91

S. The Whitney trick

In this section we shall do the preparatory work, for
cancellation of a tfivial direct summand of the Novikov
complex (Theorem 5.1). For that we shall need to realize
geometrically the incidence cecefficients, that is to cancel
two homotopic trajectories of opposite sign, joining the
same points (Theorem 5.2). That is the subject of ordinary
Whitney trick, but we shall need a .bit more than is the

output in the wusual situation. Namely we must cancel the

pair of trajectories joining p and g in such a way that
the set of trajectories, joining all the other pairs Xy Y
with ind x = ind y + 1, essentially does not change.

Before we state the theorem 5.1 we need one more

~ ,
notation. For x € M we denote by X its projection to M.

Theorem S5.1. (Let *® = (f, ?, v, E) be a regular

guadruple, belonging to a regular class .EéEHl(M, Z). Assume

that the Novikov complex Cixlv, E) 1215 N-equivalent to the
complex D, ® (0 «— _A;(b) QLA;(a) <— b} where a,b <cE,
ind a = ind b + 1, ©0(a) = b, N > 1.
Then there exists an admissible modification (g, g, v/,E)
of £, such that
1) There are no '(—v/)—trajectories, joining & and
yt, where y € E, vy # b, ind y = ind b, s < N.
2) There are no (—v/)—trajectories, joining x and

bt®, where x €E, ind x = ind a, x # a, s < N.
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3) §(b) < g(a) < g(b) + 1 and there is only one (-v’)-
trajectory » jJoining a and b; h(y) =1, &(y) = 1.
4) The complex C,(v’, E) is N-equivalent to C,(v, E).
For a Morse function p we denote by Cr @ the set of
all critical points of ¢ . For two points d.,F EM we say
that o is a t-shift of (5, if o= tsss for s < Z.

ITheorem 5.2. tet (f, T, v, E) be an r-quadruple for a

regular class £ € Hl(M, Z). Let p,q eCr T, ind p = ind q
+ 1, such that‘for some regular value c of f we have
c < ?(q) < ?(p) < c+l. Let yl » XZ be two trajectories of
(=v), Joining p and q, such that h(¥l) = h(xz), &(Yl) =
- & 32). Let g:?—l([c, c+l]) — [c, c+1] be some enumerat-
ing function with the same g.-1l.v. field v, such that for
some interval Cp, V) C(c, c+l) the only critical points of
g in g—l(( My Y )) are p, q. Let K< Cr T be any finite
set.

Then there exists a good gradient—like vector field v~/

for g, such that:

il
-

1) (g, G, vy E) is an admissible modification of (f,

2) If X,y € Ky ind x = ind y + 1 x is not a t-shift
of p, vy 1is not a t-shift of qQ then N(x,y; v/) is homotopi-
cally the same as N(x,y; v ).

| 3) Assume that ind p 2 4. If y €K, ind y = ind g, Y
is not & t-shift of q, then N(pts, y; v’) is homotopically

the same as N(pts, Ys v) for every pts & K.

v, E
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4) Assume that ind p { n=3. If x € K, ind x = 1ind p,
Xx is not a t-shift of p, then N(x, qts sv’7) is homotopically
the same as N(x, qts;v) for every qtS & K.
5) For every X,y €& K, ind x = ind y + 1, the set
7y

N{x,Ys; VvV is homologically the same as N(x,y; V).

&) The set N(p,g; V) is homotopically the same as

N(p,g; v) \ {Q(§), QUY,) 2

Proof of theorem 5.2.

Consider the cobordism g-l([)h V) of our statement.
We can assume that /u, vV are regular. We are giving to app-
ly the Whitney trick to this cobordism. Since this cobordism
projects bijectively to M this modification determines also
a new vector field on M which will suit us as v/i. The re-
sulting vector field on M is of course the result of this
Whitney modification, applied at once to all the cobordisms
g—l([}wn, v+nl), n EZ.

The constructiqn of Whitney trick which we wuse 1is
classical and we refer to ([Mi2, §6] for an excellent
exposition aof the procedure. If we apply just'this procedure
we shall get the properties 1) and 6) of our theorem. The
properties 2)-5) will be achieved by carefully choosing the
initial data for performing the Whitney trick. For the sake
of completeness we reproduce here the construction from
[(MiZ, éé], so that the.items 5.4-5.10 contalin the same ma-—

terial as in (Mi2l, a bit rearranged.
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Definition 5.3. Let D2 be the standard closed 2-
dimensional disc in euclidean plane and B, € be any two
smooth curves in D2 in the mutual disposition as presented

at the picture S5.1.

w(B) = Q(Dz)(ﬁ N
@) = q(Dz)tﬂ L
/;
N
fo
Pict. 5.1
Lemma 5.4. Let Nr, LS be two compact submanitolds of
the compact manifold Vr—s, r+s > 5. Let N be oriented, L

be cooriented, and let L ﬁ\N. Let a,b belong tot NN and
be of opposite signs (say a of +, b of -). Let tf:D2 —> V

be a smooth imbedding of a standard disc, such that *> :

%ﬂ L) = a, kf(o) = b; the Intersection cF(D2 ) NN Is eqgual
to @(B) and for every X‘Q-B the Iintersection ?*(TZDz)(W T?MW
= ?*(T ¥ B), in iIntersection ?(Dz)f\L = (F(C) and for eve-—
- 2
ry &€ C we have © (T,D°y N T L = ¢, (T,C ).
% ()0* X (F(U) ‘f*‘ a’
*> These a, b  have nothing in common with a, b in

the statement of th.S5.1. We keep the present notation until

the end of the proof of th.5.2.
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Then there exists an embedding é?: D
. .. é? 2
(where g 1is sufficiently small), such that D" x {0} x {o} = -

=9 ; é_l(l_) =C x {0} x D:_l; @“lw) =B x D5t x (0.

E
Proof. It is made in several steps, (lemmas 5.5-5.7).
First we do the homotopy - theoretical stuff.
Lemma 5.5. There exist the smooth vector fields 51""’§t—1

. . ?l""’ @;{’ defined on Y(DZ), such that
1) for such point =z ér?(Dz) the vectors ;;(z), 7j(2)

2
form a base of Tzv / Tz ?(D ).

2) for z & CF(B) the vectors ;2(2) form a base of TZN / Técpfs
3) for z & @(C) the vectors ?j(z) form a base of T,L /T, ¢(C

Proof. First we construct gi' Denote by §O (resp. 70 )
the tangent vector fields aiong B (resp. C) (see the picture
5.1) and by abuse by notations also the image ?*(fo), resp.
? % ( ?o)' Pick up any vector fields ‘fl""’fr—l along ¢(B),
such that fo, fl,...,é’r_l form the positive base of T, (N)
along ?(B). Consider now the vector field }70 along the

. . 2 g
curve €, which is tangent to D°, transversal to C and ;O(o&)

=Eo0L ), F B = —F (B). The quotient | Tu(V) / Tu(L) s

oriented by the assumption, the vectors ( %o y El""’ gr—l)
form the positive base of it at the point’ oL s since the
intersection sign is + there, and (—fo,_fl yones ;r—l) form
the positive base in .p (sign is - ). The vector field gg is

the smooth section of T4V /7 T,iL along C which implies



96
that there exist the vectors gl,..., -1 along C, which form
the base of T, V / (T,L + T*tf(Dz)) and which coincide in the
points o, }3 with the vector previously chosen. Now we have
; . /
the vector fields ;;""’gt—i on y(C) U T(C ), and we want
to expand them to @(DZ). The obstruction for doing this
belongs to JQ(V(F_I, r+s—2)) = 0(r+s-2)/0(s~-1). If s 23

this is zero, if s {2 then r > 3, I (0(r-1)) —> I (O(r+s-2)
N 7 1 1

is epi and, having changed the fields _§l,..., r—1 ©n
the small interval of C we get the zero obstruction.
To construct the vectors ?l""’ﬁ?ﬂ.we consider the

trivial bundle 5? over <P(D2), generated by the sections

fl,...,;r_l and denote by h  the bundle T,V./ ¢+ T*cp(Dz)-

This is an (s—-1)-dimensional bundle ? aver D2 . If we choo-
se -a trivialization of T,L / T, ¢ (C) along @(C) we get a
trivialization of Q aver (P(C) which expands to all the D2
by homotopical triviality of the pair (D2, c). Q.E.D.

The vectors gl""’}rdf 71,...,7r_lform a base of the
normal bundle to ?(Dz), that is an infinitesimal variant of
the tubular neighbourhood. The neighbourhood itself is

constructed as usual with the help of geodesic exponent and
to satisfy the conclusion of our theorem we shall need that

L and N are totally geodesic submanifolds of V.

Lemma S5.6. There exists a riemannian metric on V, such
that L and N are totally geodesic.
Proof. If K 1is a smooth compact submanifold of a ma-

nifold P denote by Y K the normal bundle, Ba( YK) - the
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open— £-disc-bundle, associated with some metrics on V) . The
map @8 :BE ( YK) —> P will be called tubular if it is
diffeomorphism onto some open set in P and C-__Ea(K,.O) = K.
The image of <PE_ will be denoted TG_' (Tubular maps exist,
for example the exponential map for some metrics.) The map
(x, &) —> (x, =g ) of B ( VK) will be denoted by J,.

Note that if g 1s a riemannian metric on P, such that
c_;{T5 is invariant under JE’ then K 1is totally geodesic.
{Indeed, for a geodesic ¥ > such that x(O) & K, Y(D) < K
the curve Ja( Y ) is again geodesic with the same origin and
tangent vector, hence Y = JE( Y) 7 YeK).

Return to our L and N. We shall construct a riemannian

metrics g on V and two tubular maps :B_ (VL) —> V,

Te,n'Be
§£,N:BL( Y N)—> V, such that g 1is JS_)L. and J&,N —-invariant.
X . ) ‘\]l/' s r
Near each points of intersection choose a chart t R xR —>
S
—> U(z) < V, such that N NUC(2) =\V(R x 0), L Nu(z)
='\'If(0 X Rr) and pick up a metrics g, on Vv, such that
‘}Ol\V—(Bza (0) x B2£ (0)) is standard euclidean. The tubular
maps CP and C? will be constructed as the exponential
EIL CIK
maps Tor 95° If & 1is chosen small enough, the intersection
T f\ T is exactly the union of U(z) over all the inter-
&, L E,N -
section points. By our choice of metrics in U{(z) the map JE L
r

acts as (X, ¥) > (-%x, y) and J - as (%X, y) > (x, —vy).

E,N
Consider now the metrics 1/2 (go + (Jé:,N ) e go) on TE,,N and
the metrics 1/2 (g4 + (JE-,N)* go) on T£,K . These metrics co-
inside on the intersection and give the J and J —in-—
£,L E,N

variant metric on Ta,LU Ta,N which can be glued by parti-
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tion of bunity with arbitrary metrics on V \ (T U

T )

£/,L &/2,N

S0 as to give the metrics sought on Ti[z,L U Té'/z,N . 0Q.E.D.
Now we are ready to prove lemma 5.4. We pick up the
metrics g as the éatisfy lemma 5.6 and the vector fields
fl,..., gr—l’ 71,..., 7s-1 25 to satisfy lemma 5.5. Consider

-1
now the map ?i.: D2 X Dar DS — V defined aS (X,
tl""’ B T N exp?c)(z 8 (cfz(x))+2 Ui (q(x))))

where exp is defined with respect to the .
riemannian metric g. It follows from the standard theorems

that for € sufficiently small és is a diffeomorphism onto

a neighbourhood of @e(DZ) in V. This neighbourhood is ar-

bitrarily small if £ 1s sufficiently small. Obviously
2 _ . 2 pL- 1 s-1_

@E(D x 0 x 0) = Qp)and it & < E_) then %lD X 6 X Dd‘ = %g. :
Further, since N 1is totally geodesic the set

~£CB>< DE x 0) is contained in N. We are going to show that
@aCB X Dg—lx 0 =NOInP , %g(c x O x Di-—l)' =L N\iInm i,’ if only

£ 1s sufficiently small. For that we fix some E,)such that
CEE is a diffeomorphism and suppose on the contrary that for
every n > 0 there is a point z, € N, such that zhé Im d‘?&/,\"
but z, ¢§/(B X Dg/"l 0). Note, that since C—PE(B X Drg—l x 0) N
N Im% @S(B x Dd‘ x 0) where J& <&, we have that z, f,{_:

é—@ (B x DE 0). By compactness of V we can suppose that

2
Zn, —> z . Note that =z ,6@(1) ) NN = B. The manifold N with

our riemannian metrics g is compact, hence the geodesic
distance P(Zn + 2) —> 0, hence there exists a geodesic ND X"’— P
starting from z with Hg(D)\ = 1 and arriving at Zn at
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an —> 0. But by construction every geodesic Yy starting at

zZ € B with the tangent vector ¥ € TN, lg(o)] = 1 rests in

épa(B x DTl 0) for T & €& /(max ‘Eil ), and thus cannot
1stsr-1

reach z, for this values of v . In the same way one proves

s—-1

that @a(t:xox D, ") =L N1

€ for g sufficiently
small,

Lemma 5.4 is proven.

Now we are going to define the isotopy h of V to
itself which will cancel the intersection points a, b.

r+s S .
Lemma 5.7. Assume that Vv sy L Nr, $ satisfy the

hypotheses of lemma 5.4, and <§§ satisfies the conclusions.

Then there exists a smooth isotopy h , 0 ¢ t £ 1 of Vv,

such that

1) ht = 1d in some compact neighbourhood of V \ Im s

ht = 1d for t sufficiently small and hy = id for t suf-
fisiently close to 1.

2) ho = id.

3) ht(Imé) = Im@ for all t.

4) hl(L) is transversal to N and the set of intersec-
tion points h1(L) N N equals (L N N) \ {a, b}, the inter-
section signs equal the old ones.

Proof. Consider first of all a smooth i1sotopy
d — g (t, d) of Da {to itself which is identical in some
‘neighbourhood of the boundary and g(1, d)0NB = ¢5(See pict.

5.2). We demand also that g(t, d) = d for t small enough

and g(t, d) = g(i, d) for t sufficiently close to 1.
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Pict. 5.2
Next let kl, k2 be the smooth non-negative function
on RE™1 | resp. RS™Y,  such  that ky(x) = 1 for |x| € €2,
k (x) =0 for |x| »3&/4 and k,(y) = 1 for Iyl ¢ €&rz,
kz(y) = 0 for |yl > 3¢&/4. Define the isotopy he:V —> vV as

following:

1) if vé&inP, then he(v) = v.

2) 1if v = é?(d, X, YY), then

fop (V)= DGR )+ £y (), L), %, 4).
Now we check that the conclusions of lemma hold. First

of all we note that ht(v) = v 1f v éEIﬂlé§ and v 1s close

enough to the boundary (indeed, in this case either g(t, d)=

= d or k2(x) + kz(y) = 0). This implies that ht is really

a smooth map V — V, and the properties 1), 2) bold. By de-

finition h(In®)c 1aP . on the 1n P the map n

2 r— -
defined actually in terms of D «x D£ lx Di:L and it is easy

£ i1s
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to verify that ht above defines a smooth isotopy D2 X ﬁ:ix
Di;l to itself and, therefore ht on Im é? and on the comple-
ment glue together to give a smooth isotopy, satisfying 3).

To check up 4) let x & N f\h1(L) and distinguish two
cases: a) x €E Im(:z_5 LI ox o= h1($<') then X elm@ by 3), hence
h1(x) = x and since Im 4? is compact the same holds for x ‘e

é—hﬂ(L) close enough to x, hence U(x) N (N f\h4 (L)) = U{x)n -

NIN A L) where U(x) is a small neighbourhood of x. So in this
case N and h4 (L) are transversal at x and the sign 1is as
before.

b) x € InP . The manifold h (L) O n®=h n 1P,
by 3), and the latter is equal to @?—image of the set
(gtkq(x), d), x, 0). The manifold N N In P is the P-image
of the set (d, 0O, v), where d & C. These two sets do not
intersect. Note finally, that L AN N Iméé = {a,b}, and we

have finished the proof of lemma 5.7.

Remark 5.8. We can assume that hf = id for t small
enocugh and that ht = hl for t close enough to 1.

Let now f:W —> [a,bl be a Morse funcﬁion on some
cobordism W and v be a gradient-like field for f. Let

c,d € (a.b) be regular values for f, such that ¢ < d and
the segment (c, d) contains no critical values. The shift
along (-v)—trajectories defines a diffeomorphism T(v):
-1 —l(

-1
f (c ) —> f (d). For a set X < f d) we denote by tr(X)

the set of the points 2z & f l([c,d]), lying on some (—v)-
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trajectory, starting froma point X € X. Note that +tr(Xx) N

1
N “(d) = T(X).
Denote -1 (d) by \V and let hy sV —> V be a smooth iso-

topy of h°‘= id to some diffeomorphism hl, such that ht =

id everywhere except some set K <V, and ht = 1id for t

small enough and h’e = h1 for (1- %) small enough.

Lemma S5.92. In the above assumptions there exist a new

gradient-like vector field v’ which differs from v only

in tTHlc £ ,d —£ 1) N tr(K) and for which T(v/) = h T(v).
Proof. We denote by @ (t, v) the diffeomorphism of
shift by t along the v—trajectories.
Choose A > 0 such that the D@(A,-viv < 71 (c, 4.
Denote é( AL-Vv)IV by V/ and the union of @(t, vIV for O (
t K 9\2/ by W/. Then W’ is a cobordism;awf = vUV/., The shift
along (+v)-trajectories defines the diffeomorphism Cf:f—l(c)~—>

——>V/, such that T(v) = % (2 ,—V)Oﬂf-

Thus 1t suffices to find a gradient-like vector field
v/ oan W/, such that supp(v' -v) € Int W’ /] tr K and tha.t the
shift alpng Fv’-—trajectories from V7 to \% is the map
hlo @( AL,V

The map (xy—-t) +— > Xt (X4=V) determines the
diffeomorphism & :V x [-} ,0}] —» W/, such that the vector

field /0t is carried to v.
Define a new vector field w on V x [-A, 03 by w(x,t)=
t) = (,5'5 (hl+t/9\(x))’ 1). By our assumption on h we have

hl+t/>\(x) =X for t e -4, 03, t+ A is small, also
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hl_l_t/,)\(x) = hl(x) for t € [-2, 0] t is small, hence supp

G»(x, t) - v ) is contained in V x (-2, 0). The integral

curves of w(x, t) are given by the formula 5o 0% w):(ﬂ%+t1x(ijjf>

hence w-shift determines the diffeomorphism
Vx (—2) —>V x (0) which equals to h,; . Note that if hT(x)
= x for all then w(x, t) = v for all tel- 9, al,

-1
which means that supp(w,-v) & 2 {(tr K).
Now we denote by v/ the vector field =, (w) on W . The

above properties of w imply the properties of Vv’ sought.

Definition 5.10. Let f:W —> [a,b]l be a Morse function

on a cobordism W2 s VvV be a gradient-like vector field for f,
c &€ (as;b) be a regular value of f. Denote by V the level

- r
surface f l(c). Assume that n > & and let N LS be two

compact transversal submanifolds of Vn , r+s = n-1, and
L\O:D2 —;? V be the imbedding of 2-disc into V, such that these
data satisfy the hypotheses of lemma 5.4.
Let @? :D2 X Dijlx Di;l —_> V be the imbedding of the
“fat disc D*" to V, satisfying the conclusions of lemma S5.4.
Let ht be a smooth isotopy, satisfying the conclu-
sions of lemma 5.7 with respect to V, L, N,
Choose some & > O small enough, so that the segment
{c-d, cl contains no critical values of f and let v/ be a
new gradient-like field for f, satisfying the conclusion of

lemma 5.9 with respect to the segment [c—&F,c] and K = Im é@.

This new vector field v”7 will be called the Whitney
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modification of v with respect to the data (V, v, N, L,Cf,
P, te-6, c1, n,).

Note that sup(v/ - v) < f L(c=8, c) O tr(in<D ).

The result of the several applications of this
operation to the vector field v with respect to different
regular values C,; (and corresponding data) will be called
the multiple Whitney modification (or, briefly, multiple W-
modification).

Now, the preliminaries done, we proceed to the proof of

theorem 5.2.

We expand the function g to the t-equivariant

function g on ™ and glue from it the function g:M —> Sl
which will be denoted by the same letter. Note that f—l(c + ﬁ):
:g"l (c+tk) for k €Z, as well as f—l([c+k, e+nl]) = ,
:%—i(ﬂc-l-k, c+nl). Choose some regular value 9\ for g, Aé(g(q),g(@)_

Denote ind p by r, g_l (A) by V and consider the

manifolds N =y N D(p, +v), L =V AN D(q, =-v). Note that

dim N = r-1, di.m L =n-r, so NAAL since v is good; dim N

+ dim L = dim V. Since we have chosen the orientations of

all the descending discs of Vi the N is oriented, L is

cooriented. Denote by a the point Xl M v, by b ~ the
point ¥, M V. The manifold N is diffeomorphic to S¥ +

which is simply connected, since ind q = r-1 > 2. The
. . . . n-~r 3 . .

manifold L is diffeomorphic. to § » Which is simply

connected since r = 1ind p { n—-2, hence n-r > 2. The signs

of intersection points &, b are opposite. Choose the posi-

-—-1
tive 1integer A so large that K ¢ f ({c—-A, c+1+A]). Denote
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-=1
by N1 the cobordism f ([c-A, c+1+A]), and by W the cobor-

dism T l([c—4A, c+1+4A7).

Denote by K? the intersection of the set {g(x) > A b
with the union %}D(z, V), where 2z runs through the cri-
tical points of T, belonging to W, ind 2 £ ry z # p. Si-
milarly, K; will denote the intersection of {g(x) <D Y with
the union %&D(z’, -v) where z° runs throgh the critical

points of f, z/ &€ W, ind 2z’ > r—1, z/ # q. Denote by R;

the intersection of K;>with the union of all the discs D(z,v)

for z € W, ind =z £ n=-3. Thus for r £ n-3 we have E; =

+
K)-

Similarly let K2 be the intersection of KA Qith the

union of all the discs D(z, v} for z & W, ind z 2 3. The
following remark is a consequence of lemma 3.7 and will be

used frequently in the sequel.

+ —
Remark 5.11. 1) The sets K> s K; are compact and do
not intersect with the compact D(p, v) N{g(x) > Xy
2) The sets K; s E; are compact and do not intersect

with the compact D(q, -v) ) {g(x) & N 3.

Lemma 5.12. There exists a smooth imbedding LP:D2 — V,
satisfying the assumptions of lemma 5.4 with respect to N,
L, a, b. This embedding can be chosen in such a way, that

Yy If z € W Is a critical point of T, z # p, and

ind z § r, ind z § n-3, the disc D(z, +v) does not intersect

wilth (.F(Dz)a
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2) If z € W 1Is a critical point of f, z #& q, and
ind z > r-1, ind z > 3 then the disc D(z, v) does not
Intersect with LP(DZ).

Proof. We construct first the embeddings of the curves
C, B, drawn on the pict. 5.1. Note that the points a, b do
not belong to D(x, v) or D(y, =v) for x # p, resp. y # q,
since no two ascending (descending) disés intersect. Since
v 1s good, the manifolds D(z,~v) are transversal to D(p, v)

for ind z )} r~1, therefore (D{(z,-v) N V) A (D(p,v) N V).

That implies that D(z,-v) N (D(p, v) N V) 1is a submanifold

in N of codimension n = 1ind z 3> 2. This manifold has a
countable base, which implies that if ind z > r-1 we can
find an embedding ¢ :B G N, such that (e(a() = a, QP(p) = b
and ?(B) MN D(z, -v) = 0. Note that the intersection %(B)(\

ND(z", v) is automatically empty for z/# p. In particu-
lar @(B) N KL = @B N K, = @ .

Similarly we find an embedding ¢ :C —> D(q, -v) N Vv =

=L, such that @ () = a, ¢ (B) = b, (C) intersect no
ascending disc starting at z # g and (p(C) N D(z, v) = Qf.
. . . + _ -—
if ind z ¢ r, z # p. In particular Y(C) N Kiy= @) N Ka

Since dim N, dim L > 2 we can assume also that ¢(C),
xf(B) contain no intersection points of L AN except a, b.
N = h th t 1 C) and
ow we choose e Yec or field fo along ?( ) Qo
along Q(B) in V, such that EO is transversal to L, 70 is
transversal ta N, fo(a) (resp. § (b} coincides with tangent
o}

to *(B) in a (resp. with (-tangent) to ?(B) in by, 7d(a),
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resp. Yo(b) coincides with tangent to LF(C) in a (resp.
{—-tangent) to @(B) in b).

It 1is shown in [Miz)féj that we can expand a
map from C U B toc a smooth embedding of some
neighbourhood U of C U B in a disc (see pict. 5.3), such
that the neighbourhood U is the union of two narrow bands:
FC around C and PB around B, the tangent space to ?(PC )
is the direct sum of TC and {go} and respectively T {FB ) =
TB & {%p}' Since Eo is transversal to L, the band jBC in-
tersects L by C i1if only %C, is narrow enough (the same for
fp ). Further, the intersection @ (Gs ) NN B if only (34
is narrow enough, similarly ?ng )f\ L < €C. That is to

say, (U) NN = B, ¢ (u) NL =C.

Be

Pict. 5.5

. " +
Recall now that ?(c) (@ (?(B)i does not intersect K)

and K% . Since all the three are compact, the image Q(U)

+ . .
also does not intersect K} , K} uﬁ.only U 1is small enough.

Note that we can assume that U contains all the disc

2
D™, except the central part D, - Indeed, if not, we construct



a diffeomorphism a:D2 —a—Dz, which is identical on ¢ UB and

in the central part Do' and such that im a < N. (see the pict.

5.4, where the black curve is the a-image of Sl =~3D2).

Pict. 5.4.

Consider now the picture 5.5. We have coﬁstruct&*asmooth

embedding of D2 \\DO (where Do is an open disc, centered in the
centre of D2), and we want to expand the embedding to the

whole D2.

Pict. 5.5.
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Note that the boundary BDO is horﬁotopic to zero in V. In-
deed it suffices to show that C0°Bo is homotopic to zero,
where CO is a piece of C between o and P, B is a piece of
(-B) between P and o . For that it suffices to 1lift the loop
CSBO' to the loop in the universal covering '\7\/——> W of W.
Denote by XI, b/g the parts of the (-v)-trajectories ¥1r ¥
from P up to 5_1(9\) and by %I, ?;: - their liftings to
W, starting from p. Similarly \‘1, X; - stand for the parts
of Y., ¥, from g_l()) to § and jy'I, 'g; - their liftings
to Qf , finishing at g. Now we 1lift BO to a curve p in W,
starting at the end of %Z Since D(p, v) is one-connected,
f finishes at the end of }I Next we lift C_ to a curve )
in W, starting at the beginning of ?; Since D(g, -v) is one-
connected, it finishes at the beginning of ?:—L Consider now
the lifting S-h( XZ) of Bo. This starts at the beginning
of 'g;-h( ¥ ) and finishes at the beginning of ’?I-h( ¥o)
Note that the end of %; is the beginning of 'g;h( Xz) by
the definition of h( X2) . Further, the end of '\Z-{ is the be-
vginning of %I-h( 251) ; which equals };-h( 3/2) by the hypo-
thesis. Hence cg-h(.x2).-r starts at the end of ?; and finish-
es at the end of ﬂ ,hence the composition (c§-h( 252)) ‘053 is
a closed 1lifting of COOBO, g.e.d.

Further, BDO is homotopic to zero already in V \N(L U N).
To prove that we distinc_:;uish two cases: 1) r ¢n-3, 2) n -

- (r-1) £ n-3 (since n > 6 one of these two necessarily
holds). We do the first, the second is similar. The codimen-
sion of N in V is 3 3, hence it suffices to prove that BDO

is zero homotopic in VN L. The codimension of I in V equals
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r-1. If (r-1) 3 then again we are over. Let r « 4. The
(-v)-shift defines the diffeomorphism </ of VNI onto
g—l(}.l)\ D(g, v), together with the homotopy of BDO to its
< —-image; hence oL (6DO) is homotopic to zero in W, hence in
f_l( € ) by regularity of f, therefore o((éDo) is homotopic to
zero in §‘l(p)\D(q,v) + since D(q,v) has the codimension
n - (r-1) = n-r+l1 2 n-2 2 4. The (-v)-shift of this homotopy
gives us the required homotopy from BDO to zero in 'cj_l(}\ ).
This homotopy together with the smooth embedding of D2\Do,
constructed above, gives us a continuous map & :D2 —> V. Hav-
ing expanded DO a bit we can assume that this map is smooth
on some compact neighbourhood of D2\ Do'

Consider now the set —f{; NT1(n). That is a compact
set which is a finite union of submanifolds D(z,v) N —9'_1(9\)
of V,each of which has fhe countable base and has the codi-
mension » 3. The same holds for R; ﬂﬁ_l(?\ ). By the choice
of ¢ the image ¢ (D2\DO) does not intersect —I'(j NV and
K, OV.

Now we apply the standard ‘f‘rah;ver;aei‘fy argamev\‘i"
and get a smooth embedding k:D2 —>» V, which is as close as
we want to & , coincides with 2 on the compact set DZ\DO,
whose image does not intersect with R; NV, f{_o‘ NV,and such)
that the image k(Do) does not intersect N U L.

I claim that this 'k satisfies the conclusions of the
lemma 5.12. The requirements 1), 2) have just been checked,
SO0 we must check only that the assumptions of lemma 5.4 hold

for k.

The map k 1is smooth by definition, k(o) = a and
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k( B) =Db since ﬁ IBUC = l]o )BuC. The intersection

2 2 _ 2
k(D")N N equals (Lp (D ND)ANAN) U (k(DO)nN) = (¢ (D°\ D,)NN.
We have chosen the ¢ above in such a way that this latter
intersection is exactly B. Similarly, k(D2) AL = B. For eve-

¥

2
+ {}zof . Since 70 is transversal to N, we have TX k(DO7)n

ry ¥ € B the tangent space T k(D2) = TX(ID(PB) = Tb’ ¢(B) @

(’\TXN =T y (F(B ). Similarly for L.

Lemma 5.12 is proved.

Corollary 5.13. For a smooth embedding P :D2 — V, sa-

tisfying the conclusions of lemma 5.12 the embedding
@:D2 X DE_z x D?ur_l —> V, constructed in lemma 5.4, can be
chosen so that
1) If z € W is a critical point of £, z # p,
ind z £ r, ind z < n-3, then D(z,v) N Im?=/d .
2) If z € W is a critical point of f, z # q,

ind =z 2 r-1l, ind z Zz 3, then D(z,-v) (O Im‘@ =/25 .

2 =+ o == 2
Proof. Just note that ¢ (D) N K, =¢f = Ky N (DY),
that LF(D2) , R;, f(}\ are compact, and that for & small
enough the map @ : D2 X Dr—2 X Dn—r—-l —>» V, restricted to
& £
D2 X DI;Z x Dj;_r_l has its image arbitrarily close to cp(DZ) .

Consider now the gradient-like vector field w on the
cobordism W o= §—l( [’_c,' c+1l]l), which is the result of the
Whitney modification » @applied to the vector field v on the
cobordism W, ,with respect to data (V = Zj'—l(?‘ ): v, N =
=D(p, v) NV, L = D(q, —v)ﬂV,‘F,%;[A —S,AJ, h-t)

where @ 1is the embedding constructed in lemma & 19 C—f) ie
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the expansion of ? » satisfying the conclusions of corollary
5.13, ht is any isotopy as constructed in lemma 5.7, $ is
small enough.

Since g~l([§-ﬂﬂ A]) projects injectively to M, the w
determines the gradient-like vector field for g on M, which
will be denoted by the same letter w, as well as its lifting
to M; the latter, being restricted to a cobordism W is the
result of multiple W-modification with respect to the levels
A+k, k €z7.

Now I claim that the vector field w is an almost good
gradient-like vector field for g:M —» Sl, satisfying the
following conditions.

a) Let x,y €W, be the critical points of &, ind x =
ind y + 1, such that x is not a t-shift of p and y is
not a t-shift of g. Then (D(x, w) N Wl)/k(D(y,—w) f\Wl),
and N(x,y;w) is the same as N(x,y;v).

b) Let vy €W, be a critical point of §, ind y = r-1,
such that y is not a t-shift of gq. Then if r = ind p 2z 4,
then for every s € Z such that pt° € W, we have (D(pts,W)fYVﬁ>rk

AN (D(y,-w) N W,) and N(pts,y;w) is the same as
N(pt®,y;v).

c) Let x é{wl be a critical point of §, ind x = r, and
X 1is not a t-shift of p. Then if r = ind p € n-3 we have
for qts = Wl; (D(x ;wz/ﬁwl)/+\(D(th;—w) N Wl) and N(X,q;t{;vf)

is the same as 'N(x,qts;v).

d) For every pair x,y EEWl of critical points of g,
ind x = ind y + 1 the incidence coefficient Q(X,y;w) equals

V(x,y;v).
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e) The discs D(p,w) and D(g,-w) are transversal and the

set N(p,q;w) is the same as N(p,q;v) \ {Q(Xl), Q(52) .

Lemma 5.14. 1) Let 2z be any critical point of £, z #

t'p for any m and suppose that ind z < n-3, ind z £ r.
Then D(z,w) N T T([f(z) - 2a - 2, F(z)]) = D(z,v)N

(\f_l(Lf(z) - 2A - 2, f(z)]) and on this set w = v.
2) Let z be any critical point of £, z # t®q for any
m, and suppose that ind z 3» 3, ind z » r-1.
Then D(z,-w) N} £ L ([f(z), E(z)+2a+2]) = D(z,-v)(\

N f_l([f(Z), E(Z)+2A+2]) and on this set w = v.

Proof. We prove 1), the 2) is similar.

Since both w, v are invariant under t it is enough to
verify the property for any t-shift z, of z. Consider the t-
shift zg such that c¢+22+43 < f(zo) < c+2A+4. By our choice
of A this z_ belongs to W and f—l([f(zo)—ZA—Z, f(zo)])<:

C{E(x) » c+1} NwW. Note that D(z_,v) N FL([E(z)-2a-2, 2(2.)])c
CZD(ZO,V) N {f(x)3> c} and that the latter set does
not intersect the set Inﬁ?-ts for any s &€ 7.

Indeed, this is obvious for s > O and for s < - (2A+3).

Now if - (22+3) £ s ¢ O, then D(zo,v) N Im@-tS = @(zot_s,v)ﬂ Imcb
The point zot_s belongs to {f(x)j> CZ, hence

to W and zot_S # P, ind_‘zot_S < n-3, r, by hypotheses. Hence,

D(zot_s,v) M Im P - @/

Note, further, that together with some point x the set

D(zo,v) N {f(x)z; c} contains all the (~v)-trajectory, star-

ting at x. That implies it intersects some A if and only if
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it intersect tr A. Therefore [D(zo,v) ﬂ{f(x} 2 C f] N

N [ U tr(Im@) tS] = Qf The support of (v-w) is contained
1.

in L}tr(lm@)-tS {that goes by construction, see lemma 5.9).
jeZ

So in the set D(zo,v)ﬂ {f(x) z c} we have v = w and 1) is

proved.

Corollary 5.15. 1) Let z & W]_ be a critical point of £,
z # tmp for any m. Assume that ind z £n-3, ind z £ r.

Then D(z,v) N W, = D(z,w) N W, and w = v on this set.

2) Let z €W, be a critical point of f, z # t'q for any
m. Assume that ind z 2 3, ind z z r-1.

Then D(z,-v} N Wy = D(z,~w) N W, and w = v on this set.

Proof. To prove 1) it is enocugh to note that Diz,v)NW, <
< Diz,v) N f_l([p~A, zj))but f(z) < c+h+1l, hence
(D(z,v) N W])CGD(Z,V) N ’f_l([f(z)—zA—Z, £(z)}), and we apply
the previous lemma.
2) is similar.
Now we proceed as to prove a)-e). Pirst of all I'1l1 pro-
ve that w is almost good. Let ¢, B € Wy be two critical
points of g, such that ind« £ ind f. We distinguish three

cases:

A) o # t'p  for any n €Z, f# t®q  for any m € 7Z.

Nete that either (indoi.s n-3, indd,g r) or (indup = 3,
p-2

ind § » r-1). (Indeed if ind« = n-2, then ind B > indel 2
n-2. If ind«{ % r then ind g » inde{ 2 r+l > 4.} We consi-
der the first possibility. By corollary 5.15 the set D{(./.,v)

NWy = D(s ,w) N W, and v = w on this set. This implies
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that any (-w)-trajectory, joining « and ‘P is also (~v)~tra-
jectory Jjoining and}p, and these do not exist since v
is good. The second possibility is done similarly.

B) oL = t"p for some ne Z. Then ind B » r » 3, the
disc D(?,—w)(ﬂ Wy is the same as D(P,—v) N W, and we apply
the same argument as in A).

C) P = tmq for some m &€ Z. Then indJ/ < indp = r-1lg
< n-3, the disc D(« ,w) N W, 1is the same as D(«,v) N Wy
and we apply the same argument as in A).

Next we check up a). Note that again either (ind x £ n-3,
ind x £r) or (ind y 2 3, ind y 2 r-1). (Indeed ind x = n-2
=» ind y = n-3 Z 3 7since n » 6, and n-3 2> r-1, since
n-2 2 r. Also ind x » r+l implies ind y 2 r2> 3.) We consi-
der the first case, the second is similar. The disc.. D( o(,+'v')ﬂ.-“

ﬂWl is the same as D(d, +w) f\wl and v = w on this
set, which implies that the (-w)-trajectories, joining « and
p are the same as that of (-v). Since v is good there is
only finite number of them and we are now to show that for
any such curve X the discs D(& ,w) and D(p,—w) are trans-
versal at y . Consider the manifold S = D( Pr-w) N §—l(§+8) ,
where J is very small. This manifold is diffeomorphic to a
sphere and the intersection D(«,w) N S is a finite set.
Denote X[\S by a. Note that the (-w)-trajectory 9; starting
at a is x_l, which rheans that it does not intersect the
supp(w-v). If we fix some t > 0, then the sets e\[O,t] and
supp (w=v) N Wl do not intersect, and since they are compact,
all the ('—w)—trajectories starting at some small neighbour-

hood (/( of a in S are (-v)-trajectories, which implies that
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the tangent space to D(p,—w) at the points of yiﬁhtj is
the same as to D{P,—v),and hence they are transversal.

Next we check up C). Since r = ind p € n-3 and ind z € r
we are again in the situation of corollary 5.15. 1) and
agaih D(x,Vv) f\Wl = D(x,w) N W, and v = w on this set. We
apply now the same argument as for the case a).

To check up b) we note that since ind y = r-1 2 3 then
we are in the assumptions of corollary 5.15. 2) and we pro-
ceed on the same lines as before.

To prove d) we introduce the vector fields w

k
result of multiple Whitney modification, applied to the fi-

as the
eld v and the levels A2+A, 2A+A-1,..., Q+A-k (and the cor-
responding data which are the shifts of the critical data

for w). The Wy is the gradient-like field for g, although

it is not t-invariant. Note also that Wy =W ]{g(x);. A—n}
and W, = v in { g(x) £ A-n}.

Note that since supp(wk—v)cz supp (w-v) the results of
the corollary 5.15 hold for w, as well as for w. That imp-
lies as before that Wy is an almost good gradient-like fi-
eld for g. Now we shall show that if x,y E'Wl are two cri-
tical points of G, ind x = ind y + 1, thén ;é(x,y;wk) =
= V(x,y;wk_l), which implies that these coefficients are

the same with respect to W=V and w but since lel =

23°
= Won ]Wl , that suffices to get d).

The field Wi—1 differs from w, in the set contained
in §flw [%+A—k—5, )\+A—k]), so we are only to consider the
case g(x)> A+A-k > G(y).

To calculate the incidence coeffcient Q(X,y;wk_l) we
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proceed a in ¢ 3. Dencte ind x by s, &F(x) by d and  §(y)
by <. |
We take & » O so small that the sets V.ss—l(&wk—l)nw
V?/S(c?;-wk_l) de not intersect. Note that the sget
Kss—l(wk-l} N Wy = K.ss—l(V) ﬁWl does not intersect supp (v—w),
therefore ,for the small & we have Vgs—l(éimrk—l)n
MWy = Ve 1 Siw) Nwy =V ) (8,v) N Wy
We demand also that Keg (Wp_p) N V;S(cs;-wk_l) = 5. Note
that similarly to the above V}S(G;—wk_l) = V;s{&—wk) for
3 small encough. |
. We demand as well that Roop (w1} N Vgs-lts?—wk—l) = ¢/
We take au = A+A-k as a level with respect to which we
are going to apply a definition from §3..
Take B < d very close to d and ¢ <« very close to c,
and consider the manifolds S‘(3 = D(x,v) N f_l(ﬁ) ; Sy =
= D(y,-v) N f_l(c{). Pick up the compact neighbourhood P
with the smooth boundary ¥P of the set Sp‘\ U(8;[;p,'PJ;—HV&ﬂ)
in the set Sﬁ ~ K( LP’_FJi _Wk—l)' Pick up the com-
pact neighbourhood Q with the smooth boundary 9Q of the set
8, \ U(s; {4, /u], +w, 1) in the set 8, K{ Lo, 1] Wy 1) -
We denote by %u and %u the results of shits along
(—wk_l)htrajectories {resp. wk_l~trajectories} up to the
level Y of the manifglds P and Q.
The boundaryhagu beleongs to the compact %ﬂ;g = f_lgu)ﬂ
N VSS_1(5;[:p1 c+A+1]; Wi _1)+ The boundary_b%u belongs to
Y = f_l(f” a) VSS(B; [c—A,}g; —wy 1) .

M6

By ocur assumption %u N %u,@ =;5f= %u(q %U,B. Now the

incidence coefficient (xX,v; Wk_l) is defined as an inter-
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section number i(P,Q) € ZH =2Z JTlW with respect to a pair of
compacta X Y see lemma 3.9).
P a,8 }1,6 ( )
Now we are going to perform the same procedure for Wy
Choose the & so small that the above conditions hold for

, . -1
Wi also. Since W = W, in the set g ' ( [p, A+C +1 ) the

sets U(&;[}h PJ;—wk_l), K([}J,fﬂ;—wk_l) are the same as

that for Wy - So the manifold P, chosen for wk_l,is good al-
. . -1 .

so for Wi s and)51nce the (—wk_l)~sh1ft up to £ (/U) is

the same as (—wk)—shlft,we can assume P (wk_l) =P (w). Si-

/.1
milarly, X (
/u,S

i-1) T X, e W) -

Consider now the other part. The compact st(g;[ﬁ—A,jkj;

is the same as that for Wy by the above; so

%u,S(wk) = %ﬂ:a(wk“l)' Next the set U(5;[d_,}ﬂ; w, ) consists
of all (—wk)—trajectories, starting from the S-discs around
the critical points 2z & g_l( [4,_p]). Note though that these
critical points lie below the supp(wk_l—wk) which belongs to
a narrow strip §—l(dp—5g,‘y). Hence for O small enough this
set, as well as K({ [4,_pJ, wk) are the same as these for Wy_q-
So the manifold Q(wk—l) can be chosen as Q(wk).
Now the coefficient V(x,y;wk) is by definition the in-

tersection coefficient of th and (wk) with respect to the

Q
P
compacts X and Y . The manifold Q (w,) is (by defini-
/1,5 }1,8 ntk
tion of Whitney modification) the result of the final map hl
of some isotopy ht of V = f_l(/u), applied to Q. This iso-
topy differs from id on the set Im<§~tA_k, which by our
choice of é@ intersects neither Kss—l(wk—l) f\Wl, nor
K>S(wk)/q Wl and, therefore, for small d&, it does not in-

tersect also the sets X ) and Y S- We finish now by
Mo pat

-

"W/
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applying lemma 3.9, 2).

To prove e) it is enough to notice that transversality
holds by lemma 5.7, as well as the sign business. All the
curves X ; joining a, b did not intersect supp(w-v) except
Xl’ Xz, so they rest the same, hence the coefficients }1(X)
are the same as before.

The properties a)-e) are proved.

Now we consider any good gradient-like vector field v'
which is close to w and coincide with w in the small nei-
ghbourhoods of zeros of w. I claim that the vector field v'
resctricted to Wl’ satisfies again the condition d) above
and as well the conditions a)-c) and e) if we change there
the word "same" to "homotopically same". Indeed for the
item d) it follows from lemma 3.10, and the others - from
lemma 3.12.

Now I claim that this field satisfies all the conclu-
sion 1)-6) of theorem 5.2. ;

Indeed, 1) is obvious, 6) is already done, and for
all the rest it suffices to check up that Q(K) C Wl' But

that was by definition. The theorem 5.2 is proven.

The proof of theorem 5.1. We must distinguish two ca-

ses: 1) 4 € ind a € n-2, 2) 3 €£ind a g n-3.

We do the case 1) first.

Lemma 5.16. Let ® = (f, f, v, E) be a regular quadrup-
le, belonging to a regular class § & Hl(M,iz). Let g & E,

ind g £n-3. Let N >0 be any number. For every x € E,

ind x = ind g + 1 let m(x) be an integer, such that
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ni(x,q) = 0 for i £ m(x).
/ —
Then there exists an admissible modification o2 = (g, g, V; E)
of ®, such that Cy(v',E) is N-equivalent to Cy (v,E)

and g(3) > :§(>'€t_m(x))for every x €E, ind x = ind q + 1.

Proof. Note first of all that it suffices to construct
such 2 ', that C*(v',E)Z;_ Cy(v,E) and T(F) » FEtTH)), sin-
ce for a Morse function on a cobordism one can always e{@i‘

a bit one of -the critical points, ge@hglhg & a given Cevel .

For brevity we shall call an r-quadruple 6 suitable, if
© 1is an admissible modification of & and Cy(v',E) is M-equi-

valent to C, (v,E), where Mv= N + max m(x) + 2.
xeE

For each suitable ©' and x € E we denote by (6, x)
(not to be confused with the incidence coefficients v (p, q))
the non-negative integer max([?y(?{tﬂm(x)) - 3(@], 0), and by
S(8) the sum of Q(e,x) over all the x & E.
From all the suitable © choose the one 60 = (g, 9, w, E)
with the minimal possible value S(®). I claim that S(eo) = O.
Indeed, suppose that S(eo) > 0. Choose the regular value c
of §, such that - f has no critical values in (c¢,g(q)).
Choose some x €E, ind x = ind q + 1, such that E’cjn(it_hi(x))— '5'(51)]::

= s > 0. We have

(@ +s+1 > & -t™*)) 5 5@ +s, hence
§(@ + 1 > TS 5 g .
Choose now an enumerating Morse function on the co-

bordism W, = §—l( [c, c+1]) with the same vector field w. We
can demand that the value of § on § does not change and the

values of G on all the critical points of index)equal to
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ind g + 1 decrease. Furthermore, we can demand)that the cri-

tical point it—m(x)+s & WO is the nearest to q, so that for

some u,Y & (c, c+l) there are no critical points of g in

-=1 =, -m(x)+s . .
g "(pu,V) except q and Xt . The index nm(x)_s(x,q,Mﬂ

equals zero, which implies that the incidence coefficient
v (:7<t_m(x)+sf q) € ZH is zero. Now we apply theorem 5.2 to

the enumerating function Y, pair of critical points

(it—m(x)+s, G) and the finite set K, which contains E and for

each x € E it contains all the ?ts, where ind y = ind x - 1
—ex(E,(f) - 2 < s < M.

After that we diminish the number of trajectories join-

-, ~m(x)+s

ing Xxt and G by 2 and the choice of K guarantees that

the resulting complex ,C*(wl,E) is M-equivalent to C,(w,E)

(see corollary 4.5).

Applying this procedure several times (the same ¢, the

same K), we finish with the vector field W for ’% such that

-m(x) +s

there are no trajectories, joining Xt and g. Now by

the standard argument we can change ¢ on the set <P—l(/u,v )

-m(x)+s

so that ?1(5);>(€l(§t ) » without changing w By the

5"
lemma 4.3 is again regular. Denote by 6, the quadruple
f1 1

Cpre B vy B,

Note that the integers V(el, z) for ind z = ind g + 1,
did not increase, since the values of our functions on the
critical points of inde%,equal to ihd q + 1, decreased, and
the values on § - increased.

Further, (Pl(it—m(x)

) < @l(§)+s, hence [%ﬁ(xt—m(x))-q%(§3]<5.
Thus;if s > O0,the number v ( %l’ X) 1is less

then V(Go,x) = s, and eo can not have the minimal possible
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value eo(s).

Consider now the suitable (g, g, w, E), such that
S(eo) = O.

This condition means exactly that for every x € E, ind x
= ind g + 1, all the points gt () which lie above g, lie
below g+l. Choose the suitable eo with minimal possible
number of such X. I claim that this number is equal to zero.

Indeed, if there is at least one point x, such that

t m (x) lies above g, we apply exactly the above procedure

and get rid of it. Lemma 5.16 is proved.

Corollary 5.17. 1In the assumptions of the theorem 5.1

there exists an admissible modification & = (q,iﬁ, w, E) 'of
X, such that:

1) For every x € E, ind x = ind b + 1, x ¥ a, and every
S < N there are no (-w)-trajectories, joining X and bt°.

2) @(_b) < @A) < Y (b) + 1 and there is only one (-w)-
trajectory X , joining & and b, h( Y) =1, E(y) = 1.

3) The complex C,(w, E) is N-equivalent to C, (v, E).

Proof. We apply lemma 5.16 to the quadruple == and the
numbers m(x) = N-1 if x # a, and m(a) = -1. We get the quad-

ruple &' = (g, g, v', E), such that G(b) > @%it_(N_l)

) for
x # a, and §(b)> G(3at) = (i) - 1. Note that 3(b) < §(a) ,
. .because otherwise no(a;b;w) = O which contradicts the N-equi-
valence of C,(v,E) and C, (w,E).

Consider now the regular value c¢ of g, such that there

are no critical values of § in (c, QIB)), and such that

g(a) <« c+l. Choose now the enumerating function ¢, on the
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cobordism §—l([c, c+;J), such that for some interval Lp,\{]c:
< (c, c+l) the only critical points in ‘P;l( /u,Q ) are E, a.
Note that all the conclusions of lemma 5.16 still hold for
?l’ since for every x € E, ind x = ind b + 1 we have c¢ >
> @)

Applying now several times the theorem 5.2 to the r-quad-
ruple ((Pl’q;l’ w, E), the points a, b and the set K, con-
taining Q(E) and for every point x € E containing all the
points ?ts, Yy €E, ind v = ind x - 1, such that —ex(iﬁl, E)=-2

< s € N, we get finally the new vector field v' for the
same function Lpl, such that there is only one (-v')-trajec-
to:y x ; Joining 3 and B, h(B') =1, &£(Y) =1, and the

complex C,(v',E) is N-equivalent to C,(w,E). g.e.d.

Proof of theorem 5.1 for ind az=> 4.

We proceed in the same way, as while proving the lemma
5.16, starting with © of corollary 5.17 and lowering the le-

vel of the point &, but this time taking care not to create
new trajectories, joining X and BtS.
Namely we are going to prove the following assertion A:
A: there exists an‘admissible modification ' = ( @,ZE,\U}E>
of 2, such that the conclusions 1)-3) of corollary
5.17 hold for ', and, in addition, the condition (p) be-
low holds.
(p): for every y &€ E, ind b = ind y, y # b, we have
¢ @-t"hs P @,
(Obviously the z¢' satisfying 1)-3) of 5.17 and (3) satisfi-

es the conclusions of 5.1.) Denote ind a by r.
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We call an admissible modification ol = (l]O,l;O-, w, E) of
(£, £, v, E) suitable, § 1)-3) of 5.17 hold. For every suit-
able &' and y €E, ind y = r-1 denote by n(e«,y) the non-
negative integer max([— @(ftN‘l) + @(5)}, 0) and by m(«)
the sum of _/Ll(o(,,y) over all the y # b. Consider the suitab-
le o(.o = Lp,fp, w, E), such that /u(o(o) is the minimal pos-

sible. I claim that Pl = 0.

o)
Indeed, if /u(ol,o) > O, there exist some y € E, vy # b,
such that LF(?tN-l)+s+l > L~P (a) > ? (§tN—l)+s, where s > O.
Choose ¢ > (_p (a) , such that there are no critical values in
the interval ( @(3), c] and such that 55;(5) > c-1. There is
exactly one t-shift of y in the cobordism _t—f?_l([c—l, c]) ’
namely 'y—tN—l—S. Choose now the enumerating function 501 on
the cobordism @ *( [c-1, c]), such that ¥, (3) = $(3), the
values of L—P on all critical points of index r-1 do not
decrease, and there is an interval [o& ,JBJ C (c-1, ¢), such
that only critical points of ¢, in Lfil( [« ,P]) are a and
§tN_l_s. Note that for a new r-quadruple oél = (9, (?l' w,E_)
we have }J(oll) < pd ,,(O) . Note that by the condition 3)
of 5.17 the incidence coefficient Y (3, ?tN—l_S) =
= Ny_q-g(ay y) = 0.
Now we choose the finite set K € M of critical points
such that K > 77 (E), and such that for every x € E the set K
contains all the Jt™ where -ex (E, $1)_2 <£m ¢ N+2 and
apply several times the theorem 5.2 to the pair of critical

points (3, TtV 178y o get rid of all trajectories, joining

a and ?tN_l—S. The new r-quadruple (Lfl, (Fl’ Wi, E) satis-

fies again 3) of 5.17 by the choice of K and 1) of 5.17 be-
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cause of p.2) of 5.2 and because b is not a t-shift of §,
and X 1is not a t-shift of 3a. The first part of condition
2) of 5.17 follows from the definition of @l. The second
holds alsoc because of p-3) of theorem 5.2, since E is not
a t-shift of y.

Here we use that ind a 2 4.

Now, since there are no (-wl)—trajectories from a to

?tN_l_S we can exchange the values, that is to pick up a new

function ¢,: @ ([ ,p)) — [,$), such that ¢, (a) <

<k€2(§tN_l—s). Expand ¢, to (Pil([d §ﬂ), setting @, = ﬁfl
for all the other points. That is obvious that for a quad-
ruple 012 = (‘fz'z?z' Wi E) the conditions 1)-3) of 5.17
hold also. The values of the function on critical points of
index r-1 did not decrease, \P(a) has decreased, hence
PAloys 2) € pl(d,, z) for all z € E, ind z = r-1, and
plelyr y) € 5-1 < pld, y).

Thus /u(olo) = 0. That implies that for the quadruple
do = (¢, ?, w, E) we have for every y # b, ind y = r-1 the
following: Q(?tN;l) z.i? (2)-1. For such a quadruple we denote
by Q(oéo) the number of y € E, y # g, such that
F @t "t < §(@). From all the suitable of with (o) = O

we choose the Jl with minimal possible Q(cil). I claim
that V(<Jl) = 0. Indeed, if there is at least one vy, with

N-1 we apply the same procedure as above to

P@E > @t
get rid of it.
(Note that if we had started to eliminate the trajecto-

ries from a to b after what we have done, we would not

succeed, since this operation would create the trajectories
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joining something and b.)

Proof of theorem 5.1 for ind a £ n-3.

It goes on the same lines, but the order is reversed. We
give only the sketch of proof because the details are similar
to above.

1. Similarly to lemma 5.16 and corollary 5.17 we obtain
an admissible modification n = (*),q;,‘u, E) of &, such that
1') For every y €E, ind y = ind a - 1, y # b, s <N, there
are no (-u)-trajectories, joining 3 and ?ts.

2') q%E) <.q:(5)< q:(E) + 1 and there is only one (-w)-
trajectory Y joining @ and b, &/ y) =1, h(x’) = 1.

3') The complex Ci(u, E) is N-equivalent to Cilv, E).
(This is done by descending gradually with the point a, and

after & is lower than all the 3t° for s < N and also than

— - —

bt 7, we get rid of the trajectories, joining 3 and b.)

2. Similarly to the proof of 5.1 for ind P > 4 we find
an admissible modification No = (\%,q;, u, E), satisfying
l')43') above and, in addition,

4') for every x €E, ind x = ind b + l, x # a we have
Y o Ty
(This is done in the following way. We start from the gquad-
ruple, satisfying 1')-3') above and we gradﬁally rise the le-
vel of E, interchanging it with the points of the type zt°,
$ S£N-1, x # a. Each time we preserve the propertiesl'), 3')

by th. 5.2, 2) and, resp. 5). The property 2') is preserved
by the theorem 5.2, 4)).

Theorem 5.1 is proved.





