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A direct and an inverse scattering method is developed for Schrodinger operators with electro-
magnetic fields in the case of obstacles in order to study the well-known Aharonov-Bohm effect.
In dimension greater or equal to three, we show that the electric potential and the magnetic field
are uniquely determined by the S-operator. In the two-dimensional case, some obstruction appears
based on a quantification of the magnetic flux.

I. INTRODUCTION.

In classical mechanics, the electromagnetic field strength describes completely the electromagnetic effects (Lorentz
force). In quantum mechanics, this is not the case. In 1959, Aharonov and Bohm!, using the Schrodinger equation,
considered the scattering of an electron off an impenetrable solenoid and found an effect (interferences). This showed
that in quantum mechanics, the electromagnetic field acts on charged particles even in a region where this field is
7€ero.

The Aharonov-Bohm phenomenon has attracted a great deal of interest : it has been studied from a spectral
viewpoint?, and in a quantum scattering process® (radial magnetic interaction in the two-dimensional case).

In this note, we study Schrodinger operators with an electric potential and a magnetic field in the presence of obstacles.
In section III, we will hide the singularity of a magnetic potential inside the obstacle, a singularity which accounts for
the “Aharonov-Bohm effect” : when magnetic potentials have singularities, Hamiltonians associated with the same
magnetic fields need not be gauge equivalent.

The goals of this paper are the following :

a - we show existence and asymptotic completeness of the Moeller wave operators in order to define the scattering
operator.

b - we study the inverse scattering problem in the presence of the Aharonov-Bohm effect.

In the case of two-body Schrodinger Hamiltonians H = —A +V on L*(IR"), n > 2, V short-range, such a problem
has been studied with high-frequency asymptotic methods*. Recently, for short or long range potentials, Enss and
Weder® have used a geometrical method. They show that the potential is uniquely determined by the high velocity
limit of the S-operator.



This method can be used to study Hamiltonians with electric and magnetic potentials® on L2(IR"), the Dirac
equation?, and the N-body case® (see also Ref. 8,9,10 for similar problems with different approachs).

In Ref. 11, we used a stationary method to study Hamiltonians with smooth electric and magnetic potentials, based
on the construction of suitable modified wave operators. This approach gives the complete asymptotic expansion of
the S-operator at high energies. In this paper, we will see that the problem with obstacles can be treated in the same
way by determining a class of test functions which have negligible interaction with the obstacle (see Lemma 10). To
our knowledge, the Enss-Weder method has not yet been used for such a problem.

First, let us begin by some notation :

Hy = —%A is the free Schrodinger operator on L?(IR™), n > 2, with domain H?(IR").
We consider a compact obstacle K in IR", 0 € K, with smooth boundary and we denote Q@ = IR*"\K.
We define the Hamiltonian H as the following differential operator on Q :

H =H(AV) = = (D-A(z)*+V(z), D=-iV . (1.1)

N | —

We suppose that the electrostatic potential V € C* (ﬁ) , with the short-range condition :
|02V (2) | < Co <z >l 551, (Hi)
where < & >= (1 + z%).

Let B be the two-form magnetic field, B € C*°(IR"), (identified with an antisymmetric matrix (b;z)), with the decay
condition :

3
|92B(z) | < Cp <a>"#ll > 5 (H>)
We consider the magnetic potential, (transversality gauge), A € C*°(IR"), (B = dA), given by :
1
Az) = —/ sB(sx).x ds . (1.2)
0
It is easy to see that A satisfies the following estimations :

|02A(z) | < Co <z>F71 p=min (1,p—1) >

N | —
—_
=
(U5
=

and the geometrical condition,

Vee R" |, A(x)e = 0. (1.4)
We denote also by H the Dirichlet realization, with domain D(H) = H2(Q) N H}(Q), and with essential spectrum
Oess(H) = [0, +00].

Finally , let Z be the restriction operator, Z : L%(IR") — L?*(Q) defined by Z® = ®|q.

II. EXISTENCE AND COMPLETENESS OF THE WAVE OPERATORS.



A. Existence of the wave operators.

In order to define the wave operators W*, we use the two-Hilbert spaces setting!?13:14,

Lemma 1

The wave operators W* : L2(IR") — L*(Q) defined by

W* = s— lim ¢t 7 ¢mitHo (2.1)
t—+oo

exist and are isometric.

Proof
Let x € C*(IR") such that xy = 0 in a neighborhood of K, x = 1 in a neighborhood of infinity. For ® such that

® € C§°(IR"), we have :
T eitHo @ = ¢H T\ emiHo § 4 o(1) | t = Fo0 .
Using Cook’s argument, it is easy to show!:1¢ that the right-hand side admits a limit when ¢ — %o0.

To see that the wave operators are isometric, it suffices to show :
: —itH _
i (17100 sy = | @ Lo
We have :

| Ze7 0@ |[Laq) = < Ze™" 0@, Ze 0@ > 12(q)

=< (T2 = 1)e ™00, e Ho@ > o gay + || @ |32y pn) -

Since Z*Z — 1=multiplication by 1k, and K is compact, (Z*Z — 1)e~"*Ho® — (0 when t — Foc0. O

B. Completeness of the wave operators.

First, let us recall the notion of completeness for the wave operators W+ = Wi(H, Hy,Z) in a two-Hilbert spaces
setting'>1314 The wave operators W*(H, Hy,T) are complete if Im W* = H(®)(H) | (subspace of absolute
continuity of H).

Remarks

By the intertwining principle, Im W% C H(ac)(H). To show the inverse inclusion, we follow a method close to
White’s'3, which uses the stationary approach of Isozaki and Kitada!?. This approach is also used in section III to
study the inverse scattering problem. We only give the main steps.

First, we write the wave operator W¥ differently, using a Fourier Integral Operator, (F.I.O), in the definition (2.1).
As in Ref. 16, we introduce the Fourier integral operator J* with phase ¢* defined on T'* by :

e (2,8) = v+ ch (2,8, (2.2)

where
+co
A = - [ At (2.3

and

I = {(@eR™ :|z|>R, |20 £2f>+0]a]|E]},0€]-1,1].



[~ (resp. I't) is called an incoming (resp. outgoing) zone. The amplitude of the F.I.O is given by xo(z) where
Xo(2) = 0 in a neighborhood of K and xo(z) =1 in a neighborhood of infinity.
We have!S :

W x(Ho) = s— lim € 7 J e=Ho () | Vx € CF°([2 6%, o0]) . (2.4)

t—+oo

Now, we are going to prove that ZJ% is a suitable approximation of W*, when we localize in incoming (resp. outgoing)
zones. We follow the Derezinski-Gérard’s presentation'®. We denote by p* a cut-off function with support in I'* and
pt(z, D) is the usual pseudo-differential operator with symbol p*, (left-quantification).

Lemma 2

W \(Ho) pt(e, D) = LI (Holp* (e, D) + R* (2.5)
where RE : L2(IR") — L*(Q) is a compact operator.
Proof

We only sketch the proof. For more details, (see Ref. 18 Theorem 4.17.2, and Ref. 16). We treate the case (+). By
(2.4),

W X(Ho) p* (e, D) = Zrt(Hot e D)+ [ BAO dr,

where
RY(t) = i (HIJ* —TJVHo) e~ Hox(Ho)p* (z, D).
We easily see that
| R (1) lleezo@mm) L2y SHZST () lewa(mrmy,L2@)
with
l[<t>""¢<D>N<ae> ST ||carm)) < CONe

where € > 0 and v = min (4,2p,p+ 1) > 1. We conlude by Rellich’s theorem. O

Assuming the following technical lemma, (the proof is given in Appendix), we can formulate the main theorem of this
section.

Lemma 3
Let ® € H*(H) such that x(H)® = ®. Then :

lim (W% x(Ho) pE(z, D)JE 7* - 1) e7"Ho =0 . (2.6)

t—+oo

Theorem 4
The wave operators W* are complete.

Proof
We have to prove that #%(H) C Im W#*. It suffices to show that :

Y® € H(H) such that y(H)® = ® with x € C5°([20%, >0[) , we have ® € Im we .



Using (2.6), we have, (for the case (4)),
Wt x(Ho) pP (e, D)JT T e Ho — 7o 50 | t = 400,

and since et

is unitary,
eH Wt x(Ho) pt (2, D)J T 7 HOd —® -0, t = 400 .
Using the intertwining principle,

® = lim W7 [ x(Ho) p*(z, D)JHT* e~ H ).

t— 400

Since Im W is closed, Theorem 4 is proved. O
By Theorem 4, we can define the scattering operator, S = WH* W~ : L%*(IR") — L*(IR").

III. THE INVERSE SCATTERING PROBLEM.

In the previous section, we have defined the scattering operator S = S(A, V). The goal of this section is to answer
the natural question : can one determine the electromagnetic field in €2 from the S-operator ?

In order to solve this problem, we have to make some technical assumptions. We suppose in this section that K is a
convex set and moreover :

B e CF°(IR") (H3)
In this section, we prefer to work with the 1-form magnetic potential A = (A, ..., A;) with the Coulomb gauge
(div A = 0), given by :

1 - Tp — n
Aj(z) = Z /n ﬁ bix(y) dy , V€ IR, (3.1)
k=1

On—1

where o, _1 is the area of the unit sphere in IR™.

In order to give some properties of these potentials, we define

+o0
E(x) = / sB(sx).xz ds , (3.2)
1
and in the two dimensional case let 8 be the normalized magnetic flux given by :
1
8= — / b(z) de where b=b1a = —bo;. (3.3)
2w R2
We have the following lemmal® :
Lemma 5
The magnetic potential A is smooth and satisfies in Q :
Forn>3, A(z) = E(z) + Ve(z). (?)
Forn=2, A(z) = %(—1‘2, z1) + E(z) + Ve(z). (i2)

where 0% p(x) = O(< & >~1-1l),

Remark

In dimension n > 3, A(z) is a classical short-range perturbation, and in the two dimensional case, A(z) is a short
range perturbation of the transversality gauge given by (1.2), so everything done in section IT works and we can define
the scattering operator S = S(4, V).



A. Results.

Let V1, Vs be potentials satisfying (H1). Let By, By be magnetic fields satisfying (HY) and let A;, j = 1,2 be the
associated magnetic potentials with the Coulomb gauge.
For elementary topological reasons, we will see that we obtain different results in the n-dimensional case, n > 3, and
in the two-dimensional case.

Theorem 6 : (the n-dimensional case, n > 3).
Under the hypotheses (H1), (HY), we have :

S(Al,Vl) = S(AQ,VQ) < B =Bsand Vi =V51in Q.

In the two dimensional case, the result is more complicated; a quantification condition on the magnetic flux appears.
Moreover, in order to use a support theorem for the Radon transform?°, we have to assume that :

V satisfies (H;) , and Vm >0, <z >" V is bounded (Hy)

Finally, let us denote by 0(z) = tan™!(z2/21) € [0, 2] the azimuthal angle from the positive z; axis, let 8; be the
flux over 27 of B;, and B; = b; dz1 A dxs.

Theorem 7 : (the two-dimensional case).
Under the hypotheses (H1), (HY), we assume that S(A1, V1) = S(A2, Va).
Then : b1 = b2 :=bin Q, 61 = 62 mod 2, (61 _ﬁ2)b+ V1 - V2 =01in Q.

Proposition 8 : (the Aharonov-Bohm effect).
Under the hypotheses (H7), (H4) with supp B; C K,
(i) S(A1, Vi) = S(As, Vo) = f1 = B2 mod 2, Vi =V in Q.
(ii) By = P2 mod 2, Vi = Vs in Q = S(A;,V)) = e~ 1F1=5200(D) (A, V) ei(Fr1=F2)8(D)

Comments
Ruijsenaars® obtained similar results in IR? : when the electric potential V = 0, K = D(0, R), B is radial with

support in K and A(z1,22) = 5(—%2,71) in Q, we can calculate explicitly the scattering amplitude.

x
Actually, Ruijsenaars obtains t|wo| different formulas for the scattering amplitude. This difference comes from the
interpretation of the operator idp, (different boundary conditions for the ray # = ), where 6 is the azimuthal angle
from the positive z; axis.

In the first interpretation, idy acts on

Dy ={psit glim e(0) = lim ¢(0) }.
——

f—m

In this case, the scattering amplitude is given by :

oo a? (kR)
TEHA0,0') = (2ink)™% Y (=¥ O I Ty im(e-67) (3.4)
B L 3

i H{), 5 (kR)

where k = VX, 6,,(0) = F(m|—|m+g|)and Hl(,l),Hl(,2) are the Hankel functions.

In the second interpretation, i0y acts on

Dy={ st glim ©(0) = ?P™ lim »(0) },
-

—m

allowing a singular gauge transformation. Then, the scattering amplitude is :

TE(A,0,0) = e PO=0D o= 10mel) 71 (X 0,0) (3.5)



where T is given by (3.4) with 3 =0, ¢(¢’) = 1if ¢’ > 0 and €(¢') = —1 if ¢’ < 0. In these two cases, one has for n
integer, 0 £ 60", j =1,2,

T90n(X0,0') = (=1)" T5(X,0,0")e= =),

and the cross sections, (scattering measurable quantities), given by

d0'> ;
7 = |Té()‘a€¢9l) |2
<d6’ 4.

are periodic in # with period 1.

In Theorem 7 and Proposition 8 (i), we consider an equality between the scattering operators : this is stronger than
an equality between the cross sections. So, our problem is not well-posed from a physical point of view; we make the
conjecture that #; = f2, but Proposition 8 (ii), which is certainly known, shows that with our approach (one studies
the high energy asymptotics of the scattering operator) we cannot prove uniqueness of the magnetic flux. Indeed, let
B be a magnetic field with compact support in K and with 7 € 2Z, and let A be the magnetic potential satisfying
the Coulomb gauge. By Lemma 5 (ii) and Proposition 8 (ii), we have off the 0-energy :

S(A,0) = e-iD) 5(0, 0) £99(D).
Using Theorem 9, (see below for the notation), one cannot obtain a more precise information about §. Indeed,

< VR (S(A,0) — 1) VAR 5 =g VAT (PG g (5(0,0) — 1) ¢VAze (P g S
and VN > 1,

PNt g = (i80w) E Qo A5 e + O()\_%),
la|<N-1

for suitable constants a,. Since Supp D*® C X,,, we obtain :

< eVATeg (S(A,0)— 1) VIOT s = O(A).

The proof of these theorems is based on the study of the high energy asymptotics of the scattering operator off the
obstacle. This is the subject of the next subsection.

B. High energy asympotics of the S-operator.
The method is very close to the approach in Ref. 11. Before giving the main proposition of this section, we need
some notation.

Notation
Let w € S7~! fixed, S"~! is the unit sphere of IR". Let X, be the following set :

Xo ={z€eR" : VteR, v +tw €Q}.

We define
+oo
CA(;E,f)ICZ(Z‘,g)—Cj‘-(‘x,f):/ Az +1£).€ dt .
o)
Ry(z,¢) = —/ Bz +t&).¢ dt
0
and

FH(2,6) =5 (| Re(e,€) [P —i div Re(2,€))

N | —

We have the following result, where <, > is the usual scalar product in L?(IR").



Theorem 9
Under the hypotheses (Hy), (Hs), V®, ¥ € C§° (X, ), we have the asymptotic expansion for A — +oo :

_ too v
< VArwg , S VAL S Z AT <D, ajw(z, D) ¥ >,
7j=0
where a; ., (z, D) are differential operators. In particular,
aow(z, D) = giealmw) )
a1 (2, D) = —i ecalow) </ V(e +tw) dt + aA,w(l‘,D)) :

where aa o, (x, D) is a differential operator depending only on A given by :
0

+o0
asw(z, &) = /0 T+(;73—|—tw,w) dt—|—/ (x4 tw,w) dt

— 00

—iZ @fkgkcj(m,w) + Ot (2,w).0pca(2,w) — Ogca(z,w).E .

k=1
Proof
We only sketch the proof, (see Ref. 11 for details).
e Step 1 :

In Ref. 11, we work with functions @, ¥ s.t <T>, U have compact support. So, at high energies, translation of wave

packets dominates over spreading.

In this paper, since we localize ®, ¥ in X,,, we have to introduce an energy cut-off function (depending on A). We

consider xo € C§°(IR™) such that xo(&) = 1if | £ |< 1, xo(€) = 01if | € |> 2. Tt is clear that : V& € C{°(IR"), Ye >

0,YN > 1,

1D0o(50) = 1 @ llzagaeny= OO)

e Step 2 :
Using (3.6), it suffices to calculate the asymptotic expansion of :

D = ) D
D) xo(3)@ = TV EEWEN A (e
. i w —1i w D
— t_l}lgloo e th()\7 )I e tHD()‘v ) XO(F)@ s
since
< ezﬁx.wq) , S 62\/)‘£~W\I[ > =< Q+()\,W) XO(F)q): Q_()‘aw) XO(F)\IJ > +O()\_N) ’

where

H\w) = e~ ™Vrew g (V3zw on 12(Q)

Ho(Aw) = emiVrew o iView o L*(IR") .
e Step 3 :



In Ref. 11, in order to calculate the asymptotic expansion of Q¥ (A, w), we have constructed an energy modifier (F.I.0)
J;\*L,(/\, w) for N > 1. We follow the same strategy, but since we work with an obstacle, we have to introduce a cut-off
function xy* which localizes in the classical propagation zone.

First, let us begin with some notation : for V,, neighborhood of w in S™~! let
Ot = {e+tw'; zeSupp®, teRT W eV, }.

If V,, is rather small, O C Q. We define a cut-off function y* € C>®(Q), x* =1 in a conical neighborhood of O%.
Now, we can define the energy modifier J;\*L,()\,w), N > 1.

The amplitude of the F.I.O Jf,()\,w) is given by :

N-1
ef(x, & w) = xyE @) Y. AF di(z&w),

m=0

where dg: = 1 and the functions d satisfy for m > 0 the transport equations :

. . 1 [e3 o
w.VdiH = —iV(z) dt —i Z ] ) fi(r,w) d;t

la|+i=m
1 o qoa pt + i + +
- | l; — TR (v,w) . VA 45 Ady - €.V
al+j=m

where d,ﬁ is written for d,ﬁ(m, &, w). We can easily solve these equations for € Supp x* remarking that z € Supp x*
implies z + tw € Supp x*, t € IR*.

The phase of the F.I.O J;\*L,()\,w) is given for (z,& 4+ VAw) € T* by :
goji\,(m,é’, Aw) = 2.+ Cf(m,\f—k \/Xw) .

We define

and we have the following lemma :

Lemma 10
For A>>1, e< %, t € IR*, we have : YN > 1,

1 JA) |L2(mmy= O(< t >N A~N).

Proof
We have :

IO =6t = [(f 69190 xoe) dgyety)
where p(&) = A (x —y).£ — %()\65 + \/Xw)z.
= XNz —(y+ /\%t(w + )\_%+E£))]. Since | £ |= O(1) and € < %, y € Supp ®, we easily obtain for
x € Supp (xt —1), A>> 1,
|06 (6) 2 € X(14 [ £ A) > e X <>,

for a suitable constant ¢ > 0. We conclude by a standard non stationary phase argument. O



Lemma 11

For A >> 1,
QF (A w) xo()B = lim  HOW TrE(\ ) emitHae) 3o (D)g
3 Xo G — ¢St oo NN Xo e .
Proof
Let Kf\:,()\,w):F.I.O with phase goji\,(r,\f, A, w) and with amplitude 1. We have!! :
. - —1i w D
Jim (KE(\,w) — 1) e7itHoAw) Xo(50)® =0 (3.7)
Since e?{,(r,&’, Mw)=xT+0(< 2> v > 1, it suffices to prove :
, D
Jim (K (A w) = 1) e 0 yo ()@ =0
Remarking that
Xi[{J:{:f()‘:w) -1= X:t ([{J:{:f()‘:w) - 1) + (X:t - 1) .
we conclude by using Lemma 10. O
e Step 4 :
We have :
+ + D -y
N (A w) =TIy (A, ) xo(3)@ 1= O(A7=) . (3.8)

Indeed, everything done in (Ref. 11, Proposition 10) works for Q% (), w) Xo(%)@. It suffices to remark that all the

contributions coming from the cut-off function y* are negligible using the same arguments as in Lemma 10.

e Step 5 :
Using Steps 1-4,

T . D D ;
<EVRED 5 VRN S = < T @)o(30)®) TR @)xo(3)Y i) + OTE)

D _ D -
=< J;(Aaw)XO(F)CDa JN()\,W)XQ(F)\I/ > L2(IR™) + O()\ 2) ,

D . _ D N
=< Xo(;)q), JJ-\}_, ()\,w) JN()\,W)XO(;)W >L2(Rn) + O()\ 2) ,

=< @, JHF(Nw) Iy(A\w) ¥ >pamey + OAF)

and we conclude as in Ref. 11. O

C. Proof of the n-dimensional case, n > 3.

We suppose that S(A;, V1) = S(A2, V2). We denote by A = A; — Ay and V = Vi — V5. The goal of this section is
to prove that B=dA =0, V =0 in Q.
Using the first term in the asymptotic expansion in Theorem 9, we obtain :

+oo
Vwe St Ve X, , / Alx +tw)w dt = 2k(z,w)m , (3.9)

o0

where k(z,w) € Z. We have the following lemma :

10



Lemma 12

Let B € C§°(IR™). We suppose that (3.9) is satisfied. Then : B=0in Q .

Proof

Step 1 :

Without loss of generality, working with 0% A(z) instead of A(z), we can always assume that A € L'(/R") and
k(z,w) = 0. Indeed, differentiating (3.9), since k(z,w) is locally constant, we have :

+oo
Ya € N* [ Vx € X, , / OfA(x+tw) . wdt = 0, (3.10)

and by Lemma 5, for | a |> n, it is clear that 0% A(z) € L'(IR™).

Step 2 :
Since K is a convex set, it suffices to show that B = 0 on every

Py, = {z€R" : 2z . wg>a} C Q , where a>0, wo € S*7L .
Without loss of generality, we can suppose that wg = e; where (e1,...,€,) is the canonical basis of IR”. We denote

by IIy the hyperplane generated by (e, ..., e,). We write & = (21,2') € IR, 2’ € IIy. Finally II, is the orthogonal
hyperplane to w.

For 21 > a, w € S" ' NIy, ¢ €I, N1y, we have :

ﬁ(ajl,f').w = / emie' e A(zy, 2"y w dz’ | (3.11)
T,

where A is the Fourier transform in the 2’ —variable. Writting ' = y + tw with y € I, N Ily, we obtain :

ﬁ(rl,\f’).w = / emivd </+°° Az, y+ tw).w dt) dy = 0, (3.12)
I1,nllg -0
by hypothesis. So, we have showed :
Vw e S My, V¢ e, N1y, A(zy,&)w=0, (3.13)
or equivalently,
Ve € TIo\0, Vw € I N , A(z1,8)w =0 . (3.14)

Thus, there exist ¢1(£), ¢1(€) € C'such that :
Ae1,€) = ci(€)er +ea(9)€ . (3.15)
Since bjx(x) = 0; Ary(x) — Op Ajy(x), where A = (A, ..., Arn)), we have by (3.15) for j, k > 2, V£ € TIh\0
bik(a1,€) = i(&Au (21,6) — &gy (21,6)) = 0.
By the injectivity of the Fourier transform on L!(IR"), one has :

Vi k> 2 bjx=0in P, . (3.16)

Step 3 :

Now, we prove that bj1(z) = 0 in P,.,. To do this, we prove that b;1(z) = 0 in Pyyce,, Ve > 0, using a support
theorem for the Radon Transform.

Let V., be a neighborood in S”=1 of eq such that : Ve € Ve,

Pa+6,e N Supp B C Pa,e1 :

11



We claim that for x € P,y and w € Ssh=lnll,

+o0
/ bir(z+tw)dt = 0. (3.17)

o0

Using the support theorem for the Radon transform, (Ref. 20, Lemma 2.11), we obtain b;1(2) = 0 in Pyyc.,. Now,
we prove (3.17). By a standard continuity argument, it suffices to prove (3.17) for e € V,, and w = (w1,...w,) €
SN, wy # 0. First, let us remark that Vo € Py, ., w € Sr=1nIl, -

+ o0

9. </+°° A(m—I—tw).wdt) - / Blo+tw) . wdt = 0 . (3.18)

— 00 — 00

The j** component, j > 2, gives, using (3.16) :

n +oo +oco
E / bir(z +tw) wg dt = / bir(z+tw)w dt=0. O
k=1 Y= -

o0

Proof of Theorem 6.

(=) Since By = Bj in Q, we have by Lemma 5, Ay = A; + V. So, S(41,V1) = S(42 + Ve, V1) = S(42, 1) =
S(Az, V), by gauge invariance.

Studying the second term in the asymptotic expansion in Theorem 9 for S(As, V1) — S(Az, V), we obtain :

+o0
Vwe S Ve X, , / V(z+tw)dt = 0 . (3.19)

Working on hyperplanes P which do not intersect K and since dim P > 2, we obtain as in (Ref.11, Lemma 5), that
V =0in Q.

(<=) Obvious by gauge invariance. O

D. Proof of Theorem 7.

First, we prove that B = d(A; — A2) = 0 in Q. We could use Lemma 12 but we prefer to give an elementary proof.
As in (3.18), we have :

+o0
Ywe St VrEXw,/ Bz +tw) .wdt = 0. (3.20)
Thus, since bys = —bsgy, we obtain :
+o0
Vi=1,2 Ywest | VJ:EXw,/ bia(z +tw) . wydt = 0.
So, since | w |= 1, we have :
“+co
Vwe St | VzeX,, / bia(z +tw) dt = 0. (3.21)

By the support theorem for the Radon transform??, we obtain B = 0in Q. Thus, in Q, by Lemmab, A; = As+Az+Vyp
where :

Ap(z) = E (—z2,21), B=p1— P (3.22)

|

So, S(A1,V1) = S(A2 + Ag + Vi, V1) = S(Az + Ap, V1) = S(A3, V). Using Theorem 9 again, we obtain ca,(z,w) €

27 Z and an easy calculation shows us that ca,(x,w) = 67 if £z.w" > 0 where (w,w’) is a direct orthogonal basis
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of IR%. So, # = 0 mod 2. Finally, the last equality follows from studying the second term in the asymptotic expansion
in Theorem 9; using the relations for j = 1, 2,

+oo
Ozca,(,w) :/ bi(z +tw) dt (—wa2, wi),

— 00

and 6gc§j(m,w) = B;(—w2,w1), we have :

+co
Vwes' Va:EXw,/ (Bb+ Vi — Va)(z + tw) dt = 0 .

where b = b; = by. We conclude by using the support theorem for the Radon transform?°.

Proof of Proposition 8.

(i) Obvious using Theorem 7.

(i1) Conversely, this result is certainly well-known. If we suppose that 8; = B3 mod 2, and V; = V5 in Q, then we
casily seel?, that

H(A;, Vi) = e P H(Ay + Vi, Va) €@ on L2(Q) (3.23)
where 0(z) = tan=!(zy/21) € [0, 2n] is the azimuthal angle from the positive z; axis. Let us remark that since j3 is
an integer,

¢TI0 ¢ 0™ (IR*\0) . (3.24)

Moreover, #(z) is 0-homogeneous. So, it follows that far from the 0-energy,
S(Ay,V) = e PD) 54, V) P40 (3.25)

Since §(—D) = 6(D) + m and B € 2Z, we obtain the result. O
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APPENDIX

In this section, we give the proof of Lemma 3. We denote by Yoo (H) (resp. 71(#)) the set of compact (resp.
class-trace) operators on H.

1. A preliminary lemma.

Lemma 13
Let x € C§°(IR4). Then :

X(Ho) = I*x(H)I € oo (L*(IR")). (2)

X(H)I" = T"x(H) , Ix(Ho)IT" - x(H) € v (L*(Q)). (i)

13



Proof

Since ZZ* = idp2qy, it suffices to show (i). Let us denote by HP the self-adjoint Dirichlet realization of —%A on
L%(Q). Since H is a HP-compact perturbation of HY, it is well known that x(H) — x(HP) € 7o (L%(R)). So, we
have only to prove the following assertion :

X(Ho) = T*x(Hg )T € oo (L*(IR")) .
On the other hand, we have?!,
Yt >0, emtHo 7% e~tHY T ¢ 4y (L2(IR™)) .

Let z € C'such that Re z < 0. Since Hy et HY are positive, we can define Ro(z) = (Ho — 2)7!, (resp. R (z) =
(HP — 2)=1). We deduce that :

Ro(z) = T*RP ()T = /0 (c=tHo _ 7% T T) ¢ dt € 7 (L2 (IR")) .

By the Stone-Weierstrass theorem, we obtain the result. O

2. Proof of Lemma 3.

We consider the case (+). By Lemma 2,

(WHx(Ho)pt (z, D)JT*T* —1]e" ™o = [(ZJ(Ho)pT (2, D) + RY)JTT* —1]e " @ |

= [ZJ x(Ho)pt (z, D)JT*T* — 1]e " @ 4 0(1) ,
since e ""H® — (0 weakly and Rt J+t*Z* is a compact operator. Thus,
(L.H.S) = [ZJ x(Ho)JTT* — e " & + TJFx(Ho)(pT (2, D) — 1)JT*T*e " Hd +0(1) ,

denoted by (1) + (2) + o(1).

e Step 1 :
We easily verify that J*y(Hg)J** — x(Hp) is a compact operator on L?(IR™). Thus,

(1) = [Zx(Ho)Z* —1]e” " ® 4+ o(1) ,
— [E(HOT" — ()] 4+ o{1)
By Lemma 13, we have (1) = o(1).
e Step 2 :

(2) = ~ZJ*x(Ho)(p* (2, D) = NI (=T =T

+ZJYX(Ho)(p* (x, D) — ) J P I~ J*T e o
By Lemma 13,

(J7J =D = (JT I = DIy (H)e e
= (J7J 7 = \)x(Ho)T*e " 4 o(1) = o(1) ,
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since (J~J* — 1)x(Hy) is a compact operator. Thus,
(2) = ZJ x(Ho)(pt(z, D) — )JT*J=J*T*e "D 4 o(1) ,

= —ZJ x(Ho)(p*(z, D) — 1)Jt*J(p~(z,D) — 1)J*T*e "o

+ZJFX(Ho)(p* (x, D) — 1)J T p~ (2, D) *T*e " 4 o(1) .
Let us verify that the last term of this expression is = o(1). We have :

p~(z,D)J*T*e " O = p~ (2, D)J I x(H)e "D
=p~(x,D)J 7 *x(Ho)I* e ""Hd 4 o(1) ,

=p~*(z, D)x(Ho)J*T*e " @ 4 o(1) ,
since [J~*, x(Ho)] and (p~ (z, D) — p~*(x, D))x(Ho) are compact. Then, by Lemma 2,

p~(z,D)J T e " H O = p~*(x, D)x(Ho)W e " 4 o(1) ,

=p~*(z, D)x(Ho)e "Ho(W=*®) + o(1) = o(1) ,
(well-known propagation estimates for the free group). Thus,
(2) = —ZJ*X(Ho)(p* (2. D) = DI I~ (p™ (2, D) = )J~T*e 0 1 o(1) .

We easily conclude that (2) = o(1) since x(Ho)(pt(z, D) — 1)J**J~(p~(x, D) — 1) is a compact operator, (this is a
pseudo-differential operator with symbol = O(< = >~1< ¢ >~N)). O
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