CIRCLE-VALUED MORSE THEORY
AND TUNNEL NUMBER OF KNOTS

A V.PAJITNOV

ABSTRACT. Let L be a link in S3; denote by MAN (L) the
Morse-Novikov number of L and by ¢(L) the tunnel number
of L. We prove that MAN/(L) < 2t(L) and deduce several
corollaries.

1. INTRODUCTION

A) Background

Let L be a link in S3. An arc v in S3 is called a tunnel for L
if ¥ N L consists of the two endpoints of 4. The tunnel number
t(L) is the minimal number m of disjoint tunnels ~v1,...,vm
such that the closure of

SE\N(LU~v U...U~m)

is a handlebody. The tunnel number was introduced by B.
Clark [1] in 1980; this invariant was studied in the works
of T. Kobayashi, T. Kohno, H. Goda, K. Morimoto, Y. Rieck,
M. Sakuma, M. Scharlemann, J. Schultens, M. Teragaito, Y.
Yokota, and others. M. Scharlemann and J. Schultens [9]
proved that t(nK) > n for any n (here nK stands for the
connected sum of n copies of the knot K). Also t(nK) >
2nt(K) if K is not a 2-bridge knot [10].

B. Morse-Novilkov numbers

Pick an orientation preserving trivialisation of the normal
bundle of L. The corresponding diffeomorphism of disc bun-
dles ¢ : L x D?* — N(L) will be called framing of L. Let Cy,
denote the closure of S®\ N(L). A Morse function f : Cy — S*
is called regular if its restriction to the boundary 8N (L) is the
canonical fibration over the circle: (fo¢)(l,z) = Iél The num-

ber of the critical points of index ¢ of a regular Morse function
f will be denoted by m;(f); the total number of critical points

of f will be denoted by m(f). The minimal value of m(f) over
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all possible framings ¢ and regular Morse maps f : Cr, — S*
is called the Morse-Novikov number of the link L and denoted
by MN (L) [8]. The Morse-Novikov theory of circle-valued
maps allows to obtain homological lower bounds for MN (L)
as follows. Let C;, — Cp = S3\ N(L) be the infinite cyclic
covering induced by f from the covering R — S*. Denote the

ring Z[t, t~!] by A, and the ring Z((t)) by A. The A-module
N.(L) = H,(Cy) ® A

is called the Novikov homology of L. The rank and torsion

numbers of the A-module N; (L) are denoted respectively by
b1(L) and q;(L). Then

MN (L) > 2(bi(L) + q1(L)).

(See the book [7] for a detailed exposition of the cicle-valued
Morse theory.) As for the upper bounds for MN (L) H. Goda
proved that MAN (L) < 2 for every prime link L with < 10
crossings [2]. M. Hirasawa proved that for every 2-bridge knot
K we have MN(K) < 2 (unpublished). Lee Rudolph and M.
Hirasawa [4] proved that

MN(K) < 4g4(K)
where g¢(K) is the free genus of K, that is, the minimal
possible genus of a Seifert surface ¥ bounding K such that
S3\ X is an open handlebody.
2. RESULTS
Main Theorem. For every link L in S3 we have
MN (L) < 2t(L).
The following corollaries are easily deduced.
Corollary 2.1. For every g we have
MN (L) < 2(g + by(L) — 1),
(where b,(L) is the g-bridge number of L).
Corollary 2.2. For every (1,1)-knot K we have MN (K) < 2.
Corollary 2.3. For every link L we have

q1(L) + b1 (L) < t(L).
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Proof of the main theorem: Let m = t(L). Pick a framing
¢ : L x D* — N(L). Then the manifold C;, = S3\ N(L) is
obtained from 0C| by attaching m one-handles and then at-
taching a handlebody of genus (m + 1) to the resulting cobor -
dism. Thus we obtain a Morse function g : C; — R which is
constant on dCt and has the following Morse numbers:

mo(g) = 0, mi(g) = m, ma(g) =m+1, ms(g9) = 1.

Pick any Morse map h : C; — S*' such that h|0Cy is the

z

canonical fibration: (h o ¢)(l,2z) = EE The 1-form induced

by h from the canonical volume form on S will be denoted
by dh. Consider a closed 1-form w. = dg + edh. For e > 0
sufficiently small w, is a Morse 1-form with the same Morse
numbers as dg:

my(we) = 0, my(we) = m, ma(we) = m—+ 1, msg(w:) = 1.
The De Rham cohomology class of the 1-form

1 1
—we = —dg + dh
€ €

is the same as that of dh; therefore this form is the differential
of a Morse map g; : Cp — S* homotopic to h. The map g;
is a regular Morse map; it has one local maximum, and the
standard procedure of elimination of critical points gives us a
regular Morse function f : Cp, — S* with

mo(f) = 0, mi(f) = m, ma(f) = m, ms(f) =0.

Thus MN (L) < 2m.

3. EXAMPLES

A) Pretzel knots. Let g, r be positive integers; let
P=P(2q+1,-29—1,2q+1,...,2q + 1)

be the (2r+1)-stranded pretzel knot. (The knot P(3, —-3,3, —3, 3)
is depicted below.)
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It is clear that ¢{(P) < 2r. An easy computation of the
Alexander module via the Seifert matrix gives

Ni(P) ~ (A/XYR)

where X = qt — (¢ + 1), Y = (q+ 1)t — q. Thus q;(P) = r.
Since ¢;(mK) = mq,(K) for any knot K, we deduce that

%nt('P) < ngi1(P) < t(nP).

(The general theorem of M. Scharlemann and J. Schultens
gives the estimate 2nt(P) < t(nP).) In particular the growth
rate of the knot satisfies

gri(P) > —1/2.
B) A twisted 2 - 5,.

Let K be the knot obtained from the connected sum 5, # 54
by twisting:

By a computation similar to the above:
N (K) = (K /TA)?

where T' = 2t? — 3t + 2 is the Alexander polynomial of the knot
55. Thus q;(K) = 2. Since t(K) < 3 we obtain:

gnt(K) <ng(K) < t(nK).
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(M. Scharlemann and J. Schultens: 2nt(K) < t(nK).) We
have also gri(K) > —1/3.

4. RELATIONS WITH PREVIOUSLY KNOWN RESULTS

A theorem of M. Hirasawa says that MN(K) < 2 if K is a
two-bridge knot. Since ¢(K) < b(K) — 1 our theorem implies
this result. We deduce also the upper bound

MN(K) < 4g;4(K)
obtained by Lee Rudolph and M. Hirasawa. Indeed Jung Hoon
Lee [3] has shown that t(K) < 2g¢(K).

Example: Consider the pretzel knot K = P(—2I, g, r) where
l > 2 and g,r > 3 are odd numbers. Then ¢(K) < 2, there-
fore MN(K) < 4. The Alexander polynomial of the knot was
computed by Dongseok Kim and Jaeun Lee [5], it equals
A) =11 — (2l — Dt — (2l = Dt + .

Further, g(K) > deg A(t)/2 = (q + r)/2, therefore the free
genus of K is not less than (q + r)/2.

5. CONJECTURES AND OPEN QUESTIONS

1. One of the main conjectures in the Morse-Novikov the-
ory of knots and links is the following (M. Boileau, C. Weber):

MN (K, :H: K,) = MN(K;) + MN(K>).
As for the tunnel number of knots we have

t(K; 3= K,) < t(Kq) + t(K2) + 1.
T. Kobayashi [6] proved that for every IV there are knots K;
and K, such that ¢t(K; == K,) < (K1) +t(K,) — N. His work
provides therefore a number of potential counter-examples to
the conjecture above.
2. Pretzel knots. Problem: Compute the tunnel numbers
and Morse-Novikov numbers of the pretzel knots and their

multiples.
Example: For the knot P = P(3, —3,3, —3,3) we know that

4n = 2nq;(P) < MN(nP) < 2t(nP).

[s it true that 2ng, (P) = MN (nP) ? Is it true that MN (nP) =
2t(nP) ?
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