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Abstract

In this paper, we study the inverse scattering of massive charged Dirac fields in the exterior region
of (de Sitter)-Reissner-Nordstréom black holes. First we obtain a precise high-energy asymptotic
expansion of the diagonal elements of the scattering matrix (i.e. of the transmission coefficients) and
we show that the leading terms of this expansion allows to recover uniquely the mass, the charge and
the cosmological constant of the black hole. Second, in the case of nonzero cosmological constant,
we show that the knowledge of the reflection coefficients of the scattering matrix on any interval of
energy also permits to recover uniquely these parameters.

1 Introduction

This paper deals with inverse scattering problems in black hole spacetimes and is a continuation of our
previous work [4]. Here we shall study the inverse scattering of massive charged Dirac fields that propagate
in the outer region of (de Sitter)-Reissner-Nordstrém black holes, an important family of spherically
symmetric, charged exact solutions of the Einstein equations that will be thoroughly described in Section
2. These spacetimes are completely characterized by three parameters: the mass M > 0 and the electric
charge @@ € R of the black hole as well as the cosmological constant A > 0 of the universe. In what
follows, these parameters will be considered as the "unknowns” of our inverse problem. In fact, the
inverse scattering problem we have in mind is the following: we assume that we are static observers living
in the exterior region of a (dS)-RN black hole, that is the region between the exterior event horizon of
the black hole and the cosmological horizon when A > 0, or the region lying beyond the exterior event
horizon of the black hole when A = 0. The geometry of the spacetime in which these observers live is thus
fixed in some sense. But, what we don’t assume however is that these observers know the exact values of
the parameters M, @ and A ”a priori”. Hence the natural question we adress is: do such observers have
any means to measure or characterize uniquely these parameters by an inverse scattering experiment?
Let us explain more precisely the exact inverse scattering problem studied in this paper. First of all,
we shall use the direct scattering theory for massive charged Dirac fields established in [3] for RN black
holes and more generally in [18] for dS-RN black holes. The point of view adopted in these papers to
describe the geometry of the black hole is that of static observers located far from the horizons (think
typically of a telescope on earth aimed at the black hole). We shall conserve this point of view here which
means in practice that all the relevant objects (such as the wave and scattering operators) used in this
work will be expressed by means of the Regge-Wheeler coordinates system. This choice of coordinates
has an important consequence in the understanding of the boundaries of the outer region of (dS)-RN
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black holes, namely either the exterior event horizon of the black hole and the cosmological horizon when
A > 0, or the event horizon of the black hole and spacelike infinity when A = 0. These boundaries are
indeed perceived by such observers as asymptotic regions of the spacetime which, moreover, may have
very different geometrical structures. This entails the following nice and peculiar picture concerning the
propagation properties of the Dirac fields ([3, 18]). First it can be proved that the energy of the fields
contained in any compact set between the two asymptotic regions vanishes at late times. Therefore, the
fields scatter toward these asymptotic regions. Second, from the point of view of our particular observers,
Dirac fields are shown to obey there simple but different equations that reflect the different geometries
of the asymptotic regions. Therefore, two distinct wave operators must be introduced according to the
asymptotic region we consider. Let us denote for the moment the wave operators corresponding to the
part of Dirac fields which scatters toward the event horizon of the black hole by W(i_oo) and the wave
operators corresponding to the part of Dirac fields which scatters toward the cosmological horizon or
spatial infinity by W(ﬁoo). These wave operators will be precisely defined in Section 2. The main result

obtained in [3, 18] asserts that the global wave operators defined by
+_ oyt +
WE=WE  +WE . (1.1)

exist and are asymptotically complete. This permits to define a global scattering operator S by the usual
formula
S=WHyw-.

The scattering operator S will be the main object of study of this paper. It encodes the scattering
data as viewed by observers living far from the horizons of a (dS)-RN black hole. We thus rephrase and
precise our initial problem in the following way. We assume that our observers have access experimentally
to the scattering operator S. More precisely, we assume that they can measure the expectation values
of S, i.e. they can measure any quantities of the form < S,¢ > where < .,. > denotes the scalar
product of the energy Hilbert space H on which S acts and v, ¢ are any element of H. The question we
adress is now: is the knowledge of S and any of its related quantities a sufficient information to uniquely
characterize the parameters M, Q and A of (dS)-RN black holes?

We can in fact be a bit more precise in the statement of the problem if we remark that the scattering
operator S can be decomposed using (1.1) as

S=T,+Tr+ L+ R,

where
_ + *TN)— _ + *TN7—
To=Whoo) Wiiaoy Tr=Wlao) Wiiaoys
and
_ + *YN)— _ + KT —
RB=Wio) Wiioy L= (W) Wiee:

Each of the terms in S corresponds to a different inverse scattering experiment. For instance, the
first two terms T and Ty, (in fact the diagonal elements of S) are understood as transmission operators.
These terms measure the part of a signal which is transmitted from one asymptotic region to the other
in a scattering process. Conversely, the last two terms L and R (the anti-diagonal elements of S) are
understood as reflection operators and correspond to the opposite experiment. These terms measure
the part of the signal which is reflected from an asymptotic region to itself. The quantities of interest -
the inverse scattering data - will be thus either the expectation values < Trv), ¢ >, < Tpw, ¢ > of the
transmission operators, or the expectation values < L), ¢ >, < R, ¢ > of the reflection operators.

In this paper, we shall study two types of inverse problems. Firstly, in the two cases of RN black
holes (A = 0) and dS-RN black holes (A > 0), we shall prove that the parameters M, @, A are uniquely



determined if we assume that the high energies of the transmission operators Tr or T, are known. Note
here that the same analysis would not be possible working wih the reflection operators R or L. The
high energies of the reflection operators are indeed non-measurable and thus cannot be used to determine
uniquely the parameters. This was mentioned in [4] (see also [12] where a similar problem was studied).
Secondly, in the case of dS-RN black holes only (A > 0), we shall prove the same uniqueness result under
the assumption that the reflection operators L or R are known on any (possibly small) interval of energy.
The reason why we do not treat this second type of inverse problem in the case of RN black hole is the
following. The structure of the scattering operator (at any energy) turns out to be more complicated in
the case of RN black holes than in dS-RN black holes. This is again a consequence of the very different
geometries of the asymptotic regions in the RN case (see below for a brief explanation). To obtain
the same uniqueness result in this last case would require thus a better understanding of the scattering
matrix. We are currently investigating this problem.

Let us now recall the results of [4] where the first kind of inverse problem was adressed in the case of
Reissner-Nordstrom black holes (i.e. with only the two parameters M, ) unknown and the cosmological
constant A equal to 0). Using the direct scattering theory for massless Dirac fields obtained in [3, 20]
and a high energy asymptotic expansion of the expectation values < Tgrt), ¢ > or < Tp1, ¢ > (as defined
above), a partial answer was then given: the mass M and the modulus of the charge |@Q| are uniquely
determined from the leading terms of this high energy asymptotic expansion. Note that the indecision
of the sign of the charge is not surprising in that case since the propagation of massless Dirac fields is
only influenced by the geometry of the black hole which in turn only depends on |Q| (see the expression
of the metric (2.2) in Section 2).

In this paper we continue our investigation and improve our results in several directions. In Section 3,
we reconsider the case A = 0 corresponding to RN black holes but study the inverse scattering of massive
charged Dirac fields instead of massless Dirac fields. Using the same approach than in [4], we show that
the mass M as well as the charge ) are uniquely determined by the leading terms of the high energy
asymptotic expansion of the transmission operators Tr or Ty. In fact, the advantage of considering
massive charged Dirac fields is that an explicit term associated to the interaction between the electric
charge of the fields and that of the black hole appears in the equation and allows to recover ) and not
|Q|. From the mathematical side, the analysis turns out to be much more involved than in [4]. The
reasons are twofold. First, from the point of view of our observers, massive Dirac fields have completely
distinct behaviours when approaching the different asymptotic regions. At the event horizon of the black
hole for instance, the attraction exerced by the black hole is so strong that massive Dirac fields seem
to behave as massless Dirac fields. The asymptotic dynamic there turns out to be very simple and is
shown to obey a system of transport equations along the null radial geodesics of the black hole!. This is
a consequence of the particular geometry (of hyperbolic type) near the event horizon (and more generally
near any horizons). Conversely, RN black holes are asymptotically flat at spacelike infinity. There, the
fields simply behave like massive Dirac fields in Minkowski spacetime and the mass of the fields, slowing
down the propagation, plays an important role. In consequence the dynamics near the two asymptotic
regions are quite different and must be treated separatly. The second and related difficulty comes from
the appearance of long-range terms in the equation but only at a single asymptotic region: spacelike
infinity. This entails new technical difficulties such as a modification of the standard wave operators at
infinity and we need to work harder to obtain the high energy asymptotic expansion of the transmission
operators. An interesting feature we would like to emphasize is that, eventhough we are considering high
energies, the rest mass and the charge of Dirac fields do contribute to the asymptotic expansion of the

IWe emphasize again here that this simple expression for the asymptotic dynamic at the event horizon (in fact at any
horizons) is only true from the point of view of observers living far from the horizons. Adopting another point of view such
as the one of local observers living near a horizon would lead to a very different asymptotic dynamic.



scattering matrix. This can be clearly seen from the reconstruction formulae obtained in Thm 3.2. At
last, we also mention that the model studied in this Section can be viewed as a good intermediate model
before studying the same inverse problem in the more complicated geometrical setting of Kerr black holes.
As shown in [13] indeed, the appearance of long-range terms in the equation (even for massless Dirac
fields) is compulsory in that case as a side effect of the rotation of the spacetime.

In Section 4, we consider the case of nonzero cosmological constant A > 0, that is de Sitter-Reissner-
Nordstrom black holes and the three parameters M, @), A are supposed to be a priori unknown. The two
asymptotic regions are the event horizon of the black hole and the cosmological horizon. From the point
of view of our observers, massive Dirac fields seem to behave as massless Dirac fields when approaching
the horizons and as before, their propagation there obeys essentially a system of transport equations
along the null radial geodesics of the black hole. However, different oscillations appear in the dynamics
near these two horizons, once again due to the interaction between the charge of the field and that of the
black hole. In consequence, Dirac fields evolve asymptotically according to slightly different dynamics in
that case too. In Subsection 4.1, using the results of the previous part, we shall obtain a high energy
asymptotic expansion of the transmission operators Tr and T;, and we shall prove that the parameters
M, Q and A are uniquely characterized by the leading terms of this asymptotic expansion. In Subsection
4.2, we consider an inverse scattering problem based on the knowledge of the reflection operators R or
L on a (small) interval of energy. As already mentioned, a high energy aymptotic expansion of these
reflection operators doesn’t give any information and can’t be used to solve the inverse problem. To study
this case, we follow instead the usual stationary approach of inverse scattering theory on the line. We
refer for instance to the review by Faddeev [8] and to the important paper by Deift and Trubowitz [6] for
a presentation of the method for Schrodinger operators and to the nice paper [1] for a recent application
to Dirac operators (see also [12, 15]). We shall first obtain a stationary representation of the scattering
operator S in terms of the usual transmission and reflection ”coefficients” (note that these turn out to
be matrices in our case). This is done after a serie of simplifications of our model which happens finally
to reduce to a particular case of the model studied in [1]. Then we use the analysis of [1], namely a
classical Marchenko method based on a detailed analysis of the stationary solutions of the corresponding
Dirac equation, to prove the following result: the knowledge of one of the reflection operators L or R
at all energies is enough to uniquely characterize the parameters M,(Q and A. Eventually, we improve
this result observing that, in the dS-RN model, the reflection operators R or L are in fact analytic in
the energy variable on a small strip containing the real axis. Hence it is enough to know R or L on
any interval of energy in order to uniquely know them for all energies. Applying the result of [1], this
leads to the uniqueness of the parameters in that case too. Note finally that a stationnary representation
of the scattering operator in the case of RN black holes would drastically differ to the one obtained in
Subsection 4.2 for dS-RN black holes. This is due to the presence of long-range terms at spacelike infinity
that change the asymptotic behaviours of stationary solutions and thus the structure of the scattering
matrix. In particular, the stationary representation obtained in [1] could not be used in this case.

We finish this introduction saying a few words on the main technical tool used in Sections 3 and 4
to prove our uniqueness results from the high energies of the transmission operators Tr ot T7. These
are based on a high-energy expansion of the scattering operator S following an approach introduced by
Enss and Weder in [7] in the case of multidimensional Schrédinger operators. (Note that the case of
multidimensional Dirac operators in flat spacetime was treated later by Jung in [17]). Their result can
be summarized as follows. Using purely time-dependent methods, they showed roughly speaking that
the first term of the high-energy expansion of S is exactly the Radon transform of the potential they
are looking for. Since they work in dimension greater than two, this Radon transform can be inversed
and the potential thus uniquely recovered. In our problem however, due to the spherical symmetry of
the black hole, we are led to study a family of one dimensional Dirac equations and the above Radon



transform simply becomes an integral of a one-dimensional function, hence a number, and cannot be
inversed. Fortunately in our models, it turns out that this integral can be explicitely computed and
gives in general already a physically relevant information. Nevertheless, it is not enough to uniquely
characterize all the parameters of the black hole. In fact, we need to calculate several terms of the
asymptotic (and thus obtain several integrals) to prove our result. To do this, we follow the stationary
technique introduced by one of us [21] which is close in spirit to the Isozaki-Kitada method used in
long-range scattering theory [16]. The basic idea is to replace the wave operators (and thus the scattering
operator) by explicit Fourier Integral Operators, called modifiers, from which we are able to compute
the high-energy expansion readily. The construction of these modifiers and the precise determination of
their phases and amplitudes will be given in a self-contained manner in Section 3. Note also that the
similar results proved in our previous paper [4] couldn’t be applied directly to our new model because
of the presence of long-range terms in the equation. At last we mention that, while this method was
well-known for Schrédinger operators and applied successfully to various situations (see [2, 21, 22, 23]), it
has required some substantial modifications when applied to Dirac operators, essentially because of the
matrix-valued nature of the equation. To deal with these difficulties, we made an extensive use of the
paper by Géatel and Yafaev [9] where a direct scattering theory of massive Dirac fields in flat spacetime
was studied and modifiers were constructed.

2 (De Sitter)-Reissner Nordstrom black holes and Dirac equa-
tion

In this section, we describe the geometry of the exterior regions of (de Sitter)-Reissner-Nordstrom black
holes. In particular, we emphasize the point of view adopted for the observers as well as the different
properties of the asymptotic regions mentioned in the introduction, clearly distinguishing between the
cases of zero and nonzero cosmological constant A. We then express in a synthetic manner the equations
that govern the evolution of massive charged Dirac fields in these spacetimes. We end up this section
recalling the known direct scattering results of [3, 18] and introducing the scattering operator S.

2.1 (De Sitter)-Reissner-Nordstrém black holes

In Schwarzschild coordinates a (de Sitter)-Reissner-Nordstrom black hole is described by a four dimen-
sional smooth manifold
M=R; xR} x 52,

equipped with the lorentzian metric

g=F(r)dt* — F(r)"tdr? — r?dw?, (2.1)
where MQP A
2 r

Firy=1-"2 4% A 2.2

(r) r + r2 3’ (2.2)

and dw? = df? + sin? @ dyp? is the euclidean metric on the sphere S2. The constants M > 0, Q@ € R
appearing in (2.2) are interpreted as the mass and the electric charge of the black hole and A > 0 is
the cosmological constant of the universe. Observe that the function (2.2) and thus the metric (2.1) do
not depend on the angular variables 0, ¢ € S? reflecting the fact that dS-RN black holes are spherically
symmetric spacetimes.



The family (M, g) are in fact exact solutions of the Einstein-Maxwell equations
1
G#V = 8’]'1'1-}_“,7 Gl“’ = R,u.u + §Rgl“/ + Agl“” (23)

Here G, R, and R denote respectively the Einstein tensor, the Ricci tensor and the scalar curvature
of (M, g) while T}, is the energy-momentum tensor

1 1 i
T = E(FMpFup - ngFpUF” ): (2.4)
where F),, is the electromagnetic two-form solution of the Maxwell equations V*F,, = 0, V[, F, ;) = 0
and given here in terms of a global electromagnetic vector potential

Q

r

F, = V[“AV], A, dx¥ = dt. (2.5)

The metric g has two types of singularities. Firstly, the point {r = 0} for which the function F is
singular. This is a true singularity or curvature singularity 2. Secondly, the spheres whose radii are the
roots of F (note that the coefficient of the metric g involving F~! blows up in this case). We must
distinguish here two cases. When the cosmological constant is positive A > 0 and small enough, there
are three positive roots 0 < r_ < rg < r; < 400 . The spheres of radius r_,ry and r; are called
respectively Cauchy, event and cosmological horizons of the dS-RN black hole. When A = 0, the number
of these roots depends on the respective values of the constants M and . In this paper we only consider
the case M > |Q| for which the function F' has two zeros at the values r— = M — /M? — Q? and
rg = M + \/M? — Q2. The spheres of radius r_ and rq are called respectively the Cauchy and event
horizons of the RN black hole. In both situations, the horizons are not true singularities in the sense
given for {r = 0}, but in fact coordinate singularities. It turns out that, using appropriate coordinate
systems, these horizons can be understood as regular null hypersurfaces that can be crossed one way but
would require speeds greater than that of light to be crossed the other way. We refer to [14] and [28] for
a introduction to black hole spacetimes and their general properties.

As mentioned in the introduction, we shall consider in this paper inverse scattering problems from
the point of view of static observers living in the exterior region of a (dS)-RN black hole, that is the
region {rg < r < r4} when A > 0 or the region {ro < r < 400} when A = 0, and located far from the
horizons. Such observers are well described by the variable ¢ of the Schwarzschild coordinates meaning
that ¢ corresponds to their proper time. Since the metric is singular then, it is important to understand
the roles of the singularities - the horizons - as the natural boundaries of the exterior region. It turns
out that they are perceived by such observers as asymptotic regions of spacetime. Precisely, this means
that they are never reached in a finite time ¢ by incoming and outgoing null radial geodesics, i.e the
trajectories followed by classical light-rays aimed radially at the black hole and either at the cosmological
horizon if A > 0 or at infinity if A = 0. To see this point more easily, we introduce a new radial coordinate
x, called the Regge-Wheeler coordinate, which has the property of straightening the null radial geodesics
and will, at the same time, greatly simplify the later analysis. Observing that for all A > 0 the function
F(r) in the metric (2.2) remains always positive in the exterior region, it can be defined implicitely by

the relation
dr

Z—F 2.
T (r) >0, (2.6)
or explicitely, by . , 1 9
x = o [log(r 7o) /r0 (y — F(y))dy} +C, (2.7)

21t means that certain scalars obtained by contracting the Riemann tensor blow up when r — 0.



where the quantity
1
Ko = §F/(7“0) >0,
is called the surface gravity of the event horizon and C' is any constant of integration. Note that, when

A > 0, the Regge-Wheeler variable could be also defined explicitely by

T = i [log(r+ —r)— /TT+ (“%y + ;I({;))dy] +C, (2.8)

where the quantity
1
Ky = §F/(7“+) <0,

is called the surfave gravity of the cosmological horizon. Moreover, in the case A = 0, the expression

(2.7) simplifies as
2

1
rT=r+ glog(r—ro) + log(r —r-) +C. (2.9)

0 o —T—

In the coordinate system (¢,z,w), it is easy to see from the logarithm in (2.7) and (2.9) and the
positive sign of kg that the event horizon {r = r¢} is pushed away to {x = —oo} for all A > 0. Similarly
it follows from (2.8) and the negative sign of £ that the cosmological horizon {r = r, } is pushed away
to {x = 400} when A > 0. Hence in any case the Regge-Wheeler variable x runs over the full real line
R. Moreover, by (2.6), the metric takes now the form

g = F(r)(dt* — da?) — r’dw?, (2.10)

from which it is immediate to see that the incoming and outgoing null radial geodesics are generated by

the vector fields % + % and take the simple form

’Yi(t) = (t,l‘o + tawo)a te Rv (211)

where (x9,wp) € R x S% are fixed. These are simply straight lines with velocity 4-1 mimicking, at least
in the ¢t — z plane, the situation of a one-dimensional Minkowski spacetime. At last, using (2.11), we can
check directly that the event horizon and the cosmological horizon (when A > 0) are asymptotic regions
of spacetime in the sense given above.

From now on we shall only consider the exterior region of dS-RN black holes and we shall work on
the manifold B = R; x 3 with ¥ = R, x S2, equipped with the metric (2.10). Such a manifold B is
globally hyperbolic meaning that the foliation ¥; = {t} x ¥ by the level hypersurfaces of the function ¢,
is a foliation of B by Cauchy hypersurfaces (see [28] for a definition of global hyperbolicity and Cauchy
hypersurfaces). In consequence, we can view the propagation of massive charged Dirac fields as an
evolution equation in ¢ on the spacelike hypersurface X, that is a cylindrical manifold having two distinct
ends: {x = —oo} corresponding to the event horizon of the black hole and {x = 400} corresponding to
the cosmological horizon when A > 0 and to spacelike infinity when A = 0. Note that the geometries
of these ends are distinct in general. The event and cosmological horizons are indeed exponentially large
ends of 3 whereas spacelike infinity is an asymptotically flat end of ¥ (in the latter, observe that the
metric (2.2) tends to the Minkowski metric expressed in spherical coordinates when r — +o00). The
difference between these geometries will be easily seen from the distinct asymptotic behaviours of Dirac
fields near these regions given in the next subsection.



2.2 Dirac equation and direct scattering results

Scattering theory for massive charged Dirac fields on the spacetime B has been the object of the papers
[3, 18]. We briefly recall here the main results of these papers. In particular, we use the form of the Dirac
equation obtained therein.

First, the evolution equation satisfied by massive charged Dirac fields in B can be written under the
Hamiltonian form

10y = Hup, (2.12)
where 1 is a 4-components spinor belonging to the Hilbert space
H = L*(R x S%;CY),
and the Hamiltonian H is given by
H =T'D, +a(x)Dg> + b(x)T" + c(x). (2.13)

Here we use the following notations. The symbol D, stands for —id, whereas Dg2 denotes the Dirac
operator on S? which, in spherical coordinates, takes the form

cot 0 )
2 ) -

Dg> = —iT?(9p + I?9,. (2.14)

sin 6

The potentials a, b, ¢ are scalar smooth functions given in terms of the metric (2.1) by

a@) = YEO by = mF@), ety = 29 (2.15)

r r

where m and ¢ denote the mass and the electric charge of the fields respectively. Finally, the matrices
', 12,173, T'% appearing in (2.13) and (2.14) are usual 4x4 Dirac matrices that satisfy the anticommutation

relations o o
"7 + IV = 26;;1d,  Vi,5=0,..,3. (2.16)

Second, we use the spherical symmetry of the equation to simplify further the expression of the Hamil-
tonian H. Since, the Dirac operator Dg2 has compact resolvent, it can be diagonalized into an infinite
sum of matrix-valued multiplication operators. The eigenfunctions associated to Dg2 are a generalization
of the usual spherical harmonics called spin-weighted spherical harmonics. We refer to .M. Gel’Fand and
Z.Y. Sapiro [10] for a detailed presentation of these generalized spherical harmonics and to [3, 18] for an
application to our model. There exists thus a family of eigenfunctions F of Dg> with the indexes (I,n)
running in the set Z = {(I,n),l — |3| € N, — |n| € N} which forms a Hilbert basis of L?($%;C*) with the
following property. The Hilbert space H can then be decomposed into the infinite direct sum

H= @ [LPRiCYF] = P Hi,

(I,n)eT (I,n)eT

where Hj, = L?(R,; C*) ® F! is identified with L?(R; C*) and more important, we obtain the orthogonal
decomposition for the Hamiltonian H
e @

(I,m)ez

with
H'™ = Hyyy,, =T'Dy + a(2)T% + b(2)T + (), (2.17)



and a;(z) = —a(x)(l + %). Note that the Dirac operator Dg= has been replaced in the expression of H'™
by — (I + %)F2 thanks to the good properties of the spin-weighted spherical harmonics F\. The operator
H™ is a selfadjoint operator on Hj, with domain D(H'™) = H'(R;C*). Finally we use the following
representation for the Dirac matrices I'', T2 and I'° appearing in (2.17)

10 0 0 0 0 0 1 0 0 —i 0

. 01 0 0 > |0 0 -1 0 o 0 0 o0

=100 -1 o> T"=lo=1t 0o "=|io 0o (2.18)
00 0 -1 1 0 0 0 0 —i 0 0

In this paper it will be often enough to restrict our analysis to a fixed harmonic. To simplify notations
we shall thus simply write H, H and a(z) instead of H;,,, H'™ and a;(z) respectively and we shall indicate
in the course of the text whether we work on the global problem or on a fixed harmonic.

Let us summarize now the direct scattering results obtained in [3, 18]. It is well known that the main
information of interest in scattering theory concerns the nature of the spectrum of the Hamiltonian H.
Our first result goes in this sense. Using essentially a Mourre theory (see [19]), it was shown in [3, 18]
that, for all A > 0,

opp(H) =0,  osing(H) = 0.

In other words, the spectrum of H is purely absolutely continuous. In consequence, massive charged
Dirac fields scatter toward the two asymptotic regions at late times and they are expected to obey
simpler equations there. This is one of the main information encoded in the notion of wave operators
that we introduce now.

We first treat the case A = 0 corresponding to RN black holes. From (2.2) and (2.9), the potentials
a,b, ¢ have very different asymptotics as * — +oo (according to our discussion above this reflects the
fact that the geometries near the two asymptotic regions are very different). At the event horizon, there
exists a > 0 such that

la(@)], b(@)], [e@) — ol = O(e*), @ — oo, (2.19)

where the constant ¢ is given by (see (2.15))

_Q

To

€o

Hence we can write the Hamiltonian H as
H=Hy+Vy, Ho=T'Dy+co, Vo(x)=a(@)?+bz)I°+ (c(z) - co),

where the potential Vj is then short-range when £ — —oo. In consequence, we can choose the asymptotic
dynamic generated by the Hamiltonian Hy = I'' D, + cg as the comparison dynamic in this region. The
Hamiltonian Hy is a selfadjoint operator on H with its spectrum covering the full real line, i.e. o(Hy) = R.
Note finally that due to the simple diagonal form of the matrix I'*, the comparison dynamic e~*Ho ig
essentially a system of transport equations along the curves = + ¢, that is the null radial geodesics of the
black hole.

Conversely at infinity, the potentials a, b, ¢ have the asymptotics

la(@)], |b(z) —ml, |e(z)| = O(=), @ — +oo. (2.20)

Hence we can write the Hamiltonian H as

H=H"+Vy", HP=T'D,+ml° Vi"(z)=a(x)l?+ (b(x) —m)T° +c(z),



where the potential Vj" is now a long-range potential having Coulomb decay when  — +oo. The
asymptotic dynamic is generated by the Hamiltonian HJ* = I''D, + mI'%, a classical one-dimensional
Dirac Hamiltonian in Minkowski spacetime. The Hamiltonian H{"* is a selfadjoint operator on H and its
spectrum has a gap, i.e. o(H{J") = (—00, —m) U (+m, +00). However, contrary to the preceding case, the
asymptotic dynamic e 0" cannot be used alone as a comparison dynamic because of the long-range
potential Vg™, but must be (Dollard)-modified.

In order to define this modification and for other use, we need to introduce the classical velocity

operators
Vo=T" Vi =D, (H") ™,

associated to the Hamiltonians Hy and H{" respectively. The classical velocity operators are selfadjoint
operators on H and their spectra are simply o(I'') = {—1,+1} and o(V,,) = [~1, +1]. Let us also denote
by Py and PP the projections onto the positive and negative spectrum of I'! and V,,, i.e.

Py =1p=(TY), PP =1 (V).

As shown in [3], a great interest of these projections is that they permit to separate easily the part of the
fields that propagate toward the event horizon and the part of the fields that propagate toward infinity.
They will be used in the definition of the wave operators below. Moreover, the classical velocity operator
Vp enters in the expression of the Dollard modified comparison dynamic at infinity proposed in [3] and
given by

U(t) _ e—ii&H(’,"e—ifOt [(b(svm)—m)m(Hé")71+c(svm)] ds. (2.21)

Let us make here two comments. First, the potential a(z)['? turns out to be a ”false” long-range term.
This is clear from (2.21) where the asymptotic dynamic e~ ™H5" has been modified by an extra phase
which only involves the long-range potentials b and ¢. We refer to [3] for an explanation of this particular
point. Second, we shall propose in Section 3 a new time-independent modification of the comparison
dynamic e~ 0" which will be a direct byproduct of our construction of modifiers in the spirit of Isozaki-
Kitada’s work [16]. This new modification will be shown to be equivalent to the Dollard modification
(2.21) in Theorem 3.3.

We are now in position to introduce the wave operators associated to H. At the event horizon, we
define

W(jioo) =s5— tliimoo eitHe_itHonF, (2.22)
whereas at infinity, we define ‘
Wy =5— i tHU () P (2.23)

Finally, the global wave operators are given by

+ _wt +
W= = W(_Oo) + Wi (2.24)
Note here our use of the projections Py and P}’ to separate the part of the field propagating toward the
event horizon to the part of the field propagating toward infinity. In fact without these projections, the

wave operators (2.22) and (2.23) wouln’t exist at all. More precisely the main result of [3] is

Theorem 2.1 The wave operators W(jioo), W(ﬁoo) and W* exist on H. Moreover, the global wave
operators W= are partial isometries with initial spaces HE,,, = P (H) + P{(H) and final space H. In

particular, W= are asymptotically complete, i.e. Ran W+ =H.
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As a direct consequence of Theorem 2.1, we can define the scattering operator S by the usual formula
S=WHyw-. (2.25)
It is clear that S is a well-defined operator on H and a partial isometry from H_,, into HJ,.
We now treat the case A > 0 corresponding to dS-RN black holes wich turns out to be a little bit
more symmetric at the two (event and cosmological) horizons. According to (2.2), (2.7) and (2.8), the
potentials a, b, ¢ have the following asymptotics as x — Foc0. There exists a > 0 such that

la(@)l, [b(z)| = O(e=1),  |a| — oo, (2.26)
and

le(z) —co]l = O(e*™), x— —o0, (2.27)

le(x) —er] = O(e™*), x— +oo, (2.28)

where the constants ¢y and ¢y are given by (see (2.15))

_qQ _qQ
= — Cy = —.

2.29
To Ty ( )

Co

Hence, the potentials a,b are short-range when x — 400 and ¢ — ¢y and ¢ — ¢y are short-range when
x — —oo and x — +o00 respectively. At the event horizon, we choose as before the asymptotic dynamic
generated by the Hamiltonian Hy = I''D, + ¢y as the comparison dynamic while, at the cosmological
horizon, we choose the asymptotic dynamic generated by the Hamiltonian H, = I''D, + c, as the
comparison dynamic. The Hamiltonians Hy and H, are clearly selfadjoint operators on H and their
spectra are exactly the real line, i.e. o(Hp) = o(H;) = R. We observe eventually that the dynamics
e~ Ho and e7"H+ are essentially a system of transport equations along the null radial geodesics of the
black hole but they differ by the distinct oscillations e =% and e~#¢+,

We need the classical velocity operators associated to Hy and H in order to separate the part of
the fields that propagate toward the event horizon and the part of the fields that propagate toward the
cosmological horizon. It turns out that they are equal to Vo = I'! in both cases and the associated
projections onto the positive and negative spectrum are still P.. Thus we can introduce the wave
operators as before. At the event horizon, we define

WE ) =s— lim efetfop,, (2.30)

t—too

and at the cosmological horizon, we define

W(f_oo) =5— tliimoo etHe=ithep, (2.31)

Finally, the global wave operators are given by

W =W

Coo) P WG (2.32)

(+00)
The main result of [18] is

Theorem 2.2 The wave operators W(jioo), wE and W* exist on H. Moreover, the global wave

(+o0)
operators W* are isometries on ‘H. In particular, W+ are asymptotically complete, i.e. Ran W+ =H.
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Thanks to Theorem 2.2, we can define the scattering operator S as in (2.25) by S = (W+)*W~ which is
a well-defined isometry on H.

We deduce from the previous discussion that, for all A > 0, the scattering operator S is a well-defined
operator on H. For all ¢,¢ € H, we shall consider in the following the expectation values of S, given
by < S, $ >, as the known data of our inverse problem. Moreover, using (2.24) and (2.32), we observe
that these expectation values can be decomposed into 4 natural components

<SP, p>=<W P, Whrep>=<Tri),¢p >+ < Trh,¢p >+ < Lap,¢p > + < Rip, ¢ >,

where
<TrY,p >=< W@oc)% W(too)¢ >, <Tpy, ¢ >=< W(__oo)% W(-:_OO)d) >, (2'33)
<L, ¢ >=<W_ . W' 6> < Rp,¢>=<W bWl _o>. (2.34)

It follows from our definitions of the wave operators (2.22), (2.30) and (2.23), (2.31) that the previous
quantities can be interpreted in terms of transmission and reflection between the different asymptotic
regions, i.e. {x = —oo} for the event horizon of the black hole and {x = +o0o} for either spacelike infinity
if A = 0, or the cosmological horizon if A > 0. For instance, < Tr, ¢ > corresponds to the part of a
signal transmitted from {z = 400} to {x = —oo} in a scattering process whereas the term < T4, ¢ >
corresponds to the part of a signal transmitted from {x = —oco} to {x = +o0}. Hence Tx stands for
”transmitted from the right” and Ty, for ”transmitted from the left”. Conversely, < L), ¢ > corresponds
to the part of a signal reflected from {z = —oo} to { = —oo} in a scattering process whereas the term
< Rip, ¢ > corresponds to the part of a signal reflected from {z = 400} to {z = +oo}.

3 The inverse problem when A =0

In this section, we study the inverse problem at high energy in the case A = 0 that corresponds to RN
black holes. Let us recall here that all the results and formulae given hereafter are always obtained
on a fixed spin-weighted spherical harmonic. Therefore the notations H, H,a(z) are a shorthand for
Hin, H™, a;(z) defined in the preceding Section. In order to state our main result, we make two assump-
tions.

Assumption 1: We assume that our observers may measure the high energies of the transmitted operators
Tr or Ty,. Precisely, we assume that one of the following functions of A € R

Fi(\) =< Tre, e >, Gi(\) =< Tpe ), e >,

are known for all large values of A, for all [ € N where [ indexes the spin-weighted spherical harmonics
and for all ¢, ¢ € H with ¥, ¢ € C5°(R; C*).

Assumption 2: We also assume that the mass m and the charge g of the Dirac fields considered in these
inverse scattering experiments are known and fixed. Moreover we assume that ¢ # 0 since the case ¢ = 0
is similar to the one treated [4].

The main result of this section is now summarized in the following Theorem

Theorem 3.1 Under assumptions 1 and 2, the parameters M and @Q of the RN black hole are uniquely
determined.
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Following our previous paper [4], the proof of Theorem 3.1 will be based on a high-energy asymptotic
expansion of the functions Fj(A) and Gj(A) when A — +oo. Precisely we shall prove the following
formulae:

Theorem 3.2 (Reconstruction formulae) Let ¢, ¢ € C5°(R;C*). Then for \ large, we obtain

F) = <O@Py,Pg>+o < APy, P_g>+ O, (3.1)
GN) = <O@)PY, Pro >~ < AP, Prg > + O, (3.2)

where 8(z) and A(x) are multiplication operators given by

@(1,) _ efifgoo[c(s)fco]ds+i50m’ (33)

+oo 0 +oo
A(z) = @(m)(/ ai(s)ds + / b2 (s)ds + / (b(s) —m)?ds + m2x>. (3.4)
—0o0 —0o0 0
Remark 3.1 In Theorem 3.2, we have emphasized the dependence of the functions Fi(\) and Gi(\) on
the parameter 1 since the reconstruction formulae (3.1) and (3.2) can be derived if we work on a fized
spin-weighted spherical harmonic only. Nevertheless, as indicated in Assumption 1 we shall need to
know these formulae on all spin-weighted spherical harmonics, hence for all | € N, in order to prove the
uniqueness result stated in Theorem 3.1.

Remark 3.2 In the reconstruction formulae of Thm 3.2, the physical contributions are the phase €%
appearing in (3.3) and the functions fj;o a?(s)ds + m*z appearing in (5.4). The presence of these
terms clearly show that the charge q through co and the mass m of Dirac fields contribute to the high
energy asymptotics of the transmitted operators. On the other hand, the constant terms fgm[c(s) —¢olds
in (3.3) and fi)oo b%(s)ds + f0+oo(b(s) —m)?ds in (3.4) may appear unnatural at first sight since they
depend explicitely on the particular value 0 of the Regge- Wheeler variable x. They are in fact due to our
particular choice of Dollard modification in the definition of the modified wave operators W(f_oo). Recall
here indeed that there is no canonical choice for the (necessary) modifications entailed by the presence
of long-range potentials at infinity. This point can be easily seen for instance from the Isozaki-Kitada
modifications -constructed in the next Subsection- whose phases are defined only up to a constant of
integration (see (3.26) and Remark 3.4 after it). The above constant terms can thus be understood as
constants of integration depending on our particular choice of modification. We emphasize at last that
these constants of integration do not play any role in our proof of the uniqueness of the parameters.

Remark 3.3 In this paper, we use the high-energy asymptotics of the quantum wave operators for Dirac
fields in order to reconstruct the mass and the charge of the black hole. An other interesting question would
be to study the same inverse problem, but from the semiclassical dynamics, or even from the classical ones.
According to the authors, these problems are still open. However, for semiclassical Schridinger operators
with energies localized in an arbitrary small interval, an inverse scattering problem was studied in [24],
for reqular potentials at infinity; for the Newton equations at high energies, this problem was treated by
Nowikov in [25].

We now explain our strategy to prove Theorem 3.2. Using (2.22), (2.23), (2.33) and the fact that e***
corresponds to a translation by A in momentum space, we first rewrite Fj(\) and G;(\) as follows

FO) = < W 6, W (N6 >, (35)
Gl(/\) = < W(__OO)()\W, W(—:_oo)(/\)(b >, (3-6)
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with

W(i_oo) ()\) — efi)\zw(i_oo)eikz — 5— ) hin eitH()\) efitHo()\)P$,
+ _ —ideppE ideo_ .1 itH(N)  —iX (6,\) —itHI (A) pmsA
W(+OC)()\) = "W = s tllimoo e e e~ "o ) piin

where we use the notations

H\) =TYD, + ) + a(x)I? + b(x)T° + ¢(x), Ho(\) =TYD, + \) + co,

HE'(\) = TH D, +X) +mI°, V(N = (Dg + 2 (B (V) ™, PE = 152 (Vn (M),

X(t,\) = /0 [(b(st(/\)) —m)m(HF(\) ™ + c(st()\))}ds.

In order to obtain an asymptotic expansion of the functions F;(\) and G;()), it is thus enough to
obtain an asymptotic expansion of the A-shifted wave operators W(jftoo)(/\). To do this, we follow the
procedure exposed in [21, 22], procedure inspired by the well-known Isozaki-Kitada method [16] developed
in the setting of long-range stationary scattering theory. It consists simply in replacing the wave operators

W(ioo)(/\) by “well-chosen” energy modifiers J(ioo)()\), defined as Fourier Integral Operators (FIO) with

explicit phases and amplitudes. Well-chosen here means practically that we look for J, (iioo) (\) satisfying
for A large enough

WE N = lim e TVIE (e oM Py, (3.7)
Wi We = lim eHOJE (e TN Py, (3.8)

and
W E )N = Ty A2 = O(A3), (3.9)

for any fixed 1 € H such that ¢ € C§°(R; C*). Note that the decay O(A=2) in (3.9) could be improved
to any inverse power decay but turns out to be enough to our purpose here. In particular if we manage
to construct such J(j::too)()\> satisfying (3.9) then we obtain by (3.5) and (3.6)

Fi) = <50y JE (N >+ O, (3.10)
Gi(A) = <IN I (N >+ 0(A7?),

from which we can calculate the first terms of the asymptotics easily.
Let us here give a simple but useful result which allows us to simplify slightly the expressions of (3.7)
and (3.8).

Lemma 3.1 For all £ € R*, set
vE(€) = sgn(€) VE + m?. (3.11)
Then, for all ¥ with supp 1[) CR*,
e~ itHE pmy — e‘””i(Dw)PﬂTdJ. (3.12)
Moreover,

e"itHop, — FitDa—itcop (3.13)

14



Proof: The Fourier representation of the operator H{ is T''¢ + mI'® and has precisely one positive
eigenvalue /&2 + m?2 and one negative eigenvalue —+/&2 +m?2. Similarly, the Fourier representation of
the classical velocity operator V,, is £2+ > (T1¢ + mI%). Hence, for ¢ > 0, P is the projection onto
the positive spectrum of I''é +mI'® and P™ is the projection onto the negative spectrum of I''¢é + mI'°.
For £ < 0, it is the opposite. This implies immediately (3.12). Finally the equality (3.13) is a direct
consequence of the definitions of Hy and Py.

According to Lemma 3.1, the projections Pi and P allow us to ”scalarize” the Hamiltonians Hy
and HJ" in the expressions (3.7) and (3.8) of W= __ (\). Precisely these expressions read now

(Fo0)
W(i_oo) ()\)w — tl}gloc e'LtH()\)Ji_OO) (A)e¥it(Dx+>\)—itCOP:Fw’ (314)
: i —itvE(Dy m,
Wioy N = lim "TVE (e (DA Py, (3.15)

This minor simplification will be important in the forthcoming construction of the modifiers J (iioo) (N
Before entering into the details, let us give a hint on how to construct the modifiers J(ioo)()\) a priori

defined as FIOs with “scalar” phases cp(iioo)(x,f, A) and “matrix-valued” amplitudes p(iioo)(x7§, A), i.e
defined for all ¢y € H by

_ 1 i i:too (z,€,0) ~
T = = [ TN (o M€

If we assume for instance that (3.15) is true then we easily get
+ + e H(\) ~E itvE (Dy+X A
(W(+oo)()‘> J(Jroo)()‘))w = Z/0 e’ )C(+oo)()‘)e_zw (Dot )Pf) pdt, (3'16)

where
CEooy V) 1= HOJF )N = T AV E(Ds + ), (3.17)

are also FIOs with phases <p(+oo)(x,§, A) and amplitudes c(+oo)(m,£, A). From (3.16) we get the simple
estimate

+oo L
V) = Ty O < [ I ) €7 P P (3.18)

In order that (3.9) be true it is then clear from (3.18) that the FIOs C(ﬂioo)()\) have to be “small” in
some sense. Precisely we shall need that the amplitudes c( +oo)(:v,g,)\) be short-range in the variable
2 at infinity (i.e. When r — +00) and of order O(A~2) when A — +o0o. Note here the role played

by the projections P * which allow us to con51der the part of the Dirac fields that propagate toward

infinity. This explains why the amplitudes c( Too (:r &, A) must short-range in the variable z only at

infinity. Similarly, for the construction of the modlﬁers J( oO)()\), we shall require that the amplitudes
f_m)(m, &, \) of the corresponding operators C(_OO)()\) be short-range in the variable z only at the event

horizon (i.e. when  — —o0) and of order O(A=2) when A\ — +o0.

. +
3.1 Asymptotics of W (\)

In this subsection, we construct the modifiers J(froo)(/\) and give the asymptotics of W(ﬁoo)(/\) when
A — +o0. For simplicity, we shall omit the lower index (+00) in all the objects defined hereafter.

15



We first look at the problem at fixed energy (i.e. we take A = 0 in the previous formulae). Hence
we aim to construct modifiers J* with scalar phases ¢*(z,¢) and matrix-valued amplitudes p*(z, )
such that the amplitudes c*(z, &) of the operators C* = HJ* — J*u*(D,) be short-range in = when
x — +o0o. We adapt here to our case the treatment given by Gétel and Yafaev in [9] where a similar
problem was considered in Minkowski spacetime (see also our recent paper [4]).

The operators C* are clearly FIOs with phases o™ (z,£) and amplitudes

E(z,8) = BE (2, Op*(2,€) — iM p™ (2, ©), (3.19)

where
BE(x,€) = 110,07 (2,€) + a(x)T? 4 b(z)I° + c(z) — vE(€). (3.20)

As usual we look for phases ¢ close to ¢ and amplitudes pT close to 1. So the term 9,p™ in (3.19)
should be short-range et can be neglected in a first approximation. With p* = 1, we are thus led to solve
B* = 0. However a direct calculation leads then to matrix-valued phases p* whereas we look for scalar
ones. We follow [9] and solve in fact (B*)? = 0. Using crucially the anticommutation properties of the
Dirac matrices (2.16), we get the new equation

(B*)? = (0,9%)* +a® + b2 + (c — v%)? + 2(c — v*)(BE —c+vH) =0. (3.21)
If we put B¥ =0 in (3.21), we obtain the scalar equation
rE(x,€) == (0ppT)? + a? + 0% — (c —vE)2 = 0. (3.22)
We look for an approximate solution of (3.22) of the form ¢ (z, &) = 2€ + ¢T (x, £) where ¢*(z, ¢) should
be a priori relatively small in the variable z. Recalling that (v*)2¢2 +m? by (3.11), we must then solve
260, 6F + (0,0%)* + a* + (b —m?) — ¢ + 2cvF = 0. (3.23)
If we neglect (9,¢%)? in (3.23), we finally get
280,0F = —[a® + (> — m?) — & + d*], (3.24)
where we have introduced the notation d*(z,£) = 2c(z)v™(€¢). Note that by (2.20) and (3.11), the
following estimate holds

Yo, BN, [0900d*(x,6)] < Capla) 7§77, VzeRY, VLR (3.25)

Therefore, using (2.20) again and the previous estimate (3.25), we see that a® — c? is short-range when
x — 400 whereas b?> —m? and d* are long-range (of Coulomb type) when x — +oo0. Hence we can define
two solutions of (3.24) for all £ # 0 as follows

+ Lo, 2 [ A 2 + 1o[re 2

o~ (x,8) = — [a®(s) —c*(s)]ds — — [(b (s)—m*)+d (s,f)]ds—i—f (b(s)—m)=ds. (3.26)

28 Ju 2€ Jo 2€ Jo

Remark 3.4 Let us emphasize that we only add the quantity % f0+oo(b(s) —m)?ds in (3.26) in order to

prove that the Isozaki-Kitada and the Dollard modifications coincide (see Theorem 3.3). In the general
case however, the phases ¢ (x, &), solutions of (3.24) would clearly take the form for all € # 0

’ v*(¢)

HE _i +Ooa28—C28 S—i 28—m28
F =g [0 -l g [ 02 —mtas -

/O Ce(s)ds+CE),  (327)

where C(€) is a constant of integration.
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With this choice, we obtain for £ # 0 (see (3.22)),
" (1, €) = (0,0%)2 = é [02(2) + (BP(2) — m?) — () + d*(z,6)] (3.28)

Moreover it is easy to see that the rests r* satisfy the estimates
Yo, BEN, [0200r% (2, €)| < Caplz) ()", Vo eRF, VEeR" (3.29)

In our derivation of the phases (3.26), it is important to keep in mind that we didn’t find an approx-
imate solution of B* = 0 but instead of (B¥)2 = 0. Therefore we cannot expect to take p* = 1 as a
first approximation and we have to work a bit more. So we look for p* such that B¥pT be as small as
possible. According to (3.21) and (3.22), we first note that

(B%)? =r* 4+ 2(c — v*)B*, (3.30)

We find now a relation between B* and (B*)?2. Using (3.20) and (3.24), we can reexpress B¥ as

B* = Bf + 20K, (3.31)
where
Bf = Tl 4+mr?—vE, (3.32)
K+ = QV%[_ %(a2 + (* —m?) — % + di)l"1 +al? +(b—m)T° + ¢ ] (3.33)
If we take the square of (3.31) we get
(B*)? = (BF)? + w*BF K* + 20K+ B*. (3.34)

But from (3.32) and (3.11) we see that (BF)? = —2v*Bi. Whence (3.34) becomes
(B*)? = —20*BE (1 — K%) + 20T K+ B*. (3.35)
Now we replace the expression (3.35) of (B*)? into (3.30) and we obtain

C
rf = 2B - K*) + 25 (14 K+ — E)Bi. (3.36)

We would like to isolate B* in (3.36). We thus need to invert the functions (1 + K+ — -&). Using (2.19),
(2.20) and (3.25), we get the following global asymptotics for K+

—1l-o —1-p + *
VC@ﬁGN, |8§8§Ki(x,§)|<{ Ca5<x> <§> , Vo €RT, V§ER ) (337)

Cop ()~ ()71 P, Vax eR™, V&€ R,
Let us consider the set X = {¢ € R, || > R} where R >> 1 is a constant. It follows immediately
from the asymptotics (3.37) and those of ;(T‘fg) that (1+ K* — -%) and (1 — K*) are invertible for all
(z,€) € R x X if the constant R is assumed to be large enough. In consequence we can write (3.36) as

1+ K*— Sy o k) y A+ K- S)iBE, (3.38)

_ 1
Bi(l B Ki) = 21/i( vE vE
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for all (z,€) € R x X. The first term in the right hand side of (3.38) is small thanks to (3.29) but the
second one is not. We choose p* in such a way that they cancel this term. To do this, we observe that
the Fourier representations of the projections P, i.e. the operators

mie\ £ 1 o) _ 1 sgn(§) 1 0
PI(¢) = 1Ri(52 SNl T )) - 2(I4j: m(r ¢+ ml )), VE £ 0, (3.39)
satisfy the following equations
By (§)PI'(€) =0, (3.40)
by Lemma 3.1 and (3.32). According to (3.38), a natural choice for p* is thus
Pt = (1K) PE(g), (3.41)
for which we have
1 c . _ 1m
¢t = Bfp*t = 5+ K* - —) Lt — K5)7Pr(e). (3.42)

Let us summarize the situation at this stage. For ¢ # 0, we have defined the phases p*(z,&) =
€ + ¢F(x,€) by (3.26) and for ¢ € X, the amplitudes p* are given by (3.41). Directly from the
definitions and from the asymptotics (2.19) and (2.20) of the potentials a,b, ¢, the following estimates
hold.

Lemma 3.2 (Estimates on the phases, the amplitudes and related quantities) For all z € R
and £ € X with R large enough, we have

VBEN, [07¢%(x,8)] < Cplog(x) (&)". (3.43)

Vja| > 1,VB €N, |0507¢* (2,€)] < Capla)™*(€) " (3.44)
02,0 (2, ) — 26)] < = (3.45)

Va,B €N, [020fK*(2,8)| < Capla) ™ 72(&) 717, (3.46)
Va,B €N, 020 (p*(z,€) — PP())| < Capla) ()7, (3.47)
Va,B €N, 020/ (2,6) < Capla)27(6) 7. (3.48)

Vo, B €N, 0507¢" (x,€) < Capla) ()77, (3.49)

Vo, B €N, [0207c*(2,€) < Caplz) >(€) "7~ (3.50)

Thanks to (3.43), (3.44), (3.45) and (3.47), for R large enough, we can define precisely our modifiers
J* as bounded operators on H (see [27] for instance). Let x* € C*°(R) be a cutoff function in space
variables such that x*(z) =0if 2 < % and x*(2) =1 if 2 > 1. Let also § € C*(R) be a cutoff function
in energy variables such that 0(¢) = 0 if [¢| < 2 and 6(¢) = 1 if |¢] > 1. For R large enough, J* are the

1
2
Fourier Integral Operators with phases ¢® (z, &) and amplitudes

PH(a,6) = x @) 05

We finish this part by a first application of the previous construction. In the next Theorem, the
modifiers J. ("ioo) are shown to be time-independent modifications of Isozaki-Kitada type equivalent to the

). (3.51)

Dollard modification (2.21). Precisely we have
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Theorem 3.3 For any ¢ € H such that supp 7]} C X, we have

itH Ji

E e P pry, (3.52)

+ T
W('*‘Oo)w B tllgl €

Proof: We only sketch the proof for the case (+). By definition of P}", we have

D 1jo[<b(s ) —m) o tels—E=)1ds
U(t)Pryp = e (D) = CE Py = V() Py (3.53)

Then, we write :

th +
I oor®

—z vt - m, 1 * —itvt = itv T . —itvT . m
WD) pirap = MV (1) (V7 (t)e T P)) (8 (P g E | em i (P P (3.54)
_ eitHV(t) eif(;'[...]ds (eitu'*'(Dl.)J(troo)efitu'*'(Dw))Pjrnw. (3.55)

The classical flow associated with the Hamiltonian v (&) = sgn(£)1/£2 + m? is given by

§
Then, using Egorov’s theorem, we see that (eit” D’”)JJr L oo)€ _””+(Dw)) is a FIO with phase ¢ (¢, x,£) =

el
Ve +m?

Thus, et Jol-1ds (e””+(DI)J(J;_OO)B*””JF(DI)) is a FIO with the same principal symbol and with phase
of (t,z,8) =z + ¢f (t,2,£) where

€ + ¢T (x4 tn, £), and with principal symbol® PT(x + tn, &) where n =

o9 = 5 [ a6~ olds — g [ [0%6) m) + 206D €)] s
25 z+tn 25
+c>o t m
o / V2ds + /0 (6(s0) = m) s+ clmlds (3.57)
Since — +oo[a2(s) — c*(s)]ds = o(1) when t — 400, and by making a change of variables in the last
integral, Wz+<;gtain
1 z+tn 1 400
o1 (t,z,€) = % [(6*(s) = m?) + 2¢(s)v (€))]ds + % J, (b(s) —m)*ds
o / m)m + 2(s)v+()]ds + o(1). (3.58)
x+tn
Using again that /t [(6%(s) — m?) + 2¢(s)rT(€))]ds = o(1), we see that
tn “+ o0
o1 (a8 = —5¢ [ [07(6) = m?) 2ol @)+ 5¢ [ @)~ m)as

31t means that the others terms of the symbol are o(1) when t — +oo.
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1 [
+?£ /0 [2(b(s) — m)m + 2¢(s)vT(€)]ds + o(1). (3.59)
Then,
A

(151‘—(15,1',5) = 7% 0

Using (3.43), (3.44), (3.47) and the continuity of FIOs, we see that

1 [t
(b(s) —m)?ds + +% /0 (b(s) —m)?ds + o(1) = o(1). (3.60)

e'ifot[...]ds (eity+(Dm)J+

(+Oo)e—z'ty+(Dz))pjrnw = P") +0o(1) (3.61)

and Theorem 3.3 follows from (3.55) and (3.61). ¢

We now construct the modifiers at high energy J(ix)) (M) so that they satisfy (3.9) and (3.15). We
still omit the lower index (4+00) in the next notations. Comparing (3.15) and (3.52) suggests to construct
JE(N) close to e JEeA which are clearly FIOs with phases oT(z,&,\) = 2€ + ¢ (2, + \) and
amplitudes P¥(z, & + \).

With J£(\) = e J£eA we see from (3.50) that the amplitudes

F(2,60) = BH (@, €+ MPH(@, £+ \) =il 0, PE(z, €+ ),
of the operators C*(\) = H(\)JT(A\) — JE(A\)vE (D, + \) would satisfy the estimate
6, 0) = O((x) 2\7Y), (3.62)

for € in a compact set. Here and in the following, the notation f(z,\) = O({z)~2A~!) means that f(z,\)
decays as ()2 when z — 400 and as A~ when A — +o0o. We want however the amplitudes c¢* (x, &, \)
to be of order O((x)~2A~2) and the decay in (3.62) is not sufficient for our purpose. In consequence, we
need to refine our construction. Following the procedure given in [4], we look for modifiers J*(\) defined
as FIOs with phases ¢*(z,¢, \) and with new amplitudes P*(z, £, \) that take the form

PE(2,6,0) = [p* (2,6 +2) + %pi(x, €+ NIE (@) + %Pjpki(x)] : (3.63)
(up to suitable cutoff functions defined later), where Py denote the projections onto the positive and
negative spectrum of I''. Here the correctors I* k% (that can be matrix-valued) will be functions of z
only and should satisfy some decay in z (see below). It will be clear in the next calculations why we add
such correctors to the amplitudes p*(z, & + \).
We now choose I+ and k% in (3.63) so that the amplitudes

6N = BHwm NP6+ 0+ 1p (6 N @) + 55 Pk (@) (3.64)
i O (2,6 ) + §3xpi(a:, £+ NIE@) + %pi (2, € + NI (@) + %Pﬁxki(x)} ,

of the operators C*(\) be of order O((x)~2\72).
To prove this, we need the asymptotics of the different functions appearing in (3.64). For x in R
and for A large enough, we obtain (after long and tedious calculations)

2

vEE+AN) =N +E+ %] + O(\7?), (3.65)
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m2

d* (2, &+ N) = £2c(x) [\ + €+ ﬁ] + O((z)~'A72).

K*(0,6+\) = j:% 2P e(x) + a(@)T? + (b(x) — m)T°] + O((z)~'A~2).

PP(E+N) = Pr+ OA7Y).
pT(z, 4+ X)) =Pr+ O\7h).

O™ (w6 +2) = i%P;(a’(x)FQ +H (@) + O((x)2A72).
BE (2,6 + ) = F2(€ + A\ Px + 2¢(2) Px + a(z)T? + b(z)I° + O(A71).

¢ (@6 +0) = BF (2,6 + Np*(z.6 + ) = %CQ

(z)Py + O({z)2\72).

(3.70)
(3.71)

(3.72)

We mention that the following simple equalities have been used several times to prove the preceding

asymptotics

1 I, 0\ ol 0 0 .
1+T —2(0 0 =2P,, 1-T"=2 0 I =2P_.

By (3.69), (3.70), (3.71) and (3.72), the amplitudes c*(z, ¢, \) take the form

1 1
+ _ 2
c (xaga)‘) - iﬁc P:t iﬁ
1 1

+33 [ F 2(6 + NPy + 2cPx +al? + 00 + O(X)] Pek*
1
2)\2

1 1 1

+5 (P:l: + O(x))amli + FPJFE)II#} + O(

AP*

1
Tt [ £ o5 P (a1 4 0T0) & 5 P (T2 4+ HTO) -

1
(1:}2)\2)’

(From the asymptotics (2.20) of the potentials a, b, ¢, we rewrite this last expression as

i

1 2
cEx, &N =+—P T )

2\ A

where the rest R(x, \) satisfies

Pok* F

L |E@)] | 05 @) | k@) | k@) Iaxki(ﬂf)l)

Riw,A) = O( (7)2)2 A2 \2 (1)\? \2

TP (a'T2 + H'T0) — %rlpiamli + R(z,\),

(3.73)

(3.74)

(3.75)

Now we choose the correctors I+, kT in such a way that the terms of orders O(A~1) in (3.74) cancel. Once

it is done we shall have to check that the rest (3.75) be of order O((z)21~2).

There are clearly two different types of terms in the expression (3.74): on one hand the terms

1 i 1 1
+— 2Py — —TIPL90F = —PL[+ = Fi0,1*
o ¢ Ty +0 3 4 [ 5C Fi0,17],

“live” in Hy = Py (H); on the other hand the terms

2 ' 1 /
FLPpkE ¥ ;—)\I’leF(a’I’2 +T0) = TP [F 2k* + %(a'FZ +5T9)],
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“live” in Hy = P+(H). Since the Hilbert spaces H_ and Hy form a direct sum of H, i.e. H =H_ §H,,
we can consider separatly the equations

1
i§c2 Fid It =0, (3.76)

1

T2kt + §(aT2 +0'T% =0, (3.77)
in order to cancel the terms of order O(A™!) in (3.74). We solve first (3.76) and obtain

7

. 400
I£(z) =1(z) = 5/ c*(s)ds. (3.78)

Then we solve (3.77) and get _
K (z) = i%(a’(x)ﬁ + U (2)I0). (3.79)

The functions ! and k% clearly satisfy when @ — 400
l(z) =O0((x)™"), 8l(x) =0((2)"?), Kk*(z)=0(x)"?). (3.80)
Finally with this choice of correcting terms [ and k¥, we conclude from (3.74) and (3.75) that
E(z,6,)) = R(z,\) = O((z) 2A72).
In fact, we can prove that for all z € R*, £ in a compact set and A large enough
Yo, B €N, (090t (2,&,N)] < Cap (2)727 A2, (3.81)

Let us summarize the previous results. The modifiers J*()\) are (formally) constructed as FIOs with
phases oT (x,&,\) = € + ¢F(x, € + \) where

—+o00 x
Fw N = 5 ( |l = s = [ 00) —m?) + a6+ ) ]
+oo
S)—m 2 S .
+/0 (b(s) )d)7 (3.82)
and amplitudes ) )
PE(,€,3) = [P (0,6 + \) + 595 (@,€ + Ni(2) + 13 Prk* (@), (3.83)

where [ and k% are given by (3.78) and (3.79) respectively.

Unfortunately, since ¢*(z,£ + \) = O(< = >) when x — —oo0, this phase does not belong to a good
class of oscillating symbols. So, we have to introduce some technical cutoff functions in the amplitude
in order to localize x far away from —oo. Moreover, these cutoff functions must be negligible in the
asymptotics in the previous calculus. We follow the strategy exposed in [22] which we briefly recall here.

We consider a fixed test function ¢ € C§°(R) and we want to calculate the asymptotics of W(ioo) (N).

Since 1[) ¢ C§°(R), at high energies, translation of wave packets does not dominate over spreading. So we
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introduce a cutoff function (depending on A) in order to control the spreading.

Let xo € C§°(R) be a cutoff function such that xo(§) =1if | £ |< 1, xo(§) =0if | £ |> 2. Using the
Fourier representation, we have easily :

D, _
Ve>0,VN 21, [[ [xo(52) = 1] ¢ llz2@= O(A M. (3.84)
Now, let us define the classical propagation zone :
Q= {z+t; zecsuppy, t e R}, (3.85)

and let n™ € C*°(R) be a cutoff function such that 7 = 1 in a neighborhood of  and n* = 0 in a
neighborhood of —oco. We consider

—tvE Dm
Ki()\) — (,'7+ _ 1) e t (Dm“l‘)\) P;VL,)\ XO( )\6 )w (386)
Lemma 3.3 For A > 1, € €]0,1], t € R, and N > 1, we have :
| K=\ [|z2@y= O(< t >N AN, (3.87)

Proof: We only sketch the proof for the case (+). Using the Fourier transform and (3.39), we easily see
that

K5O =4 ('@ - [ ( [eo (14 SR (g df) V) dy, (389)

dm (AE+N)2 +m?

where (&) = X (z — y)€ — t/ (A€ + N)2 + m2. So

14+ X1¢
VAT +m2

Since ¢ is in a compact set, € < 1, y € supp 1, we easily obtain for z € supp (n™ —1),and A >> 1,

Oep(§) = X[z — (y+t )] (3.89)

[ Dep(8) [= e A°(L+1), (3.90)

for a suitable constant ¢ > 0. We conclude by a standard non stationary phase argument.

Now, we can define precisely ours modifiers .J* () in order to calculate the asymptotics of W(ioo) (M.

D,
()\)XQ(F)'(/J. We first remark that

for A\> 1 and € < 1, we have £ + X € X if % € supp Xo. So, we can define the modifiers J*(\) as FIOs
with phases T (x,&,\) = 2€ + ¢F(z, € + \) where ¢F(z, € + \) are given by (3.82) and with amplitudes

According to (3.84), it suffices to calculate the asymptotics of W(ﬁoo)

1

P @) (s

1
PE(x, &, 0) =t (x) [pT(x, €+ N) + Xpi(x,f—l— Nl(z) + ;), (3.91)
where [ and k* are given by (3.78) and (3.79) respectively.

With this definition, we can mimick the proof of Theorem 3.3, to get
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Lemma 3.4 For ¢ € C§°(R) and for A large, we have

Dib 7 —1 Vi m
W o Mxo(52) = Tim B JE (A (PetN) pidy, (3.92)

t—+oo (+00)

Moreover, it is easy to see that the estimates (3.81) are still satisfied, so we can prove our main
estimate (3.9). Precisely we get

Lemma 3.5 For ¢ € C§°(R) and when X tends to infinity, the following estimate holds:

[WE ) = TE L ()l = 0(A2).

Proof: Everything done in [4] Lemma 3.3 works here in the same way. All the contributions coming
from the cut-off function T are negligible using the same arguments as in Lemma 3.3 since the support
of the derivatives of nT are far away from Q. <

We end up this section giving the asymptotics of W, +Oo)(/\) when A is large. According to Lemma 3.5,
we have for any ¢ € C§°(R; C*), (+OO)( = (+oo)( )+ O(XA2). Thus we only need to compute the

asymptotics of the modifier J A) that we shall consider as pseudodifferential operators with symbols

+00)(
5,6, 0) = €9 EEN PE(p g ).

Using the explicit expressions (3.82) and (3.91), we first get the asymptotics

pE(z, &4+ N) = ZF/Ow c(s)ds + 1[/+Oo(a2 —c?)(s)ds — /Om(bz(s) —m?)ds

2\
Heo log(x
+/ (b(s) —m)2ds| + O A< ), (3.93)
0
+ + 2 0 l(:c) 1
Moreover using a Taylor expansion of ¢! at t = 0, we get from (3.93)
ipE (z,64+X) _ FiCT(z) L S+ log ()
e e [1 + 550" (@) + 0=, )}, (3.95)

with
x 5 +oo T +o00
Ct(z) = -/0 c(s)ds, CT(z)= / (a® — c)(s)ds _/0 (b%(s) —m?)ds —1—/0 (b(s) —m)?ds. (3.96)
Combining now (3.94) and (3.95), we obtain

L P (ar? 4410 + @Pi} 4 O().  (3.97)

= _ FCH(@) et
(@60 = ¥ (@) | Py + O (@)Pe £ 5

But notice from (3.78) that

50t @) + @ - ;\(/w+wa2(s)ds—Aw(b2(s)—m2)d8+/0+oo(b(s)—m)zds),



and from the anticommutation properties (2.16) of the Dirac matrices that
Pr(al® 4+ bI'%) = (aI'? + bI'7) Py..

Hence (3.97) becomes
E(z, E,0) = ejFiC+($)n+(a:) [1 + 22'/\(/3:00 a’(s)ds — /Ox(bz(s) —m?)ds + /O+Oo(b(s) - m)st)

1, o 1
£ 55 (al? 40T )] Py +0(55). (3.98)

Eventually, if we introduce the notations

i “+oo x “+o0 1
RH@) = o / o (s)ds — /0 (B2(s) — m?)ds + /O (b(s) —m)?ds) & L (al” +61°),  (3.99)

we deduce from (3.98) and the fact that n™(x) = 1 on supp 1, the following Proposition
Proposition 3.1 For any v € C§°(R; C*),

Wi

By W = T 1 4 %Ri(m)} Pit+ O(=), (3.100)

N2
where O+ (z) and R*(x) are given by (3.96) and (3.99) respectively.

3.2 Asymptotics of W(foo)()\)

In this subsection, we focus on what happens at the event horizon and give the asymptotics of W(jioo)(/\)
when A — 4o00. In fact, we shall derive them from the results obtained in the preceding subsection 3.1
after some simplifications of our model. As usual, we shall omit the lower index (—oc0) in the objects
defined or used hereafter.
Recall that the expressions of the wave operators at the event horizon are given by (see (2.22))
W =s5— lim eHe itHop_
t—+oo

where Hy = I''D, + co, H = T''D,, + al'> + mI'’ + ¢ and the potentials a,b, ¢ — ¢ satisfy (2.19) when
r — —oo. We first simplify this expression in a convenient way. Let us introduce the unitary transform
UonH

U=e 0 (@) C™ (x) 2/ [e(s) — colds + cox, (3.101)

— 00

and define the selfadjoint operators on H
Ay=T'D,, A=U*HU. (3.102)
Using (3.101), a short calculation shows that the operator A can be rewritten as
A=T'D, + W(zx), (3.103)
where

W(LE) _ eiFlC_(w) (G(IC)F2 + b(w)FO)efiFlc'_(z). (3'104)
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Note that according to the anticommutation properties (2.16) of the Dirac matrices, the potential W
satisfies WI't + T'W = 0 and W2(z) = a?(z) + b*(x). Moreover from (2.19), we get the following
estimates for W

Ja >0, W(z)=0(e**), z— —o0. (3.105)
Using the unitarity of U and (3.102) we rewrite W= as
Wt — Us— tl%?oo et AL eitHo p_
= Us— lim_ eltAeitAogitAorrrg—itHo p_, (3.106)

Now we can simplify the strong limit appearing in (3.106) in two steps. First we claim that
IR itAgrr* —itHo _ irleox
s tl}rinooe U*e Pr=e P (3.107)

—itHo _ ,—itAo,

Indeed, using the particular diagonal form of I'! given in (2.18) and since e ~# we have

. . . PR ) . ST )
eztAg U*eftho [j$ — eztAo ezF C (x)€72A0€71t60 P:F — ezF C (I$t)e*7ft60 P¢. (3108)

When t — 400, the right-hand-side of (3.108) can be written using (3.101) as
i (et iten (R eyt b

from which (3.107) follows when ¢t — +o00. The case t — —oc is obtained similarly.
Second since the potential W decays exponentially when z — —oo by (3.105), it follows from the
methods used in [3, 18] that the wave operators

WH(A, Ag) =5 — Jim etheithop (3.109)

exist on H. Hence by (3.106), (3.107), (3.109) and the chain-rule, we obtain the following nice expressions
for W+ -
W = UW*(A, Ag) et 0 Px. (3.110)

. ol . .
At last since U and e? %% commute with e**

asymptotics of

, 1t is clear from (3.110) that it is enough to know the

WE(A, Ag, \) = e MWHE(A, Ag)e™”

when A — 400 in order to get the asymptotics of W ()).

Note here that the A-shifted wave operator W* (A, Ay, \) is exactly the kind of wave operator studied
in our previous paper [4] in which the asymptotics of W¥ (A, Ag, \) were calculated. Nevertheless we can
also easily derive these asymptotics from the results of the preceding section. For completeness this is
what we choose to do here.

We thus follow our usual strategy and construct modifiers Joi()\) corresponding to W*(A, Ag, \).
This problem is in fact similar to the one in subsection 3.1. It suffices to replace Hj* by Ay and H by
A in our calculations. From the explicit form (3.102) and (3.103) of the operators Ay and A, we deduce
that we can use the results obtained in subsection 3.1 with the following changes: (1) Since the mass
m doesn’t appear in Ag hence we take m = 0. (2) The long-range matrix-valued potential b and scalar
potential ¢ don’t appear in A (see (3.103) and (3.105)) hence we put b(x) = ¢(x) = 0. (3) The short-range
matrix-valued potential a(x)I'? is replaced by W (z). (4) The projections P} are replaced by Ps since
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we work at the event horizon. Noting that these changes also entail that v*(¢) = F¢ and d*(z,£) = 0,
we obtain the following results.
At fixed energy A = 0, the modifiers JOi are defined as FIOs with phases

o (r,€) = :c5+f/ W (s

and amplitudes?

_ 1 W2(x

PO = (- K@ 8) P, K@) =7 [~ 0T W) @

At high energy, the modifiers Ji()\) are defined as FIOs with phases
©F(x, 6, 0) = z€ + _ /700 W2(s)ds, (3.112)

206+ ) Jy
and amplitudes

+ + 1 +

P=(z,8,A) =p~ (2,6 + A) + 5 Pk~ (2), (3.113)

2
where k*(z) = FiW’(z). Using these definitions and (3.105), we can prove that the symbols c*(z, ¢, \)
of the operators CF(\) = AN)JE(\) — JiE () Ag()\) satisfy the estimates

axT

Va,B €N, [0207c*(x,&, M) < Ca (3.114)

€
e

for all z € R~ and ) large enough. Finally as in the proof of Lemma 3.5 the estimates (3.114) are the
main ingredients to prove the equivalent properties to (3.14) and (3.9). Precisely we have

Lemma 3.6 For any v € C3°(R;C*) and for X large, the following estimate holds

I(W* (A, Ao, ) = Jg (W)l = O(A2).

We now use Lemma 3.6 to compute the asymptotics of W* (A, Ag, \) up to the order O(A~2). For
any 1 € C§°(R; C*) and for X large, we have

WA, Ao, Vi = JEN) + O(55)

Hence, it is enough to compute the asymptotics of Ji (\) for A large. Using (3.111), (3.112), (3.113) and
after some calculations, we obtain

JEN) = [1+— / W2(s)ds T W(x ))]P;,:lﬁ—&- 0(%). (3.115)

Note that we retrieve naturally the same formulae as in [4]. Eventually combining (3.110) and (3.115),
we obtain the asymptotics of W*()) for \ large

Proposition 3.2 For any ¢ € C§°(R),
1 iTleon 1
WE Y = U [14 3Q*@)] ™" Py + O(55). (3.116)

where U is given by (3.101), Q*(x) ( [ W3 (s)ds F W(a:)) and W (z) is given by (3.104).

4In the same way as the preceding section, we should add some technical cutoff functions which are negligible in the
asymptotics.
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3.3 Proofs of Theorems 3.1 and 3.2

In this last subsection, we use the asymptotics of W(ioo) (M) obtained in Propositions 3.1 and 3.2 to prove
the reconstruction formulae given in Theorem 3.2 and finally prove Theorem 3.1.

Proof of Theorem 3.2: We only treat the case of the transmission operator T and give the proof of (3.1)
since the proof of (3.2) corresponding to the transmission operator 77, is similar. Recall that we want to
compute the asymptotic expansion when A — 400 of

F(A) =< Tre 9, e ¢ >=< W(jroo)(k)?l), W(too)(A)d) >
for ¥, ¢ € C§°(R; C*). Using Propositions 3.1 and 3.2 and the notations therein, we have
= iC*(m) i - i + iTleox i
Fi(\) <e [1+ SR (x)}P,w,U [1+ " (fv)]e P_¢ >+ O(53),
= < eic+(I)P_w’ Ueirlc(,mp_d) >
1 ] . . ]
+5 { < dCT@ Py UQteT 0P ¢ > 4 < (iCT@ R Py U 0T P > }

1
+ O(ﬁ) (3.117)
We now compute separatly the terms of different orders in (3.117).
Order 0: Since I''P_ = —P_, the term of order 0 reads
< 0T @=C" (@) teorlp 4y P g (3.118)
Moreover from (3.96) and (3.101), the phase Ct(z) — C~ (z) + ¢o takes the simple form
0
CT(z) —C™ (x) + cox = —/ [c(s) — colds + cox. (3.119)
Order 1: Using I'" P_ = —P_ again, the term of order 1 can be written as

< ¢llCT@=CT@+eor] (R~ 4 (QH)*) PLap, P_gp > .

Since W2 = a2 + b? and WP_ = €2C" (al'2 + bI'°) P_ by (2.16), the term (Q*)* P_ takes the form

(QF) P = ( - %/_w(aQ +b?)(s)ds — %em’(ar2 + bFO))P,. (3.120)

Moreover from (3.99) the term R~ is

i [t i [ T
R = 5/96 a2(s)ds—§/o (b2(s)—m2)ds+§/0 (b(s) —m)*ds — %(arﬂbfo). (3.121)

Hence adding (3.120) and (3.121), the term of order 1 reads

2 2 2

— 00 — 00

N _ i +oo i 0 i +oo i
< et @-C (r)-‘rcoz](,/ a2(s)ds + 7/ bz(s)ds + 7/ (b(s) — m)zds + §m2x)P_w,P_¢ >
0
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, - 1 5. 1
- < ei[C*(ﬂC)—C (z)+cox] (56210 (G,F2 4 bFO) + §(ar2 + bFO))P,Qb,P,(b > | (3122)

Finally using that ¢/(C" (®)=C" (@)+eoz] jg gealar, that (al'2 + bI°) Py = Pz (a2 + bI'°) by (2.16) and the
fact that < Py, P_¢ >= 0, we see that the last term in (3.122) cancel, i.e.

) _ 1 5.~ 1
< ez[C‘*’(;p)fC (x)+cox] (56210 (CLFQ + bFO) + 5((1]_-\2 + bFO)>P,1/), P_¢ >=0.

Hence the term of order 1 is

v — q +oo i 0 ; +oo .
< eZ[C (2)=C™ (z)+cow] (7/ a2(8)d8 + */ bQ(s)ds + 7/ (b(s) _ m)QdS + 7m2$)Pf’l/J,P,¢ -
2 —00 2 — oo 2 0 9
(3.123)
If we introduce the following functions
@(J;) = e_ifgoo[c(s)—co]ds-l-icox
+oo 0 Too
Aw) = o ([ wdst [ st [ 06 - mds +m),
oo e o

we have proved the reconstruction formula (3.1) and thus Theorem 3.2.

Proof of Theorem 3.1: We show here that the reconstruction formula (3.1) entails the uniqueness of the
parameters M and ) under the additional assumption that the charge ¢ of Dirac fields is known, fixed
and nonzero. The same result can be shown from the reconstruction formula (3.2) in a similar way.

We first compute one of the integrals that appear in (3.1) which will be useful in the later analysis.
Using the explicit expressions of F,a; given in (2.2) and (2.15) as well as the definition of the Regge-
Wheeler variable z(r) given in (2.6), an easy calculation shows that

1,1

/ at(s)ds = (1 + 5) (3.124)
R

To

where rq is the radius of the event horizon.

Now let us consider two transmission operators 17, and 7; o corresponding respectively to parameters
M;,Qj,m;,(j =1,2) and g1 = g2 = g where ¢ is supposed to be known and nonzero. In what follows,
all the objects corresponding to 7; ; with j = 1,2 will be denoted by the usual notations with a lower
index j. We suppose that T;1 = ;2. In consequence we also have Fj1(\) = F;2(A). Our goal is to
prove that M; = My and Q1 = Q2. Using Theorem 3.2 and identifying the terms of same orders in the
reconstruction formula (3.1), we thus get

@1(1‘) = @2(.’17), (3.125)
Ai(z) = Ax(x). (3.126)

By (3.3) and a standard continuity argument, (3.125) leads to the equality

0 0
—i/ [c1(s) — co1]ds +icorx = —i/ [ca(s) — co2]ds +ico 2w + 2k, (3.127)

— 00 —00
where k € Z. If we derivate (3.127) with respect to x, we obtain

Cp,1 = Cp,2 ‘= Cp- (3128)
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Now by (3.124), (3.126) leads to the equality

+oo

1,1 4 [ i ) i
I+ 5) rox + 3/ bi(s)ds + 2 ), (b1(s) — m)“ds + 5Me
1o, 1 0 [, i [t ) i
If we derivate (3.129) with respect to x, we first get
mip = mg i=m. (3.130)

Hence the mass m of Dirac fields is uniquely determined. Moreover, using (3.130), (3.124) and the
homogeneity in the parameter I, we obtain from (3.129)

T0,1 = To,2 := T0- (3131)
Therefore the radius rg of the event horizon is also uniquely determined. Now if we combine (3.131) and
co = % into (3.128), we get (since ¢ is supposed to be nonzero)

Q1 =0Q2:=0Q.

The charge @ of the black hole is thus uniquely determined. Eventually since 7y cancels the function F,
we get from (2.2) that
2 2
M, = M, ::M:L—'—Q
27"0

)

and the mass M of the black hole is uniquely determined. This finishes the proof of Theorem 3.1. <

4 The inverse problem for dS-RN black holes (A > 0)

In this Section, we study the inverse problem in the case A > 0 corresponding to dS-RN black holes.
In a first part, we prove the same kind of results as in Section 3, that is we prove that the parameters
M,(Q and A are uniquely determined by the high energies of the transmission operators T, or Tg. In a
second part, we prove by means of a purely stationary method that the parameters M, Q) and A can also
be uniquely determined from the knowledge of the reflection operators L or R on any interval of energy.

4.1 The inverse problem at high energy
As in Section 3, we shall assume here that one of the following functions of A € R
Fi(\) =< Tre®, ¢ >, Gi(\) =< Tre?®, e >,

is known for all large values of A, for all [ € N and for all ¢, ¢ € ‘H with 77[},@2) € C5°(R; C*). We emphasize
that in this case the construction of the modifiers are simpler than in the previous section due to the
decay of the potentials at infinity; the phases of the modifiers constructed later will belong to a good
class of oscillating symbols. In particular, we do not need a technical cutoff function n™ and a cutoff
function yg in order to control the spreading of the wave packets as in Section 3 and we can consider test
functions 1, ¢ € H with 1, ¢ € C5°(R;C*). We also assume that the mass m and the charge ¢ of the
Dirac fields are known and fixed. Furthermore the charge ¢ is supposed to be nonzero. Then our main
result is
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Theorem 4.1 Under the previous assumptions, the parameters M, Q and A of the dS-RN black hole are
uniquely determined.

This Theorem will follow from the following reconstruction formulae obtained on each spin-weighted
spherical harmonics

Theorem 4.2 (Reconstruction formulae) Let ¢, ¢ € H such that 0,6 € Cs°(R;C*). Then for X
large, we have

() = <O(x)P.y,P_¢> +§ < A(z)P_1),P_¢p > + O(\7?), (4.1)
GiY) = <O@)PY, Pro> — < A@)Pyh Pyé >+ OA?), (4.2)

where 0(z) and A(x) are multiplication operators given by
. . ) +Oo
O(r) = e il ) = £ / (a3(5) + V2(5)) ds ) O(a), (4.3)

and a constant B given by

ﬁz/: (C(S)—Co)d8+/0+oo (c(s) — cy )ds.

We shall prove Theorem 4.2 using the same global strategy as in the proof of Theorem 3.2. From (2.30),
(2.31), (2.33) and the fact that e?** corresponds to a translation by A in momentum space, we express
F(X\) and G(\) as follows

RO) = < Wi (e W (Ve >, (4.4)
G = < W W (N9 >, (4.5)
with
W(i_oo)(A) = efi’\xW(jioo)e“‘x = s—tiigloo e”H()‘)efitH"(A)PjF, (4.6)
W(f_DO)(A) = efi’\g”W(j_['roo)ei)‘z = s5— tligloo N g=tHy (N p, (4.7)
and

H\) =TYDy + \) 4 a(x)T? + b(z)T° + ¢(z),
Ho(\) =TY(D, + ) +co, Hy(\)=TYD,+\) +c,.

In consequence, it is enough to obtain an asymptotic expansion of the A-shifted wave operators W(ioo) N

in order to prove the reconstruction formulae (4.1) and (4.2).
Note first that the A-shifted wave operators W(fm)(A) given by (4.6) are exactly the same as in the

case A = 0 studied in Subsection 3.2. For completeness we recall here the asymptotic expansion of
W(jioo)(/\) obtained in Proposition 3.2. For any ¢ € H, ¥ € C5°(R; C*), we have

1 1 1
WE (Y = U [14 3% (@)| ™ Py + O(55). (4.8)
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where "
U=e o @) C(x)= / [e(s) — colds + cox, (4.9)

1 e 1 1
Q*(z) = 5(@' / W2(s)ds T W(:c)), W(z) = ™' O @ (a(2)02 + b(a)T0)e T @) (4.10)
Note second that the A-shifted wave operators W(ﬁoo)()\) given by (4.7) are very similar to (4.6), the
constant ¢y being replaced by cy and the projections Pt being replaced by Py since we work now at the
cosmological horizon. Hence they can be studied exactly the same way as in Section 3.2. Since there

are slight modifications in some formulae, we recall here the procedure but omit the proofs. Using the
unitary transform (4.9), we simplify the wave operators W(ioo) as follows

W(f_oo) =Us— tligloo e”Ae_“A"e“A"U*e_iH+Pi, (4.11)

where we have used again the notations Ag = I''D, and A = U*HU = I''D, + W (x) from (3.102) and
(3.103) with the potential W given by (4.10). We also recall that by (2.16) this new potential W (z)
satisfies the properties

MW 4+wrt =0, W?=a?+0b (4.12)

as well as the global estimate
Ja >0, W(x)=0( =) vzeR. (4.13)

The potential W is thus very short-range both at the event horizon and at the cosmological horizon. Now
an easy calculation shows that (to be compared with (3.107) and its proof)

. . -l -1
s — tiigloo etoyreite p, = ¢ Bl crep, (4.14)

where the constant ( is given by

0 +o00
8= /_Oo (c(s) — co)ds +/0 (c(s) — ¢4 )ds. (4.15)

Furthermore it is immediate from (4.13) that the wave operators W+ (A, Ag) = s — lim e"4e™ 40 exist

t—doo

on H. Hence we conclude by the chain-rule that W= . take the nice form (to be compared to the

(400)
expressions (3.110) obtained for W(fm))

Wi

E oy =UWE(A, Ag) T Peilens Py (4.16)

Since U and el B¢l e+ commute with e we finally get the following expression for W(ioo)()\)

W(j_[i_oo)()\) = UWi(A,AO,)\) el ﬁeil‘ o p,

where _ _
WE(A, Ag, \) = e M WE(A, Ag)e™.

Clearly it is enough to know the asymptotics of W*(A, Ag, \)P+ when A — o0 in order to get the
asymptotics of W(ﬁoo)(/\). In fact the calculations are exactly the same to what has been done in
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subsection 3.2 (it suffices to replace Py by Py in these calculations) or in [4]. Hence we only give the
final result without more details. For any ¢ € H, v € C§°(R; C*), we finally obtain

W:I:

E N =U 1+ %Qi(x)}eiflﬁeiflcwpiw + O(%L (4.17)

where U is given by (4.9), Q*(z) = %(z f;oo W2(s)ds + W(x)) and W is given by (4.10).
Proof of Theorem 4.2: We now use the asymptotic expansions (4.8) and (4.17) to prove the reconstruction

formulae (4.1) and (4.2). Since the proofs are analogous, we only treat (4.1). Using the previous notations
we clearly have

1 - ) . 1 ) 1
Fi(\) =<U [1 + XQ*(:c)}e”lﬂe” TPy U [1 + XQWI)} el'eoTp g~ 4 O(53)- (4.18)
Since U is unitary and since I'*P_ = —P_, we reexpress (4.18) as
F()) = <e #7iles=czp 4y P ¢ > (4.19)

1 L - 1
1 < e e =T (Q () + (QF) " (w)) P_t), P_p > + O(52)-
JFrom the explicit expressions of QT and Q~, (4.19) becomes
F(\) = <e B7iler—wlzp P ¢ > (4.20)
i e—w—m—co)w(f /m W2(s)ds — W(x))P D Pé>+ 0(—=).
) 2] . - N2

Eventually observe that W(x)P_ = PyW(z) by (2.16) and that < Py, P_¢ >= 0. Hence we obtain for
(4.20)

F(\) = <e B7iles—czp o P g > (4.21)
. 400
i 2 —if—i(cy—co)x i
+2)\ N W=(s)ds <e P_z/),P_¢>+O(>\2).

Denoting

O(x) = e~ F-iler—er  A(y) = %( :O W (s)ds ) O(x) = %( /_ +: (a7 (s) + 0%(s))ds ) O(z),

we have proved the reconstruction formula (4.1). This finishes the proof of Theorem 4.2. {

Proof of Theorem 4.1: We prove here that the parameters M,Q and A are uniquely determined from
the knowledge of the high energies of the transmission operator T. Note that the proof with the
high energies of 77, is the same. Consider Tr; and Tg 2 two transmission operators corresponding to
parameters Mj, Q;, A; with j = 1,2 where moreover m,q # 0 are supposed to be known and fixed. In
what follows, we shall denote all the objects associated to T ; by the usual notations with a lower index
7.

We assume that T 1 = Tg 2. From the definition of F;()) it follows then that Fj 1(\) = Fj2(X). We
identify now the terms of same orders in the asymptotic expansion (4.1). Since 1, ¢ are dense in H, we
get

©1(z) = O2(z), VzeR (4.22)
Al(l') = ./42(1’), Vo € R. (423)
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Let us analyse the term of order 0 first. From (4.22) and (4.3), we have
—if1 —i(cy1 —con)r = —ifls —i(cy 2 — co2)x + 2km, Vo € R, (4.24)
where k € Z. If we derivate (4.24) with respect to x, we thus obtain
€01 — C4,1 = €02 — Cy 2. (4.25)
Hence using (4.25) and (2.29), we see that the quantity
Ty —T0

X =c¢—cy =4qQ ; (4.26)
Tor+

is uniquely determined.
We analyse now the term of order O(A~!). From (4.23), (4.3) and (4.22) again, we have
+oo +oo
W3(s)ds = W3(s)ds. (4.27)
Using that W?(z) = a?(x) + b*(z) and the expressions of the potentials a; and b given by (2.15) and the
definition of the Regge-Wheeler variable (2.6), we can compute explicitely the integrals that appear in
(4.27). In fact we have
e Lol 1 2
W2(s)ds = (I + =) (7 - 7) Fm2(ry — o). (4.28)
27 \rg 1y
By homogeneity in [ and since m is considered as known and fixed, we deduce from (4.27) and (4.28)
that

— 00

T+1—To,1 T+2 —T0,2

= , (4.29)
T0,1T+,1 70,2T+,2
T41—To1 = T42—Tp2. (4.30)
Hence the quantities
y=10"10 g, (4.31)

ror4+

are uniquely determined.

We can now show the uniqueness of the parameters M, @) and A as follows. We first note the following
relation

X =qQY. (4.32)

Since X, Y are uniquely determined and ¢ is supposed to be known and fixed, we deduce from (4.32) that
Q@ is uniquely determined, i.e. Q1 = Q2 = Q.

Moreover, from (4.31) we deduce that r, —rg and rory are uniquely determined. Hence so are rg and
r4+ as the unique solutions of the obvious polynomial of second order. Now recall ¢ and r are roots of
F(r) = 0. The equations F(rg) = 0 and F(r;) = 0 can be written using (2.2) as the linear system

2 i 14+
v 3 ( M ) - . (4.33)
0 3 T
3—T3 . . .
The determinant of (4.33) is %wa: and is clearly nonzero. Hence (M, A) are the unique solutions of the

system (4.33) whose coefficients depend only on rg, 7, Q which are uniquely determined by the previous
discussion. We thus conclude that M and A are also uniquely determined, i.e. M; = My and A; = A,
and the proof of Theorem 4.1 is finished. <
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4.2 The inverse problem on an interval of energy

In this last subsection, we solve the inverse problem when the reflection operators L or R are supposed
to be known on a (possibly small) interval of energy. We follow the usual stationary approach of inverse
scattering on the line and refer to [8, 6] for a presentation of the general method in the case of one-
dimensonal Schrodinger operators and to [1] for an application to massless Dirac operators (see also
[12, 15] for massive Dirac operators). We first determine a stationary representation of the scattering
operator S expressed in terms of the usual transmission and reflection coefficients (here matrices). We do
this by a serie of simplications of our model which finally reduces to the exact framework studied in [1].
We then use the exponential decay of the potentials to show that the reflection coefficients R and L can
be extended analytically to a small strip around the real axis. In consequence, the reflection coefficients R
or L are uniquely determined on R if they are known on any interval of energy by analytic continuation.
At last, we use the results of [1], a classical Marchenko method, to prove that the parameters M, @ and
A are uniquely determined by the knowledge of R(&) or L() for all energies.
Recall that the scattering operator S is defined by

S = (WHyw-,

where the global wave operators W* are given when A > 0 by

+ _ ot +
wW* = W(_OO) + VV(+OO), (4.34)
with
+ i itH ,—i + : itH —i
Wiaoy =8~ lim ™™™ Py, Wi =s— lim e Py, (4.35)

We now use the unitary transform U introduced in (3.101) and the corresponding simplified expressions
of Wéoo) obtained in (3.110) and (4.16) to express (4.34) as

Wi _ UWi(A,A())<€iF1COxP;F + €irlﬁeirlc+xpj:>. (436)

Here we have used the notations introduced in Subsections 3.2 and 4.1. Let us denote by GG+ the operators
el‘rlc(""”PI +eirlﬁeirlc+‘”Pi appearing in (4.36) and by S(A, Ag) the scattering operator associated to the
operators A and Ay, i.e.

S(Av AO) = (W+(A7 AO))*W_(A7 AO)

Using the unitarity of U we thus immediately get the following expression for the scattering operator S
S=G1LS(A Ay)G_. (4.37)

The couple of operators (A, Ag) acting on H turns out to fit the framework studied in [1]. Recall that
they are given by Ay = I''D, and A = Ay + W (x) where the potential W(z) = e - @) (q(z)I2 +
b(m)FO)e*irlc*(””) is the 4x matrix-valued function

W(x) = [ k*(()x) k(oa:) ] k(x) = e%cm( :Z’((;”)) ;;)((?) > (4.38)

Here k*(z) denotes the transpose conjugate of the matrix-valued function k(z). Moreover W satisfies

(4.12) and (4.13) and thus its entries belong to L'(R). This is precisely the kind of operators studied
in [1]. Note however that our potential W is better than L*(R) since it is exponentially decreasing at
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both ends © — £o0o0. This will be used hereafter. As a consequence, we can use the following stationary
representation of S(A, Ap) obtained in [1]. Let us introduce the unitary transform F on H defined by

Fy(€) = J% /IR e~ T () da, (4.39)
then we have (see [1], p 143))
S(A, Ao) = F*So(§)F, (4.40)

where the scattering matrix Sp(€) takes the form

(O R
SO@‘( LE) Tal) ) (441)

Here T1(§) and Tr(§) are 2 x 2 matrix-valued functions which correspond to the usual transmission
coefficients of S whereas L(¢) and R(§) are 2 x 2 matrix-valued functions which correspond to the usual
reflection coefficients of 5. We refer to Sections 2 and 3 of [1] for the definition and the construction of
the scattering matrix Sy(€). Hence (4.37) becomes

S = (FG.)*So(6) FG_. (4.42)

We now finish our factorization of the scattering operator S as follows. Using 2 x 2 block matrix notations,
we note that

e 0 et 0 1 0 eior 0
G+ - ( 0 1 ) ( 0 e—ic()m ) ) G_= < 0 e—iﬁ ( 0 e—ic+x ) )

and we define two unitary transforms Fy on H by

elc+T 0 1 e—ia:§+ic+w 0
Fer(g) =F 0 e—icox 1/’(5) = E R 0 ei:pfficow ¢($)d$a (443)
and
eicoz 0 1 efiz§+icoz 0
Then we have »
Fa, = ( oY >F+, FG_ = ( o )F_. (4.45)
Hence we conclude from (4.45) that the scattering operator (4.42) factorizes as
_ e [ €7TL(E) e PPR(E)
S=r; ( L(e) e~ PT(8) F_. (4.46)

We summarize this result as a Proposition

Proposition 4.1 The scattering operator S has the following stationary representation. If Fy are the
unitary transforms defined in (4.43) and (4.44), then

S=FIS(F., (4.47)
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where the 4 X 4 scattering matriz S(€) is given by

_ (e PTL(&) e *PR(€)
S(§) = < L({L) e~BTR(E) > ) (4.48)

and the quantities Ty, Tr and L, R are the 2 X2 matrices that correspond to the transmission and reflection
matrices of S(A, Ag) respectively and are obtained in [1], Sections 2 and 3.

Remark 4.1 As the notations suggest, the diagonal elements of the scattering matriz S(€) given in
(4.48) are simply the stationary representations of the transmission operators Ty, and Tg introduced in
Section 2, (2.38). The anti-diagonal elements of S(§) are in turn the stationary representations of the
reflection operators L and R in (2.34).

Remark 4.2 The unitary operators Fy appearing in the stationary representation (4.47) of S are natural
in the following sense. Let us define the two selfadjoint operators on 'H

HY=('D, +c )Py + T'Dy +co)P., H = (T'D,+c)Py + (D, +ci)P_.

Hence it is clear from (4.34) and (4.35) that the global wave operators can be written in a classical form
as
Wt =s5— lim etHe itH*
t—doo ’
Now it is an easy calculation to show that the unitary transforms Fy introduced in (4.48) and (4.44) are
precisely the unitary transforms which diagonalize the operators H*, i.e

H* = F{ M¢Fy,

where Mg denotes the multiplication operator by £. We conclude that (4.47) together with (4.48) are the
expected stationary representation of the scattering operator S.

In the sequel, we shall use the explicit link between our scattering matrix S(£) and the scattering
matrix Sp(€) thoroughly studied in [1] in order to solve the inverse problem. Let us first briefly summarize
some of the main results obtained in [1]. Under the assumption W € L!(R), the scattering matrix Sp(¢)
is continuous for £ € R and tends to Iy when £ — +oco. It is also unitary for each £ € R (see [1], Thm
3.1 for a proof of these statements and for other properties on Sy(£))). Moreover, the following partial
characterization result holds:

Theorem 4.3 ([1], Thm 6.3) Assume that the reflection operators R(§) and L(§) be 2x 2 matriz valued
functions satisfying

Sup IR <1, sup ILEI <1, 1B € L'R), |L(a)ll € L'(R), (4.49)

+o0 0
/ af|R(a)|Pda < oo, / ol L()|]2da < oo, (4.50)
0 —00
where R(a) and L(a) denote the usual Fourier transform of R(€) and L(€) and ||.|| is the euclidean norm

of a given matriz. Then the matriz-valued function k(z) € L*(R) in (4.38) (and thus the potential W (z))
can be uniquely recovered from the knowledge of R(§) and L(§) for all £ € R.

We make several comments on this result and how we can apply it to our model:
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e The proof of the above theorem uses a classical Marchenko method. For instance, the matrix-valued
function k(x) can be obtained after solving the following Marchenko integral equations for a > 0
(see [1], eq. (6.9) and (6.11))

+oo “+o0
Bi(w,0) = —R(a+22) + / Bu(z,y)R(5+ 7+ 22)" Rl + 6 + 22)dvds,  (4.51)

0 0
A +OO +OO A
By(z,a) = —L(a — 22)* + / By (z,y)L(6 + v — 2x)L(a + § — 2x)*dydo. (4.52)
0 0

Under the assumption (4.49), the integral equations (4.51) and (4.52) are uniquely solvable in
LY(RT) ([1], Thm 6.2). Moreover, under the additionnal assumption (4.50), the matrix-valued
function k(z) defined using the boundary values of By and By by the formulae (see [1], eq. (4.19))

k(z) = 2iBy(x,0"), Vo >0, k(x)=—2iBy(x,0"), Vx <0,

can be shown to be in L!(R) and thus corresponds to the potential we are looking for.

e If the potential W belongs to L!(R), then the condition (4.49) is automatically satisfied (see [1],
Thm 4.2 and eq. (6.17)). Although this condition is the natural one under which one could expect
to reconstruct the potential k in the class L!, the authors of [1] had to add the extra assumption
(4.50) (which must then be checked) in order to prove their result. We refer to [1], p. 154 for
more details on this point. In our case, we shall prove the condition (4.50) as follows. Using the
exponential decay of W, we are first able to show that the reflection coefficients R(§) and L(§) (in
fact the whole scattering matrix Sy(£)) are analytic on a small strip around the real axis. Moreover
the functions R(. +in) and L(. +in) can be shown to belong to L?(R) uniformly for each |n| small
enough. It follows then from standard results on the Fourier transform (see for instance [26], Thm
IX.13) that R(c) and L(«) satisfy

el*IR(a) € LA(R), el*lL(a) € L3(R), Ve small enough,

from which (4.50) follows immediately.

e From (4.51) and (4.52) and the reconstruction procedure explained above, we see that the knowledge
of R(€¢) and L(&) for all £ € R is used to recover the potential k(z) for all z € R. In fact it is only
enough to know either R(§) or L(€) for all £ € R since then the whole scattering matrix Sp(§) can
be uniquely recovered. The procedure is explained in [1], p.147, eq.(5.3)-(5.5) and we reproduce it
for completeness. Assume for instance that R(§) is known for all £ € R. Then the transmission
coefficients T, (§) and Tg(&) can be obtained performing the factorizations

To()TL(&)" =1L — R(OR(E)", Tr(§)'Tr(E) = 1s — R(§)"R(E), ¢<€R. (4.53)

Under the assumption k& € L*(R), it was shown in [1] that the above factorization problems are in
fact left or right canonical Wiener-Hopf factorization in the Wiener algebra WW* and thus lead to
unique T, (§) and Tr(&) (see for instance [11], Thm 9.2, p.831). At last, the reflection coefficient
L(§) is recovered from R(§) by the formula

L(§) = —~Tr(§)R()"(TL()") (4.54)
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e Eventually we explain how we can apply this result to our model. ;From Proposition 4.1, we assume
for instance that e"2#R(€) is known for all £ € R. Then it is easy to see from (4.53) and (4.54)
that we can uniquely recover T, (§) and Tgr(§) by performing Wiener-Hopf factorizations and then
e?BL(€) for all ¢ € R. Note that the exponential term e~2% disappears in the factorization (4.53).
If we assume that the assumptions (4.49) and (4.50) hold (this will be checked below), then we can
apply Thm 4.3 as follows. Multiplying the integral equations (4.51) and (4.52) by e~2% and solving
them, we conclude that we can uniquely recover e?*?k(z) (and not k(z)) for all 2 € R. We shall
show below that this implies the uniqueness of the parameters M, @ and A of the black hole.

Let us now show the analyticity of R(§) and L(£) on a small strip around the real axis and prove
there the uniform L? estimates mentioned above. To do this we need to introduce some objects whose
existence has been shown in [1], Sections 1, 2 and 3. The reflection coefficients R(£) and L(§) can be
expressed in terms of solutions of the stationary problem

D, + W(2)| X(2,6) = €X(2,6), ¢€R (4.55)

where X (z,&) is understood as 4 x 4 matrix-valued function. Of special interest are the Jost solutions
Fi(z,¢) and F,.(z,€) of (4.55) which are singled out by the specific asymptotics at infinity

Fy(z,€) = (I, + 0(1)), & — +o0,

Fr(z,8) = e“ﬂ&x(h +o0(1)), z— —oco.

For each £ € R, these two solutions exist, are fundamental matrices of (4.55) and are related as follows
([1], Proposition 2.2). There exist two 4 x 4 matrix valued functions a;(§) and a,.(§) such that

Fl(xag) ZFT($,§)al(§), FT(Z‘,f) :Fl(xvg)ar(£)7

and satisfying a;(§)ar(§) = ar(§)ai(§) = Iy for all £ € R. Note that Fj(z,&) and F,(z,§) satisfy the
asymptotics (in the opposite ends)

Ei(x,6) = e (@(6) +o(1)), @ — —oo, (4.56)
Fy(,6) = e (a,(6) +0(1), @ — Foo.
Let us now express a;(§) and a,(§) using 2 x 2 block matrix notations as

_ al(f) a (f) _ arl(g) Ay (5)
“l(f)—[a;(o aﬁi@)}’ “T@—[am(g) an(®) |

Then the reflection coefficients are defined by ([1], eq. (3.6) and (3.7))
R(€) = ara(§)ara(§) ™" = —an(§) " a(8),
L(&) = aiz(§an (§) ™" = —ara(§) " ars(€).

Since the situations are obviously symmetric, we shall only prove the analyticity and the uniform L?
estimate on a small strip around the real axis for R(£) (the proof for L(§) being identical). Moreover,
we shall only consider the definition R(¢) = —a; (&) taz(€) for simplicity. To go further, we use some
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integral representations of the coefficients a;1(£) and a;2(£) obtained in [1]. These are given in terms of
the Faddeev matrix M;(z, &) defined by

M(z,€) = Fy(z,€)e e,
It is easy to see from (4.55) that M;(z, &) must satisfy the integral equation ([1], eq. (2.12))

Mi(z,&) = I, — T / e~ T W=D () My (y, €)™ EW=D) gy, (4.57)

€T

and from (4.56) that M;(z,£) must satisfy the asymptotics M;(x, &) = Iy + o(1) when z — +o0. In fact,
using once again 2 X 2 block matrix notations for M;(x, &)

. Ml (x,§) Ml (l‘,f)
My(z,§) = [ Ml;(x,g) Mli(%f) } 7

and iterating (4.57) once, we get the uncoupled system of integral equations for Mj3(x, &) and My (z,§)
([1], eq. (2.15) and (2.16))

“+o00 +oo “+o0o
Mis(z,€) — i / W) () dy + / / (2= () o (2) My (2, €)dzdy, (4.58)
x x Yy
+oo +o0 )
Mia(a,€) =Ty + / / €2 k() k(2) Mg (2, €)ddy, (4.59)
z y

and similar equations for M (z,£) and Mjs(x, &) that we won’t need. Eventually, the following integral
representations for the coefficients a;1(£) and a;2(§) hold ([1], eq. (2.25) and (2.26))

a(€) = I — i /R k(y) Mis (3, €)dy. (4.60)

an(€) = —i / 2 (y)* Mialy, €)dy. (4.61)

We first study the coefficient a;2(§) expressed in terms of the Faddeev matrix M(z,£). Under the
assumption k£ € LY(R), a solution My (z, &) of (4.59) with the right asymptotics is easily shown to exist
by iteration. Moreover for each fixed = € R, this solution can be extended to a continuous function in the
variable £ when Im¢ < 0 and analytic when Im¢ < 0 ([1], Proposition 2.3). We prove now the following
result

Lemma 4.1 Define the function P(x,£) = f;oo e2Imelvl|| k(y)||dy. Then there exists k > 0 small enough
such that

(i) For all & satisfying |[Imé| < k and for all x € R, the function P(x,&) is uniformly bounded.

(i1) For each fized x € R, the Faddeev matriz My (z,§) can be extended analytically to the strip |[Imé| < k.
Moreover, for each such &, it satisfies the estimate

| Mia(e,©)| < C cosh(P(x,£)). (4.62)

(tii) For each fized x € R, the derivative M],(x,§) of the Faddeev matriz w.r.t. the variable x can be
extended analytically to the strip |Im&| < k. Moreover, for each such &, it satisfies the estimate

1My (2, §)I < Csinh(P(,§)). (4.63)
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Proof: The first assertion is a direct consequence of the definition of P(x, ) and (4.13) (take for instance

Kk = § where « is the positive number that appears in (4.13)). Solving (4.59) by iteration leads to set

M (z,8) =300 g un(z, &) with ug(z,£) = I and

up(z,8) = /+Oo /+°° e 28 () k(2)un_1 (2, €)dzdy, Vn > 1. (4.64)
x y

By induction we get the estimates

tn (€] < P(j;f){ VneN. (4.65)

Together with (i), this entails the second assertion. To prove the third one, we consider the serie of
derivatives > ° v/ (z,&). From (4.64), note that

+oo
un (z,8) = —/ e 28D (1) ke (2) g1 (2, ) dzdy.

By induction and using (4.65), we get the estimates ||u (z,£)| < C% for all n > 1 from which

we deduce (iii).

¢

Corollary 4.1 Let k the positive number defined in Lemma 4.1. The coefficient a;2(€) is analytic on the
strip [Im&| < k. Moreover, it satisfies there the estimate

laz(€)ll = O™, 1€] — oo (4.66)

Proof: The analyticity on the strip |[Im¢| < & follows directly from (4.61) and Lemma 4.1. To prove the
second assertion, we integrate by parts in (4.61). For all £ with |[Im&| < k, we obtain

L
2€ Jr

Since k' also satisfies the estimate (4.13) and using Lemma 4.1 again, we conclude that ||a;2(£)]| <
¢

We now study the coeflicient a1 (£) expressed in terms of the Faddeev matrix M;s(x, ). Once again under
the assumption k € L'(R), a solution M;3(z,€) of (4.58) with the right asymptotics is easily shown to
exist by iteration. Moreover for each fixed z € R, this solution can be extended to a continuous function
in the variable £ when Im¢ > 0 and analytic when Im¢ > 0 ([1], Proposition 2.3). Using the same function
P(z,&) and positive number k as in Lemma 4.1, let us prove the following result

a(§) = e~ (I (y) Mua(y, €) + k(y) My (4. ) ) dy. (4.67)

c
\

Lemma 4.2 For each fized x € R, the Faddeev matriz Miz(x,£) can be extended analytically to the strip
[Imé&| < k. Moreover, for each such &, it satisfies the estimates

[Mis(a,€)]| < O™ el sinh(P(, ) (1.65)
Mo, O < 1 (14 eHmEIT), el > 1. (469)
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Proof: We solve (4.58) by iteration. Hence we set Mj3(z,&) = > oo vn(x, §) with

+oo
wle g =i [ Iy,
x
and
+oo “+oo )
)= [ [ FOOR) ke (2, ey, (4.70)
z Yy
We can prove the following estimate by induction

ol rmelja) P, €)*"

4.71
enyr e el (471)

[on(z, 8] < €

which implies immediately (4.68). Moreover, since P(x,£) is uniformly bounded on [Imé| < k, we deduce
from (4.68) the analyticity of M;3(z,£) on the same strip. To prove (4.69), we integrate by parts in (4.58)
w.r.t the variable y. For all £ with |Im¢| < k, we obtain

L (l’) 6721'595 +oo

Mis(w,§) = —= =5 [ &) W)y
(VK (2)  e-2ikz oo
- (2)1'[;( - 2, 621&/((]“*)/(9)-7{(3/) - k*(y)k(y)Mlg(y@))d% (4.72)

where we have introduced the function K(z) = f;oo kE(y)Mi3(y,&)dy. Now using (4.13) for k and &/,
(4.68) and the uniform estimate ||K(z)|| < C for all £ with |Imé| < k, we deduce that (4.69) holds when
|€] is large from (4.72).

¢

Corollary 4.2 Let k be the positive number defined in Lemma 4.1. Then the coefficient a;1 () is analytic
on the strip |Imé| < k and tends to Iy when || — oo. Furthermore, possibly considering smaller k , the
coefficient a;1(&) is invertible on the strip |[Imé&| < k and al_ll(f) is analytic and uniformly bounded there.

Proof: The first assertion is a direct consequence of (4.60) and Lemma 4.2. Since a1 () tends to Iy when
|€] — oo, a1 () is clearly invertible for |¢] large enough. Since a;1(€) is also invertible on the real axis
([1], Proposition 2.10), we conclude that a;;(§) is invertible on a strip |Imé| < e with 0 < € < k small
enough and that al_ll(ﬁ) is analytic and uniformly bounded on |Imé| < e. Denoting this € by x, we have
proved the corollary.

¢

Let us put all these results together. Since R(€) = —a;;" (€)a2(€), Corollaries 4.1 and 4.2 imply that
the reflection coefficient R(€) is analytic on a strip |[Imé| < x where & is a small enough positive number.
Moreover, using the estimates of the same corollaries, we see that | R(. +in)|| € L?(R) for all || < k. In
fact, we have

sup [|R(. +in)||r> < oc.
Inl<w

Finally it follows from Thm TX.13 in [26] that the Fourier transform R(a) satisfies the estimate
e R(a)| € L2(R). (4.73)

In particular, the assumption (4.50) in Thm 4.3 is satisfied by R(£).
We finish this paper solving the inverse problem.
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Theorem 4.4 Assume that one of the reflection matrices L(€) or e 2P R(€) appearing in (4.48) is known
on a (possibly small) interval of R. Assume moreover that the mass m and the charge ¢ # 0 of the Dirac
fields are known and fixed. Then the parameters M,Q and A of the dS-RN black hole are uniquely
determined.

Proof: We only give the proof when the reflection matrix e 2" R(¢) is supposed to be known on an
interval I of R since the proof with L(£) can be treated the same way. We consider thus e=2¥1 Ry (€)
and e 22 Ry(¢) two reflection matrices corresponding to parameters M;,Q; and A; with j = 1,2 where
moreover the parameters m, g # 0 are supposed to be known and fixed. As usual we shall denote all the
objects related to e 2% R, (&) by a lower index j in what follows. Assume that e =21 R (€) = e~ 272 Ry(¢)
for all £ € I. By analyticity, we thus have

e IR (€) = e TRy (¢), VEER.
Using the procedure explained after Thm 4.3, this also entails that
e?P L1 (€) = P2 Ly(¢), VEER.

Thanks to (4.73) and the corresponding result for L(£), we can apply Thm 4.3 (and the remarks following
this Theorem). Hence we obtain the equality e?1k;(x) = e2#2ky(z) for all z € R or equivalently

2B, (2) = 2T B2 Wy (z), Vo €R. (4.74)

Now recall that TW? is a positive function since

W2a) = ai(@) +52(w) = (14 2) E0) 2,

Hence taking the square of (4.74) and then the modulus, we have

Wi (2) = af,y (2) + b1 (2) = afy(2) + b3(x) = Wi(z), VzeR. (4.75)
Note in particular that
+oo +oo
W3(s)ds = W3(s)ds. (4.76)

Moreover by homogeneity in [ and since a; and b are positive functions, we deduce from (4.75) that
a1 (z) = aj(z), bi(z) =bo(z), VxeR. (4.77)

Now since o
W(z) = e 21 @) (g (2)D? + b(x)T?),

by (2.16) it follows from (4.74) and (4.77) that

1 1 — -1 1=
6211" 516—211" Cr(z) — eQ'LF [316—211" C, (ac), = R,

or equivalently that
61— Ci(x) =02—C5 (x) + km, VxeR, (4.78)

where k € Z. Derivating (4.78), we obtain

c(z) =c(x), VreR, (4.79)
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If we let tend z to £oo, we obtain from (4.79) and (2.15)

Co,1 = €02, C4,1 = Cy 2. (4.80)

We notice eventually that (4.76) and (4.80) are precisely the conditions under which the parameters

M, @ and A were shown to be uniquely determined in the proof of Theorem 4.1 (see precisely the condi-
tions (4.25) and (4.27)). We thus apply the same procedure as before to end up the proof of the Theorem.

¢
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