)ei<k′−k,λ>dλ

≤ Mn−d
p1∑

k1,k′
1=0

. . .
pd∑

kd,k′
d=0

∫

[−π,π]d
ei<k′−k,λ>dλ

≤ M
d∏

j=1

pj + 1

n
.

E
(
Sξ

n(s) − Sξ
n(t)
)2 ≤c

d−1∑

l=0

∑

Cl
d




∏

j∈Cl
d

[ntj ] ∧ [nsj ] + 1

n








∏

j∈Cl
d

[nsj ] − [ntj ] ∧ [nsj]

n





+ c
d−1∑

l=1

∑

Cl
d




∏

j∈Cl
d

[ntj ] ∧ [nsj ] + 1

n








∏

j∈Cl
d

[ntj ] − [ntj ] ∧ [nsj ]

n



 ,



c

E
(
Sξ

n(s) − Sξ
n(t)
)2 ≤

c
d−1∑

l=0

∑

Cl
d

∏

j∈Cl
d

(tj ∧ sj + n−1)




∏

j∈Cl
d

(
sj − tj ∧ sj + n−1

)
+
∏

j∈Cl
d

(
tj − tj ∧ sj + n−1

)


 .

lim
s→t

lim inf
n→∞

E
(
Sξ

n(s) − Sξ
n(t)
)2

= 0

C l
d l ≤ d − 1

K [0, 1]d

µn Yn(t) L1([0, 1]d) µ Y (t)
µn µ

{µn}

B
ε > 0 K supnµn(X \ K) < ε {µn}

Lp([0, 1]d)

K ∈ Lp([0, 1]d)

supx∈K ||x||p < ∞
supx∈Klim|t|→0

∫
[0,1]d |x(t+s)−x(s)|pds = 0 t+s

[0, 1]d

(Ω, P ) µo λd ×P λd

Rd Y (t,ω) Y ω ∈ Ω t ∈ [0, 1]d



ε > 0 (Bi)i∈Iε

Vi ∪i∈IεBi ⊂ [0, 1]d
∑

i∈Iε
Vi > 1 − ε2

i Iε
λd(T

i
ε) > (1 − ε2)Vi,

T i
ε = {t ∈ Bi : E|Y (bi) − Y (t)| < ε2} bi ∈ Bi

Y (t,ω)
ε > 0

Ω̂1, . . . , Ω̂k B1, . . . , Bk Ŷ (t,ω)

Ω = ∪k
i=1Ω̂i [0, 1]d = ∪k

i=1Bi

Ŷ (t,ω) Bj × Ω̂i

∫
|Y (t,ω) − Ŷ (t,ω)|dµo(t,ω) <

ε6

2
.

Ŷj = Ŷ (t) t ∈ Bj (b1, . . . , bk)
B1, . . . , Bk

k∑

j=1

Vj E|Y (bj) − Ŷj| <
ε6

2
,

Vj Bj

(x1, . . . , xk) ∈ B1 × · · ·× Bk

∑k
j=1 VjE|Y (xj) − Ŷj| ≥ ε6

2 .

∫

B1×···×Bk

k∑

j=1

VjE|Y (xj) − Ŷj|dx1 . . . dxk ≥
∫

B1×···×Bk

ε6

2
dx1 . . . dxk,

k∏

i=1

Vi

k∑

j=1

∫

Bj

E|Y (xj) − Ŷj|dxj ≥
ε6

2

k∏

i=1

Vi.

∑k
j=1

∫
Bj

E|Y (x)− Ŷj|dx ≥ ε6

2

(b1, . . . , bk) B1 × · · ·× Bk

Iε =

{
i :

∫
Bi

E|Y (bi) − Y (t)|dt

Vi
< ε4

}
.

k∑

j=1

∫

Bj

E|Y (bj) − Y (t)|dt ≤
k∑

j=1

∫

Bj

E|Y (bj) − Ŷj|dt +
k∑

j=1

∫

Bj

E|Ŷj − Y (t)|dt < ε6



b1, . . . , bk

k∑

j=1

∫

Bj

E|Y (bj) − Y (t)|dt ≥
∑

i∈Iε

∫

Bi

E|Y (bi) − Y (t)|dt ≥ ε4
∑

i∈Iε

Vi,

Iε Iε {1, . . . , k}
∑

i∈Iε
Vi ≥

ε2

∑

i∈Iε

Vi > 1 − ε2.

i ∈ Iε T i
ε

i ∈ Iε

λd(T i
ε)

Vi
> 1 − 1

ε2Vi

∫

Bi

E|Y (bi) − Y (t)|dt > 1 − ε2.

t ∈ [0, 1]d, limn→∞ E|Yn(t)| = E|Y (t)|
t ∈ [0, 1]d

Φi
n(t) := E|Yn(bi) − Yn(t)| −→

n→∞
Φi(t) := E|Y (bi) − Y (t)|.

T i
ε

ε > 0 i ∈ I t ∈ T i
ε

∀η > 0 ∃N ∀n ≥ N λd

{
|Φi

n(t) − Φi(t)| < ε2
}

> Vi(1 − ε2) − η.

t ∈ T i
ε Φi(t) < ε2

|Φi
n(t) − Φi(t)| < ε2 ⇒ Φi

n(t) < 2ε2.

Si
ε,n = {Φi

n(t) < 2ε2}

∀η > 0 ∃N ∀n ≥ N λd(S
i
ε,n) ≥ λd

{
|Φi

n(t) − Φi(t)| < ε2
}

> Vi(1 − ε2) − η.

Si
ε,N =

⋂

n≥N

Si
ε,n.

η > 0 N > 0

Si
ε,N =

{
t ∈ T i

ε : ∀n > N, Φi
n(t) < 2ε2

}
λd(S

i
ε,N) > Vi(1 − ε2) − η.

ε > 0 η = ε2Vi i ∈ Iε
N > 0 Si

ε ⊂ T i
ε



∀t ∈ Si
ε, ∀n > N Φi

n(t) < 2ε2

λd(Si
ε) > (1 − 2ε2)Vi

supn µn(K)
K L1([0, 1]d)

Kε,δ =

{
x(t) ∈ L1([0, 1]d) : sup

|τ |<δ

∫

[0,1]d
|x(t + τ) − x(t)|dt < 4ε

}
.

µn(Kε,δ) = P

(

sup
|τ |<δ

∫

[0,1]d
|Yn(t + τ,ω) − Yn(t,ω)|dt < 4ε

)

.

Ωn

E|Yn(t)| n t
Si

ε Si
ε Bi n > N

E

∫

Bi

|Yn(bi) − Yn(t)|dt =

∫

Si
ε

Φi
n(t)dt +

∫

Si
ε

Φi
n(t)dt

< 2ε2λd(S
i
ε) + 2Aλd(Si

ε)

< 2ε2Vi + 4Aε2Vi

< 4ε2Vi(1 + A),

E
∑

i∈Iε

∫

Bi

|Yn(bi) − Yn(t)|dt < 4ε2(1 + A).

n > N

Ω(1)
n = {ω :

∑

i∈Iε

∫

Bi

|Yn(bi,ω) − Yn(t,ω)|dt < ε}.

P (Ω(1)
n ) > 1 − 4ε2(1+A)

ε = 1 − 4ε(1 + A)

δ > 0 i ∈ Iε B(−2δ)
i

Bi Ri − 2δ Ri Bi V (−2δ)
i

Q = [0, 1]d − ∪i∈IεB
(−2δ)
i

λd(Q) = 1 −
∑

i∈Iε

λ(B(−2δ)
i ) = 1 −

k∑

i∈Iε

V (−2δ)
i .

∑
i∈Iε

Vi > 1−ε2 δ λd(Q) < 2ε2

E
∫

Q |Yn(t)|dt < 2ε2A



Ω(2)
n = {ω :

∫
Q |Yn(t,ω)|dt < ε}

P (Ω(2)
n ) > 1 − 2εA

Ωn = Ω(1)
n ∩ Ω(2)

n

P (Ωn) > 1 − 4ε(1 + A) − 2εA.

Q′ = [0, 1]d −∪i∈IεB
(−δ)
i Q′ ⊂ Q ω ∈ Ωn

n > N |τ | < δ

∫

[0,1]d
|Yn(t + τ,ω) − Yn(t,ω)|dt

=
∑

i∈Iε

∫

B(−δ)
i

|Yn(t + τ,ω) − Yn(bi,ω) + Yn(bi,ω) − Yn(t,ω)|dt

+

∫

Q′
|Yn(t + τ,ω) − Yn(t,ω)|dt,

∫

[0,1]d
|Yn(t + τ,ω) − Yn(t,ω)|dt

≤
∑

i∈Iε

∫

B(−δ)
i

|Yn(t + τ,ω) − Yn(bi,ω)|dt +
∑

i∈Iε

∫

B(−δ)
i

|Yn(t,ω) − Yn(bi,ω)|dt

+

∫

Q′
|Yn(t + τ,ω)|dt +

∫

Q′
|Yn(t,ω)|dt.

u = t + τ ci Bi t ∈ B(−δ)
i |t − ci| ≤

Ri − δ |τ | < δ |u − ci| ≤ Ri u ∈ Bi t ∈ Q′

∀i ∈ Iε, |t − ci| > Ri − δ |u − ci| > |t − ci|−| τ | > Ri − 2δ u ∈ Q

B(−δ)
i ⊂ Bi Q′ ⊂ Q ω ∈ Ωn

n > N |τ | < δ
∫

[0,1]d
|Yn(t + τ,ω) − Yn(t,ω)|dt ≤

∑

i∈I

2

∫

Bi

|Yn(bi,ω) − Yn(t,ω)|dt + 2

∫

Q

|Yn(t,ω)|dt

≤ 4ε.

Kε,δ =

{

x(t) ∈ L1([0, 1]d) : sup
|τ |<δ

∫

[0,1]d
|x(t + τ) − x(t)|dt < 4ε

}

.

ω ∈ Ωn n > N |τ | < δ
∫

[0,1]d
|Yn(t + τ,ω) − Yn(t,ω)|dt < 4ε,



n ≥ N
µn(Kε,δ) ≥ P (Ωn) > 1 − (4 + 2A)ε.

n n < N
ε > 0 B1,n, . . . , Bk,n ∪k

i=1Bi,n = [0, 1]d

k∑

i=1

∫

Bi,n

E|Yn(t) − Ŷi,n|dt < ε2,

Ŷi,n = Ŷn(t) t ∈ Bi,n Qn = [0, 1]d − ∪k
i=1B

(−δn)
i,n

δn λd(Qn) < ε2

∫

[0,1]d
E|Yn(t + τ) − Yn(t)|dt =

k∑

i=1

∫

B(−δn)
i,n

E|Yn(t + τ) − Yn(t)|dt +

∫

Q

E|Yn(t + τ) − Yn(t)|dt.

2ε2A

k∑

i=1

∫

B
(−δn)
i,n

E|Yn(t + τ) − Yn(t)|dt

≤
k∑

i=1

∫

B(−δn)
i,n

E|Yn(t + τ) − Ŷn(t + τ)|dt +
k∑

i=1

∫

B(−δn)
i,n

E|Ŷn(t + τ) − Ŷn(t)|dt

+
k∑

i=1

∫

B(−δn)
i,n

E|Ŷn(t) − Yn(t)|dt.

|τ | < δn ε2

∀n < N µn(Kε,δn) > 1 − cε
c

ε > 0 δo = max{(δn)n<N , δ}
n

∀ε > 0, ∃δ sup
n

µn(Kε,δ) > 1 − cε.

εo > 0 Kεo = ∩k≥1K εo
k2 ,δ δ

K K L1([0, 1]d)

µn

(
Kεo

)
= µn

(
∪

k≥1
K εo

k2 ,δ

)
≤
∑

k≥1

µn

(
K εo

k2 ,δ

)
≤
∑

k≥1

c
εo

k2
= c′εo,

c′



εo > 0

K ′
εo

= Kεo ∩
{
||x||1 <

A

εo

}
.

B = {||x||1 < A
εo
} K ′

εo

∑

x∈K ′
εo

||x||1 < ∞.

η > 0 k1 ≥ 1 η > 4 εo

k2
1

∀x ∈ K ′
εo
⊂ K εo

k2
1

,δ1, |τ | ≤ δ1 ⇒
∫

[0,1]d
|x(t + τ) − x(t)|dt < 4

εo

k2
1

< η.

K ′
εo

L1([0, 1]d) n > 0

µn(K ′
εo

) = µn(Kεo) − µn(Kεo ∩ B),

µn(Kεo ∩ B) ≤ µn(B) = P

(∫

[0,1]d
|Yn(t)|dt ≥ A

εo

)
≤

E
∫
[0,1]d |Yn(t)|dt

A
εo ≤ εo,

n > 0 µn(K ′
εo

) ≥ 1 − (c′ + 1)εo

εo > 0 K = K ′
εo/(c′−1)

L1([0, 1]d) supn µn(L1([0, 1])\K) < εo

[−π, π]d



Kn : [−π, π]d → R
∀n, Kn ≥ 0,

∫
[−π,π]d Kn(x)dx = 1

∀δ > 0, lim
n→∞

∫

|x|>δ

Kn(x)dx = 0.

Kn : [−π, π]d → R
∀n, Kn ≥ 0,

∫
[−π,π]d Kn(x)dx = 1

∀δ > 0, lim
n→∞

sup
|x|>δ

Kn(x) = 0.

Kn [−π, π]d

g ∈ L1([−π, π]d)

lim
n→∞

∫

[−π,π]d
g(x)Kn(x)dx = g(0)

Kn [−π, π]d

g ∈ L1([−π, π]d)

lim
n→∞

∫

[−π,π]d
g(x)Kn(x)dx = g(0)

ε > 0 g
δ > 0 |x| ≤ δ ⇒ |g(x) − g(0)| < ε

∣∣∣∣

∫

[−π,π]d
g(x)Kn(x)dx − g(0)

∣∣∣∣ =
∣∣∣∣

∫

[−π,π]d
(g(x) − g(0))Kn(x)dx

∣∣∣∣

≤
∫

|x|≤δ

|g(x) − g(0)|Kn(x)dx +

∫

|x|>δ

|g(x) − g(0)|Kn(x)dx

≤ ε + 2 sup
x∈Rd

{|g(x)|}
∫

|x|>δ

Kn(x)dx,

g g

g

∣∣∣∣

∫

[−π,π]d
g(x)Kn(x)dx − g(0)

∣∣∣∣ =
∣∣∣∣
∫

|x|≤δ

(g(x) − g(0))Kn(x)dx +

∫

|x|>δ

g(x)Kn(x)dx − g(0)

∫

|x|>δ

Kn(x)dx

∣∣∣∣ ,



∣∣∣∣
∫

Rd

g(x)Kn(x)dx − g(0)

∣∣∣∣

≤
∫

|x|≤δ

|g(x) − g(0)|Kn(x)dx + ||g||L1 sup
|x|>δ

{Kn(x)} + |g(0)|
∫

|x|>δ

Kn(x)dx.

δ
g n → ∞

K(1)
n , . . . , K(d)

n [−π, π] R
K(i)

n

K(1)
n ∗· · ·∗K(d)

n (t) [−π, π]

Pn(x1, . . . , xd) =
∏d

i=1 K(i)
n (xi)

[−π, π]d

K(i)
n

K(1)
n ∗ · · ·∗K(d)

n (t) [−π, π]

Pn(x1, . . . , xd) =
∏d

i=1 K(i)
n (xi)

[−π, π]d

d = 2
d

K(1)
n K(2)

n

[−π, π]
[−π, π] (Xn)n∈N

K(1)
n (Yn)n∈N K(2)

n

K(1)
n K(2)

n

Xn
P−→

n→∞
0 Yn

P−→
n→∞

0,

(Xn+Yn)n∈N K(1)
n ∗K(2)

n

K(1)
n K(2)

n

n ∈ N

Pn(x, y) = K(1)
n (x)K(2)

n (y) Pn

[−π, π]2



||(x, y)|| =
max(x, y)

∫

||(x,y)||>δ

K(1)
n (x)K(2)

n (y)dxdy ≤
∫

|x|>δ

K(1)
n (x)dx +

∫

|y|>δ

K(2)
n (y)dy,

K(i)
n

Pn [−π, π]2

K(1)
n K(2)

n [−π, π]

Kn(t) = K(1)
n ∗K(2)

n (t)
[−π, π] δ > 0

0 < γ < δ

sup
|t|>δ

Kn(t) = sup
|t|>δ

(∫

|x|>γ

K(1)
n (t − x)K(2)

n (x)dx +

∫

|x|≤γ

K(1)
n (t − x)K(2)

n (x)dx

)
.

ε > 0 sup|x|>γ K(2)
n (x) < ε |t| > δ

|x| ≤ γ |t− x| > δ− γ > 0 K(1)
n (t−x) < ε

ε > 0

sup
|t|>δ

Kn(t) ≤ ε sup
|t|>δ

∫

|x|>γ

K(1)
n (t − x)dx + ε sup

|t|>δ

∫

|x|≤γ

K(2)
n (x)dx ≤ 2ε,

K(i)
n Kn

Fn

Fn(0)Fn(π) = 0 n Fn(0)Fn(π) = 1
4π2

n
(x, y) 5→ Fn(x)Fn(y)

[−π, π]

Fn(x) = 1
2πn

sin2(nx/2)
sin2(x/2))

x -= 0

= n
2π x = 0.

Fn [−π, π]

Fn [−π, π] R
∀δ > 0 sup|x|>δ Fn(x) ≤ π

2nδ2

∀δ > 0
∫
|x|>δ Fn(x)dx ≥ 1

2πn

(
π − δ + sin(nδ)

n

)



∀g ∈ L1([−π, π]),
∫ π

−π g(x)Fn(x)dx = o(n) n → ∞
α > −1

∫ π

−π |x|
αFn(x)dx ∼ κn−α n → ∞ κ

δ > 0 δ < |x| ≤ π x 5→ sin x
[0, π/2]

Fn(x) ≤ 1

2πn

1

sin2(δ/2)
≤ π

2nδ2
,

2.
Fn [−π, π]

Fn

δ > 0
∫

δ<|x|≤π

Fn(x)dx ≥ 2

2πn

∫ π

δ

sin2(nx/2)dx

≥ 1

2πn

∫ π

δ

(1 − cos(nx))dx =
1

2πn

(
π − δ +

sin(nδ)

n

)
,

3.
x ∈ [−π, π]

g(x)Fn(x)

n
≤ g(x)

2π
,

L1([−π, π]) x 5→ g(x)Fn(x)
n

n → ∞

lim
n→∞

∫

[−π,π]

g(x)Fn(x)

n
dx = 0,

4.





D
(
[0, 1]d

)

D
(
[0, 1]d

)

Sn

D
(
[0, 1]d

)

C = [s1, t1[× · · ·× [sd, td[ [0, 1]d Sn

D
(
[0, 1]d

)
Sn(C)

Sn(C) =
∑

ε1...εd=0,1

(−1)d+
Pd

i=1 εiS (s1 + ε1(t1 − s1), . . . , sd + εd(td − sd)) .

Sn(t), t ∈ [0, 1]d

D
(
[0, 1]d

)

Y (t)



D
(
[0, 1]d

)

Y (t) t = 1 Sn(0) = 0
β > 1 γ > 1 µ [0, 1]d

C = [s1, t1[× · · ·× [sd, td[ C ′ = [s′1, t
′
1[× · · ·× [s′d, t

′
d[

∀n E (|Sn(C)|γ1 |Sn(C ′)|γ2) ≤ (µ(C))β1 (µ(C ′))β2 ,

β1 + β2 = β γ1 + γ2 = γ Sn(C) Sn(C ′)

Sn

D([0,1]d)
−→ Y.

Sn

(Xk)k∈Zd

Sn(t) = d−1
n

[nt1]∑

k1=0

. . .

[ntd]∑

kd=0

Xk1,...,kd
, t ∈ [0, 1]d.

Sn Y c > 0
β > 1 p1, . . . , pd {1, . . . , n}

lim sup
n→∞

(
d∏

i=1

pi

n

)−β

E

(

d−1
n

p1∑

k1=0

. . .
pd∑

kd=0

Xk1,...,kd

)2

≤ c,

Sn

D([0,1]d)
−→ Y.

Y

Cn = [i1/n, j1/n[×. . .
×[id/n, jd/n[ il, jl = 0 . . . n, l = 1, . . . , d

lim sup
n→∞

(µ(Cn))−β1 (µ(C ′
n))−β2 E (|Sn(C)|γ1|Sn(C ′)|γ2) ≤ 1.

d = 2

Sn

([
i1
n

,
j1

n

[
×
[
i2
n

,
j2

n

[)

= Sn

(
i1
n

,
i2
n

)
− Sn

(
j1

n
,
i2
n

)
− Sn

(
i1
n

,
j2

n

)
+ Sn

(
j1

n
,
j2

n

)

= d−1
n

(
i1∑

k1=0

i2∑

k2=0

Xk1,k2 −
j1∑

k1=0

i2∑

k2=0

Xk1,k2 −
i1∑

k1=0

j2∑

k2=0

Xk1,k2 +
j1∑

k1=0

j2∑

k2=0

Xk1,k2

)

= d−1
n

j1∑

k1=i1

j2∑

k2=i2

Xk1,k2.



d

Sn(Cn) = d−1
n

j1∑

k1=i1

. . .
jd∑

kd=id

Xk1,...,kd
.

C ′
n = [i′1/n, j′1/n[× · · ·× [i′d/n, j′d/n[

X

[
E (|Sn(Cn)||Sn(C ′

n)|)
]2

≤ E

(
1

dn

j1∑

k1=i1

. . .
jd∑

kd=id

Xk1,...,kd

)2

E



 1

dn

j′1∑

k1=i′1

. . .

j′d∑

kd=i′d

Xk1,...,kd




2

≤ E

(
1

dn

j1−i1∑

k1=0

. . .
jd−id∑

kd=0

Xk1,...,kd

)2

E



 1

dn

j′1−i′1∑

k1=0

. . .

j′d−i′d∑

kd=0

Xk1,...,kd




2

.

γ1 = γ2 = 1
2β1 = 2β2 = β µ [0, 1]d

Y
B Sξ

n Sn

nd/2 dn

E (Sn(s) − Sn(t))2 ≤

c
d−1∑

l=0

∑

Cl
d

∏

j∈Cl
d

(tj ∧ sj + n−1)β




∏

j∈Cl
d

(
sj − tj ∧ sj + n−1

)β
+
∏

j∈Cl
d

(
tj − tj ∧ sj + n−1

)β





n → ∞ s → t
Sn(0) = 0

(Xn)n∈Zd H

∫ ∞

0

H(x)e−
x2

2 dx = 0

∫ ∞

0

H2(x)e−
x2

2 dx < ∞.



D
(
[0, 1]d

)

m
(Xn)

r(k) = |k|−αL(|k|)b
(

k

|k|

)
,

r(0) = 1 0 < mα < d L
b Rd

H(Xn)

1

nd−mα/2(L(n))m/2

[nt1]∑

k1=0

. . .

[ntd]∑

kd=0

H(Xk1,...,kd
),

D([0, 1]d)

p1, . . . , pd

{1, . . . , n}

E

(
1

nd−mα/2(L(n))m/2

p1∑

k1=0

. . .
pd∑

kd=0

H(Xk)

)2

.

H(Xk)

H(Xk) =
∞∑

i=m

Ji

i!
Hi(Xk),

∑

i∈Zd

J2
i

i!
< ∞,

cov(Hk(Xi), Hl(Xj)) = δk,lk!r(j − i)k,

Hk k

E

(
p1∑

k1=0

. . .
pd∑

kd=0

H(Xk)

)2

=
p1...pd∑

k,l=0

∞∑

i=m

J2
i

i!
ri(l − k)

≤
p1...pd∑

k,l=0

rm(l − k)
∞∑

i=m

J2
i

i!

≤ c
p1...pd∑

k,l=0

rm(l − k),



0 ≤ r(l − k) ≤ 1

E
( p1∑

k1=0

. . .
pd∑

kd=0

H(Xk)
)2

≤ c
p1−1,...,pd−1∑

k=−p1+1,...,−pd+1

|k|−mαL(|k|)mbm

(
k

|k|

) d∏

j=1

(pj − |kj|)

≤ c
d∏

j=1

pj

(

1 + 2d
p1,...,pd∑

k=1

(|k|)−mαL(|k|)m

)

,

b

y ≤ x η > 0 c

L(y) ≤ c
(y

x

)−η
L(x).

y = |k| = k1 + · · · + kd x = dn

η =
d

2m
− α

2
> 0.

c
d∏

j=1

pj

(
1 +

p1,...,pd∑

k=1

d∏

j=1

k−(α+η)m/d
j L(dn)mnmη

)

≤ c
d∏

j=1

pj

(
1 + L(dn)mnmη

d∏

j=1

p−(α+η)m/d+1
j

)
.

cnmα−2dL(n)−m

(
d∏

j=1

pj + L(dn)mnmη
d∏

j=1

p−(α+η)m/d+2
j

)

≤ c

(
L(dn)

L(n)

)m d∏

j=1

(pj

n

)β
(

n−mηL(dn)−m
d∏

j=1

p1−β
j + 1

)
,

β = −(α + η)m/d + 2 0 < mα < d β > 1
L

L(dn)/L(n)

∀(p1, . . . , pd) ∈ {1, . . . , n}d,

E

(
1

nd−mα/2(L(n))m/2

p1∑

k1=0

. . .
pd∑

kd=0

H(Xk)

)2

≤ c

(
d∏

j=1

pj

n

)β

,

β > 1



D
(
[0, 1]d

)

X
ξ a

a
Sn

(ii) d ≤ 2 d

d = 2 −1 < α< 0
−1 < α < −1/2 −1/2 < α< 0

a
α a [−π, π]2

−1/2 < α < 0 a
a

d

[−π, π]d

d = 2 (ξk)k∈Z2

(Xk)k∈Z2 ξ
a ∈ L2([−π, π]2) a

(x, y) ∈ [−π, π]2

a(x, y) = |Pk(x, y)|α/k ,

−1/2 < α < 0 Pk k
Pk(λx,λy) = |λ|kPk(x, y)

a(x) ∼ ã(x) x = 0 ã α −1 <
α < −1/2

X D([0, 1]2)

d (ξk)k∈Zd

(Xk)k∈Zd ξ
a ∈ L2([−π, π]d) a

x = (x1, . . . , xd), a(x) =
∏d

i=1 ai(xi) ai

αi −1/2 < αi < 0



Sn D
(
[0, 1]d

)

x = (x1, . . . , xd),

a(x) =

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

α/2

, −1 < α < 0,

(c1, . . . , cd) ∈ Rd

X D([0, 1]d)

Sn D
(
[0, 1]d

)

D
(
[0, 1]d

)

d ≤ 2 d

d ≤ 2

(ξk)k∈Z2 (Xk)k∈Z2

ξ a ∈ L2([−π, π]2)
(x, y) ∈ [−π, π]2

a(x, y) = |Pk(x, y)|α/k ,

−1/2 < α< 0 Pk k
Pk(λx,λy) = |λ|kPk(x, y)

1

n1−α

[nt1]∑

k1=0

[nt2]∑

k2=0

Xk1,k2

D([0,1]2)
−→
n→∞

I

(
|Pk(x, y)|α/k

2∏

i=1

D(xi, ti)

)
,

I
a(x) ∼ ã(x) x = 0 ã α

−1 < α< −1/2

1

n1−α

[nt1]∑

k1=0

[nt2]∑

k2=0

Xk1,k2

D([0,1]2)
−→
n→∞

I

(
ã(x)

2∏

i=1

D(xi, ti)

)
,

I



D
(
[0, 1]d

)

ξ

D
(
[0, 1]d

)

d = 1

(Xn)n∈Zd H

∫ ∞

0

H(x)e−
x2

2 dx = 0

∫ ∞

0

H2(x)e−
x2

2 dx < ∞.

m
(Xn)

r(k) = |k|−αL(|k|)b
(

k

|k|

)
,

r(0) = 1 0 < mα < d L
b Rd

1

nd−mα/2(L(n))m/2

[nt1]∑

j1=1

. . .
[ntd]∑

jd=1

H(Xj)
D([0,1]d)
−→ cmZm(t),

Zm m cm

m H

X

[−π, π]d

(ξk)k∈Zd (Xk)k∈Zd

ξ a
x ∈ [−π, π]d

a(x) =

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

α

,

−1/2 < α< 0 ci



d ≤ 3

1

nd/2−α

[nt1]∑

k1=0

. . .
[ntd]∑

kd=0

Xk1,...,kd

D([0,1]d)
−→
n→∞

I

(
a(x)

d∏

i=1

D(xi, ti)

)
,

I
d ≥ 4 − 1

d−2 < 2α < 0

x = (x1, . . . , xd) ∈ [−π, π]d

a(x1, . . . , xd) =
d∏

j=1

aj(xj),

aj(xj) ∼ ãj(xj) xj = 0 ãj αj ∈ ] − 1/2, 0[
aj ∈ L2([−π, π])

1

n(d/2−
Pd

j=1 αj)

[nt1]∑

k1=0

. . .

[ntd]∑

kd=0

Xk1,...,kd

D([0,1]d)
−→
n→∞

I

(
d∏

j=1

ãj(xj)
d∏

j=1

D(xj , tj)

)

,

I

ξ I
j ãj(x) = |x|αj −1/2 < αj < 0

1

n(d/2−
Pd

j=1 αj)

[nt1]∑

k1=0

. . .

[ntd]∑

kd=0

Xk1,...,kd

D([0,1]d)
−→
n→∞

∫

Rd

d∏

j=1

eitjxj − 1

ixj |xj|−αj
dW0(x),

W0

(i)

c β > 1

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
(p

n

q

n

)β
.

Xk1,k2 =
∫
[−π,π]2 a(λ1,λ2)ei(k1λ1+k2λ2)dW (λ1,λ2) W

ξ



D
(
[0, 1]d

)

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ M
1

n2−2α

∫

[−π,π]2
a2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy,

M ξ

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
p2q2

n2−2α

∫

[−π,π]2
a2(x, y)

(
1 ∧ (px)−2

) (
1 ∧ (qy)−2

)
dxdy,

c

a(x, y) = |Pk(x, y)|α/k Pk

k

Pk(x, y) = xkPk(1, y/x).

Qk(t) = Pk(1, t) Qk k

Qk(t) = R(t)
r∏

i=1

|t − ri|τi,

ri r Qk τi R
R |R(t)| ≥ c c > 0

r = 0 Qk r = 1
r ≥ 2

r = 0 a(x, y) = |x|α |Qk(y/x)|α/k Qk

a ∈ L2([−π, π]2) α > −1/2

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
p2q2

n2−2α

∫

[−π,π]2
|x|2α

(
1 ∧ (px)−2

) (
1 ∧ (qy)−2

)
dxdy

≤ c
(p

n

)1−2α ( q

n

)∫

R2

|u|2α
(
1 ∧ u−2

) (
1 ∧ v−2

)
dudv,

u = px v = qy

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
(p

n

)1−2α ( q

n

)
,

c p q



r = 1 γ1 = α(1 − τ1/k)

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
p2q2

n2−2α

∫

[−π,π]2
|x|2α

∣∣∣
y

x
− r1

∣∣∣
2ατ1/k (

1 ∧ (px)−2
) (

1 ∧ (qy)−2
)
dxdy

≤ c
p2q2

n2−2α

∫

[−π,π]2
|x|2γ1 |y − r1x|2ατ1/k (1 ∧ (px)−2

) (
1 ∧ (qy)−2

)
dxdy

≤ c
1

n2−2α
(pq)1−α

∫

R2

|u|2γ1 |v − r1u|2ατ1/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv,

u = x
√

pq v = y
√

pq
A1 = {|v − r1u| > 1} A2 = {|v − r1u| ≤ 1}

∫

A1

|u|2γ1 |v − r1u|2ατ1/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤
∫

A1

|u|2γ1

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv,

α < 0 s = u
√

p/q t = v
√

q/p

∫

A1

|u|2γ1 |v − r1u|2ατ1/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤
(

q

p

)γ1
∫

R2

|s|2γ1
(
1 ∧ s−2

) (
1 ∧ t−2

)
dsdt.

2γ1 > 2α > −1
s = u

√
p/q t = v − r1u

∫

A2

|u|2γ1 |v − r1u|2ατ1/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤
(

q

p

)γ1+ 1
2
∫

R
|s|2γ1 1 ∧ s−2ds

∫

|t|≤1

t2ατ1/kdt,

r = 1

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c

[(p

n

)1−α−γ1
( q

n

)1−α+γ1

∨
(p

n

)1/2−α−γ1
(p

n

)3/2−α+γ1
]

,

c p q



D
(
[0, 1]d

)

r ≥ 2 γ = α(1 −
∑r

i=1 τi/k)

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
p2q2

n2−2α

∫

[−π,π]2
|x|2α

r∏

i=1

∣∣∣
y

x
− ri

∣∣∣
2ατi/k (

1 ∧ (px)−2
) (

1 ∧ (qy)−2
)
dxdy

≤ c
p2q2

n2−2α

∫

[−π,π]2
|x|2γ

r∏

i=1

|y − rix|2ατi/k (1 ∧ (px)−2
) (

1 ∧ (qy)−2
)
dxdy

≤ c
1

n2−2α
(pq)1−α

∫

R2

|u|2γ
r∏

i=1

|v − riu|2ατi/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv,

u = x
√

pq v = y
√

pq
A = ∩r

i=1{|v − riu| > 1} B = ∪r
i=1{|v − riu| ≤ 1}

∫

A

|u|2γ
r∏

i=1

|v − riu|2ατi/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤ c

∫

R2

|u|2γ
(

1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤ c

(
q

p

)γ ∫

R2

|s|2γ
(
1 ∧ s−2

) (
1 ∧ t−2

)
dsdt,

s = u
√

p/q t = v
√

q/p
B i = i0 |v − ri0u| ≤ 1

j -= i0, |v − rju| > 1 Bi0 C1 = ∪i0=1Bi0

i0 j0 -= i0 |v− ri0u| ≤ 1 |v− rj0u| ≤ 1
C2

∫

C1

|u|2γ
r∏

i=1

|v − riu|2ατi/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤ c
r∑

i0=1

∫

Bi0

|u|2γ |v − ri0u|
2ατi0/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv.

s = u
√

p/q t = v − ri0u

∫

C1

|u|2γ
r∏

i=1

|v − riu|2ατi/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤ c
r∑

i0=1

(
q

p

)γ+1/2 ∫

R
|s|2γ 1 ∧ s−2ds

∫

|t|<1

|t|2ατi0/kdt

≤ c

(
q

p

)γ+1/2

.



C2 Ki0,j0 R2 {|v − ri0u| ≤
1} ∩ {|v − rj0u| ≤ 1} K Ki0,j0

∫

C2

|u|2γ
r∏

i=1

|v − riu|2ατi/k

(
1 ∧ q

pu2

) (
1 ∧ p

qv2

)
dudv

≤ c
r∑

i0=1

r∑

j0=1

∫

Ki0,j0

|u|2γ
r∏

i=1

|v − riu|2ατi/k dudv

≤ c

∫

K

|u|2γ
r∏

i=1

|v − riu|2ατi/k dudv,

r = 2

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c

n2−2α

[(
p1−α−γq1−α+γ

)
∨
(
p1/2−α−γq3/2−α+γ

)
∨
(
p1−αq1−α

)]
,

c p q n

Pk y Q′
k(t) =

Pk(t, 1) r′ Q′
k r′ = 0 r′ = 1 r′ ≥ 2

p

q γ γ′ = α(1−
∑r′

i=1 τ
′
i/k) τ ′i

Q′
k

r r′ r ≥ 2 r′ ≥ 2
r ≥ 2 r′ ≥ 2

p q

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c

n2−2α

([ (
p1−α−γq1−α+γ

)
∨
(
p1/2−α−γq3/2−α+γ

)
∨
(
p1−αq1−α

) ]

∧
[(

q1−α−γ′
p1−α+γ′

)
∨
(
q1/2−α−γ′

p3/2−α+γ′
)
∨
(
q1−αp1−α

)]
)

.

p < q

(
p1−α−γq1−α+γ

)
∨
(
p1/2−α−γq3/2−α+γ

)
∨
(
p1−αq1−α

)
= p1/2−α−γq3/2−α+γ .



D
(
[0, 1]d

)

p < q
(
q1−α−γ′

p1−α+γ′
)
∨
(
q1/2−α−γ′

p3/2−α+γ′
)
∨
(
q1−αp1−α

)
= q1−α−γ′

p1−α+γ′
.

p1/2−α−γq3/2−α+γ ∧ q1−α−γ′
p1−α+γ′ ≤ q1−α−γ′

p1−α+γ′
.

p < q

( q

n

)1−α−γ′ (p

n

)1−α+γ′

≤
(p

n

q

n

)β
.

β 1 < β < 1−α+γ′ γ′ = α(1−
∑r′

i=1 τ
′
i/k) > α

p > q

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c
(p

n

q

n

)β
,

β 1 < β < (1 − α + γ) ∧ (1 − α + γ′)

(ii)

c β > 1

lim sup
n→∞

1
(

p
n

q
n

)β E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c.

Xk1,k2 =
∫
[−π,π]2 a(λ1,λ2)ei(k1λ1+k2λ2)dW (λ1,λ2) W

ξ

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ M
1

n2−2α

∫

[−π,π]2
|a|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy,

M ξ

a ∈ L2([−π, π]2) a(x) ∼ ã(x) x = 0 ã
α < −1/2

n2α−2

∫

[−π,π]2
|ã|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy ≤ c

(p

n

q

n

)β
.

n2α−2

∫

[−π,π]2
|a|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy = O

(( p

n

q

n

)β
)

,

n → ∞



n2α−2

∫

[−π,π]2
|ã|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy ≤ c

(p

n

q

n

)β
.

u = px v = py
ã

n2α−2

∫

[−π,π]2
|ã|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

≤ cn2α−2p−2αq2

∫

R2

|ã|2(u, v)
(
1 ∧ u−2

) (
1 ∧ p2

q2v2

)
dudv

≤ cn2α−2p−2αq2

(
1 ∨ p2

q2

)∫

R2

|ã|2(u, v)
(
1 ∧ u−2

) (
1 ∧ v−2

)
dudv,

c p q n

p q

n2α−2

∫

[−π,π]2
|ã|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

≤ c

[
p−2αq2

(
1 ∨ p2

q2

)]
∧
[
q−2αp2

(
1 ∨ q2

p2

)]
.

c
(

p
n

q
n

)β
β = 1/2 − α > 1

δ > 0 ||(x, y)|| < δ ||.|| |a
2(x,y)

ã2(x,y) | < 2

E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ M
1

n2−2α

∫

[−π,π]2
|a|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

≤ M
1

n2−2α

[∫

||(x,y)||<δ

|a|2(x, y)

|ã|2(x, y)
|ã|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

+

∫

||(x,y)||>δ

|a|2(x, y)
sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

]
.



D
(
[0, 1]d

)

c > 0 β > 1

2

n2−2α

∫

[−π,π]2
|ã|2(x, y)

sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy ≤ c

(p

n

q

n

)β
.

α < −1/2

n2α−2

∫

||(x,y)||>δ

|a|2(x, y)
sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy = O

((p

n

q

n

)β
)

n → ∞
Fp

∫

||(x,y)||>δ

|a|2(x, y)
sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

≤ pq

∫

||(x,y)||>δ

|a|2(x, y)Fp(x)Fq(y)dxdy

≤ pq

∫ π

−π

Fq(y)

(∫

|x|>δ

|a|2(x, y)Fp(x)dx

)
dy

+ pq

∫ π

−π

Fq(x)

(∫

|y|>δ

|a|2(x, y)Fq(y)dy

)
dx.

∀δ > 0 sup
|x|>δ

Fn(x) ≤ π

2nδ2
.

pq

∫ π

−π

Fq(y)

(∫

|x|>δ

|a|2(x, y)Fp(x)dx

)
dy ≤ c

pq

pδ2

∫ π

−π

Fq(y)b(y)dy,

b(y) =
∫ π

−π |a|
2(x, y)dx

d(x) =
∫ π

−π |a|
2(x, y)dy

n2β

(pq)β
n2α−2

∫

||(x,y)||>δ

|a|2(x, y)
sin2(px/2)

sin2(x/2)

sin2(qy/2)

sin2(y/2)
dxdy

≤ n2β

(pq)β
n2α−2

(
q

δ2

∫ π

−π

Fq(y)b(y)dy +
p

δ2

∫ π

−π

Fp(x)d(x)dx

)

≤ cn2β+2α−1

(
un,q

pβqβ−1
+

vn,p

pβ−1qβ

)
,



un,q = n−1
∫ π

−π Fq(y)b(y)dy vn,p = n−1
∫ π

−π Fp(x)d(x)dx∫ π
−π Fq(y)b(y)dy = o(q) q → ∞

un,q 0 n → ∞ q ≤ n
un,p n → ∞

β > 1
1 < β < 1/2 − α α < −1/2

n2β

(pq)β
E

(
1

n1−α

p∑

k1=0

q∑

k2=0

Xk1,k2

)2

≤ c(1 + n2β+2α−1(un,q + vn,p)).

(i)
X (p1, . . . , pd) {1, . . . , n}

d∏

i=1

[
n2αi−1

∫ π

−π

|a|2(xi)
sin2(pixi/2)

sin2(xi/2)
dxi

]
= O

(
d∏

i=1

pi

n

)β

,

n → ∞ β > 1 i
{1, . . . , d} ai(xi) ∼ ãi(xi) xi = 0

n2αi−1

∫ π

−π

|ã|2(xi)
sin2(pixi/2)

sin2(xi/2)
dxi ≤ c

(pi

n

)βi

,

xi 5→ xi/pi βi = 1− 2αi

a(x) =
∏d

i=1 ai(xi) β = min(1−2αi, i =
1, . . . , d)

(ii)
X (p1, . . . , pd) {1, . . . , n}

E

(
p1∑

k1=0

. . .
pd∑

kd=0

Xk1,...,kd

)2

≤ c

∫

[−π,π]d

∣∣∣∣∣

d∑

i=1

cixi

∣∣∣∣∣

2α d∏

j=1

sin2(pjxj/2)

sin2(xj/2)
dx

≤ c
d∏

j=1

1

pj

∫

Qd
j=1[−pjπ,pjπ]

∣∣∣∣∣

d∑

i=1

ci
xi

pi

∣∣∣∣∣

2α d∏

j=1

sin2(xj/2)

sin2(xj/2pj)
dx

≤ p1−2α
1

d∏

j=2

pj

∫

Rd

∣∣∣∣∣c1x1 +
d∑

i=2

cip1

pi
xi

∣∣∣∣∣

2α d∏

j=1

sin2(xj/2)

(xj/2)2
dx.



D
(
[0, 1]d

)

u = c1x1 +
∑d

i=2
cip1

pi
xi xi = xi i ≥ 2 {|u| < 1}

{|u| > 1}

E

(
nα−d/2

p1∑

k1=0

. . .
pd∑

kd=0

Xk1,...,kd

)2

≤ cn2α−dp1−2α
1

d∏

j=2

pj.

pj

E

(

nα−d/2
p1∑

k1=0

. . .
pd∑

kd=0

Xk1,...,kd

)2

≤ cn2α−d min
i=1,...,d

{

p1−2α
i

∏

j ,=i

pj

}

≤ cn2α−dp1−2α
−

∏

pj ,=p−

pj = c
(p−

n

)1−2α ∏

pj ,=p−

pj

n
,

p− = min{pj}

(p−
n

)1−2α ∏

pj ,=p−

pj

n
≤
(

d∏

j=1

pj

n

)1−2α/d

.

∀(p1, . . . , pd) ∈ {1, . . . , n}d, E

(
nα−d/2

p1∑

k1=0

. . .
pd∑

kd=0

Xk1,...,kd

)2

≤ c

(
d∏

j=1

pj

n

)β

,

β = 1 − 2α/d > 1



(Xi)i∈Zd

d = 1

X

R/S
X

X
V/S

X V/S

R/S KPSS
V/S

d ≥ 2
d = 1



X
r

∑

j∈Zd

|r(j)| < ∞ et σ2 :=
∑

j∈Zd

r(j) > 0.

sup
i∈Zd

∑

(j,k)∈Z2d

|c4(i, j, k)| < ∞,

c4(i, j, k) X

n−d/2

σ

[nt1]∑

k1=1

. . .
[ntd]∑

kd=1

Xk
D([0,1]d)−→ B(t),

B [0, 1]d

X
dn dn = nγL(n)

γ > d/2 L

d−1
n

[nt1]∑

k1=1

. . .
[ntd]∑

kd=1

Xk
D([0,1]d)−→ Y (t),

Y



d = 2

d > 1
d = 1

j = (j1, . . . , jd)

S∗
j =

j1∑

i1=1

. . .
jd∑

id=1

(
Xi1,...,id − Xn

)
,

Xn = n−d
∑

j∈An
Xj An = {1, . . . , n}d q [1, n]
σ2

ŝ2
n =

∑

j∈Bq−1

ωq,jr̂(j),

Bq = {−q, . . . , q}d ωq,j =
∏d

i=1(1 − |ji|
q )

ŝ2
n

r̂(j) =
1

nd

n−|j1|∑

k1=1

. . .
n−|jd|∑

kd=1

(
Xk1,...,kd

− Xn

) (
Xk1+|j1|,...,kd+|jd| − Xn

)
.

Mn = n−d V̂ ar
(
S∗

j , j ∈ An

)

ŝ2
n

,

V̂ ar
(
S∗

j , j ∈ An

)
= n−d

∑
j∈An

(
S∗

j − S∗
n

)2

Mn =
n−2d

ŝ2
n




∑

j∈An

S∗
j
2 − n−d

(
∑

j∈An

S∗
j

)2


 .

ŝ2
n = f̂q(0) f̂q

X

f̂q(λ) =
1

(2π)d

∑

j∈Bq−1

ωq,j r̂(j)e
−i<j,λ>.

In(ν) = n−d
∣∣∣
∑

j∈An
(Xj − Xn)e−i<j,ν>

∣∣∣
2

X E =

[−π, π]d r̂(j) = (2π)−d
∫

E ei<j,λ>In(ν)dν

f̂q(λ) =
1

(2π)d

∫

E

In(ν)
d∏

i=1

1

2πq

sin2 q(λi − νi)/2

sin2(λi − νi)/2
dν.

f̂q ŝ2
n



Mn

q
qn n n
qn = q

qn

qn limn→∞ qn = ∞
limn→∞ qn/n = 0

Mn
L−→
∫

|0,1]d

(
B(t) −

(
d∏

i=1

ti

)
B(1)

)2

dt −
[∫

[0,1]d

(
B(t) −

(
d∏

i=1

ti

)
B(1)

)
dt

]2

,

B [0, 1]d

k
n ≤ t1 < k+1

n S∗([nt1] + 1, . . . , [ntd] + 1) =
S∗(k + 1, [nt2] + 1, . . . , [ntd] + 1).

n−d
∑

j∈An

S∗
j =

∫

[0,1]d
S∗([nt1] + 1, . . . , [ntd] + 1)dt.

S∗ S∗2 Mn

Mn =

n−d

ŝ2
n

[∫

[0,1]d
S∗2([nt1] + 1, . . . , [ntd] + 1)dt −

(∫

[0,1]d
S∗([nt1] + 1, . . . , [ntd] + 1)dt

)2
]

.

Sn(t) = Sn(t1, . . . , td) = n−d/2
∑[nt1]

k1=1 . . .
∑[ntd]

kd=1 Xk1,...,kd
,

Mn =

1

ŝ2
n




∫

[0,1]d

(

Sn(t) −
d∏

i=1

[nti] + 1

n
Sn(1)

)2

dt −
(∫

[0,1]d
Sn(t) −

d∏

i=1

[nti] + 1

n
Sn(1)dt

)2


 .

ŝ2
nMn Sn(.)

ŝ2
n

σ2 Mn

ŝ2
n σ2

ŝ2
n

P−→ σ2.



Mn

qn limn→∞ qn = ∞
δ > 0 limn→∞ qn/nδ = 0

Mn
P−→ ∞.

Mn

ŝ2
n

nd

d2
n

Mn
L−→
∫

|0,1]d

(

Y (t) −
(

d∏

i=1

ti

)

Y (1)

)2

dt −
(∫

[0,1]d
Y (t) −

(
d∏

i=1

ti

)

Y (1)dt

)2

.

nd

d2
n

ŝ2
n

P−→ 0,

n → ∞

q
d = 1

q
q → ∞ q/n → 0

q n

q
q

X

f 2α < 0

∫

Rd

f(λ1, . . . ,λd)
d∏

i=1

[
1 ∧ λ−2

i

]
dλ < ∞

dn = nd/2−α



d ≤ 2 (Xn)n∈Zd

f̃ 2α < 0
∫

E f̃(x)dx < ∞
dn = nd/2−α

q n limn→∞ q =
∞ limn→∞ q/n = 0

Mn
P−→ ∞.

q n limn→∞ q = ∞
limn→∞ q/n = 0

nd

d2
n

ŝ2
n

P−→ 0,

n → ∞

d = 2

Mn

∫

|0,1]2

(

B(t) −
(

2∏

i=1

ti

)

B(1)

)2

dt −
[∫

[0,1]2

(

B(t) −
(

2∏

i=1

ti

)

B(1)

)

dt

]2

,

B [0, 1]2

∫

|0,1]2
B(t1, t2)

2dt1dt2 − 2B(1, 1)

∫

|0,1]2
t1t2B(t1, t2)dt1dt2 −

(∫

|0,1]2
B(t1, t2)dt1dt2

)2

+
B(1, 1)

2

∫

|0,1]2
B(t1, t2)dt1dt2 +

7

144
B(1, 1)2.

∫

|0,1]2
B(t1, t2)dt1dt2 ≈

1

n2

n∑

k1=1

n∑

k2=1

B

(
k1

n
,
k2

n

)
,



d = 2

∫

|0,1]2
B(t1, t2)

2dt1dt2 ≈
1

n2

n∑

k1=1

n∑

k2=1

B

(
k1

n
,
k2

n

)2

,

∫

|0,1]2
t1t2B(t1, t2)dt1dt2 ≈

1

n2

n∑

k1=1

n∑

k2=1

k1

n

k2

n
B

(
k1

n
,
k2

n

)
;

(εj)j∈Z2(
B
(

k1
n , k2

n

))
1≤k1,k2≤n

B

(
k1

n
,
k2

n

)
=

1

n

k1∑

j1=1

k2∑

j2=1

εj1,j2, ∀(k1, k2) ∈ {1, . . . , n}2.

n = 7000

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
0

200

400

600

800

1000

1200

m v c90% c95%

0, 0897 0, 0018 0, 1448 0, 1692

m v c90% c95%

90% 95%



50×50

q

n q Mn

q Mn

Mn n = 50 q
Mn ŝ2

n

ĉ95% 95%

q = 4 q = 6 q = 8 q = 10 q = 12 q = 14
Mn 0, 0919 0, 0923 0, 0929 0, 0939 0, 0953 0, 0970
ŝ2

n 0, 0016 0, 0015 0, 0013 0, 0011 0, 0010 0, 0009
ĉ95% 0, 1720 0, 1678 0, 1644 0, 1599 0, 1566 0, 1531

Mn

(1 − 0.5L1)(1 − 0.3L2)Xn1,n2 = εn1,n2

q = 6 q = 8 q = 10 q = 12 q = 14
Mn 0, 1300 0, 1157 0, 1087 0, 1051 0, 1035
ŝ2

n 0, 0035 0, 0024 0, 0018 0, 0015 0, 0012
ĉ95% 0, 2464 0, 2133 0, 1922 0, 1784 0, 1697

q = 8 n = 50

50 × 50 Mn q = 8



ga gb (1 − x)γ N = 1000
p̂

γ 0, 25 0, 5 0, 75
p̂ 81% 75, 4% 62, 4%

γ

θ = 0 e = 1
α

α −0, 48 −0, 35 −0, 2
p̂ 75% 58, 1% 32, 7%

|α|
|α|

k = 1 N = 1000 g (1 − x)γ

γ 0, 25 0, 5 0, 75
p̂ 27% 27% 24, 5%

r̃j =
1

nd

n−|j1|∑

k1=1

. . .
n−|jd|∑

kd=1

(Xk1,...,kd
− µ)

(
Xk1+|j1|,...,kd+|jd| − µ

)



µ X ŝ2
n

ŝ2
n =

∑

j∈Bq−1

ωq,jr̃j +
∑

j∈Bq−1

ωq,j (r̂j − r̃j) := un + vn,

un vn

E(|vn|) → 0 n → ∞ un → σ2

r̂j−r̃j =
d∏

i=1

(
1 − |ji|

n

)(
Xn − µ

)2−n−d
(
Xn − µ

) n−|j1|∑

k1=1

. . .
n−|jd|∑

kd=1

(
(Xk − µ) + (Xk+|j| − µ)

)
.

E(|vn|) ≤
∑

j∈Bq−1

E |r̂j − r̃j|

≤
∑

j∈Bq−1

{
E
(
Xn − µ

)2
+ n−d

√
E
(
Xn − µ

)2
[
√√√√√E




n−|j1|∑

k1=1

. . .
n−|jd|∑

kd=1

(Xk − µ)




2

+

√√√√√E




n∑

k1=|j1|

. . .
n∑

kd=|jd|

(Xk − µ)




2]}

.

ri < si i = 1 . . . d

E

(
s1∑

i1=r1

. . .
sd∑

id=rd

(Xi − µ)

)2

=
s1∑

i1,i′1=r1

. . .
sd∑

id,i′d=rd

r(i − i′) ≤ c
d∏

i=1

(si − ri),

c

E(|vn|) ≤ c
∑

j∈Bq−1

(
n−d + 2n−dn−d/2

d∏

i=1

√
n − |ji|

)
≤ cqdn−d

q/n
un σ2

n

E(un) =
∑

j∈Bq−1

ωq,j

(
d∏

i=1

n − |ji|
n

)
r(j) → σ2;

i = 1 . . . d |ji| ≤ [
√

q]
|ji| > [

√
q]



ŝ2
n σ2

E (un − E(un))2

E (un − E(un))2 = E




∑

j∈Bq−1

ωq,j [r̃(j) − E (r̃(j))]




2

=
∑

j,j′∈B2
q−1

ωq,jωq,j′cov(r̃(j), r̃(j′))

≤
∑

j,j′∈B2
q−1

|cov(r̃(j), r̃(j′))|

≤ 1

n2d

∑

j,j′∈B2
q−1

∑

k,k′∈A2
n

∣∣cov
(
(Xk − µ)(Xk+|j| − µ), (Xk′ − µ)(Xk′+|j′| − µ)

)∣∣ .

cov
(
(Xk − µ)(Xk+|j| − µ), (Xk′ − µ)(Xk′+|j′| − µ)

)
=

cum(Xk, Xk+|j|, X
′
k, Xk′+|j′|)+r(k−k′)r(k′−k+ |j′|− |j|)+r(k−k′− |j′|)r(k−k′+ |j|).

1

n2d

∑

j,j′∈B2
q−1

∑

k,k′∈A2
n

∣∣cum(Xk, Xk+|j|, X
′
k, Xk′+|j′|)

∣∣

≤ 1

n2d

∑

j∈Bq−1

∑

k∈An

∑

i,i′∈B2n

∣∣cum(X0, X|j|, Xi, Xi′)
∣∣

≤ 1

nd

∑

j∈Bq−1

∑

i,i′∈B2n

|c4(|j|, i, i′)|

≤ c
( q

n

)d
,

c

1

n2d

∑

j,j′∈B2
q−1

∑

k,k′∈A2
n

|r(k − k′)r(k′ − k + |j′|−| j|) + r(k − k′ − |j′|)r(k − k′ + |j|)|

≤ 1

n2d

∑

j∈Bq−1

∑

k∈An

∑

i,i′∈B2n

2 |r(i)r(i′)|

≤ c
( q

n

)d
,

c
E (un − E(un))2 q/n → 0



E(|vn|) < cqd

E(un) =
∑

j∈Bq−1

r(j)
d∏

k=1

(
1 − |jk|

q

)(
1 − |jk|

n

)

=
∑

j∈Bq−1

∫

E

ei<j,λ>f(λ)dλ
d∏

k=1

(
1 − |jk|

q

)(
1 − |jk|

n

)

=

∫

E

f(λ)
d∏

k=1

q−1∑

j=−q+1

eijλk

(
1 − |j|

q

)(
1 − |j|

n

)
dλ.

E(ŝ2
n) ≤ cqd,

nd

d2
n

E(ŝ2
n) ≤ cqd nd

n2γL(n)

qn−δ → 0 δ > 0

n2αŝ2
n

E(ŝ2
n) =

∑

j∈Bq−1

ωq,j E(r̂j)

=
∑

j∈Bq−1

r(j)
d∏

k=1

(
1 − |jk|

q

)(
1 − |jk|

n

)

=
∑

j∈Bq−1

∫

E

ei<j,λ>f(λ)dλ
d∏

k=1

(
1 − |jk|

q

)(
1 − |jk|

n

)

=

∫

E

f(λ)
d∏

k=1

q−1∑

j=−q+1

eijλk

(
1 − |j|

q

)(
1 − |j|

n

)
dλ.

Kn(x) =
q−1∑

j=−q+1

eijx

(
1 − |j|

q

)(
1 − |j|

n

)
, x ∈ [−π, π].



x ∈ [−π, π]

Kn(x) = K1,n(x) + K2,n(x)

K1,n(x) =
n − q

nq

sin2(qx/2)

sin2(x/2)
,

K2,n(x) =
1

sin4(x/2)

(
1

n
sin2(x/2) − 1

4qn
sin qx sin x

)
.

supx∈[−π,π] K1,n(x) ≤ cq sup|x|>δ K1,n(x) ≤ cq−1 c
n

∀x ∈ [−qπ, qπ], K1,n(x/q) ≤ cq (1 ∧ x−2)

supx∈[−π,π] K2,n(x) ≤ c q2

n sup|x|>δ K2,n(x) ≤ cn−1 c
n

∀x ∈ [−qπ, qπ], K2,n(x/q) ≤ c q2

n (1 ∧ x−2)

Kn(x) =
q−1∑

j=−q+1

eijx

(
1 − |j|

q

)(
1 − |j|

n

)

=
q−1∑

j=−q+1

eijx − 2
n + q

nq

q−1∑

j=1

j cos(jx) +
2

nq

q−1∑

j=1

j2 cos(jx).

∑q−1
j=1 eijx x

q−1∑

j=1

j cos(jx) =
q cos(q − 1)x − (q − 1) cos qx − 1

4 sin2(x/2)
,

q−1∑

j=1

j2 cos(jx) =

(q − 1)2 cos(q + 1)x − q(3q − 4) cos qx + (q − 1)(3q + 1) cos(q − 1)x − q2 cos(q − 2)x

16 sin4(x/2)
.



q−1∑

j=−q+1

eijx =
sin(q − 1/2)x

sin(x/2)
,

q−1∑

j=1

j cos(jx) =
q

2

sin(q − 1/2)x

sin(x/2)
− sin2(qx/2)

2 sin2(x/2)
,

q−1∑

j=1

j2 cos(jx) =
q2

2

sin(q − 1/2)x

sin(x/2)
+

q

2

cos qx

sin2(x/2)
− sin qx sin x

8 sin4(x/2)
.

K1,n

Fq (i) (ii) (iii)
K2,n(x) |x| < π/q

K2,n(x) =
2q2

3n

(
1 +

1

2q2

)
− q4

30n

(
1 − 1

q4

)
x2 + O(x4).

K2,n(x) ≤ c q2

n |x| < π/q c
K2,n(x)

K2,n(x) =
4

nx2

(
(x/2)2

sin2(x/2)
− cos(x/2)

sin qx

qx

(x/2)3

sin3(x/2)

)
,

K2,n(x) ≤ c q2

n |x| ≥ π/q c
|x| ≥ δ K2,n ≤ cn−1 c

δ (iii)

K2,n(x/q) ≤ c q2

n x−2

(iii) c x

[−qπ, qπ] K2,n(x/q) ≤ c q2

n (1 ∧ x−2)

Kn

E(ŝ2
n) =

∫

E

f(λ)
d∏

k=1

q−1∑

j=−q+1

eijλk

(
1 − |j|

q

)(
1 − |j|

n

)
dλ

X
X (i)

E(ŝ2
n) =

∫

E

f(λ)
d∏

k=1

(K1,n(λk) + K2,n(λk)) dλ

=
d∑

k=0

∑

i∈Ck
d

∫

E

f(λ)
k∏

j=1

K1,n(λij )
d∏

j=k+1

K2,n(λij)dλ,



Ck
d (i1, . . . , id) k (i1, . . . , ik)

k {1, . . . , d} n − k
(i1, . . . , ik) (1, . . . , d) uj∏0

j=1 uj = 1
∏d

j=d+1 uj = 1
f

d∑

k=0

∑

i∈Ck
d

∫

E

f(λ)
k∏

j=1

K1,n(λij)
d∏

j=k+1

K2,n(λij )dλ

=
d∑

k=0

∑

i∈Ck
d

q−2α

∫

qE

f(λ)
k∏

j=1

1

q
K1,n

(
λij

q

) d∏

j=k+1

1

q
K2,n

(
λij

q

)
dλ.

(ii) (iv)

E(ŝ2
n) ≤ cq−2α

d∑

k=0

∑

i∈Ck
d

d∏

j=k+1

q

n

∫

Rd

f(λ)
d∏

j=1

[
1 ∧ λ−2

j

]
dλ.

q/n → 0 n → ∞ E(ŝ2
n) = o(n−2α)

X (ii)
d = 2 d = 1

E(ŝ2
n) =

∫

E

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ

+

∫

E

f̃(λ)
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ.

o(n−2α)
f̃

∫
Rd f̃(λ)

∏2
i=1

[
1 ∧ λ−2

i

]
dλ < ∞

d ≤ 2
| | R2

∫

|λ|<δ

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ

+

∫

|λ|>δ

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ.

f ∼ f̃ δ

∫

|λ|<δ

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ ≤
∫

E

f̃(λ)
d∏

k=1

(K1,n(λk) + K2,n(λk)) dλ



o(n−2α)

∫

|λ|>δ

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ

≤
∫

|λ1|>δ

∫ π

−π

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ1dλ2

+

∫

|λ2|>δ

∫ π

−π

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ2dλ1.

o(1) o(n−2α) (i)
(iii) n

∫

|λ1|>δ

∫ π

−π

(f(λ) − f̃(λ))
2∏

k=1

(K1,n(λk) + K2,n(λk)) dλ1dλ2

≤ c

q

∫ π

−π

(K1,n(λ2) + K2,n(λ2))

(∫ π

−π

(f(λ) − f̃(λ))dλ1

)
dλ2,

c δ g(λ2) =
∫ π

−π(f(λ) −
f̃(λ))dλ1

1

q
(K1,n(λ2) + K2,n(λ2)) g(λ2)

g [−π, π]



x ∈ R t ∈ [0, 1]d

n

[nt1]∑

k1=1

. . .
[ntd]∑

kd=1

[
I{G(Xk1,...,kd

)≤x} − F (x)
]
,

G F
(G(Xk))k∈Zd

d = 1
X r(h) = hαL(h)

−1 < α< 0 L
f(x)Z(t) f

Z
d = 1

d t = 1
G X

d = 1

G
D(R × [0, 1]d)

d ≥ 2



X

D(R × [0, 1]d)
G

(Xj)j∈Zd r
r(0) = 1 G

I{G(Xj )≤x} − F (x) =
∞∑

q=m

Jq(x)

q!
Hq(Xj),

F (x) = P (G(X1) ≤ x) G(X1) Hq

q

Jq(x) = E
[
I{G(X1)≤x}Hq(X1)

]
.

m I{G(X1)≤x} − F (x)

Rn(x) =
∑

j∈An

[
I{G(Xj)≤x} − F (x) − Jm(x)

m!
Hm(Xj)

]
,

An = {1, . . . , n}d

d2
N = V ar

(
∑

j∈AN

Hm(Xj)

)
= m!

∑

j,k∈A2
N

rm(k − j).

limN→∞ dN = ∞ δ > 0 n ≤ N

P

(
sup

x
d−1

N |Rn(x)| > ε

)
≤ C(ε)N δd−2

N

∑

j,k∈A2
N

|r(k − j)|m+1 +
d2

n

N2d
,



C(ε) ε

d−1
N

∑
j∈AN

Hm(Xj)

N

[−π, π]d

Zm m

(Xn)n∈Zd G
F G(Xn)

m I{G(X1)≤x} − F (x) Jm(x)

(Xn)

r(k) = |k|−αL(|k|)b
(

k

|k|

)
,

r(0) = 1 0 < mα < d L b
Rd

1

nd−mα/2(L(n))m/2

[nt1]∑

j1=1

. . .
[ntd]∑

jd=1

[
I{G(Xj )≤x} − F (x)

] D(R̄×[0,1]d)
=⇒ Jm(x)

m!
Zm(t),

D(R× [0, 1]d)
Zm

m

N

d2
N ∼ N2d−mα(L(N))m.



∑
j,k∈AN

|r(k − j)|m+1

∑

j,k∈AN

|r(k − j)|m+1

≤ Nd + 2d
∑

k∈AN−1

|k|−(m+1)αL(|k|)m+1

(
b

(
k

|k|

))m+1 d∏

j=1

(N − kj)

≤ Nd + cNd
∑

k∈AN−1

|k|−(m+1)αL(|k|)m+1,

b c
y ≤ x

η > 0 c

L(y) ≤ c
(y

x

)−η
L(x).

y = |k| x = dN η < α

∑

j,k∈AN

|r(k − j)|m+1 ≤ Nd + cNd
∑

k∈AN−1

|k|−(m+1)(α+η)L(dN)m+1(dN)(m+1)η

≤ Nd + cN2d−(m+1)αL(N)m+1 L(dN)m+1

L(N)m+1
.

L L(dN)/L(N)

∑

j,k∈AN

|r(k − j)|m+1 = O(N2d−(m+1)αL(N)m+1) + O(Nd).

δ < α ∧ (d − mα)

∥∥∥∥∥∥
1

Nd−mα/2(L(N))m/2

∑

j∈A[Nt]

[
I{G(Xj)≤x} − F (x) − Jm(x)

m!
Hm(Xj)

]∥∥∥∥∥∥
∞

−→ 0

x ∈ R t ∈ [0, 1]d

Hm(Xj) Zm

D([0, 1]d) Zm

C([0, 1]d)
Z̃m Zm Z̃m,N

‖Z̃m,N(.) − Z̃m(.)‖D([0,1]d)
p.s.−→ 0,



‖Jm(.)Z̃m,N(.) − Jm(.)Z̃m(.)‖D(R̄×[0,1]d)
p.s.−→ 0,

Jm x ∈ R Zm t ∈ [0, 1]d

Jm(x)d−1
N

∑

j∈A[Nt]

Hm(Xj)
D(R̄×[0,1]d)

=⇒ Jm(x)Zm(t).

D(R̄ × [0, 1]d)

D(R̄ × [0, 1]d)

Hm(X) X

m = 1
I{G(Xn)≤x}−F (x)

G

(εn)n∈Zd

Xn =
∑

k∈Zd

akεn−k,

(ak) V ar(X1) = 1

a(λ) =
d∏

j=1

s(λj)|λj|αj ,

j −1/2 < αj < 0 sj sj(0) -= 0
G F G(Xn)

I{G(Xn)≤x} − F (x)

1

nd/2−
Pd

j=1 αj

[nt1]∑

j1=1

. . .
[ntd]∑

jd=1

(
I{G(Xj)≤x} − F (x)

) D(R̄×[0,1]d)
=⇒ J1(x)Bf (t),



J1(x) = E[I{G(X1)≤x}X1],

D(R × [0, 1]d)
Bf (t)

ε

Bf (t) =

∫

Rd

d∏

j=1

sj(0)|λj|αj
eitjλj − 1

iλj
dW (λ),

W

a

X

d = 1

f(λ) = |λ|α0 |λ2 − 1|α1

−1 < α1 < −1/2 2α1 < α0 − 1 d = 2
a(λ1,λ2) =

a1(λ1)a2(λ2)

c
X

r(k1, . . . , kd) ≤ c
d∏

j=1

∫ π

−π

eikjλ|λ|2αjdλ.

∫ π

−π eikjλ|λ|2αjdλ = ck
−2αj−1
j

r(k1, . . . , kd) ≤ c
d∏

j=1

k
−2αj−1
j .

∑

j,k∈A2
n

r2(k − j) ≤ nd + c
∑

k∈An−1

d∏

j=1

k
−4αj−2
j (n − |kj|)



∑

j,k∈A2
n

r2(k − j) = O(nd) + O(n−4
Pd

j=1 αj ).

d2
n = nd−2

Pd
j=1 αj

d−2
n

∑

j,k∈A2
n

r2(k − j) = o(n−η),

η > 0 N ≥ n d2
n/N

2d → 0 N → ∞

N δ < η
D([0, 1]d)

(Xn)n∈Zd B ∈ C([0, 1]d)
D([0, 1]d)

[−π, π]d

(εn)n∈Zd

Xn =
∑

k∈Zd

akεn−k,

(ak) V ar(X1) = 1

a(λ) =

∣∣∣∣∣

d∑

i=1

ciλi

∣∣∣∣∣

α

, −1/2 < α< 0,

λ = (λ1, . . . ,λd) (c1, . . . , cd) ∈ Rd

L2

a(λ) = (2π)−d/2
∑

k∈Zd

ake
−i<k,λ>.

G F G(Xn)
I{G(Xn)≤x} − F (x)

−1 < 2α < 0 d ≤ 3 − 1
d−2 < 2α < 0

d ≥ 4

1

nd/2−α

[nt1]∑

j1=1

. . .
[ntd]∑

jd=1

(
I{G(Xj)≤x} − F (x)

) D(R̄×[0,1]d)
=⇒ J1(x)B(t),



J1(x) = E[I{G(X1)≤x}X1],

D(R × [0, 1]d)
B(t)

ε

B(t) =

∫

Rd

a(λ)
d∏

j=1

eitjλj − 1

iλj
dW (λ),

W

n → ∞

− 1/2 < 2α < 0,
∑

j,k∈A2
n

r2(k − j) = O(nd),

− 1 < 2α < −1/2,
∑

j,k∈A2
n

r2(k − j) = O(nd−1−4α),

An = {1, . . . , n}d

fX(λ), λ ∈ [−π, π]d X

X fX

∣∣∣
∑d

i=1 ciλi

∣∣∣
2α

−1/2 < 2α < 0 X

∑

j,k∈An

r2(k − j) =
∑

k∈A′
n

r2(k)
d∏

j=1

(n − |kj|) ≤ nd
∑

Zd

r2(k),

A′
n = {−n + 1, . . . , n − 1}d

−1 < 2α < −1/2

∑

j,k∈An

r2(k − j) = nd

∫

[−π,π]2d

fX(x)fX(y)
d∏

j=1

Fn(xj − yj)dxdy,

Fn

Fn(x) =
1

2πn

sin2(nx/2)

sin2(x/2)
.

sj = xj − yj j = 1 . . . d xj

K



∆n ∩j{|sj| ≤ n−δ} 0 < δ < −2α ∆′
n

∆n K

∑

j,k∈An

r2(k − j) = nd

∫

∆n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds

+ nd

∫

∆′
n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds.

∆′
n j

|sj| > n−δ

∫

∆′
n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds

≤
d∑

i=1

∫

|si|>n−δ

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds.

|si| > n−δ Fn(si) ≤ cn−1+2δ c

∫

∆′
n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds

≤ c
1

n1−2δ

d∑

i=1

∫

K

fX(x)fX(x − s)
∏

j ,=i

Fn(sj)dxds

≤ c
1

n1−2δ

d∑

i=1

∫

K

∣∣∣∣∣

d∑

k=1

ckxk

∣∣∣∣∣

2α ∣∣∣∣∣

d∑

k=1

ck(xk − sk)

∣∣∣∣∣

2α∏

j ,=i

Fn(sj)dxds.

u =∑d
k=1 ckxk y =

∑d
k=1 cksk j -= i vj =

∑j
k=1 ckxk sj = sj

∫

∆′
n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds ≤ c
1

n1−2δ

∫

K ′
|u|2α|u − y|2α

∏

j ,=i

Fn(sj)dudyds,

K ′ Rd+1 K1 ⊂ R2 K2 ⊂ Rd−1

K ′ ⊂ K1 × K2

∫

∆′
n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds

≤ c
1

n1−2δ

∫

K1

|u|2α|u − y|2αdudy

∫

K2

∏

j ,=i

Fn(sj)ds ≤ c
1

n1−2δ
.



δ < −2α

nd

∫

∆′
n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds = o(nd−1−4α).

∑

j,k∈An

r2(k − j) = nd

∫

∆n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds + o(nd−1−4α)

j = 1, . . . , d

|sj| ≤ n−δ ⇒ |Fn(sj)| ≤ cn
sin2(nsj/2)

(nsj/2)2
.

u =
∑d

i=1 cixi j = 1, . . . , d − 1 vj =
∑j

i=1 cixi sj

nd

∫

∆n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds

≤ cn2d

∫

K ′
|u|2α

∣∣∣∣∣u −
d∑

i=1

cisi

∣∣∣∣∣

2α d∏

j=1

sin2(nsj/2)

(nsj/2)2
dsdu,

K ′ Rd+1

v = nu tj = nsj j

nd

∫

∆n

fX(x)fX(x − s)
d∏

j=1

Fn(sj)dxds

≤ cnd−1−4α

∫

Rd+1

|v|2α
∣∣∣∣∣v −

d∑

i=1

citi

∣∣∣∣∣

2α d∏

j=1

sin2(tj/2)

(tj/2)2
dtdv.

−1 < 2α < −1/2 cj ∈ R j = 1 . . . d

∫

Rd+1

|x|2α
∣∣∣∣∣x −

d∑

i=1

ciyi

∣∣∣∣∣

2α d∏

j=1

sin2(yj)

y2
j

dxdy1 . . . dyd < ∞.

−1 < 2α < −1/2



n → ∞

d2
n ∼ nd−2α.

d−2
n

∑

j,k∈A2
n

r2(k − j) = o(n−η),

η > 0 N ≥ n d2
n/N2d → 0

N → ∞
N δ < η

(Xn)n∈Zd

C([0, 1]d)

h Rk R

Un(h) =
∑

(j1,...,jk)∈Ak
n

jp $=jq si p $=q

h(Yj1, . . . , Yjk
),

Yj = G(Xj) X

Vn(h) =
∑

(j1,...,jk)∈Ak
n

h(Yj1, . . . , Yjk
).

h
∏k

j=1 F (dxj) F
Y h

∫

R
h(x1, . . . , xk)F (dx1) = 0, ∀ x2, . . . , xk.

h h
h(x1, . . . , xk)∏k

j=1 F (xj)

dn = nd−mα/2(L(n))m/2

d−k
n Un(h) d−k

n Vn(h)
(

Zm(1)

m!

)k ∫

Rk

h(x1, . . . , xk)Jm(dx1) . . . Jm(dxk),

Jm Zm



dn = nd/2−
Pd

j=1 αj

d−k
n Un(h) d−k

n Vn(h)

(Bf (1))k
∫

Rk

h(x1, . . . , xk)J1(dx1) . . . J1(dxk),

Bf J1

dn = nd/2−α

d−k
n Un(h) d−k

n Vn(h)

(B(1))k
∫

Rk

h(x1, . . . , xk)J1(dx1) . . . J1(dxk),

B J1

Fn

Y

Fn(x) = n−d
∑

j∈An

I{Yj≤x},

Vn

Vn(h) = nkd

∫

Rk

h(x1, . . . , xk)
k∏

j=1

(Fn(dxj) − F (dxj)) .

Vn(h) = nkd

∫

Rk

k∏

j=1

(Fn(xj) − F (xj))h(dx1, . . . , dxk),

d−k
n Vn(h) =

∫

Rk

k∏

j=1

ndd−1
n (Fn(xj) − F (xj))h(dx1, . . . , dxk).

D(R) R Q
∫

Rk

∏k
j=1 Q(xj)dh(x1, . . . , xk)

D(R)
ndd−1

n (Fn(x) − F (x)) = d−1
n

∑
j∈An

I{Yj≤x} − F (x)
X

Vn

Un

d−k
n (Vn(h) − Un(h)) → 0

d = 1
d

d−1
n = o(n−d/2)



f f(x, y) = f(y) − f(x)

E
(
S2

n(x, y)
)
≤ F (x, y)

∑

j,k∈A2
N

|r(k − j)|m+1

Sn(x, y) =
∑

j∈An

[
I{x<G(Xj)≤y} − F (x, y) − Jm(x, y)

m!
Hm(Xj)

]

=
∑

j∈An

∞∑

q=m+1

Jq(x, y)

q!
Hq(Xj).

E
(
S2

n(x, y)
)

=
∑

j,k∈A2
n

∞∑

q=m+1

J2
q (x, y)

(q!)2
E (Hq(Xj)Hq(Xk))

=
∞∑

q=m+1

J2
q (x, y)

q!

∑

j,k∈A2
n

rq(k − j)

≤
∞∑

q=m+1

J2
q (x, y)

q!

∑

j,k∈A2
n

|r(k − j)|q

≤
∞∑

q=m+1

J2
q (x, y)

q!

∑

j,k∈A2
n

|r(k − j)|m+1 .

∞∑

q=m+1

J2
q (x, y)

q!
≤ E(

(
I{x<G(Xj)≤y} − F (x, y)

)2

= F (x, y)(1 − F (x, y)) ≤ F (x, y).

Λ(x) = F (x) +

∫

G(s)≤x

|Hm(s)|
m!

Φ(s)ds,

Φ
F (x, y) (1/m!)Jm(x, y) Λ(x, y)



xi(k) = inf{x : Λ(x) ≥ Λ(∞)i2−k} i = 0, . . . , 2k − 1 xi(k)
k R x k = 0, . . . , K K

ik(x)
xik(x)(k) ≤ x < xik(x)+1(k).

x −∞

−∞ = xi0(x)(0) ≤ · · · ≤ xiK(x)(K) ≤ x < xiK(x)+1(K).

Sn(x)

Sn(x) =
K−1∑

k=0

Sn

(
xik(x)(k), xik+1(x)(k + 1)

)
+ Sn

(
xiK(x)(K), x

)
.

f
f(x−) x

Λ(xi−1(k), x−
i (k)) ≤ Λ(∞)2−k.

x < xiK(x)+1(K) (1/m!)Jm(x, y) ≤ Λ(x, y)
∣∣∣Sn

(
xiK(x)(K), x

)∣∣∣

≤
∑

j∈An

(
I{xiK(x)(K) < Yj ≤ x} + F

(
xiK(x)(K), x

))

+

∣∣∣∣
1

m!
Jm(xiK(x)(K), x)

∣∣∣∣

∣∣∣∣∣
∑

j∈An

Hm(Xj)

∣∣∣∣∣

≤
∑

j∈An

[
I{xiK(x)(K) < Yj ≤ xiK(x)+1(K)} + F

(
xiK(x)(K), x−

iK(x)+1(K)
)]

+ Λ(xiK(x)(K), x−
iK(x)+1(K))

∣∣∣∣∣
∑

j∈An

Hm(Xj)

∣∣∣∣∣ .

∣∣∣Sn

(
xiK (x)(K), x

) ∣∣∣

≤
∣∣∣Sn(xiK(x)(K), x−

iK(x)+1(K))
∣∣∣+ 2ndF (xiK(x)(K), x−

iK(x)+1(K))

+ 2Λ(xiK(x)(K), x−
iK(x)+1(K))

∣∣∣∣∣
∑

j∈An

Hm(Xj)

∣∣∣∣∣ .

F (x, y) ≤ Λ(x, y)

∣∣Sn

(
xiK(x)(K), x

)∣∣ ≤
∣∣∣Sn(xiK(x)(K), x−

iK(x)+1(K))
∣∣∣

+ 2Λ(∞)nd2−K + 2Λ(∞)2−K

∣∣∣∣∣
∑

j∈An

Hm(Xj)

∣∣∣∣∣ .



∑∞
k=0

ε
(k+3)2 ≤ ε

2

P

(
sup

x
d−1

N |Sn(x)| > ε

)

≤
K−1∑

k=0

P

(
sup

x
d−1

N

∣∣Sn

(
xik(x)(k), xik+1(x)(k + 1)

)∣∣ > ε

(k + 3)2

)

+ P

(
sup

x
d−1

N

∣∣∣Sn

(
xiK(x)(K), x−

iK(x)+1
(K)
)∣∣∣ >

ε

(K + 3)2

)

+ P
(
2Λ(∞)2−Kd−1

N

∣∣∣
∑

j ∈ AnHm(Xj)
∣∣∣ >

ε

2
− 2Λ(∞)ndd−1

N 2−K
)

xik(x)(k) xik+1(x)(k+1)
k + 1 i =

0, . . . , 2k+1 − 1

d−1
N Sn(xi(k + 1), xi+1(k + 1)) ≤ ε

(k + 3)2
,

sup
x

d−1
N

∣∣Sn(xik(x)(k), xik+1(x)(k + 1))
∣∣ ≤ ε

(k + 3)2
.

K−1∑

k=0

P

(
sup

x
d−1

N

∣∣Sn

(
xik(x)(k), xik+1(x)(k + 1)

)∣∣ > ε

(k + 3)2

)

≤
K−1∑

k=0

2k+1−1∑

i=0

P

(
d−1

N Sn(xi(k + 1), xi+1(k + 1)) >
ε

(k + 3)2

)

≤
K−1∑

k=0

(k + 3)4

ε2
d−2

N

2k+1−1∑

i=0

E
(
S2

n(xi(k + 1), xi+1(k + 1))
)
,

K−1∑

k=0

P

(
sup

x
d−1

N

∣∣Sn

(
xik(x)(k), xik+1(x)(k + 1)

)∣∣ > ε

(k + 3)2

)

≤ ε−2d−2
N

∑

j,k∈A2
n

|r(k − j)|m+1
K−1∑

k=0

(k + 3)4
2k+1−1∑

i=0

F (xi(k + 1), xi+1(k + 1))

≤ ε−2d−2
N

∑

j,k∈A2
n

|r(k − j)|m+1
K−1∑

k=0

(k + 3)4.



P

(
sup

x
d−1

N

∣∣∣Sn

(
xiK(x)(K), x−

iK(x)+1
(K)
)∣∣∣ >

ε

(K + 3)2

)

≤ ε−2d−2
N

∑

j,k∈A2
n

|r(k − j)|m+1 (K + 3)4.

α > 0

Nd−α

dN
≤ 1

8Λ∞
,

K =

[
log2

(
Nα

ε

)]
+ 1.

n ≤ N

2Λ∞ndd−1
N 2−K ≤ ε

4
.

dn

P

(
2Λ∞2−Kd−1

N

∣∣∣∣∣
∑

j∈An

Hm(Xj)

∣∣∣∣∣ >
ε

2
− 2Λ∞ndd−1

N 2−K

)

≤ P

(

d−1
N

∣∣∣∣∣
∑

j∈An

Hm(Xj)

∣∣∣∣∣ >
ε

4

2K−1

Λ∞

)

≤ 2−2K+2Λ2
∞16ε−2d−2

N V ar

(
∑

j∈An

Hm(Xj)

)

≤ d2
n

N2d
.

P

(
sup

x
d−1

N |Sn(x)| > ε

)
≤ ε−2d−2

N

∑

j,k∈A2
n

|r(k − j)|m+1
K∑

k=0

(k + 3)4 +
d2

n

N2d

≤ Cε−2d−2
N

∑

j,k∈A2
n

|r(k − j)|m+1 (K + 3)5 +
d2

n

N2d
,

C δ > 0

(K + 3)5 ≤
(

log2

(
Nα

ε

)
+ 1

)5

≤ C(ε)N δ,

C(ε) ε δ > 0

P

(
sup

x
d−1

N |Sn(x)| > ε

)
≤ C(ε)N δd−2

N

∑

j,k∈A2
n

|r(k − j)|m+1 +
d2

n

N2d
.



cj

cj x = u
∑d

i=1 ciyi yj

∫

Rd+1

d∏

j=1

(1 ∧ y−2
j )

∣∣∣∣∣

d∑

i=1

ciyi

∣∣∣∣∣

4α+1

|u|2α|u − 1|2αdy1 . . . dyddu

=

∫

Rd

d∏

j=1

(1 ∧ y−2
j )

∣∣∣∣∣

d∑

i=1

ciyi

∣∣∣∣∣

4α+1

dy1 . . . dyd

∫

R
|u|2α|u − 1|2αdu.

−1 < 2α < −1/2

∫

Rd

d∏

j=1

(1 ∧ y−2
j )

∣∣∣∣∣

d∑

i=1

ciyi

∣∣∣∣∣

4α+1

dy < ∞.

∫

{|
Pd

i=1 ciyi|>1}

d∏

j=1

(1 ∧ y−2
j )

∣∣∣∣∣

d∑

i=1

ciyi

∣∣∣∣∣

4α+1

dy ≤
∫

Rd

d∏

j=1

(1 ∧ y−2
j )dy < ∞.

∫

{|
Pd

i=1 ciyi|<1}

d∏

j=1

(1 ∧ y−2
j )

∣∣∣∣∣

d∑

i=1

ciyi

∣∣∣∣∣

4α+1

dy ≤
∫

Rd

d∏

j=2

(1 ∧ y−2
j )

∣∣∣∣∣

d∑

i=1

ciyi

∣∣∣∣∣

4α+1

dy.

u =
∑d

i=1 ciyi yj

∫ 1

0

|u|4α+1du

∫

Rd−1

d∏

j=2

(1 ∧ y−2
j )dy2 . . . dyd < ∞.

d = 1



∑
A2

n
r2(k − j)



X

Jn(g) =
∑

k∈An

∑

l∈An

gk−lXkXl,

An = {1, . . . , n}d (gk)k∈Zd

gk = δ−h(k) Jn(g) X h
Jn(g)

g(x) =
∑

j∈Zd gje−i<j,x> Jn(g)
g X

X E = [−π, π]d

In(x) =
1

nd

∣∣∣∣∣
∑

k∈An

Xke
i<k,x>

∣∣∣∣∣

2

=
1

nd

∑

k,l∈A2
n

XkXle
−i<k−l,x>

Jn(g) =

∫

E

g(t)In(t)dt.

d = 1 X
X

Jn(g) − E(Jn(g))

g(0) = 0 g(0) -= 0

d ≥ 1
X



Jn(g)
g(0) -= 0

Z Z
Z

Z
Z

k Y1, . . . , Yk

cum(Y1, . . . , Yk) =
∑

ν

(−1)p−1(p − 1)!E

(
∏

j∈ν1

Yj

)
. . . E




∏

j∈νp

Yj



 ,

ν = (ν1, . . . , νp) {1, . . . , k}



(Yt)t∈Rd

k

cum(Yt1 , . . . , Ytk) = cum(Y0, Yt2−t1 , . . . , Ytk−tk−1
) = ck(h1, . . . , hk−1),

hj = tj+1 − tj j = 1 . . . k − 1

Z
µ

Z
Z Hµ Hµ

f
f(−x,−y) = f(x, y)∫

|f(x, y)|2dµ(x)dµ(y) < ∞.

Hµ Hµ

∆j j = ±1, . . . ,±N Rd ∆−j = −∆j

∆i × ∆j i -= ±j
A = ∪i,j ∆i ×∆j ∆j × ∆±j

Hµ

Ĥµ

f ∈ Ĥµ Z

∫∫
f(x, y)dZ(x)dZ(y) =

∑

i,j=±1,...,±N
i$=±j

f(xi, yj)Z(∆i)Z(∆j),

f(xi, yj) f ∆i ×∆j f

f ∈ Ĥµ

E

(∫∫
f(x, y)dZ(x)dZ(y)

)
= 0,

∫∫
f(x, y)dZ(x)dZ(y) ∈ R,

f (i) A Z(A) = Z(−A)
∫∫

f(x, y)dZ(x)dZ(y) =

∫∫
sym(f)(x, y)dZ(x)dZ(y),



sym(f)(x, y) = 1
2(f(x, y) + f(y, x))

Hµ

Z
f ∈ Ĥµ

E

(∫∫
f(x, y)dZ(x)dZ(y)

)2

≤ 2

∫

R2d

|f(x, y)|2dµ(x)dµ(y).

f f(x, y) = f(y, x)

∫
|sym(f)|2dµdµ ≤

∫
|f |2dµdµ,

Ĥµ

E

(∫∫
f(x, y)dZ(x)dZ(y)

)2

= 2

∫

R2d

|f(x, y)|2dµ(x)dµ(y).

f(xi, yj) f ∆i × ∆j i -= ±j

∑

i,=±j

∑

k ,=±l

f(xi, yj)f(xk, yl)E
(
Z(∆i)Z(∆j)Z(∆k)Z(∆l)

)

=
∑

i,=±j

f(xi, yj)f(xi, yj)µ(∆i)µ(∆j).

i Z(∆i) = Z(−∆i) = Z(∆−i)

E
(
Z(∆i)Z(∆j)Z(∆k)Z(∆l)

)

= cum (Z(∆i), Z(∆j), Z(∆−k), Z(∆−l)) + E (Z(∆i)Z(∆j))E (Z(∆−k)Z(∆−l))

+ E (Z(∆i)Z(∆−k))E (Z(∆j)Z(∆−l)) + E (Z(∆i)Z(∆−l))E (Z(∆j)Z(∆−k)) .

Z
Z E[Z(∆i)Z(∆j)] = δ{i=−j}µ(∆i)

E
(
Z(∆i)Z(∆j)Z(∆k)Z(∆l)

)

= δ{i=−j}µ(∆i)δ{k=−l}µ(∆k) + δ{i=k}µ(∆i)δ{j=l}µ(∆k) + δ{i=l}µ(∆i)δ{j=k}µ(∆j)



∑

i,=±j

∑

k ,=±l

f(xi, yj)f(xk, yl)E
(
Z(∆i)Z(∆j)Z(∆k)Z(∆l)

)

=
∑

i,=±j

(
f(xi, yj)f(xi, yj) + f(xi, yj)f(xj , yi)

)
µ(∆i)µ(∆j).

f

µ Ĥµ Hµ

f ∈ Ĥµ

∫∫
fdZdZ

Hµ

f ∈ Hµ

∫∫

R2d

f(x, y)dZ(x)dZ(y)

Z
µ

f g Hµ

∫∫
f(x)g(y)dZ(x)dZ(y) =

∫
f(x)dZ(x)

∫
g(y)dZ(y)−

∫
f(x)g(x)dµ(x).

Z
Z



(εn)n∈Zd

W ε Wn [−nπ, nπ]d

A

Wn(A) = nd/2W (n−1A).

ε
W

Φn Hλ λ
Rd Φ

∫∫
Φn(x, y)dWn(x)dWn(y)

L−→
∫∫

Φ(x, y)dW0(x)dW0(y),

W0 L

ε

Bn(s, t) =

∫∫

R2d

d∏

j=1

eisjxj − 1

ixj

eitjyj − 1

iyj
dWn(x)dWn(y).

Hλn

Bn(s, t) = B∗
n(s)B∗

n(t) −
∫

[−nπ,nπ]d

d∏

j=1

eisjxj − 1

ixj

e−itjxj − 1

−ixj
dx,

B∗
n(s) =

∫
Rd

∏d
j=1

eisjxj−1
ixj

dWn(x)
B∗

n

B ε

Bn(s, t)
fidi−→ B(s)B(t) −

∫

Rd

d∏

j=1

eisjxj − 1

ixj

e−itjxj − 1

−ixj
dx.



x 5→
∏ eisjxj−1

ixj
I[0,s1]×···×[0,sd]

∫

Rd

d∏

j=1

eisjxj − 1

ixj

e−itjxj − 1

−ixj
dx =< I[0,s1]×···×[0,sd], I[0,t1]×···×[0,td] >=

d∏

j=1

sj ∧ tj ,

< > L2(Rd)

Bn(s, t)
fidi−→ B(s)B(t) −

d∏

j=1

sj ∧ tj .

B(s) =

∫

Rd

d∏

j=1

eisjxj − 1

ixj
dW0(x),

W0

Bn(s, t)
fidi−→
∫∫

R2d

d∏

j=1

eisjxj − 1

ixj

eitjyj − 1

iyj
dW0(x)dW0(y).

Hλ

Fn(Φ) =

∫∫

R2d

Φ̂(x, y)dWn(x)dWn(y).

Φ

Fn(Φ) =

∫

R2d

∂Φ(s, t)
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a(x)a(y)

[
1

nd

∫

E

g(t)
∑

ei<k,x−t>
∑

ei<l,y+t>dt

]

Hλn

Jn(g) − EJn(g) =

∫∫

E2

a(x)a(y)

[
1

nd

∫

E

g(t)
∑

ei<k,x−t>
∑

ei<l,y+t>dt

]
dW (x)dW (y).

Hn(t) =
∑
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r̂n(h) =
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∫
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Cd
(k1,...,kj,n) (n, k2, k1, n, . . . , n, k3, . . . , kj) j = d Cd
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kj=1

∑

{k,n}d∈Cd
(k1,...,kj,n)

n−1∑

kd+1=1

[
∆j

(
a({k,n}d,kd+1)

)
−∆j

(
a({k,n}d,kd+1+1)

)]
B({k,n}d,kd+1).

∆j

(
a({k,n}d,kd+1)

)
− ∆j

(
a({k,n}d,kd+1+1)

)
= ∆j+1

(
a({k,n}d,kd+1)

)
.

∑

i∈Ad+1
n

aibi = anBn +
n−1∑

k=1

∆1 (an,...,n,k)Bn,...,n,k

+
d∑

j2=1

n−1∑

k1=1

. . .
n−1∑

kj2=1

∑

{k,n}d∈Cd
(k1,...,kj2

)

∆j2

(
a({k,n}d,n)

)
B({k,n}d,n)

+
d∑

j3=1

n−1∑

k1=1

. . .
n−1∑

kj3=1

∑

{k,n}d∈Cd
(k1,...,kj3

)

n−1∑

kd+1=1

∆j3+1

(
a({k,n}d,kd+1)

)
B({k,n}d,kd+1).

anBn +
d+1∑

j=1

n−1∑

k1=1

. . .
n−1∑

kj=1

∑

{k,n}d+1∈Cd+1
(k1,...,kj ,n)

∆j

(
a{k,n}d+1

)
B{k,n}d+1

.

{k, n}d+1

j = d + 1 Cd+1
(k1,...,kd+1)

(k1, . . . , kd+1) j = d+1
j3 = d

j2 = 1
j = 1 {k, n}d+1

k1 (d+1)

j = 2, . . . , d



j2 = j {k, n}d+1 n
j3 = j − 1

{k, n}d+1 kj

j j = 1

∆1

(
k−n∑

l=k−1

u(l)

)

=
k−n∑

l=k−1

u(l) −
k−n+1∑

l=k

u(l) = u(k − 1) − u(k − n + 1)

j

∆j+1

( k1−n∑

l1=k1−1

. . .

kj+1−n∑

lj+1=kj+1−1

u(l1, . . . , lj+1)

)

=
1∑

εj+1=0

(−1)εj+1

kj+1+εj+1−n∑

lj+1=kj+1+εj+1−1

∆j




k1−n∑

l1=k1−1

. . .

kj−n∑

lj=kj−1

u(l1, . . . , lj+1)





=
1∑

εj+1=0

(−1)εj+1

kj+1+εj+1−n∑

lj+1=kj+1+εj+1−1

Uk1,...,kj(l + 1),

Uk1,...,kj(l + 1) =
1∑

ε1=0

. . .
1∑

εj=0

(−1)(
Pj

i=1 εi)u(k1 − 1 + ε1(2−n), . . . , kj − 1 + εj(2−n), lj+1).

∆j+1

( k1−n∑

l1=k1−1

. . .

kj+1−n∑

lj+1=kj+1−1

u(l1, . . . , lj+1)

)

=

kj+1−n∑

lj+1=kj+1−1

Uk1,...,kj(l + 1) −
kj+1+1−n∑

lj+1=kj+1

Uk1,...,kj(l + 1)

=
1∑

εj+1=0

(−1)εj+1Uk1,...,kj (kj+1 − 1 + εj+1(2 − n))

=
1∑

ε1=0

. . .
1∑

εj+1=0

(−1)(
P

εi)u(k1 − 1 + ε1(2 − n), . . . , kj+1 − 1 + εj+1(2 − n)).
















