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ON THE SHARPNESS OF NOVIKOV TYPE INEQUALITIES
FOR MANIFOLDS WITH FREE ABELIAN FUNDAMENTAL GROUP
UDC 515.164.174

A. V. PAZHITNOV

ABSTRACT. For manifolds M", n > 6, with free abelian fundamental group and
four-connected universal covering, the author proves the sharpness of Novikov’s in-
equalities for rational cohomology classes & € H' (M, Q) belonging to an open ev-

erywhere dense set U C HI(M, R).
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Introduction

In [1] and [2] S. P. Novikov constructed an analogue of Morse theory for “mul-
tivalued Morse functions,” i.e. for closed but (generally) nonexact Morse 1-forms
on smooth manifolds. Recall that a closed I-form w on a smooth manifold M"
is called a Morse form if all the zeros of w are nondegenerate, or, equivalently, if
locally @ = dh, where h is a Morse function. In this case the index ind. @ of each
zero ¢ of the form w is defined. Denote by m,(w) the number of zeros of w of
index p.

One of the basic problems of this theory in the finite-dimensional case is the
following: for a given cohomology class ¢ € H 1(M , R) find the numbers cp(M , &),
where 0 < p < n, providing the lower estimates (sharp if possible) for the Morse
numbers m, () of any form w belonging to the class &:

my(w) > c,(M, [w]), 0<p<n. (0.1)

Recall that the estimates (0.1) are said to be sharp for a manifold M and a class
¢ if there exists a Morse 1-form w, belonging to &, such that the inequalities (0.1)
become equalities for all p .

For ¢ = 0 the estimates (0.1) are provided by Morse inequalities; in this case
o, (M",0) = b,(M) +q,(M)+gq,_ (M), where b,(M) denotes the rank of H (M)
and q,(M) the torsion number of H (M) (i.e. the minimal number of generators
of the torsion subgroup Tors H,(M)).

For M " =0, n> 6, these estimates are sharp (Smale’s theorem [3]).

For any cohomology class & € H I(M » R) (and also for any form w such that
[w] = &) we define the irrationality degree of ¢ to be the maximal number of Q-
linearly independent periods of (or, equivalently, the rank of Im(¢ : n,M — R)).
The forms w of irrationality degree 1 will be called rational.

_
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For a class £ # 0 having irrationality degree 1 (these are exactly the multiples of
the integer classes) the estimates (0.1) were suggested by Novikov [1], [2] (see below).
The sharpness of these estimates for the case n, M "=17, n> 6, has been proved
by Farber [4].

For n,M =Z any Morse 1-formisup to a positive constant the differential of the
Morse map M" — S ! : thus the sharpness problem is equivalent to the problem of
constructing a Morse map f: M — S! with a minimal number of critical points of all
indices. A necessary and sufficient condition for the existence of amap f: M — s!
without critical points (i.e. a fibration) was supplied by Browder and Levine [5] (it is
easy to check the equivalence of this condition to the condition arising from Novikov
inequalities).

The main purpose of the present paper is to obtain the estimates of the type (0.1)
for forms of arbitrary irrationality degree and to prove their sharpness for generic
cohomology classes [w] and manifolds M" satisfying 7, M" = Z", n > 6 (and
some additional homotopical restrictions; for precise formulation see Theorem 0.1
below). These results were partly announced in [6].

We begin with definitions (cf. [1] and [2]).

Let G be a group, and ¢: G — R a homomorphism. Denote by A the group ring
Z[G] . Consider the set of all linear combinations (infinite in general) A=) ecG N8
such that the intersection of suppA (where suppi = {g|n ¢ # 0} C G) with any set
{g | &(g) > c} is finite. It is easy to see that the resulting abelian group is a ring. We
denote it by Ag . (Note that Ag is the completion of A with respect to the system
of subrings, but not ideals.)

For G = Z' the group ring A = Z[G] = Z[titl Y eens t,il] is the ring of Laurent
polynomials with integer coefficients; the completion Ag is the ring of all the power
series A = Z,A,t’ (where I = (i,..., )€ z, A, € Z) such that for any ¢ the

set supp4 contains only a finite number of indices / satisfying (1) > ¢. The ring
Z[Z] will henceforth be denoted by L. For / =1 and ¢ # 0 the ring Ag (denoted
henceforth by L) is the ring of all integer Laurent power series with finite negative
part (we suppose that £(1) <0).

Next we recall some results from [1] and [2].
Let @ be a Morse 1-form on a manifold M" (having an arbitrary fundamen-

tal group); denote by ¢ € H 1(M , R) its cohomology class. Consider the minimal
covering p: H;' — M for which the pullback of w is exact: p"w = df . This cov-
ering corresponds to the subgroup Ker(¢: n, M — R) C ;M and is regular with the
structure group 7', where [ is the irrationality degree of w. The critical points of
f: M_g — R and the paths of steepest descent of f give rise to the Novikov complex

C, (H:,' , ») . The latter is an analogue of the Morse complex of a single-valued func-
tion f on a compact manifold M . The Novikov complex is a free finitely generated
complex over the ring A, , where A= Z[Zl] (note that the homomorphism ¢ factors

through Z' by definition). The number of free A, -generators of Cp(ﬁg , w) equals

m,(w) . The homology H,(C,(M; , »)) is isomorphic to H,(C, (M) ®, Ay )- _
Consider for instance a cohomology class ¢ of irrationality degree 1. The covering

Mé" — M" is infinite cyclic. The ring A, is the ring L= Z[[t]][t_’] , which is known

to be a principal ideal domain. For any finitely generated module M overa principal



THE SHARPNESS OF NOVIKOV TYPE INEQUALITIES 353

ideal domain R the rank b(M) and the torsion number g(M) are defined; for any
free finitely generated R-complex C, the number of free generators ,u(Cp) is not

less than
b(H,(C.)) +4q(H,(C,)) +4(H,_,(C.).

Hence, for rational forms
m, (@) > b(H,(M;)®, L) + q(H,(M,) &, L)+q(H,_,(M,)®, L) (0.2)

(see [1] and [2]; another proof is given in [4]).

Jean-Claude Sikorav has proved (see §1, below) that for any k the completion
Ag of the ring A = Z[Zk] with respect to a homomorphism ¢: Z¥ — R of maximal
irrationality degree k is a principal ideal domain. Therefore the same argument as
above enables us to obtain the analogues of (0.2) for forms of arbitrary irrationality
degree.

gWe will need still another variant of these inequalities, dealing with forms of
arbitrary irrationality degree, but arising from a maximal free abelian covering. To
produce it we need one more algebraic lemma.

Namely, let m = rk H;(M) and consider a class & € H' (M, R) of maximal ir-
rationality degree m . Denote by bp(M , &) the rank and by ¢,(M, &) the torsion
number of the module H, (C,(M)®, A, ), where M — M is a Z"-covering corre-
sponding to the homomorphism n,M — H M/ Tors HM , A = Z[Z™]. For [w] =¢&
we have

m (@) 2 b, (M, &) +a,(M, &) +4, (M, ). (0.3)

One easily proves that bp(M , &) does not depend on ¢. Sikorav has also proven
that qp(M , &) does not depend on ¢ in any connected component of the complement
in H I(M ,R) = R” to the finite union |J,I'; of hyperplanes I';, each of which is
determined by a linear equation with integer coefficients (see §1, below). Note, by
the way, that the definition implies

9,(M, [0]) = q,(M, clw]),  ¢>0.

Now let ¢ be any element of H YM, R)\ U, T;. We set by definition ¢,(M, & =
q,(M, &), where &' is an arbitrary maximally irrational class, sufficiently close to &.
Suppose that w is a Morse 1-form such that [w] € H 1(M , R)\U,T;. Approximating
@ with the maximally irrational forms, we obtain the inequalities (0.3) also for an

arbitrary cohomology class [w] € H ML, R\U T
Our notation differs here from that of [1] and [2]. In those papers bp(M , €)

and ¢,(M, &) stand for numbers which we have denoted by b(Hp(Hi) ®; L) and
q(H, (H¢)® LZ) _ Still these notations correspond rather well to one another. Namely,
Lemma 2.6 from §2 asserts that for rational cohomology classes ¢, belonging to some

dense conical open set U, (1) we have
b,(M, &) =b(H,M)e, L), q,M,&=qH,M)e, L).
Now we can state the main theorem of this paper.

('Y A subset U c R™ is called conical if x € U= tx € U forevery t>0.
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THEOREM 0.1. Let M", n > 6, be a smooth compact connected manifold without
boundary, with n,M" = Z"™ . Suppose that for some r, 2 <r < n—4, the homology

Hp(ﬂ") of the universal cover vanishes for r—1 <p <r+2.

Then there exists an open dense conical subset U c H' (M, R) =R" such that any

y € U can be realized by a Morse 1-form w with [w] = y, which has the minimal
possible number of zeros of any index p in the class y, this number being equal to
the right-hand side of (0.3).

Applying Lemma 2.6 from §2, we immediately deduce from this the sharpness of
the classical Novikov inequalities (0.1).

CoROLLARY 0.2. Under the assumptions of Theorem 0.1 there exists a conical dense
open set V.C H'(M,R) = R”™ such that JSor any rational cohomology class y € V
the Novikov inequalities (0.1) are sharp (i.e. any rational y € V can be realized by a
Morse form w with m,(w) equal to the right-hand side of (0.1)).

CoroLLARY 0.3. For a smooth manifold M" with n, M" =Z", n > 6, and M"
four-connected, there exists a conical dense open set U ¢ H 1(M , R) such that any

integer class & € U can be realized by a Morse map f: M — S' which has the
minimal possible number of zeros of any index p in the class &.

Denote by m,([w]) the right-hand side of (0.3). In the proof of Theorem 0.1
we actually use not the vanishing of the universal cover homology, but the weaker
condition m (y) =m,,  (7) =m,,(y) = 0. Hence we get

CoROLLARY 0.4. For a smooth manifold M" with n M" =Z", n > 6, the set
of cohomology classes y € H 1(M , R) realizable (up to a multiplicative constant)
by a fibration M" — S' is contained in the open cone V C H 1(M , R), which is
determined by the condition m_(y) = 0. This cone contains an open dense subset V,,
any rational class of which is realized by a fibration.

This corollary gives a partial generalization (for dimensions > 6) of Thurston’s
result [7] concerning the fibrations of 3-manifolds over a circle.

It is natural to ask if one can weaken the assumptions of Theorem 0.1, keeping the
conclusion. The Morse 1-form w is called minimal if it has the minimal possible
number of zeros of all indices in its cohomology class [w]. If 7,M" =Z", n>6,

and y € H' (M, R) is an arbitrary cohomology class, the problem of existence of a
minimal form in y seems to be rather difficult. Indeed, if y = 0 this problem is just
the problem of existence of minimal Morse functions on manifolds with free abelian
fundamental groups. The latter problem is not yet completely solved; a detailed
treatment can be found in [8] and [9]. Taking Theorem 0.1 into account, we can
describe the situation as follows. We treat Morse 1-forms as multivalued Morse
functions; the monodromy of each function of this type is given by m real numbers.
The conditiom of zero monodromy (corresponding to usual Morse functions) proves
to be too rigid for the known methods to deform the function into a minimal one.
If the class y is in general position (actually it is sufficient that y is close enough to
some class 7, having Q-linearly independent periods), the Morse form belonging to
v can be deformed into a minimal one.

It is now natural to state the conjecture that the set of cohomology classes y €

H l(M , R) = R realizable by minimal Morse forms contains the complement to a
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finite union of hyperplanes determined by linear equations with integer coefficients.
These hyperplanes correspond to “uncomfortable” monodromy conditions. The set
of these hyperplanes must contain the hyperplanes I', mentioned above, and perhaps
others.

The restriction m_(y) = m,,(y) = m,,(7) = 0 is imposed for technical reasons.
The author does not know if it is removable.

Now we sketch the main idea of the proof of Theorem 0.1 and the contents of the
paper.

§§1 and 2 include the proof (not published before) of Jean-Claude Sikorav’s theo-
rems on the Euclidean property of Novikov ring and on the numbers ¢, (M, ¢). We

also prove here that in many cases one can replace the Novikov ring Ag by a suitable
localization A of the ring A (this is essential for the proof of Theorem 0.1), and
that for a generic rational class ¢ the number bp(M , &) coincides with the rank of

the module HP(M—‘:) ®; L, while q,(M, &) coincides with its torsion number.

In §3 we prove the Poincaré duality formula for Novikov homology.

§54 and 5 contain some auxiliary material. We recall results on Morse functions
on cobordisms due to V. V. Sharko (§4), and prove some algebraic lemmas (§5).

In §6 we produce two other proofs of the inequalities (0.3). They use only Morse
theory for the functions on the compact manifolds with boundary. These proofs are
formally independent of the properties of the Novikov complex, which we discussed
above to clarify the roots of this work. Thus this paper is self-contained. The first
proof makes use of the algebraic lemmas of §2 and reduces the problem to the case
of cyclic covering; then we refer to [4]. The second proof is independent of [4]. In
§6 we also state an algebraic conjecture; if it holds, the second proof provides general
Morse type estimates for rational forms, similar to [8].

§57, 8, and 9 are devoted directly to the proof of Theorem 0.1.

It is sufficient to prove this theorem for rational cohomology classes in general po-
sition. We shall prove it for any rational class y which is sufficiently close to the max-
imally irrational class y'. The point is that in this case the modules H_(M\ ", Ay)
have resolutions of length two (although the ring A(y) is not a principal ideal do-
main). This enables us to apply the scheme of proof of sharpness due to Browder,
Levine, Farrell, and Farber (§§7 and 8). Instead of Smale’s theorem on the minimal
functions on simply-connected manifolds we use Sharko’s corresponding result [8].

The Browder-Levine-Farrell-Farber scheme does not go through directly. We use
non-simply-connected surgery, and while constructing the Morse form we come across
an obstruction of Farrell type [10]. (To define this obstruction correctly we need the
vanishing of H*(AAJJ ™) in four successive dimensions.) The obstruction lies in a zero
group C(Z[Z™']) (see [10]), but we need to realize this vanishing geometrically,
which requires some extra arguments (§9).

The author is grateful to S. P. Novikov for attention to the work and valuable
discussions. The author is also grateful to J.-C. Sikorav and V. V. Sharko for very
timely communication of their results, and also to P. M. Akhmet'ev, O. Ya. Viro,
V. L. Kobel'skii, A. S. Mischenko, Yu. P. Solov'ev, V. G. Turaev, and V. V. Sharko
for valuable discussions.

§1. The Novikov ring is Euclidean

Denote Z[Z’] = Z[tlil ey t,il] by A, and let ¢: Z' = R be a homomorphism.
Recall from the Introduction that the Novikov ring Af_ consists of power series
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A= Zaitl (where I = (i,..., )€ ZI) such that for every ¢ the domain ¢ > ¢
contains only a finite number of indices I belonging to supp 4 (recall that suppi =

{I'la; #0}).

THEOREM 1.1 (J.-C. Sikorav). If &: Z — R is a monomorphism, then As s
Euclidean.

ProoOF. First of all, note that injectivity of ¢ implies that for any ¢ € R the
set {&(x) = ¢} contains at most one element. Therefore any element A of the ring

Ag contains a principal term a,otl°, which is uniquely determined. For 4 € Ag
we define the height 4(4) € R and the norm ||A|| € Z, setting A(4) = §(I,) and
1Al = |a ,0| . We prove that A, is Euclidean with respect to this norm.

Suppose that 4, B € A{_ . We are to divide 4 by B with a remainder. Without
losing generality we may assume that the leading terms of these power series are a;-1

and b,-1 (1 stands for the unit of the group Z’) .

Divide a, by b, with a remainder: g, = myb, + 4, -

If g, #0,then 4 =m B+ Q, where QI = lay — mgby| = 14, < |byl, and the
division is over. If not, apply the same procedure to the power series Q. Going on
in the same fashion, we construct the sequence of polynomials M, and the sequence
of power series Q, such that 4 =M B+ Q and M, =M +u,,, where 4, , isa
monomial located lower (with respect to &), than any monomial of M;; h(u,,,) =
h(Q,). If at some step we obtain ||Q,[| < |by| = ||B||, then our sequence stops and

the division is over. If this never happens, consider the power series M = Eg" 7P
claim that M € Ac_ .

Indeed, let ¢ = |h(B — b, - 1)| . Suppose we have already proved that only a finite
number of monomials u; are located above the level (¢ = —Ne¢), and let u, , be
the first monomial lying below this level. Denote by K the number of monomials
of the power series Q, lying in the stratum —(N 4 1)e < & < —Ne. It is clear that
K.k lies below the level & = —(N + 1)e. Thus M € A, , and it is clear that
A=MB. ‘

REMARK 1.2. Consider Z' as alattice in R’ and extend & to a linear functional
on R'. Consider the cone C C R’ formed by the intersection of a finite number of
half-spaces and lying in the domain (£ < 0). One deduces easily from the proof of
Theorem 1.1 that if all the monomials of a and b are contained in C, then the
monomials of Q and M also are contained in C.

DEFINITION 1.3. Let y: Z! — R be any homomorphism (not necessary injective).
Define the multiplicative subset S, C A as follows: S, = {1+ P}, where all the
monomials of P belong to the domain y < 0. (If y is injective, S, is just the set

of polynomials with leading term equal to 1.) Set A(y) =S7'A.

THEOREM 1.4. Let &: Z! — R be a monomorphism. Then A(é) is Euclidean.

PROOF. We introduce some notation. Suppose that e = {e,, ..., ¢} is a collec-

tion of independent integer vectors in R’ such that &(e;) < 0. Denote by M(e)
the set of all linear combinations of the e, with nonnegative integer coefficients, by

~ i . I
C(e) the cone in R’ generated by the vectors e;, by M(e) the intersection of Z
and C(e), and by Z[M(e)] and Z[]Tf (e)] the subrings of A generated by the mono-

B R N L )
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mials whose exponents belong to M(e) and M(e), respectively. The ring Z[M(e)]
is isomorphic to the polynomial ring Z[u,, ..., u,]. The ring Z[M(e)] is finitely
generated as a module over its subring Z[M (e)]; therefore it is Noetherian.

Consider the ideal I C Z[ﬁ (e)] consisting of all Laurent polynomials having
coefficient zero at 1. The ring of all power series in monomials belonging to M (e)
coincides with the completion of Z[M (e)]” with respect to I (and is contained in
As)- Consider the localization

S(e) 'Z[M(e)], where S(e)=1+1C Z[M(e)].

The ring Z[A7 (e)]” is a faithfully flat module over the ring S(e)'IZ[Xi (e)] (since
the latter is a Zariski ring; see [11], Chapter III, §3). This implies that the equation
ax =b, where a, b€ S(e)'ll[ﬁ(e)], has a solution in Z[H(e)]A if and only if it
has a solution in S(e)”'Z[M(e)].

Now we can prove Theorem 1.4. The ring A( 0 is contained in Ag and inherits

from it the norm || ||.
We show that A(c) is Euclidean with respect to this norm. It suffices to divide a

by b, where a, b € A and h(a) = h(b) = 0. Apply now the division procedure
described above. If it finishes after a finite number of steps, we have a = mb + ¢,
where m, g € A, and the division is over. If not, we have a = bx, where x € A:_ .
Choose any collection e = {¢,, ..., ¢} of vectors for which suppa, suppb C C(e).

Then a, b € Z[ﬁ(e)] and Remark 1.2 implies that x € Z[ﬁ(e)]A; hence
x €S(e)”'Z[M(e)] C Ay, .

.E.D.

? REMARK 1.5. The ring Ag is a faithfully flat module over its subring Am , since
they both are principal ideal domains and a € A(i) is invertible in A( 5 if and only
if it is invertible in Ay (see [11], §1).

Thus Ag and A(é) have the same homological properties. The ring A(f) has
some technical advantages over the ring Ag ; the replacement of Ag by A(i) is used
essentially in the proof of the sharpness theorem.

REMARK 1.6. For / = 1 the faithful flatness of A = Z{[1e”"] over Ay =
Se 1Z[t, '] is well known (see [11], Chapter III). This property implies that the

equation Px = Q, where P, Q € Z[t, t"], is solvable in Z[[t]][t—l] if and only
if it is solvable in S™'Z[t, t'] (where S is the multiplicative subset {1 + tP(f)}).
This fact was known already to Hurwitz (see [12], problem 156).

§2. The numbers b, (¢) and g, (&)

Suppose that C, is a free finitely generated complex over A = Z[ZI] and ¢&: 7 -

R is a monomorphism. Consider the complex Sg IC‘ =C,®, A(d‘) . The homology
modules

Hw(Ct ®A A(f)) = Ht(Ct) ®A A(f)

are finitely generated over the principal ideal domain A(f); therefore the rank
bp(C,, &) and the torsion number q,(C,, &) of the module Hp(C‘) =N A(:) are
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defined (the torsion number of a module is by definition the minimal number of
generators in the submodule of torsion elements). For a manifold M" and a maxi-

mally irrational ¢ € H'(M,R) we set b, (M, &) = bp(C_(H) ,€) and ¢, (M, ) =
q,(C(M ), &), where M — M is the maximal free abelian cover. Note that in the
Introduction we defined these numbers using the modules H‘(C‘(H) ®x Ag) ; these
two definitions are the same. Indeed, the faithful flatness of Ag over A( £ implies

H,(C, 9N Ag—) = H..(C,- LN A(c) ®Am Ag_)
= H,(C,®y Ag) 8 A7 = (H(C)®y Agy) @y A -

Next we study the behavior of bp(C* ,€) and qp(C. , &) when C, is fixed and ¢
varies. For this purpose we need Lemma 2.1. Denote by M the set of all monomor-
phisms Z' - R, MC R

LemMA 2.1. Let a,...,q, € A. Then the set of & for which the greatest common
divisor of elements a,, ..., a, (abbreviated g.c.d.(a,, ..., a,)) in A(c) is equal to
1 is the intersection of M and several components (or possibly none at all) of the
complement U = R[\ U, T, in R’ to the finite union of some integer hyperplanes (i.e.
hyperplanes determined by linear equations with integer coefficients) T', C R'.

ProOF. Set 4 =g.c.d.(q, ..., a,) in the unique factorization domain A. Then

the set sought consists of those &’s for which the leading coefficient of the polynomial
A with respect to & is equal to 1. Denote by (A) the convex hull in R’ of the subset
suppA4 C Z' . For an edge y of the polyhedron (4) denote by I', the hyperplane
in Hom(Zl, R) = R consisting of all the homomorphisms ¢ that vanish on y. The
lemma is now obvious: the set U is R[\U,- r,.

THEOREM 2.2 (J.-C. Sikorav). 1. The number b,(C,, ) does not depend on & it
is equal to the rank of the module H,(C,) ®, {A} over the fraction field {A} of A.
2. There exists a finite collection of integer hyperplanes T'; C Hom(Z’, R) =R
such that qp(C‘ , &) does not depend on & in any connected component of RI\Ui I;.

Proor. 1. The module
HP(C. ®p A(é)) = Hp(C*) ®\ Am

can be presented as a sum of a free module of rank 5,(C, , &) and a torsion module.
When we pass to {A}, which means additicnal localization, the torsion module
disappears and the free module of rank bp(C* , &) survives.

2. Recall that the pth torsion number q, for a complex

8 _ P
C,., ¥ C,<Cp

over a principal ideal domain can be calculated as follows. Consider the matrix D
of the homomorphism ap. Denote by d, the g.c.d. of the r-minors of D, and by
& the greatest r for which d, = 1. Then ¢, = rkD-4.

Now our assertion is easily deduced from Lemma 2.1.
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REMARK 2.3. One can prove (similarly to [13] and [14]) that the number b ,(C,, &)
is equal to the dimension of the pth homology of C, with coeﬁic1ents in a I-
dimensional local system, determined by a generlc representatlon p:t,—p(t) eC.
The numbers b (C_ , £) can be computed in terms of usual homology with real co-
efficients and Massey operations; see [13].

Now let £ bea homomorphism Z' — R which is not contained in U;T;. Define
the numbers b,(C,, &) = b,(C,) and 4,(C,, &) by setting b ,(C, . ¢8) = b (C*,é)
and qp(C* , €)= q,(C,, é'), where &' is any maxxmally 1rrat10nal homomorphlsm
sufficiently close to &.

The numbers b,(M) and ¢,(M, &) (*) are defined and calculated in terms of the

maximal free abelian covering M — M . It appears, however, that for a generic class
¢ they can be computed in terms of a cyclic covering M, — M and coincide with
the corresponding classical Novikov numbers of [1] and [2].

To prove this we need a simple lemma (which we shall also use many times in the
sequel).

LEMMA 2.4. Let M and N be finitely generated modules over a Noetherian com-
mutattve ring W, and let S be a multiplicative subset of W . For ¢ € W, denote by
Sio) the multzplzcatzve subset generated by o . Then the followmg assertions are true:

WIf f:S'"M - S'N isa homomorphism of S™'W-modules, then there exist
S W and f,: S(_G;M—>S_'N such that S_lf =f.
2)If 0 € W and f, fe Sg)M - S(H)N are homomorphisms of S, W-
modules such that S~ fo) =57 9y, then there exists dew such that
S(;le =S o f (6)
If f S_IM SN isan isomorphism, then there exist 0 €¢ W and f
e M — S N such that f is an isomorphism and S~ f(a) f.

PROOF 1) Denote by M, and N, the kernels of the localization maps M —

S'M and N - S7'N; they are finitely generated, since W is Noetherian.
Consxder any Yy € S anmhllatmg both M, and N,. The localization maps

S M S™'M and S N — S7'N are injective. Pick any finite system of gener-
ators m; of M. There ex1sts 7 € § such that f(m,) € S_IN Thus S M and
S N are submodules of S™'M and S™'N , respectively, and f sends one ot them

1nto the other. Now we set ¢ = y4 and f = f| S'l M.
The first claim of the lemma 1s proved.
2) The homomorphxsms S, f o and S 1 f (9 both are restrictions of the homo-

morphism f: S™'M — S_IN to the submodule S MCS"IM

3) follows from the first two points.

CoroLLARY 2.5. Ler C, and D, be finitely generated free complexes over a
commutative Noetherian ring W . Suppose that S*]C‘ ~ S_lD_. Then, for some

(2) Our definitions here differ from the standard ones: usually bp(M ) denotes the pth Betti number
of M.
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ceWwW,
-1 -1

Return now to the numbers b, and ¢, . Let C, be a free finitely generated com-
plex over the ring A = Z[Zk]. Let &: Z¥ “Rbea homomorphism of irrationality
degree 1. The image of ¢ is isomorphic to Z. Denote by () the homomorphism
of the group rings A — Z[Z] = L obtained from the composition of ¢: yARNY
with (—1): Z — Z by passing to group rings ((—1) is due to our sign conventions).
Denote by S C L the multiplicative subset consisting of Laurent polynomials with
principal coefficient 1. Set

B,(C.. &) =1k(H,(C,®,ST'L)),  «,(C,,&) =q(H,(C,®,5'L).

Here the structure of A-moduleon S™'L is defined via the homomorphism (¢): A —
LcS™'L (so the S~'L-module H,(C, ®, S_IL) depends on ¢&).

LEMMA 2.6. Any maximally irrational homomorphism y: zZF . R possesses an

open conical neighborhood U(y) in the set Hom(Zk, R) such that the following equal-
ities hold for £ € U(y):

b,(C..7)=B,(C..E),  4)(C.,7) =k,(C.,&).

ProoOF. Consider for all p the isomorphisms

b,(C, .7 4,(C, .,
Hp(C*)®A(y)z( @l Am) ( @ A, /a ,

where a € A= Z[Z ] is divisible in A by a 1 and the y-prmmpal terms of

the Laurent polynomials a” ) are equal to oV J .1, where o ; ) € Z and a ;é +1.

Consider the free finitely generated A-complex D* , defined as follows. The module
D, is the sum of free modules F,, E, , and B, of ranks b,(C,, 7), q,(C,,7),

and d,_ (C,, 7), respectively. The d1ﬁ"erent1al d D - D 4 vamshes on F eBE

and sends the kth free generator b, of the module B, to the element a,((’J ) e,

where e, is the kth free generator of the module E . It is known that any complex
over a principal ideal domain is homotopy equivalent to a standard one like this;
from this we easily deduce that C, ® A(y) is homotopy equivalent to D, ® A(y).
Since A is Noetherian, C, and D, become equivalent when localized with respect
to the multiplicative subset generated by a single element o € S, (see Lemma 2.6).
Consider now any rational homomorphism & zk - Q which is close enough to y
so that 1) each polynomial aj ) has only one ¢&-principal term, namely a -1, and
2) g€ Sg. The complexes C, ® AA and D, ®, A(c) are homotopy equlvalent over

A(é) . The homomorphism (£): A — S™'L can be factored through SglA = Ay
and to calculate the homology of C, ® S ~!'L we can use the complex

-1 -1
D,®A,®S 'L=D ®,5 L.
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The complex D, is described above; using 1) we easily get

b,(C..7) 4,(C,+7)
H/(D, &S 'L)=~ @ ST'L @ s 'La’s'Ly,
j=1
(p)
J 1
;é il . Now the lemma follows easily.

The argument applied here will often be used in the sequel.
REMARK 2.7. It is easy to see that for any connected manifold M and any max-

imally irrational & € H 1(M , R) the numbers b,(¢) and g,(£) vanish. Indeed, the
module HO(_M) ~ Z is annihilated by any element of Z[Z'] of the type 1 —t¢, where
teZ'. Choosing € Z' with &(r) <0, we get S; ' Hy(M) =0

where a ) e $7'L and a the y-principal coefficient of a is equal to

§3. Duality properties

Recall first the formulation of Poincaré duality for manifolds that are not simply
connected.
Let M" be a smooth manifold (not necessary orientable). The universal covering

M" is equipped with the fundamental n-cycle U (infinite, in general) The inter-
section (U defines an isomorphism D between the cohomology H (M Z) with
compact support and the homology n_*(M , Z) . Define the automorphism x of
the group ring Z[rn, M] by setting x(g) = t:(g)g_l , where gen M, e(g)=-1if
the orientation of M is changed along y, and &(g) =1 if not.

To simplify the statements we suppose that 7, M is abelian (we need only this
case below).

The homology and cohomology groups of M" are the Z[rn, M]-modules, and the
isomorphism D is subjected to the following commutativity relation: D(gx) =
x(g)D(x) . Isomorphisms of that kind are called x-isomorphisms. Thus we have the
x-isomorphism of Z[n, M]-modules

* , TN /]
D:H (M ,Z)-H,_ (M ,Z).
Note that there exists the natural isomorphism of Z[rn, M]-modules
H(M",Z)- H*(HomZ[nlM](C*(H"), Z[n,M))).
For a Z[n,M]-module G we denote the modules
H,(Homg, ,,(C,(M"), G)) and H,(C.(M") ®z; 4y G)

by H'(M", G) and H (M", G).
Thus we have the x-isomorphism of Z[n, M]-modules

D: H'(M, Z[zx M]) — H,_ (M). (3.1)

Now we turn to the case M= Z . Set A= Z[n M]. Let y be a homomorphism

Z' - R (not necessarily mjectxve). It is clear that x sends S, to S_, and thus
defines an isomorphism x: Ay~ AL, Localizing D, we get the following lemma.
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LEMMA 3.1. There exists a X-isomorphism
P A n -
D,:H (M", A, — H,_,(M", A_,) (3.2
of the (left) A(y)-module and (right) A(_y)-module.

A module G over aring W is called principal if it is isomorphic to a direct sur
of modules of the form W/aW (where a € W). Suppose now that all the module
H(M ", A(Y)) are principal for r < p, and fix the decompositions

B, K,
n ~ (n
H (M, A,) = (GBIAm) ® (G?Am/ a Am) » 0=<r<p.

Applying Lemma 5.1 from §5 (which provides the standard presentation for ;
complex with principal homology) to the complex C,(M") ® A(y) , we get

B

r n ~ < Py (r—1) .
H'(M", A, = (@Am) ® (@Am/ai Am) ,  0<r<p. (33
i=1 '

i=1

Now the Poincaré duality (3.2) implies

ﬂn_q Kn——q—l
n ~ n—qg-—1
Hy (M, A_,) = (691 A(—y)) ® ( GBI A/ x(a; )A(—y)) ’
= I=

COoROLLARY 3.2. For a monomorphism y: y /- R,
by=b, v, G =g, ,_,(-7).

PRrOOF. The first equality follows immediately from the above. To prove the sec-
ond we recall that for any module N over a principal ideal domain R the num-
ber ¢,(N) equals the number of nonzero ideals J in any decomposition N =
R/J & - @ R/J, , where J, C Jio1- We can choose the decomposition (3.3) to
be of this kind; then so is (3.4). Q.E.D.

§4. V. V. Sharko’s results concerning Morse functions
on cobordisms that are not simply connected

In this section we recall some results from [8] which we shall use later. Let
(W, 1, V,) be a manifold with boundary oW , consisting of two components A
and V. Any regular Morse function f: W — R, constant on ¥, and on V|,
together with the suitable gradient-like vector field gives rise to a Morse complex, de-
fined over Z[n,W]. This complex is simply homotopy equivalent to Cc,(w", AF
where W" is the universal covering of W" . In some cases the converse also holds,
L.e. a free finitely generated complex C, over Z[n, W], simply homotopy equivalent
to C (W", Vb), can be realized as a Morse complex for some Morse function on
WiV, V).

THEOREM 4.1 (see [8], Proposition 6.1). Suppose that n, (V) — n (W) «n, (V)
are isomorphisms. Then any free finitely generated Z[r, Wl-complex of the form

C,={0=C,—Cy—---=C,_, 0}, (4.1)
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simply homotopy equivalent to C*(Wn, I7()"'l), can be realized as a Morse complex
of some regular Morse function f: W — R which is constant on V; and on V},.

The idea of the proof is the following (see [8]). First we choose a regular Morse
function f, on the cobordism (W ; ¥, V|) without critical points of indices 0, 1,
n—1,or n (this is possible since n,(V,) — = (W) « =, (V) are isomorphisms).
Denote the corresponding Morse complex by C,(f;). The complexes C, and C,( 5)
are simply homotopy equivalent. By a result of Cockcroft and Swan [15], C.(fy)®
D~ C, ® D,, where the complexes D, (i =1, 2) are direct sums of complexes

of the type 0 « F 4 F — 0. The complexes D, and D, can be chosen so
as to concentrate in dimensions 2 < * < n—2 (as C, and C,(f,) do). The

procedure of adding (or subtracting) the complex 0 — F 8 F « 0 can be realized
by corresponding changes of the function f;, so that we obtain in the end a function
f with the Morse complex C, . The details can be found in [8].

REMARK. We shall need this theorem for n, W = Z' . In this case the notions of
homotopy equivalence and simple homotopy equivalence coincide. Therefore, any
complex of the type (4.1), homotopy equivalent to C,(W", Vb”"l), can be realized
as a Morse complex of some function.

The paper [8] also contains results concerning minimal Morse functions. We re-
produce them here partially. We do not need them for the proof of Theorem 0.1,
and will use them only in §6 and in Remark 2 of §7.

For some classes of fundamental groups any cobordism (W; V;, V), where =, (V)
— (W)« m (V) are isomorphisms, possesses a Morse function having 2 minimal
possible (among all the Morse functions) number of critical points of all indices.
Namely, let Wh(z, W) = 0. Theorem 4.1 implies that existence of such a function
is guaranteed if we can find among the free finitely generated Z[x, W1-complexes of

the type (4.1) a complex C? which has the minimal possible number of generators
in each dimension. The following theorem can be proved purely algebraically.

THEOREM 4.2 (see [8], Proposition 4.8). Let Q be an IBN-ring (which means that
free modules Q" and Q™ are not isomorphic if m # n) and also an s-ring (which
means Ithat for any finitely generated Q-module N the condition N& Q" ~ Q’ implies
N=Q™".

Thgn fo)r any free finitely generated Q-complex C, there exists a free finitely gen-
erated Q-complex C., homotopy equivalent to C,, which has the minimal possible
number of generators in each dimension among free finitely generated complexes ho-
motopy equivalent to C, . The complex C, is called minimal.

There is alsu a simple criterion to decide whether a given complex is minimal (in
its homotopy type) or not.

DEFINITION. A pair (N, M) of modules over a ring Q, where N C M, is called
irreducible if there exists no module F € N which is a direct summand of M . The
pair (N, M) is called strongly irreducible if for each n > O the greatest possible
rank of a free submodule F of N & Q" which is a direct summand of M & Q"
equals »n. Our terminology differs here from that of [8].

THEOREM 4.3 (see [8], Theorem 4.7). A Q-complex

C.={0-C2...2¢C —0)



(here Q isan IBN, s-ring) is minimal if and only if for each i the pair (0,(C)), C,_))
is strongly irreducible.

If the ring Q possesses a nontrivial homomorphism to a field, then the rank of a
free module is well-defined. All the group rings Z[G] enjoy this property. The ring

Z[Zl] is also an s-ring; see [16] and [17).

§5. Algebraic lemmas

First of all we prove the lemma (already used in §3) on the standard presentation
for complexes.

LEMMA 5.1. Let W be a commutative ring, and let
C,={0=C - 2C 0}

be a free finitely generated W -complex. Suppose that Jor p < k the W-modules
H (C,) have the free resolutions of length 2

0O—H((C)2F &G —0

— p( *) — P — ) «— 0.

Then C, is homotopy equivalent to a free finitely generated complex
C.={0C|—--ZC 0}

such that
)C,=C, if «>k+2, and
2)C, = G,_, ® F, for p < k; furthermore,

91 F,=0, (01G,_)=¢

and Im(a, Cpoy — C,) € C, coincides with Im 0, CF,.

G

!
1 Fp~] C Cp_l ,

p—I:

The proof is by induction on p. For p = 0 the assertion is obvious. For the
induction step we suppose that the assertion is proved for all k < m and prove it
for k=m.

Suppose that C, satisfies the assumptions of our lemma for k = m. Find a

complex C, which satisfies the conclusion of the lemma for k = m — 1. The image
Im@3,,: C, — C.._))

is a free module Img, | ~ G, _,; hence C,, can be decomposed as G,_,0K,,

where B,In | G,,_, = id. We may assume that K, 1is a free finitely generated W-

module (having added if necessary a complex 0 «— G, _, u G,_, — 0, located in

dimensions m and m + 1, to Ci). The complex C: splits into the sum of two
complexes

E*Z{OQ—C; (—...(-—C:n_zf—C:n_l (-—0}’ D*={O‘—""_O‘_Km‘_‘"'}
(D, is located in dimensions > m). Here H, (D,)~ Hm(CL) ~H (C,).

Now add the complex 0 — F, u F, « 0, located in dimensions m and m+1,
to D, and consider the resulting complex Di . There is an epimorphism

/ P /
D,=K,®F, -H(D,)~H,/(C,),
where P | F, =0 and P | K, is the natural projection.
m m
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The map P': K, & F, — H,(C.), defined by P’ | K,
another epimorphism onto the same module.

By [8], Lemma 1.10, there exists an isomorphism ¢: K,®F, - K o F, such
that P'op = P. That means we can find another decomposition D:n =K, ®F, (ie.,
choose another free basis) such that the projection P: D:n — Hm(D:) =H (C,) is
givenby P|K, =0 and P | F,, = m, . Itis clear now that we can split the complex
0 — K, — K, — 0 (located in dimensions m and m + 1) off the D). In the
resulting complex

=0and P'|F,=n is

r

1 am+l
sz{o‘_..q_pm*_ -}

the image Im 6,',: +1 coincides with Im ¢, C F, , since the projection D:; — Hm(D:,',)
~ H,(C,) coincides with . It is clear now that the complex E, @ D!’ satisfies
parts 1) and 2) of the conclusion for k = m .

REMARK. We do not prove (and do not use) the assertions concerning simple
homotopy equivalence.

In order to state our next lemma, we introduce some notation.

Set A = Z[Zl] and let y: Z — R be a rational homomorphism (i.e. rk Imy=1).

We shall study the localizations S~ 4 of A-modules 4. We can assume that there

is chosen a system of generators (¢, ¢, ..., t;_,) for a group Z' such that y is the
projection of Z' onto the direct summand Z generated by ¢, and that () =—-1.
Set
R=2{", ... ' 1=212],
P = R[1], S={1+1Q(t) | Q(+) € R[]}, (5.1)

K=S"'P, S'={"|neN}, T=s"'g'p_ ST'A.

LEMMA 5.2. Let A bea finitely generated P-module such that Sy_ '"Aisa principal
I-module. Fix q decomposition

b q
S 4= (@r(e,.)) ® (@(I‘/ajl")(fj)) ,
i=1 Jj=1

where 4G=a; o+a; \t+---, a;, , € P, and a; o # 0 is a noninvertible element of
R. ’ ’ ’ ’
Then there exists a finitely generated P-module B C A such that

D) S™'B ~ (@F, K(e)) & (@, (K/a,K)(f})), and
2)t"4c B Jor some N .

PROOF. Note first that we may assume that e, and J; belongto 4. Furthermore,

having multiplied e; and f, by N , where N is large enough, we may assume that

the module Pe,, f)c4 is free of r-torsion.
We show that Ple;, f;) satisfies 1),

Consider the K-submodule K(e,, fj) of the module Sy' "A. Ttis easy to see that

b q
Ke, f) = (EB(S"P)(e,») ® (65(8”‘1’/4,-3"1’)(4)) :
i=1

j=1

;



We show that X (e f ) is the S-localization of the P-module Pe,, f. ‘). Inde
K(e,, f ) isan S~ 'p. module; hence there exists an epimorphism

0: S\ (Ple;, £)) ~ K(e,, £) C S 4.

Now we show that ¢ is an 1somorphlsm
Denote by e; and f. the images of e, fj € Ple,, f ) under the map of tl

module to its localization; they generate over X the entire module S~ (P( j;

Consider any x = 2a8 + 2B f belongmg to Kerg, where o, ﬂ €EP. Obser

that e, =0 = B; f in the module S ' 4, which means that

'( +1Q,(8)) e, =0=r" f(l+tW.(t))ﬂ.f,

in A for some natural N,, M; and Q,(t), W.(1) € P. The module P(e,, fj) is fr
of t-torsion by constructlon therefore

(1+ th(t))ijj =0=(1+ 1Q,(2))e;
in 4. It is clear now that x = 0 and thus, Kerp = 0 and P(e,, f.) satisfi

requirement 1) of the conclusion.
Observe next that the localization S P(e, , f ) coincides with the entire modu

S 'A,and 4 is ﬁmtely generated. Therefore there exists an element ¢ (1 +tQ(t
of P such that ¢ (1 +tQ(t)a € Ple; f ) forall a € 4. Consider now the modu’

={a€d|30t)eP: (1+ tQ())a € P(e, f.)}.
The Noetherlan property of P 1mp11es that B is finitely generated:; obviousl
ST'B~S” P( j;.) By construction, 1" 4 C B. The lemma i 1s proved.
For a P-module M we denote by Tor, M the submodule of elements annihilate.

by some power of ¢, by ‘M the submodule of elements annihilated by ¢, and b
M, the quotient module M/tM .

LEMMA 5.3. For a P- module M the localization map M — S™'M induces
1) an isomorphism M/tM = §~ M/tS—IM

la) an isomorphism M/t'M = S M /ST M Jor any natural q,

2) a monomorphism ‘M — (S~ M) and

2a) a monomorphism Tor, M — Tort(S_lM ).

PROOF. 1) Injectivity. Suppose that m € M and m =1t /(1 +tQ(t)) in S~'M
Then

(I+tQ(t))ym=tn+x,

where (1 +tQ,(t))x = 0. Therefore (1 +1Q,(t))ym = tn’ , hence m e tM.
Surjectivity. We have

m__ ., Qum
1+10(1) ‘Tr 00

la) Note that if n € M and Q(¢) € P, then in the module S'IM/th-lM we

have
n

-1
TQ(t):(l—tQ(tH--d:(tQ(t))q )n
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Now the surjectivity is straightforward. Further, if m = t'n/(1 + tQ(t)), where
n, m € M, then the equality

= (1 -1Q(0) + -+ £ (1Q(1))"")n
holds in S™'M/*S™'M , and injectivity is also proved.
2) If tm 0 and m— 0 in S™'M, then 1+ Q(t)ym=0=m=0.
2a) If "m =0 and (1+1tQ(t))ym =0, then

' +Moym=0=""'m=0:
proceeding further in a similar way, we find that m = 0.
LEMMA 5.4. Let a = a, +at+---+ay N € P, where a, € R, a, #0 isa

noninvertible element of R, and qisa natural number. Then the Jollowing assertions

are true:
1) The quotients K, =K/(a, t*) and P, = P/(a, 1) of the rings K and P by

the ideals generated by a and 17 are zsomorphzc as rings and as P-modules.
2) The ring P, is isomorphic as an R-module to the module R?/F(R%), where

F:RY SR js mjectzve and is given by the matrix
a, a, a, - a
aO al P a

q
g—1

(5.2)

0 a
Thus the R-module P, has a free resolution of length 2.

3) The multiplication map t': P, — P, (where | > 0) is injective and induces an
epimorphism

Exty(P,,

The module Hom r(P,» R) is trivial.

Proor. 1) The embedding P C K induces a map P, - K which is a ring

homomorphism and a P-module homomorphlsm The map P/ (t" K/(t?) is an
isomorphism (see Lemma 5.3); hence so is the map

(P/(t)/(a) = (K/(t))/(a).

2) The ring P/(¢*) = R[f]/(¢%) is a free R-module with basis 1, ¢, ..., ",
The multiplication by a € P is glven in this basis by the matnx (5 2) Since
a, #0 and R has no zero d1v1sors F isa monomorphlsm

3) Suppose that x € Ker( P — P1+q) ie. f'x = Na+Mt’+q where x, N, M €

pP. The ring P is a unique factorlzatlon domain and ¢ does not divide a ; therefore
N=¢ N'. Furthermore, since P has no zero divisors, we have x = Na+ M t?, and
hence x =0 in P

R) — Exty(P,, R).

Next observe that the map ¢ P — P, lifts to resolutions in the following way:

l+q
0— P« R/ < R/ « 0
lll l’l l’[

0~ P, «— R1)/(*) & R[)/(17) — 0.

l+q
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The right arrow is a monomorphism onto the direct summand. This implies the
surjectivity of the map of Ext’s.
The equality Hom R(Pq, R) = 0 is obvious.

LEMMA 5.5. 1) The ring K = S™'P js an IBN-ring and an s-ring.
2) A free finitely generated K -complex C, = {0 — Cle—- C, — 0} is minimal
if and only if the free finitely generated R-complex

C,/tC, ={0~ C/tC — -+ C,/tC, — 0}
Is minimal.

PROOF. 1) We can embed K into its field of fractions; hence K is an IBN-ring.
The ring R = K/tK is an s-ring; therefore to establish the s-property for K it is
enough to prove the following: for a finitely generated K-module N which is free
of t-torsion, any collection {n,..., n.} of elements of N which forms a basis of
N/tN over R is a basis of N over K .

To prove this we consider the free module F (e.,..., e;) and the homomorphism
p: Fe, ..., e,) — N sending é; to n;. Denote by 7 the projection N — N/tN .
Since mo ¢ is surjective, N/Img =t(N/Img).

The element ¢ belongs to the radical of K, and using Nakayama’s lemma we get
N/Img =0, i.e. ¢ is surjective. Next we show that ¢ is a monomorphism. Indeed,
suppose that Ea,-”,- = 0, where the a; belong to X and some a; is nonzero. We
can assume that a, € P and that there is a number { for which the free term of
the polynomial a; is not equal to zero (here we use that N is free of t-torsion).
Reducing this equality modulo t, we obtain a contradiction.

2) By the minimality criterion (see Theorem 4.3) it suffices to prove that for a ho-
momorphism ¢: F, — F,, where F, and F, are finitely generated free K-modules,
the pair (Imgp, F,) is strongly irreducible if and only if the pair (Im 9., F,/tF,) is
strongly irreducible (where ¢,: F\/tF| — F,[tF, is the homomorphism ¢ "reduced
modulo ¢).

Suppose that the pair (Im 9, F,) is irreducible. We show that (Img,, F, JtE,) is
irreducible. (The inverse implication is obvious.) Indeed suppose not, i.e. there exist
elements (e,,..., e Siso, /), such that j; € Img and the images e, and f;
in F,/tF, form the basis of this module. By 1) the elements €y fiuou f)
form the basis of F, ; this is our contradiction.

The assertion concerning the strong irreducibility is proved on the same lines.

§6. Novikov type inequalities

The simplest way of proving (0.3) is the following. Let w bea maximally irrational
form. We can find a rational form ' , belonging to a very small neighborhood of
w, such that mp(w') = m,(w). Now we apply Lemma 2.6 and reduce the problem
to proving the Novikov inequalities (0.1); the latter are treated in [1] and [2] (see
also [4]).

We give here one more proof of the Novikov type inequalities, which in our opin-
ion clarifies the general homological reasons why these inequalities arise.

First we recall some well-known facts from Morse theory. Let (W ; Vo, V) bea
compact manifold with boundary oW = oYV, and let f be a Morse function
on W constant on ¥, and on Vi . The function f gives rise to a relative cell
complex (K, ¥5), homotopy equivalent to (W, V,). The number of relative D-
cells of (K, V,) 1s equal to m,( /). Consider any regular covering K over K with



*
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a structure group G, and denote by V, the preimage of Vo in K. The chain
complex of the relative cell complex (K, 70) is a free Z[G]-complex with mp( 12

free Z[G]-generators in dimension p. Any homotopy equivalence p: (K, V) -
(W, V,) (which we assume to be cellular) induces an isomorphism of Z[G]-modules
H(K,V,) - H (W, V,). This implies that there exists a free finitely generated
Z[G]-complex C. ~ C, (W, V,) such that H(C)) = m,(f).

Consider now an arbitrary rational Morse 1-form « on M, and set [w]=A.

We may assume (having multiplied o by a constant) that ¢ = df ,where f isa
map of M to S'.

Consider the cyclic covering 3 — A » on which @ becomes exact: w = ¢ f,
f: M - R. Denote by V the preimage in M of any regular value ¢ of the map f
(or, equivalently, the preimage in 37 of the corresponding regular value of fi M-
R).

Denote by ¢ the generator of the deck transformation group of A ; set V™ =
{x e M| f(x) < ¢} and V* = {x € M| f(x) > c}. We can assume that
V- CV i set W=tV"nV~ . The manifold M is the countable union of “bricks”
tkW, k € Z. There is a Morse function f on the cobordism (W, V,tv).

Consider now the regular covering M2 M with structure group

H(M,Z)/TorsH(M,Z)=2".

It can be factored through the cyclic covering: M — M — M . The composition

M 237 LR will be denoted by f, and the p-preimages of W, V| V* and
V" by W, 17', I7+, and V™. Choose now a triangulation of W and extend it to
a triangulation of M. Then V'*, V>, V¥, and P~ also get the triangulations,
The chain complex C.( 17_) is a free finitely generated P-complex (recall from (5.1)
that R = Z[Z”'—l] and P = R[{]); the R-complex C*(V_)/IC*(I’}_) is the same
as C ( w, tV). The manifold W is a covering of W, and by the above we get the
following;

There exists a free finitely generated P-complex C, = C*(I7'-), such that the R-
complex C, /tC, is homotopy equivalent to an R-complex D, having exactly m,(f)
generators of dimension p .

Consider now the complex S~ C, (we use the notation (5.1)). It is a free finitely
generated K-complex, and since K is an IBN, s-ring (by Lemma 5.5), we can find

a minimal K-complex CP in the homotopy type of S"IC, (see §4). By the same
lemma the complex CP /th is minimal in the homotopy type of

S_IC*(?_)/tS‘IC_(?") =C,(V)/tC (V) C(V~,tPT)y=c, (W, V).

Note that mp(a)) = /z(Dp). The R-complex D, is homotopy equivalent to
C‘(’H\/, tl7); this homotopy type contains a minimal complex CP/ th with exactly
u(C 1? ) generators in each dimension p.

Note further that the localized complex S"'C,? (recall that S'™' denotes the
localization with respect to ¢) is homotopy equivalent to

s7is7ic, =575 !c, = s™'c.(M).
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Thus we have constructed a free finitely generated K-complex Cf such that
STICI~STICBD), m(w) 2 (€Y. (6.1)
This implies, of course, that
m, (@) > u(C) (6.2)

for some free finitely generated I'-complex Cf homotopy equivalent to .§~! C, (M\ ).
CoNJECTURE. The ring " = §'~!s~1p 1s an s-ring, i.e. any finitely generated

stably free module is free. ( 3) A

If this conjecture holds, then the homotopy type of any finitely generated I-
complex N, contains a minimal complex, the numbers of generators of which are
the invariants of homotopy type of N, (see §4). Denote these numbers by m,(N,).
Then we get

m,(@) 2 m, (S, C, ().

Next we deduce (0.3) from (6.2). Let A be a rational cohomology class, 1 e
H 1(M , Q), and let C*1 be a free finitely generated S'_1S°1P-complex homotopy

—

equivalent to S, IC* (M) . Note that Cf is an S;-localization of some free finitely

generated A-complex Cf. The A-complexes C,(M) and Cf become homotopy
equivalent after localization with respect to some element ¢ ¢ S, (see Corollary

2.5). For any maximally irrational class A’ €EH l(M » R) sufficiently close to 1, the
element ¢ belongs also to S, ; hence

Sy'C. (M)~ S;'C,.

The ring S/ 'Aisa principal ideal domain (see Theorem 1.4); therefore the number
of generators of Cf in dimension p is not greater than

b,(Sy ' H,(M)) + 4,(S;"H,(M)) + q,_,(S7"H,(31)),
and, recalling (6.2), we obtain (0.3).

§7. Reduction to a surgery problem

Let y be a maximally irrational cohomology class. Then A(y) is a principal ideal
domain (Theorem 1.1); hence

. b,(7) 9,(7) )
_1 — ~ _
S, Hy(M.Z)=H (M, A) = _EBIA(y) ® 1€ IA(y)/"j Ay | -
= J=
We may assume that ajp )€ A, thus we get

b,(v) 4,(7) )

—1 ~ ~ o1 P
S, H,(M,Z)xs; 'IA ® G?A/aj All.

= J=

(3) The validity of the s-property was analyzed for rings of a similar type in [18]. However, for T’
itself the conjecture seems to be not yet settled.
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Together with Lemma 2.4 this implies that the modules Hp(ﬂ » Z) and
by(y) 2,(7) )
E}? Aleo ( ,63 Ala; A)
become isomorphic after localization with respect to multiplicative set, generated by

some element ¢ € S, . This ¢ belongs also to the set S, for every 4 (in particular,
the rational ones) sufficiently close to .

Thus for the elements A of some open dense set U CH l(M ,R)=R" we get

bp qp
S;IHp(ﬂ,z)g(@s;'A + | D s;'A/aPs]'A | (7.1)
i=]

J=1

The number q, depends of course on A; in the complement to T ;in H 1(M , R)
the number g, equals qp(y) (see the Introduction). To obtain the proof of Theorem
0.1 it suffices to prove the following result.

THEOREM 7.1. Let n,M" = 2™, n > 6, and suppose that A is a rational coho-
mology class, 1 € HI(M, Q). such that (7.1) holds and m=m,  =m_,=0 for
some r, 2<r < n-—4. Then there exists a Morse map f: M" - !, inducing from
the fundamental class i of the circle the element 71, which is a multiple of A, such
that m,(f) = m, =bp +4,+4q, , (for 0<p<n).

It is sufficient to prove this theorem under the additional assumption that A is
an integer cohomology class defined by the projection of H(M,Z)=12Z" onto the

first direct summand Z. In the course of this and the two subsequent sections we
suppose that this condition holds, without further explicit mention.

Let V"' ¢ M” be a connected smooth submanifold of codimension 1, and
let v be a normal vector field on V. The pair (V"' v) is called an admissible
splitting (*) if

DI N0 2 QN n,(M") is a monomorphism onto the subgroup Keri ~ 2!,
and

2) the Pontryagin-Thom construction with respect to v determines a map M" —
st representing the class A € H 1(M VAR

The existence of admissible splittings is proved in [10] under the assumption that
the homotopy fiber of 1: M — S has finite type (one can show that for nM=27"
this is equivalent to the following: the class A satisfies (7.1) with bp =g, =0 for
all p). The same proof is valid for arbitrary cohomology classes. (Note also that the
results of [19] imply that for any Morse map f: M" — S' which represents A and
has no critical points of index 0 or n the level surfaces f _l(c) are connected and
n,(f_l(c)) — Ker4 is an epimorphism.)

Consider the infinite cyclic covering p: M" — M" corresponding to A. For an
admissible splitting V""" the preimage p'l(V"_l) consists of a countably infinite
number of copies of V! , which divide M" into a countably infinite number of
“bricks” W"  with oW" ~ p"-! ueyn! (where ¢ is a generator of the structure
group of the covering); see the picture below. Now fix any copy of V"~ ! ¢ M" ; it

4 . . . . . .
(") We will omit v in the notation when no confusion is possible.
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M

tv

F

divides M" into two parts, V" and V. (We assume here and elsewhere that fo
every admissible splitting ¥ the lifting of ¥ into M" is chosen and fixed. In thi
case the notations V', V'~ etc. make sense.) The intersection V' Ny~ equal
yr-l , the vector v pointsinto ¥, and tV c V™. Furthermore,

- = -1
1 (W mn, (V" Y (M~ 2™

and the universal covering M" is divided by ¥"~! into two parts, V* and V™~ (al
this can be found in [10]).

One easily sees that any triangulation of M for which V"' is a subcomple:
determines a free finitely generated P-complex C*(f/_) (in the notation (5.1)); the

complexes S'_IC*(I~/_) and C*(ﬁ") coincide, and, therefore
HM"~S"'"H (V).

The quotient complex C*(I7_) / tC*(?*) is the chain complex of the triangulatior
of the pair (W”", V""",
Suppose now that 4 satisfies (7.1) for p < k, and that

r) _ _(p) (p)

aj =ajota;t+---,

where the aﬁ.” )0 are nonzero, noninvertible elements of R. An admissible splitting

v will be called k-regular if for p < k

bp qp
-1 ~— —1 -1 -1

STH (VT ,Z)~ (EBS P) ® (@S P/a"s P) : (7.2)

i=1 j=1
LEMMA 7.2. Suppose that n,M" = Z™, n > 6, and let A € H' (M, Z) satisfy
(7.1) for p < k, where k < n—4. Let V be an admissible splitting. Then there
exists a k-regular splitting V,, obtained from V by surgical modifications of indices

<k +1 carried out inside V* c M" .

The proof of the lemma will be given in §8 (the main ideas were outlined in [6]).

Now we deduce from this lemma the existence of a Morse form in a class A with
the required number of zeros of indices < k.
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First of all, note that, given an admissible splitting ¥ and a Morse function
S on the cobordism (W; V,tV), we can produce from this data a Morse map
fi M- s! belonging to A. (For this purpose we change f in a small neighborhood
of the boundary V"' U V"' so that it becomes a projection on the second factor
of the collar: V"™ ! x [0, €] — [0, &]; then we glue together ¥ and (V .) The map
f has the same critical points as f.

So we proceed to construct a Morse function with the required Morse numbers
on the cobordism Wy Wy tV,) , where W, is the part of M lying between V, and
.

First we calculate the homology Hp(%, t170; Z):

H,(Wy, tV)) ~ H (V" tVy ) ~ H (V) /tH,(Vy).
(The first identification is due to excision axiom. To get the second we observe that
the map H,(tVy ) — H (V") of the exact sequence of the pair (Vy » tVy ) coincides
with multiplication by ¢, and the latter is injective since the module Bp = Hp(IN/o")

is free of t-torsion.)
Furthermore,

bﬁ qP
H,(Vy)/tH,(Vy ) ~ B,[tB, ~ (@R) ® (@R/a}‘fLR) ,  p<k
i=1 j=1

(the last identification follows from Lemma 5.3). Also, by = g, = 0 (Remark 2.7),
and b, = q, = 0 since M is simply connected; hence from Corollary 3.2 we conclude
that b, = q,=b, | = g,_, = 0. Thus the homology modules H ( WO, tI7O) vanish
outside the dimensions 2 < * < n — 2 and are principal Z[r,(W,)]-modules for
p < k. According to Lemma 5.1 we can find a complex C,={0C, — - «
C,_, «— 0} which is homotopy equivalent to C*(Wo, tI~/0) and has b, +q;+q,_, free

n
generators in dimension ;i (where 2<i<k<n - 4).

According to Theorem 4.1 and the remark following it we can realize C, as the
Morse complex of some Morse function f on the cobordism (Wy, tV,) . This func-
tion gives rise to a 1-form which satisfies the requirements. Thus we have proved the
following assertion.

THEOREM 7.3 (see [6]). (5) Suppose that n,M" =Z", n > 6. Then any element
7 of some dense open conical set U c H l(M » R) can be realized by a Morse form

w e QI(M ) Which has the least possible number of zeros of indices p where 0 < p <
n —4 among all the forms of the class y. This number equals b, + q,(7) + 4,_,(7),

where v is any maximally irrational cohomology class sufficiently close to .

Now we use duality and do surgery also “from another end”. In addition to (5.1)
we introduce some new notations:

P=RI""], S={1+'ou 10"y eRry™,
K=5"P, §=("|neN}, T=5"'S'P=s’ A

5 . . . .
_ () The assumptions here are weaker than in Theorem 0.1, but the result is concerned only with the
indices p, 0<p<n-4.
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Note that if (V, v) is an admissible splitting with respect to A, then v, -
an admissible splitting with respect to (—=4) and all the above results hold for
(with ¢ replaced by ¢~'). Note that (V, v)™ = (¥, —u)*.

If the class A satisfies (7.1) for p < k, then, according to (3.4),

qn—s—l

bs
-1 ~n ~ -1 -1 (n—s5—1), o—1
S_yH(M", Z) = (Q?S(_MA) ) ( $H S/ (x(a"™ )S(_A)A))

for s > n —k (recall that by=b,_ ).

Suppose now that 1 < r <n-4 and (V, v) is an admissible splitting. App
Lemma 7.2 (where k =), we get an r-regular splitting (V45 v) - Applying Le
7.2 to the splitting (V,, —V,) , the cohomology class (=A),and k=n—-r-3
get an (n — r — 3)-regular splitting, say (¥}, —v,), corresponding to (=4).
that V| is obtained from Vo by a sequence of surgical modifications of in
< n—r-2; consequently, the homology of (¥}, v;)” coincides with that of ">
in dimensions r. Hence (¥}, v,) is also an r-regular splitting.

An admissible splitting (V, v) is called r-biregular if (V,v) is r-regular
respectto A and (V, -v) is (n—r— 3)-regular with respect to (=4).

We have proved that r-biregular splittings exist for 1 <r<n-4.

REMARKSs. 1. In §9 we shall deduce from the above that under the assumptior
Theorem 7.3 every element y of some dense open conical U c H l(M , R) cai
realized by a Morse form having minimal Morse numbers of all indices ex
two adjacent ones, say r and r + 1 ,where 1 <r<n-4.

2. Here we show that any (n — 3)-regular splitting V is also n-regular. Cons
the free finitely generated complex S“IC*(V') . The ring K =S~ 'P is an IBN
ring (Lemma 5.5); hence the homotopy type of this complex contains a minimal
finitely generated K-complex CP. Note that Cg = C? = C,?_l = C,? = 0. Ind
the complex C,?/ th is R-minimal (see Lemma 5.5) and belongs to the homot
type of

sTle,vTyesT i () = C.(V™, V7).
There exists a Morse function S on the cobordism (W, V,tV), which has
critical points of indices 0, 1, n — I, or n. The corresponding complex C,
has no generators in dimension 0,1, n—1,o0r n, and since Cf/th 1S minii
and C)/tC) ~ C,(f) ~ C.(W, V), we get CO/tC =0 for i=0,1,n-1,
Therefore, C,.O:O for i=0,1,n-1,n.

The homology modules HS(Cf) have resolutions of length two for s <n-
Therefore there exists a complex C *l , in the homotopy type of Cf , which is stand:

in dimensions x < n — 3, and moreover C,: =0 and C,f_ \ =B®Z, where 0 | B
injective and 9 | Z = 0. Therefore

ZrH, (CHxH, ,(ST'C(PT),  wz)=b_,.

Now we realize C,/1C . by a Morse function and get our assertion.

For n,M" = Z the (n - 3)-regular splittings always exist (see [4]). The auth
does not know if the same holds for M= Z", m>1,and any A.

To cope with the remaining dimensions we are to impose the restriction m,
My =M., =0,where m =b +q +gq,_, . This restriction is an analogue (f
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those three particular dimensions) of the Farrell condition for existence of a map
f: M" = S which realizes a given cohomology class and has no critical points at
all.

LEMMA 7.4. Suppose n,.M" =Z™, n > 6, the integer cohomology class A satisfies
(7.1), and (V', v) is an (r — 1)-biregular splitting (here 1 < r < n — 2). Suppose
Jurther that m, =m,  =0. Then

)HM", V7)=0, and

2)H,  (M", V") is a free finitely generated R-module and t is its nilpotent en-
domorphism.

Thus the module Q = H H(ANJ", I~/‘) together with the endomorphism ¢ is

an object of the category %(Z[Z"’"I], id) which consists of free finitely generated

Z[Zm_']-modules and their nilpotent endomorphisms (see [10]). The corresponding
Grothendieck group vanishes (see [10]); therefore our pair (Q, ¢) is equal to zero
modulo relations in this group. To realize this equivalence in a geometric setting we
need the third “critical point free” dimension.

LEMMA 7.5. Suppose that the assumptions of Lemma 7.4 hold, and, moreover,

m,.,=0,2<r<n-—4. Then there exists an (r— 1)-biregular splitting (V , v) such

that — —
H(M,V7)=0, H_(M,V7)=o0.

The proofs of Lemmas 7.4 and 7.5 will be presented in §9. Now we deduce Theo-
rem 7.1 from them. Let (V, v) be an admissible splitting constructed in Lemma 1.5,

and (W; V,tV) a corresponding brick in A . Compute the homology H ( W, tI7').

For p<r-1
bp qp
H (W, V)~ (@R) ® (@R/aj’oR)
i=1 Jj=1

(see 7.2). Since (V, —v) is (n—r — 2)-regular,
b; qn—s—l
H(W, V)~ (@R) ® ( ) R/x(ajﬁgs"’)R)
i=1 j=l1

for s<n—-r—-2. Now apply Poincaré duality to the manifold W with two compo-
nents V', tV of the boggdazy.
The R-modules H (W, V) are principal for s < n—r — 2, and it is easy to

calculate the cohomology H*(W, V)yfor s<n-r-2. Applying the Poincaré
duality arguments from §3, we get

bP qﬂ
H (W, V)~ (@R) ® (@R/a;’f)oR) . D>r+2.
i=1 j=1
Since m,_, =0,
H (W tV)=H (V7 77)=0.

From the exact sequence of the triple (¢~'V™, V™ , tl7—) weget H (:7'V™, v
r+2

=0 and (by induction) Hr+2(z—" Vo, 117') = 0. Taking the direct limit as n — oo,
weget H (M U™\ —n
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FromNthe exact sequence of the triple (ﬁ 7 tﬁ") (using the equality
HM,V )=H(M,tV")=0 for x=r, r+1, r=2) we get

H, (V ,tV)=H{ V") =0.

Now we collect the results of our computations and see that H (W, tI~/) is isomor-

p
phic to
bP qﬂ
@ R| o @ R/aj.‘f)OR
i=1 Jj=1

forall p. Now we apply the same argument as in proof of Theorem 7.3, and Theorem
7.1 is proved.

§8. Construction of a p-regular splitting

This section is devoted to the proof of Lemma 7.2. We prove it by induction in
k.
Note first that every admissible splitting ¥ is l-regular. Indeed, since V'~ is

connected, the map ¢: ¥V~ — V'~ induces the identity homomorphism in the group
Hy( I~/_); hence S_IHO( 17_) = 0. The same argument proves that by =g, =0.
Furthermore, the commutativity of M " implies that ¢ induces the identity ho-
momorphism also in the group H( V™) (which is isomorphic to 7, ( 17“)) ; therefore
ST'H(VT)=0.

The induction step will proceed by means of Lemmas 8.1 and 8.2. In both lemmas
we assume that 7, M" =Z", n > 6, and that 1 satisfies (7.1) for p < k.

LEMMA 8.1. Let k < n—4 and suppose that an admissible splitting V' is (k —1)-
regular (i.e. V satisfies (7.2) for p < k —1). Then there exists an admissible splitting
Vy, obtained from V by a sequence of surgical modifications inside V' of indices
< k+1, such that - N

1) the P-modules H (Vy") and H (V") are isomorphic for p <k — 1, and

2) the P-module Hk(%_) IS isomorphic to Hk(f/_) / Tor, Hk(f/‘) (recall that
Tor, M denotes the submodule of all elements of M annihilated by some power of t,
and 'M denotes the submodule of elements annihilated by t).

LEMMA 8.2. Let k < n—3, and suppose that V isa (k — 1)-regular splitting such
that A = Hk(ﬁ") is free of. t-torsion. Suppose that B is a P-submodule of A such
that tAC B C A and B/iA is a cyclic R-module.

Then there exists an admissible splitting V,, obtained from V by a sequence of
surgical modifications inside V* of indices < k + 1, such that

1) the P-modules Hp(%_) and Hp(f/”) are isomorphic for p < k — 1, and

2) there is an epimorphism of P-modules Hk(ffo_) — B with kernel ’Hk(IN/O_) =
Tor, Hk(%—)-

Once both lemmas are proved, the induction step proceeds as follows. Let V bea
(k —1)-regular splitting, kK < n—4. Having applied Lemma 8.1, we may assume~that
the P-module Hk(I~/_) has no t-torsion. Consider the P-module A, =HV").
Condition (7.1) holds for p < k; hence by Lemma 5.3 there exists a submodule

PR TS B
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B, C A, such that
"4, C B, C A, for somer,

b, 9
S7IB, ~ S7'P| e s7'p/a®s'p .
k J
i=1 j=1

Choose the filtration of B,

(8.1)

r (0) (1) (m)

such that the B,(ci) are P-submodules in B, , and the quotient modules B,(f) /Bf:“”
are cyclic R-modules with B\ ¢ B{~.

Since A4, has no t-torsion, the module B,(cl) is contained in t'_lAk. Applying
Lemma 8.2 to the admissible splitting #~'¥ and the modules 4, cBY c 74,
and then killing the #-torsion in the resulting homology H (V,) (by means of
Lemma 8.1), we get an admissible splitting Vi such that H (V) ~ H((V™) for
s<k-1 and Hk(l~/]') ~~ B,((”. Applying Lemma 8.2 now to the manifold V, and
the modules tB,i” C tB,((z) C B,(cl) (and again killing the t-torsion by means of Lemma
8.1), we get an admissible splitting V, such that H (V)" ) ~ H(V,") for s<k-1
and H,( 172—) ~ tB,‘(Z). Since the P-module A, has no t-torsion, tB,EZ) S B,((z) . We
continue in a similar way and in m steps get an admissible splitting V, satisfying

the conclusion of Lemma 7.2. N
PROOF OF LEMMA 8.1. 0. First we note that since P is Noetherian and Tor, H (V™)

is a finitely generated module, it suffices to construct for any o €’ Hk(l7_) a new
admissible splitting Vo satisfying requirement 1) and the requirement

H WV ) ~H(V)/(a).

Indeed, suppose that ¢ Tor, Hk(f/_) = 0. Performing the construction several

times, we get a manifold V’ satisfying " ! Tor, H, ( f"_) = 0, and we end by
induction on N.
1. By repeating the argument in the proof of Theorem 7.3, we find first of all that

bP qP
H (W, V)~ H (V" , V")~ (@R) - (@R/a}%R) . p<k-1.(82)
i=1 Jj=1

Furthermore, the complex’ C.( w, tl7) = C_(I~/_ , tl~/*) is homotopy equivalent to a
free finitely generated R-complex

a
C‘={0?—2C2<—-~- f:zc,,_2<—0},

which through dimensions < k — 1 is of the standard type, corresponding to the rep-
resentation (8.2). This means that for 7 < k-1 we have C = (R)bpe)(R)"P@(R)"P—' ,
3| (R)>» =0, 9| (R)* =0, and the differential 9| (R)%-1: (R)%-1 — (R)%-1 ¢ C,_,
is given by a diagonal matrix with diagonal entries aﬁ”g” . Besides, the image

O: G = Gy = (R) @ ()%~ @ (R)*-
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coincides with the submodule (EB;I.’;‘I' a](.'fa l)R) C (R)*-' (see Lemma 5.1). Thit
implies that Ker 9, splits off as a direct summand, C, = Ker 9, ® (R)%-1 | and thar
9| (R)%-1 is a diagonal injective operator. Having added to C, if necessary the
complex 0 — (R)%-1 «— (R)%-' — 0, located in dimensions (k,k + 1), we may
assume that Kerd, is a free R-module.

According to Theorem 4.1 and the remark following it we can realize C, by a
regular Morse function on the cobordism (W V,tV). This function gives rise to
a handle decomposition of the pair (W, tV). Denote by Y the result of attaching
to ¢tV all the handles of indices < k — 1 and those d,_, handles of index k which

correspond to the direct summand (R)%-! ¢ C -
The upper boundary of Y (which forms the result of corresponding surgical mod-
ification of ¢¥’) will be denoted by V) (see the picture). We have attached only the

handles of indices i, where 2 < i < n — 4 hence n(Y)~n (V) ~Z"" and Y,
is again an admissible splitting.

LEMMA 8.1.1. 1) The embedding 171_ C V™ induces an isomorphism HS(I~/1_) -
HWV™) for s<k-1.

2) The embedding (1V)~ ¢ 171_ induces an isomorphism Hs(tl7_) — H( 171") for
s>k.

PROOF OF LEMMA 8.1.1. 1) Consider the segment of the exact sequence of the
couple (V—, V")

Ho (V" V)= H(V)— H(V") - H(V™, V7).

s

The manifold W is obtained from Y by attaching handles of indices > k ; hence for
s <k—-1 we have H((W,Y) ~H(V ,V)=0,and 1) is proved for s <k —2.
Further, note that the boundary operator

8:H(W,Y)—H,_ (Y, V)

vanishes by construction (recall that the cellular decomposition of (W, f’) starts

with k-dimensional cells having zero boundary in the cell complex of ( W, tI7) ; the
k-dimensional cells with nonzero boundary are included into Y). Therefore the
image of the differential HWV ,V7)—-H,_/( V,") is contained in

Im(H,_,(tV") - H,_, (V"))
and also (for obvious reasons) in
Ker(H (V") — H,_ (V7).

But V' is (k — 1)-regular; hence the homology Hkq(f/") has no ¢-torsion and the
map Hk_l(tl7") — Hk_l(f}*) has no kernel. Consequently

Im(3: H(V™, V") = H,_,(V)) =0,

and this proves 1). 5 _
2) Consider a segment of the exact sequence of the pair (V, ,tV7):

Ho (V7 V) = H(VT) — H(V7) = H(P”, 177).
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By construction the cell decomposition of the pair (V~, Vo) = (7, tV) contains
only cells of dimensio~ns > k. Furthermore, the boundary operator in dimension k
is injective; thus H (¥", t¥ ") =0 for s > k. This implies our assertion.

2. Now we turn directly to proof of Lemma 8.1.

We consider the admissible splitting ¢V instead of V', and kill the element o €
‘H(tV7™), a € Ker(H,(tV") — H (V7).

Consider the embedding of manifolds Vi = X, where X = W\IntY = V™ n
Vl+ (see the picture). By excision, H, (X, 171) ~ H‘(I7'—, 17]'). The first nonzero
homology H*(I7_, 171_) appears in dimension k; therefore the strong Hurewicz
theorem for simply-connected pairs implies that the Hurewicz map

Hime (X, V) = H (X, 7,)

1s surjective. Pick an element a of H, +l()? , 171) such that da € Hk(f/l) is homol-
ogous in 171— to the element o, and an element 4 of T (X, V) = nkH()?, 171)
such that H(A) =a.

According to Corollary 1.1 of [20] (Siebenmann’s theorem), any element of
n,(Q%, P), where Q is a manifold and P is a component of 8Q, can be real-
ized by a smooth embedding of the disc (D', §'”') — (Q, P), provided i < g -3,
and 7,(Q P)=0 for j<2i—g+1.

For our purposes we set @/ = X, P = 1> 9g=mn,and i =k + 1. The groups
(X, V) = n*()?, 171) vanish for * < k — 1. Observe now that 2; — g+1 =
2(k+1)-n+1=k+(k-n)+3< k-1, and thus the assumptions of Siebenmann’s
theorem hold. Now realize the element A € m,.1(X, V)) by a smoothly embedded
disc, consider a small tubular neighborhood of this disc, and attach it to V| (see the
picture). Denote by V, the boundary of the manifold thus obtained; ¥ is the result
of a surgical modification of ¥V, with respect to the sphere 94 .

The embedding V™~ C V, induces an isomorphism HS(I~/_) 3 Hs(f/o“) for s <
k—1,and for s = k we have H,(V;") = H(V7)/(a) (here (a) stands for the
R-submodule in Hk(i;_) generated by a). Recall now that for s < k — 1 the
homology modules HS(I~/I_) are isomorphic to HS(I~/_) ~ HS(ZIN/—), and if s = k
then Hk(l71_) ~ Hk(tf/_); consequently Hk(170*) ~ k(tl7_)/(a) , and, using step 0
of this proof, we get the desired manifold. Lemma 8.1 is proved.

PROOF OF LEMMA 8.2. Consider the admissible splitting ¥, ¢ W, constructed in
step 1 of the proof of Lemma 8.1. We have the embeddings

H (V7 )=tACBCA=H/(V");

here A/tA ~ Hk(f/—, tV7). Consider a generator m of the R-module B/td C
A/t4 and the image m’ of m in the module HWV V) ~ H(X, V). We
have shown in the course of proving Lemma 8.1 that Hk(AN’ , 171) is a first nontrivial
homology module of the pair (X, 17,) and that it is isomorphic to nk()? , 171) x
(X, V). By an argument similar to that in the proof of Lemma 8.1 we can
realize m' m, (X, V}) by a smoothly embedded disc (Dk , Sk_l) . Now attach the

corresponding handle u (see the picture). Denote by ¥, the upper boundary of the
manifold obtained; ¥ is the result of the surgical modification of ¥V, with respect

to the sphere 9m’. Now we show that V, satisfies the conclusion of Lemma §.2.





