BARRIER RESONANCES IN STRONG MAGNETIC FIELDS

Xue Ping WANG Département de Mathématiques, URA 758

Université de Nantes 44072 Nantes Cedex 03 FRANCE and Department of Mathematics Peking University 100871 Beijing CHINA

Abstract

In this paper, we study the resonances of Schrödinger operators with a homogeneous magnetic field when the field strength tends to the infinity. We prove the existence of resonances and give complete asymptotic expansions for the energy and the width of resonances in the case that the electric potential has a high barrier.

1 Introduction

The Schrödinger operator with a homogeneous magnetic field pointing at z-direction in R^3 can be written as:

P (B) = (D_x − By)^2 + D^2_y + D^2_z + ZV (x, y, z) where D_v = −i^∂_{∂v} , Z > 0 is the nuclear charge and B > 0 is proportional to the magnetic field strength. In the case of a hydrogen atom, V = −1/r. The study of the Schrödinger operator of hydrogen atom in strong magnetic field, called quantum diamagnetic Kepler problem, is particularly interesting, because it is a model for illustrating several phenomena of “quantum chaos”. See [11] and the references therein. In trying to understand the properties of Schrödinger operators in strong magnetic field, we studied in [20] the resonances in strong magnetic field for Schrödinger operators with Stark effect in two dimensional case. The present work aims at studying the resonances of Schrödinger operators in strong magnetic fields in three dimensional case with a smooth, even analytical potential, avoiding thereby further complications caused by Coulombic singularity. Note that for quantum diamagnetic Kepler problem, the existence of resonances is strongly suggested by numerical results in physical literature. See for example [9] and [11].

A direct mathematical study of resonances for P (B) might be subtle. In this paper, we consider the case that Z is a large parameter and denote hereafter P (B) by P (B, Z). It is a physical folklore that most interesting phenomena of this problem appear in the regime where B and Z are of the same magnitude. See the work of Lieb, Solovej and Yngvason [15] on asymptotics of the sum of negative eigenvalues of semiclassical Schrödinger operators with a strong magnetic field. Note that dividing P (B, Z) by Z, one sees that the semiclassical parameter h in their work corresponds to 1/ √ Z in our case. In this work, we are able to treat the case Z ∼ μB for μ appropriately small. See the condition (1.4) below.

Assume that V is a smooth potential tending to zero at the infinity and satisfies: |∂^α_x V (x)| ≤ C_α < x >^{−|α|}, x ∈ R^3, (1.1) with < x >= (1 + |x|^2)^{1/2}. Suppose that V has a holomorphic extension in the magnetic field direction z = x_3 into the domain K_1 ≡ {z ∈ C; |ℑz| ≤ δ|ℜz| + R} for some δ, R > 0 and ( 1.1) is satisfied for z ∈ K_1. (1.2)

In this paper, we define the resonances of P (B, Z) through complex dilation in z-variable. Note that we can equally use the theory of Helffer-Sjöstrand [13] or method of analytical distortion to define resonances of P (B, Z). All these definitions are equivalent in our case. We choose to use analytical dilation because it is the simplest one and is sufficient to obtain detailed informations on energy and width of resonances in the situations studied in this paper. For θ ∈ C with |θ| small,

P (B, Z; θ) ≡ (D_x − By)^2 + D^2_y + e^{−2θ}D^2_z + ZV (x, y, e^θz) (1.3)

is well defined. For ℑθ > 0, the essential spectrum of P (B, Z; θ) is given by

Σ_e(θ) = ∪_{k∈N}{(2k + 1)B + λe^θ; λ ≥ 0}.

It can be readily verified that the discrete eigenvalues of P (B, Z; θ) outside Σ_e(θ), ℑθ > 0, are independent of θ and coincide with poles of the meromorphic extension of P (B, Z) from the upper-half complex plane. These eigenvalues of P (B, Z; θ) are called resonances of P (B, Z). Note that our assumptions on V do not exclude the existence of embedded eigenvalues of P (B, Z) in [B, +∞[. See [4]. But our results on width of resonances will show that the eigenvalues of P (B, Z) are really absent near the energy under consideration, at least for B large enough.

Let us explain the ideas for studying the discrete spectrum of P (B, Z; θ) near a barrier top of ZV . See Section 3 for details on the geometrical conditions on V . In the following, θ is fixed with ℑθ > 0 as big as possible in accordance with the analyticity assumption ( 1.2). Assume that the nuclear charge is not too strong in comparing with the magnetic field:

1 ≪ Z < μB, where μ > 0 satisfies: μ‖V_θ ‖ < 2ℑθ, (1.4)

where V_θ = V (x, y, e^θz). Making use of the strong field reduction (see [7],[14], [20]), we reduce the study of the spectrum of P (B, Z; θ) near (2n+1)B +ZE to the analysis of the spectrum near ZE of a pseudo-differential operator, whose leading term is Q = e^{−2θ}D^2_z + ZV (x, hD_x, e^θz) where h = 1/B. In this paper, we denote by a(x, D_x) the pseudodifferential operator with Weyl symbol a(x, ξ) defined by: a(x, D_x)f(x) = (2π)^{−n} ∫∫ R2^n e^{i(x−y).ξ}a((x + y)/2, ξ)f(y) dydξ, for f ∈ S(R^n). Q is a one dimensional Schrödinger operator with operatorvalued potential. Note that for each fixed z, the operator V (x, hD_x, z) is compact and has only discrete eigenvalues near E > 0. It is believed that it is the interaction of these curves of eigenvalues which produces the resonances in strong magnetic field. However a mathematical realization of this idea appears difficult, because the spacing between the eigenvalues of V (x, hD_x, z) is small, typically, of the order O(h), while the spectrum of resulting effective Hamiltonian can be only distinguished at the level 1/ √ Z ∼ O(h^{1/2}). Our approach is to first study the resonances of Q(x, ξ) = D^2_z + ZV (x, ξ, z) where x and ξ are regarded as parameters. The top resonances of this kind of operators were studied by several authors ([3], [8],[10],[19]) and the regime Z → ∞ corresponds to the semiclassical limit. So we can fairly well understand the dependence of the resonances of Q(x, ξ) on x, ξ. The resulting effective resonant Hamiltonian is a non self-adjoint h-pseudodifferential operator whose eigenvalues are resonances of original problem. Note that it is well known that resonances of Schrödinger operators can be identified with eigenvalues of a family of non-self adjoint operators (see [2], [6]). But in our case, the effective resonant Hamiltonian is θ-independent. On computing its eignvalues in the limit h → 0, we can obtain complete asymptotic expansions for the energy and the width of resonances.

The organization of the paper is as follows: In Section 2, we reduce the resonance problem in strong magnetic field to a problem in semiclassical limit. Here the condition ( 1.4) is needed in order to separate contributions coming from different Landau levels. In Section 3, we study the spectral properties of the dilated Hamiltonian near the top of the potential. We establish results on the exponential decay of eigenfunctions and stability estimates on the resolvent. The main results of the paper are proven in Section 4, where we give complete expansions in Z^{−1/2} and B^{−1} for resonances of P (B, Z; θ) . In particular, we see that the width of resonances grows with √ Z and the eigenvalues of P (B, Z) are absent near (2n + 1)B + ZE for any n ∈ N. Finally in Appendix, we sketch some results on the symbolic calculus and the continuity of h-pseudo-differential operators with operator-valued symbol depending on another small parameter.

2 The Strong Field Reduction

To make the strong field reduction to P (B, Z; θ) , we use symplectic changes of coordinates and write it in the form P (B, Z; θ) = B(D^2_y +y^2)+e^{−2θ}D^2_z +ZV (x−h^{1/2}D_y , h^{1/2}y +hD_x, e^θz). (2.1) Here h = 1/B. Let ϕ_n be the n-th normalized Hermite function: (D^2_y + y^2)ϕ_n = (2n + 1)ϕ_n, ‖ϕ_n‖ = 1.

Consider the Grushin problem: P(λ) = P (B, Z; θ) − λ .ϕ_n < ., ϕ_n >_Y 0 : D ⊕L^2(R^2_{xz}) → L^2(R^3)⊕L^2(R^2_{xz}), (2.2)

for λ ∈ Ω ≡ {μ ∈ C; μ = ν_1 + e^{−2θ}ν_2, ν_j ∈ R such that |ν_1 − (2n + 1)B| < aB, |ν_2| < CB}, where 0 < a < 2, C > 0, D is the domain of the Laplacian and < ., . >_Y denotes the scalar product in y-variable. Let Π denote the spectral projector associated to ϕ_n in L^2(R^3): Πf =< f(x, ., z), ϕ_n >_Y ϕ_n(y). Put Π̂ = 1 − Π. Denote by R̂(B, Z; λ) = (Π̂P (B, Z; θ)Π̂ − λ)^{−1}Π̂ the reduced resolvent.

Lemma 2.1 Under the assumption (1.4), the reduced resolvent R̂(B, Z; λ) exists for λ ∈ Ω with Ω defined as above for some a > 1. We have the estimate:

‖R̂(B, Z; λ)‖ ≤ C/B, uniformly in B, Z and λ ∈ Ω. (2.3) Proof. Let R̂_0(B; λ) denote the reduced resolvent with V ≡ 0. Then we have:

‖R̂_0(B; λ)‖ ≤ 1/(sin(2ℑθ)(2 − a)B), for λ ∈ Ω. Making use of (1.4), one derives: ‖ZṼ_θR̂_0(B; λ)‖ ≤ μ‖Ṽ_θ‖ sin(2ℑθ)(2 − a) = μ‖V_θ‖ sin(2ℑθ)(2 − a)

< 1, (2.4)

if we choose a > 1 close to 1. Here Ṽ_θ = V (x − h^{1/2}D_y, hD_x + h^{1/2}y, e^θz) with h = 1/B. The estimate (2.3) follows readily. 2

Theorem 2.2 Under the above assumptions, the Grushin problem (2.2) has a unique solution for λ ∈ Ω and is given by: E = E(B, Z; λ) E_+(B, Z; λ) E_−(B, Z; λ) E_{+−}(B, Z; λ) , (2.5)

where E_{+−}(B, Z; λ) is an h-pseudodifferential operator of the form: E_{+−}(B, Z; λ) = λ − {(2n + 1)B + e^{−2θ}D^2_z + ZV (x, hD_x, e^θz) +Z ∞∑ j=1 h^ja_j(x, hD_x, e^θz, h^{1/2}e^{−θ}D_z ; hZ, hλ)}, (2.6) each a_j being a bounded symbol, holomorphic in hZ and hλ. Proof. We first construct an approximate inverse to (2.2). Let

E_0 = R̂(B, Z; λ) .ϕ_n < ., ϕ_n >_Y λ − {(2n + 1)B + e^{−2θ}D^2_z + Z < Ṽ_θ(.ϕ_n), ϕ_n >_Y } .

Then we can check that P(λ)E_0 = 1 + K_1, where

K_1 = Z[Π, Ṽ_θ]R̂(B, Z; λ) ZΠ̂(Ṽ_θ.ϕ_n) 0 0 .

Since Π is an operator with kernel in S(R^2), one can estimate [Π, Ṽ_θ] = O(B^{−1/2}). From Lemma 2.1, it follows that ‖Z[Π, Ṽ_θ]R̂(B, Z; λ)‖ ≤ CB^{−1/2}, (2.7) uniformly in Z < μB and λ ∈ Ω. This proves that 1 + K_1 is invertible, if B >> 1 is large enough. Similarly, we can construct a left inverse to P(λ), which shows the inversibility of P(λ) for λ ∈ Ω.

The inverse of 1 + K_1 can be explicitly written down:

(1 + K_1)^{−1} = a(λ) −Za(λ)Π̂(Ṽ_θ.ϕ_n) 0 1 , where a(λ) = (1 − Z[Ṽ_θ, Π]R̂(B, Z; λ))^{−1}.

So we can calculate the inverse P(λ)^{−1} = E_0(1 + K_1)^{−1} and give explicit formulas for E(B, Z; λ), E_±(B, Z; λ) and E_{+−}(B, Z; λ) in (2.5). In the following, the expicilt formulas for E(B, Z; λ) and E_±(B, Z; λ) are not needed. We just indicate that they are holomorphic in λ ∈ Ω and refer the reader to [20] for detailed expressions in a similar situation. Let us write down the formula for E_{+−}(B, Z; λ):

E_{+−}(B, Z; λ) = λ − {(2n + 1)B + e^{−2θ}D^2_z + Z < Ṽ_θ(.ϕ_n), ϕ_n >_Y −Z < a(λ)Π̂Ṽ_θ(.ϕ_n), ϕ_n >_Y }. (2.8) Making use of the fact that ϕ_n is an eigenfunction of the harmonic oscillator with eigenvalue 2n + 1, we can show as in [14] that < Ṽ_θ(.ϕ_n), ϕ_n >_Y is an h-pseudo-differential operator whose symbol is given by: V (x, ξ, e^θz) + h 2n + 1 4 Δ_{xξ}V (x, ξ, e^θz) + O(h^2). (2.9)

To show that −Z < a(λ)Π̂Ṽ_θ(.ϕ_n), ϕ_n >_Y is an h-pseudo-differential operator of the form: Z ∞∑ j=1 h^j b_j(x, hD_x, e^θz, h^{1/2}e^{−θ}D_z; hZ, hλ), (2.10) we expand a(λ) in powers of Z[Ṽ_θ, Π]R̂(B, Z; λ):

a(λ) = 1 + ∑ j≥1 (Z[Ṽ_θ, Π]R̂(B, Z; λ))^j. By (2.7), this series is convergent in the norm of bounded operators. Clearly, < Π̂Ṽ_θ(.ϕ_n), ϕ_n >_Y = 0. Let us look at the term Z < [Ṽ_θ, Π̂]R̂(B, Z; λ)Π̂Ṽ_θ(.ϕ_n), ϕ_n >_Y in details. Making use of the symbolic calculus of pseudo-differential operators with operator-valued symbols (see [5]),we can construct a parametrix for R̂(B, Z; λ) and show that R̂(B, Z; λ) is an h-pseudo-differential operator in x and z variables with L(L^2(R_y))-values symbol. In particular, its leading symbol is given by:

B^{−1}(Π̂(D^2_y + y^2 + he^{−2θ}η^2 + hZV (x − h^{1/2}D_y, hξ + h^{1/2}y, e^θz))Π̂ − hλ)^{−1}Π̂.

A direct computation shows that Z^2 < [Ṽ_θ, Π]R̂(B, Z; λ)Π̂Ṽ_θ(.ϕ_n), ϕ_n >_Y is an operator of the form (2.10).

For the later use, let us give more informations on the leading symbol of Z^2 < [Ṽ_θ, Π]R̂(B, Z; λ)Π̂Ṽ_θ(.ϕ_n). We write: Ṽ_θ = V (x, hD_x, e^θz) +h^{1/2}y(∂_ξV )(x, hD_x, e^θz) − h^{1/2}D_y(∂_xV )(x, hD_x, e^θz) + O(h). The pieces involving V (x, hD_x, e^θz) are equal to 0. So we obtain: < [Ṽ_θ, Π]R̂(B, Z; λ)Π̂Ṽ_θ(.ϕ_n, ϕ_n >_Y = h^2R_1 + h^3R_2, where R_2 is an operator of the form (2.10) and R_1 is an h-pseudo-differential operator with symbol r_1 of the form:

r_1(x, ξ, e^θz, e^{−θ}η; hZ, hλ) = (∂_xV )^2r_{11} + ∂_xV ∂_ξV r_{12} + (∂_ξV )^2r_{22}. (2.11) Here ∂_xV , ∂_ξV are functions of (x, ξ, e^θz), the r_{ij}’s are bounded symbols. Recall that the quantization rule here is: (x, ξ) → (x, hD_x) and (z, η) → (z, h^{1/2}D_z).

By the same method, we can study the terms related to (Z[Ṽ_θ, Π]R̂(B, Z; λ))^j, j ≥ 2. By (2.7), these terms do not contribute to a_1 in (2.6). Note that by the arguments of [14], the half-integer powers of h disappear, due to the special properties of ϕ_n. This proves (2.6) and therefore finishes the proof of Theorem 2.2. 2

Note the E_0 depends holomorphically on λ ∈ Ω. Since P (B, Z) has only discrete spectrum in Ω, we derive from Theorem 2.2 and the resolvent formula given in [13] the following

Corollary 2.3 Under the assumption of Theorem 2.2, λ ∈ Ω is an eigenvalue of P (B, Z, θ) if and only if 0 is an eigenvalue of E_{+−}(B, Z; λ) and the algebraic multiplicities are the same.

By Corollary 2.3 , we are led to studying a non linear eigenvalue problem. From now on, we slightly change the notations in variables and put: Q(h, Z; θ) = e^{−2θ}D^2_y + ZV (x, hD_x, e^θy) + hZV_1(x, hD_x, e^θy), (2.12) where V_1 = (2n + 1)/4Δ_{xξ}V (x, ξ, z). ¿From the proof of Theorem 2.2, one has: a_1 =

2n + 1 4 Δ_{xξ}V + hZr_1, where r_1 is given by (2.11). This gives:

E_{+−}(B, Z; λ) = λ − {(2n + 1)B + Q(h, Z; θ) + Z^2h^2R_1 + O(Zh^2)}

where R_1 is the operator with symbol r_1 and ‖O(Zh^2)‖ ≤ CZh^2 uniformly in λ ∈ Ω. We shall show that (hZ)^2R_1 does not contribute to the leading terms of the resonances of P (B, Z). Note also that the eigenvalues of Q(h, Z; θ) are resonances of the self-adjoint operator Q(h, Z) = D^2_y + ZV (x, hD_x, y) + hZV_1(x, hD_x, y). (2.13) In the next section, we shall first study a one-dimensional resonance problem for a Schrödinger operator : Q(x, ξ; h, Z) = D^2_y + ZV (x, ξ, y) + hZV_1(x, ξ, y) (2.14) depending on parameters x, ξ. By quantizing the curves of resonances, we obtain effective resonant Hamiltonians, which are non self-adjoint operators independent of θ and whose eigenvalues determine the leading terms of resonances of P (B, Z).

3 Effective Resonant Hamiltonians

To obtain precise informations on resonances of P (B, Z), we need to introduce additional geometrical assumptions on the potential V . To simplify notations, we denote w = (x, ξ, y) ∈ R^3. Suppose that V has a maximum E > 0 at some point w_0. By a translation, we can assume that w_0 = 0. Suppose that the Hessian of V at 0 is negative definite, (3.1) and 2η^2 − y∂_yV (w) > 0, for (η, w) ∈ S_E ≡ {η^2 + V (w) = E} with w ≠ 0. (3.2) (3.2) is a kind of non-trapping assumption and it implies in particular that for ℑθ > 0 small enough, e^{−2θ}η^2 +V (x, ξ, e^θy)−E is elliptic except for w = 0.

Let H(w) denote the Hessian of V at w. By (3.1), we see that H(w) < 0, for |w| < δ for some δ > 0. In particular, H_y ≡ ∂^2_y V (w) < 0, |w| < δ. Since ∂_yV (w) = 0, when w = 0, by the Theorem of implicit functions, for x, ξ small, the equation ∂_yV (x, ξ, y) = 0 has a unique solution in y given by y = y(x, ξ) ∈ R with y(0, 0) = 0. Define: G(x, ξ) = V (x, ξ, y(x, ξ)), H(x, ξ) = H_y(x, ξ, y(x, ξ)). To simplify notations, we shall assume in the following that y(x, ξ) ≡ 0 for (x, ξ) near 0, which is equivalent with:

∂_yV (x, ξ, 0) = 0, for (x, ξ) near 0. (3.3) With a slight modification, our methods developped below work also in general situation. In fact in most cases, it is sufficient to use a translation in y when |(x, ξ)| is small.

Let q_θ be the leading symbol of Q(h, Z; θ)/Z (cf. (2.12) ): q_θ = e^{−2θ}η^2 + V (x, ξ, e^θy).

For (η, w) with |ℜq_θ − E| < ϵ and |w| > δ > 0, one has: |ℑq_θ| ≥ cℑθ, for some c > 0, (3.4) due to the assumption (3.2). This shows that for |w| > δ, we always have: |q_θ − E| > cℑθ (3.5) For |w| ≤ δ, we use the development of V in y near y = 0: V (w) = G(x, ξ) + H(x, ξ)y^2/2 + O(y^3).

Then it is clear that for δ > 0 small enough, one has: −ℑ(q_θ − E) ≥ cℑθ(η^2 + y^2), for |w| < δ. (3.6) Now by an argument of perturbation, we derive that there exists a nonnegative function, f(y), usually depending on ℑθ such that f(y) > c > 0 for |y| > δ and f(y) ∼ cy^2 for y near 0 and (3.5), (3.6) are still satisfied with η replaced by η + if^′(y). Remark that we only require the derivative f^′ of f to be small, so we can take f(y) ∼ cℑθ|y|, c > 0, for |y| large. As in [20], f(.) can be used to measure the exponential decay of the eigenfunctions of Q_θ(x, ξ) defined by:

Q_θ(x, ξ) = h̄^2e^{−2θ}D^2_y + V (x, ξ, e^θy) + hV_1(x, ξ, e^θy), where h̄ = 1 √ Z . (3.7) Here V_1 = a_1. See Proposition 2.2. Note that Q_θ(x, ξ) is a one-dimensional semiclassical Schrödinger operator with parameters x, ξ. So We can easily analyze the dependence of its eigenvalues on x, ξ. The following result can be proven as in [20]. Theorem 3.1 Let Ω_1 = {z ∈ C; |ℜz − E| ≤ 1/Cℑθ, |ℑz| ≤ Ch̄}. Here C > 1 is large enough. Let δ, h̄_0 > 0 be small enough. Assume that u(h̄) is a normalized eigenfunction of Q_θ(x, ξ): Q_θ(x, ξ)u(h̄) = λu(h̄), ‖u(h̄)‖ = 1, and λ ∈ Ω_1. Then there exists C > 0 such that h̄‖∇_y(e^{f/h̄}u(h̄))‖ + ‖e^{f/h̄}u(h̄)‖ ≤ C, uniformly in 0 < h̄ < h̄_0, |x| + |ξ| < δ. Here f > 0 is the function constructed above and ‖.‖ denotes the norm in L^2(R_y).

Proof. We can compute that the h̄-symbol of e^{f/h̄}Q_θe^{−f/h̄} is given by:

(η + if^′(y))^2 + V (w) + O(h̄).

Let χ_1, χ_2 be a partition of unity on R_y with suppχ_1 ⊂ {|y| < δ_1}, χ_1(y) = 1 for |y| < δ_1/2 and χ^2_1 + χ^2 ≡ 1. On suppχ_2, e^{f/h̄}Q_θe^{−f/h̄} − z, z ∈ Ω_1, is elliptic. On constructing a parametrix, we can show that

(χ_2(y) + O(h̄))(e^{f/h̄}u(h̄)) = 0 (3.8)

Making use of (3.6) and splitting the region {|y| < δ_1} according to {|y| > Rh̄^{1/2}} or {|y| ≤ Rh̄^{1/2}}, we can prove as in [20] that ‖χ_1e^{f/h̄}u(h̄)‖^2 ≤ C(R) + C^′ R ‖e^{f/h̄}u(h̄)‖^2. (3.9)

Here C^′ is independent R, h̄. Taking R large enough, we derive from (3.8) and (3.9) that ‖e^{f/h̄}u(h̄)‖ ≤ C, uniformly in h̄. The desired estimate follows from the ellipticity of the equation. 2

By theorem 3.1, we see that the energy of the eigenfunctions of Q_θ(x, ξ) is exponentially small outside a neighbourhood of zero. So to compute the eigenvalues of Q_θ(x, ξ), we need just to study this operator near 0. Note that we are now studying a one-dimensional problem of barrier top resonances, which was already discussed in more general situations in [8] and [19]. Here the main attention will be paid to the dependence of these eigenvalues on x, ξ. Let T_0(x, ξ) be defined by:

T_0(x, ξ) = h̄^2e^{−2θ}D^2_y + G(x, ξ) + H(x, ξ) 2 e^{2θ}y^2. (3.10)

The spectrum of T_0(x, ξ) is purely discrete and is independent of θ so long as |θ| is small and ℑθ > 0:

σ(T_0(x, ξ)) = {λ^0_j = G(x, ξ) − i(2j + 1) √ |H(x, ξ)|/2 h̄, j ∈ N} (3.11) Assume that λ^0_j ∉ ∂Ω_1 for all j. Put Σ_0 = {λ^0_j ; λ^0_j ∈ Ω_1}.

Theorem 3.2 There exists a bijection b : Σ_0 → σ(Q_θ(x, ξ)) ∩ Ω_1 such that

b(λ) − λ = O(h̄^{3/2}), ∀λ ∈ Σ_0,

uniformly in x, ξ with (x, ξ) ∈ B_δ ≡ {|x| + |ξ| < δ}. In addition, all eigenvalues of Q_θ(x, ξ) are algebraically simple and have complete asymptotic expansions of the form: λ_j(x, ξ; h, h̄) ∼ μ_j (x, ξ; h̄) + ∞∑ k=1 h^kμ_{jk}(x, ξ; h̄) (3.12)

for (x, ξ) ∈ B_δ, where each μ_{jk}(x, ξ; h̄) has a complete expansion in powers of h̄ and in particular μ_j (x, ξ; h̄) = G(x, ξ) − i(2j + 1) √ |H(x, ξ)| 2 h̄ + O(h̄^2)

for (x, ξ) ∈ B_δ.

Proof. The first part of the theorem was proven in [8, 19]. The asymptotic expansions in powers of h follow from an argument of perturbation and Theorem 3.2 and the asymptotic expansions in powers h̄ were proven in [19]. Note that the half-integral powers of h̄ disappear, because by the first part of the theorem, the eigenvalues of Q_θ(x, ξ) are simple. 2

Remark 1. In the case that y(x, ξ) ≢ 0, we should replace T_0(x, ξ) by T̂_0(x, ξ) defined by:

T̂_0(x, ξ) = h̄^2e^{−2θ}D^2_y + G(x, ξ) + H(x, ξ) 2 (e^θy − y(x, ξ))^2. By the translation analyticity of harmonic oscillator, we see that σ(T̂_0(x, ξ)) = σ(T_0(x, ξ)). So one can prove that Theorem 3.2 also holds in general case.

From Theorem 3.2, it results readily that λ_j (x, ξ; h, h̄) is smooth in (x, ξ) ∈ B_δ. To obtain detailed results on resonances of P (B, Z), we need to know more informations on the geometrical form of the curves of eigenvalues.

Lemma 3.3 Assume that ∇_{x,ξ}V (0, 0, y) = 0, ∀y ∈ R. (3.13) Then for all j , μ_j (x, ξ; h̄) has a non-degenerate critical point at (0, 0):

∇_{x,ξ}μ_j(0, 0; h̄) = 0, and detH_j(0; h̄) ≠ 0, for h̄ small enough, (3.14) where H_j(, .; h̄) is the Hessian of μ_j (., .; h̄).

Proof. We remark first that μ_j (., .) are eigenvalues of Q̃(x, ξ) ≡ e^{−2θ}h̄^2D^2_y + V (x, ξ, e^θy). Let u_j(x, ξ) be an eigenfunction of Q̃(x, ξ): Q̃(x, ξ)u_j(x, ξ) = μ_j (x, ξ; h̄)u_j(x, ξ), with < u_j(x, ξ), u^∗_j (x, ξ) >= 1, where u^∗_j is an eigenfunction of Q̃(x, ξ)^∗ with eigenvalue μ̄_j(x, ξ). We can choose u_j(x, ξ), u^∗_j (x, ξ) locally smoothly in x, ξ. Then we can compute ∇μ_j(x, ξ) = ∇ < Q̃(x, ξ)u_j (x, ξ), u^∗_j (x, ξ) > = < (∇Q̃(x, ξ))u_j, u^∗_j > +μ_j(x, ξ; h̄)(< ∇u_j, u^∗_j > + < u_j, ∇u^∗_j >) = < (∇V (x, ξ, e^θ.))u_j, u^∗_j > . Since V (w) is analytic in y, (3.13) implies that ∇V (0, 0, e^θy) ≡ 0. This shows that 0 is a critical point of μ_j (x, ξ; h̄) for all j. The non-degeneracy follows from the asymptotic expression for μ_j (x, ξ; h̄), because the Hessian of G(x, ξ) at 0 is non-degenerate. 2

Remark that G(x, ξ) has a non-degenerate maximum at 0. Making use of the asymptotic expression for μ_j(x, ξ; h̄), we derive readily that ℜμ_j(x, ξ; h̄) has a non-degenerate maximum at 0. Put E_j (h̄) = μ_j(0, 0; h̄). (3.15) Then E_j (h̄) = E − i(2j + 1) √_| H(0,0)| 2 h̄ + O(h̄^2). We define: Ω^j = {z ∈ C; |z − E_j(h̄)| < Ch}, (3.16) where C > 0 can be arbitrarily large. For k ≠ j, |λ_k(x, ξ; h, h̄) − E_j (h̄)| ≥ 2|k − j| √ |H(0, 0)| 2 h̄ − C^′h̄(x^2 + ξ^2) − C^{′′}h ≥ Ch̄, for (x, ξ) ∈ B_δ with δ > 0 small enough. Here we used the fact that h = O(h̄^2). This shows dist(λ_k(x, ξ; h, h̄), Ω^j) > ch̄ for k ≠ j. Now let u_j(x, ξ), u^∗_j (x, ξ) be eigenfunctions of Q_θ(x, ξ), Q_θ(x, ξ)^∗ associated with eigenvalues λ_j(x, ξ; h, h̄), λ̄_j (x, ξ; h, h̄), respectively. Schrinking B_δ if necessary, we can assume that they are both in C^∞(B_δ; L^2(R_y)). We normalize them so that < u_j(x, ξ), u^∗_j (x, ξ) >= 1. Define the spectral projector π(x, ξ) of Q_θ(x, ξ) by: π(x, ξ) =< ., u^∗_j (x, ξ) > u_j(x, ξ), (x, ξ) ∈ B_δ. Let π̂(x, ξ) = 1 − π(x, ξ). We define the reduced resolvent: r̂(x, ξ; z) = (π̂(x, ξ)Q_θ(x, ξ)π̂(x, ξ) − z)^{−1}π̂(x, ξ), for z ∈ Ω^j .

Proposition 3.4 With the above notations, we have: ‖r̂(x, ξ; z)‖_{L(L}2_{(Ry ))} ≤ Ch̄^{−1}, (3.17) uniformly in h, h̄ and (x, ξ) ∈ B_δ.

Proof. Let χ_1, χ_2 be a partition of unity on R_y with suppχ_2 ⊂ {|y| > ϵ} and χ_2 = 1 on {|y| > 2ϵ}. Since |w| > ϵ^′ > 0, for y ∈ suppχ_2, (x, ξ) ∈ B_δ, as shown before, we have in this case: |q_θ − z| > C(θ) > 0. Let A be the pseudo-differential operator with Weyl symbol χ_2(q_θ − z)^{−1}. Then making use of results on usual symbolic calculus (see [18]), we obtain: r̂(x, ξ)χ_2 = π̂(x, ξ)A + r̂(x, ξ)O(h̄). (3.18) On suppχ_1, we approximate Q_θ by T_0 defined in (3.10). Let r̂_0(x, ξ; z) be the reduced resolvent of T_0(x, ξ) defined as above with the spectral projector π_0(x, ξ) of T_0(x, ξ) associated with λ^0_j . Then by the rescaling y → h̄^{1/2}y, we have:

‖y^k(h̄D_y)^lr̂_0(x, ξ; z)‖ ≤ h̄^{−1+(k+l)/2}, z ∈ Ω^j , (3.19) for k + m ≤ 2. One can verify:

r̂(x, ξ; z)χ_1 = χ_1r̂_0(x, ξ; z) + π(x, ξ)χ_1r̂_0(x, ξ; z) (3.20) −r̂(x, ξ; z)χ_1π_0(x, ξ) + r̂(x, ξ; z)(Q_θχ_1 − χ_1T_0)r̂_0(x, ξ; z).

Making use of (3.19) and the fact that |y| < 2ϵ for y ∈ suppχ_1, we derive: ‖(Q_θχ_1 − χ_1T_0)r̂_0(x, ξ; z)‖

≤ Ch̄^{1/2} + C^′‖y^3χ_1r̂_0(x, ξ; z)‖ ≤ Ch̄^{1/2} + C^{′′}ϵ where C^{′′} is indpendent of ϵ and h̄. From (3.18) and (3.20), we obtain: r̂(x, ξ; z) = π̂A + χ_1r̂_0(x, ξ; z) + r̂(x, ξ; z)B, where B is bounded by O(h̄^{1/2}) + C^{′′}ϵ. So 1 − B is invertible, if ϵ, h̄ are small enough. This proves the proposition. 2

¿From the proof of Proposition 3.4, we see that ‖∂^α_{xξ}r̂(x, ξ)‖ ≤ C_α(1 + |x| + |ξ|)^{−|α|}, for |x| + |ξ| > δ/2. Corollary 3.5 With the notations of Proposition 3.4, we have, for R > 1 large enough, ‖∂^α_{xξ}r̂(x, ξ; z)‖ ≤ C_αh̄^{−(1+|α|)/2}, Rh̄^{1/4} ≤ |x| + |ξ| ≤ δ/2, C_αh̄^{−1−3|α|/4}, |x| + |ξ| < Rh̄^{1/4}, for any α ∈ N^2.

Proof. Note that for w near 0 and |x| + |ξ| ≥ Rh̄^{1/4}, we have V (x, ξ, y) ≤ E − cRh̄^{1/2}, for some c > 0 and |q_θ − z| ≥ cRh̄^{1/2} > 0, for z ∈ Ω^j .

As in Appendix, we see that the norm of the h̄ pseudo-differential operator with symbol (q_θ − z)^{−1} is bounded by O(1/(Rh̄^{1/2})). Therefore for R large enough, we can construct an approximation for r̂(x, ξ) and derive that ‖r̂(x, ξ)‖ ≤ Ch̄^{−1/2}, |(x, ξ)| > Rh̄^{1/4}. The first part of the corollary follows. To prove the second part, we note that by the proof of Proposition 3.4, we have the resolvent equation r̂ = (π̂A + χ_1r̂_0)(1 − B)^{−1}. (3.21) So it is sufficient to prove the corollary for r̂_0. Since π̂_0T_0 = T_0 − λ^0_j π̂_0, we can compute:

∂_{xξ}r̂_0 = −r̂_0(∂_{xξ}T_0 − ∂_{xξ}(λ^0_j ))r̂_0.

Since ∂_{xξ}T_0 − ∂_{xξ}(λ^0_j π̂_0) = O(|x| + |ξ|), we obtain: ‖∂_{xξ}r̂_0(x, ξ)‖ ≤ Ch̄^{−7/4} for |x| + |ξ| < Rh̄^{1/4}. Now the second part of the corollary follows from an induction on |α|. 2

Now let E_{+−} (B, Z; λ) be constructed in Theorem 2.2. Assume that (2n + 1)B +ZE ∈ Ω. Then for B large, one has: (2n+1)B +ZΩ^j ⊂ Ω. We denote: F_{+−}(h, h̄; z) = 1 Z E_{+−}(B, Z; λ), with h = 1 B , h̄ = 1 √ Z , λ = (2n + 1)B + Zz. Let u_j(x, ξ) and u^∗_j (x, ξ), (x, ξ) ∈ B_δ, be the same as in the definition of π̂(x, ξ) in Proposition 3.4. We can take u_∞ ∈ S(R_y) independent of (x, ξ) such that ‖u_∞‖ = 1 and for some 0 < ϵ < 1/2, | < u_∞, u_j(x, ξ) > | < ϵ (3.22) | < u_∞, u^∗_j (x, ξ) > | < ϵ (3.23) for all (x, ξ) ∈ B_δ. In fact, we just need to take u_∞ = R^{−1/2}v(./R), where v ∈ S, v(y) = 0, for |y| < 1, and ‖v‖ = 1. Then by the exponential decay of eigenfunctions (Theorem 3.1), we obtain: | < u_∞, u_j(x, ξ) > | = O(e^{−c/h̄}), | < u_∞, u^∗_j (x, ξ) > | = O(e^{−c/h̄}), for (x, ξ) ∈ B_δ. The desired result follows.

Now let χ be a cut-off function in (x, ξ) such that 0 ≤ χ ≤ 1 and suppχ ⊂ B_δ, χ = 1 on B_{δ/2}. We define: u(x, ξ) = χ(x, ξ)u_j(x, ξ) + (1 − χ)(x, ξ)u_∞, u^∗(x, ξ) = χ(x, ξ)u^∗_j (x, ξ) + (1 − χ)(x, ξ)u_∞. (3.24) By (3.22) and (3.23), u and u^∗ are normalizable. So we can assume without loss that < u(x, ξ), u^∗(x, ξ) >= 1, ∀(x, ξ) ∈ R^2. Let R_+ : L^2(R_x) → D_0, R_− : L^2(R^2_{xy}) → L^2(R_x) be defined by:

(R_+f)(x, y) = 1 2π ∫ ∫ R2 e^{i(x−x0).ξ}u( x + x^′ 2 , hξ; y)f(x^′)dx^′dξ for f ∈ S(R_x) and

(R_−g)(x) = 1 2π ∫ ∫ e^{i(x−x0).ξ}( ∫ Ry ū^∗( x + x^′ 2 , hξ)g(x, y)dy)dx^′dξ for g ∈ S(R_x; L^2(R_y)). Here D_0 is the domain of D^2_y in L^2(R^2). It is clear that R_+, R_− extend to bounded operators in associated spaces. For z ∈ Ω^j, consider the operator Q(z) : D_0 ⊕ L^2(R_x) → L^2(R^2) ⊕ L^2(R_x) defined by: Q(z) = F_{+−}(h, h̄; z) R_+ R_− 0 .

To describe the inverse of Q(z), introduce classes of operator-valued symbols depending on the parameter h̄.

Definition 1. Let H_1, H_2 be two Hilbert spaces. For m ∈ R, ρ ∈ [0, 1], we denote by S^{m,ρ}(H_1, H_2) the set of functions a(h̄) ∈ C^∞(R^{2n}_{xξ} ; L(H_1, H_2)) satisfying the estimates: ‖∂^αa(x, ξ; h̄)‖ ≤ C_αh̄^{m−ρ|α|}, (x, ξ) ∈ R^{2n}, for 0 < h̄ < h̄_0. In the case ρ = 1, we denote S^{m,ρ}(H_1, H_2) by S^m(H_1, H_2) and in the case H_1 = H_2 = C, we denote S^{m,ρ}(H_1, H_2) by S^{m,ρ}.

By Corollary 3.5, we see that r̂ ∈ S^{−1,3/4}(H_1, H_2) with H_1 = L^2(R_y), H_2 = D(D^2_y ). In Appendix, we shall give some results on the symbolic calculus of h-pseudo-differential operators with symbols in S^{m,ρ}(H_1, H_2). Let κ be the ratio of nuclear charge to magnetic force: κ = Z/B = h/h̄^2. In the following all estimates are uniform with respect to κ.

Theorem 3.6 There exists h_0 > 0 such that Q(z) is invertible for all 0 < h < h_0, z ∈ Ω^j and 0 < h̄ < h̄_0 with h̄_0 small. Let G(z) denote its inverse. Then G(z) is holomorphic in z ∈ Ω^j and one has: G(z) = G_0(z) G_+(z)

G_−(z) G_{+−}(z)

, (3.25)

where G_{+−}(z) is an h-pseudo-differential operator with symbol g(., .; h, h̄, κ, z) ∈ S^0 given by: g(x, ξ; h, h̄, κ, z) ∼ ∞∑ k=0 h^kg_k(x, ξ; h̄, κ, z), where g_j (., .; h̄, κ, z) ∈ S^{3/2−j,3/4}, j ≥ 2 and g_0(., .; h̄, κ, z), g_1(., .; h̄, κ, z) are bounded symbols in usual sense (i.e. all derivatives are uniformly bounded in h̄). In particular, g_0 is independent of κ and g_0(x, ξ; h̄, z) = μ_j(x, ξ; h̄) − z, for (x, ξ) ∈ B_{δ/2}.

Proof. Remark first that according to (2.6),

F_{+−}(h, h̄; z) = z − {Q_θ + Zh^2R_1 + O(h^2)} = z − {Q_θ + O(h)},

where Q_θ =^1_Z Q(h, Z; θ) with Q(h, Z; θ) given by (2.12) and R_1 is an operator whose symbol r_1 is given by (2.11). The operator-valued symbol of Q(z) is given by: Q(x, ξ; z) = z − F (x, ξ; z) r_+(x, ξ) r_−(x, ξ) 0 : D_0 ⊕ C → L^2(R_y) ⊕ C. (3.26)

Here F (x, ξ; z) = Q_θ(x, ξ) + O(h) r_+(x, ξ) : C ∋ c → r_+(x, ξ)c ≡ cu(x, ξ) >∈ L^2, r_−(x, ξ) : L^2 ∋ f → r_−(x, ξ)f ≡< f, u^∗(x, ξ) >∈ C. We propose to prove that Q(x, ξ; z) is invertible for all (x, ξ) and z ∈ Ω^j. Let π^′ be defined by: (π^′(x, ξ)f)(y) =< f, u^∗(x, ξ) > u(x, ξ). Then π^′(x, ξ) = π(x, ξ), for (x, ξ) ∈ B_{δ/2}. Put π̂^′ = 1 − π^′. Applying Proposition 3.4, we see that the reduced resolvent: R̂(x, ξ) ≡ (z − π̂′F (x, ξ; z)π̂′)^{−1}π̂′ exists for all (x, ξ) ∈ B_{δ/2} and z ∈ Ω^j and satisfies the estimates of Corollary 3.5. Let G_0(.) be defined by:

G_0(x, ξ; z) = R̂(x, ξ) r_+(x, ξ) r_−(x, ξ) λ_j(x, ξ; h, h̄) − z , for (x, ξ) ∈ B_{δ/2}. Then it is easy to check that Q(x, ξ; z)G_0(x, ξ; z) = 1 + O(h), G_0(x, ξ; z)Q(x, ξ; z) = 1 + O(h), for (x, ξ) ∈ B_{δ/2}. Therefore we conlude that the inverse of Q(x, ξ; z) exists in this region and is equal to G_0(x, ξ; z)(1 + O(h)). For |x| + |ξ| ≥ δ/2, one has seen that Q_θ(x, ξ) − z is invertible for z ∈ Ω^j, if h̄ is small enough and the inverse is uniformly bounded in (x, ξ) ∉ B_{δ/2}. By an argument of perturbation, we derive that (z − F (x, ξ; z))^{−1} exists and satisfies: ‖∂^α_{xξ}(z − F (x, ξ; z))^{−1}‖ ≤ C_α for (x, ξ) ∉ B_{δ/2}. Consider the problem (z − F (x, ξ; z))u + r_+(x, ξ)v = u^′, r_−(x, ξ)u = v^′, (3.27) where u^′ ∈ L^2 and v^′ ∈ C. For (x, ξ) ∉ B_{δ/2}, (3.27) is equivalent with u = (z − F (x, ξ; z))^{−1}(u^′ − r_+(x, ξ)v) r_−(z − F (x, ξ; z))^{−1}r_+v = r_−(z − F (x, ξ; z))^{−1}u^′ − v^′. (3.28)

Note that r_−(x, ξ)(z − F (x, ξ; z))^{−1}r_+(x, ξ) is a complex number and we can estimate: r_−(x, ξ)(z − F (x, ξ; z))^{−1}r_+(x, ξ) = < (z − F (x, ξ; z))^{−1}u(x, ξ), u^∗(x, ξ) > = 1 z − χ̃λ_j {< u, u^∗ > − < (z − F )^{−1}u_∞, u^∗ > χ̃λ_j (1 − χ)} + O(h̄^2) + o_R(1) = 1 z − χ̃λ_j + O(h̄^2) + o_R(1) ≠ 0, for h̄ and 1/R small enough. Here χ̃ is supported in B_δ, 0 ≤ χ̃ ≤ 1 and χ̃ = 1 on suppχ. In the above equalities, we have used the estimates:

F (x, ξ; z)u = χλ_j u_j + O(h̄^2) + o_R(1) = χ̃λ_j u − χ̃λ_j (1 − χ)u_∞ + O(h̄^2) + o_R(1), and F (x, ξ; z)u_∞ = O(h̄^2) + o_R(1), with lim_{R→∞} o_R(1) = 0, due to the construction of u_∞. Remark that ℜλ_j < E − c_0, c_0 > 0, for (x, ξ) ∉ B_{δ/2}, so z − λ_j ≠ 0, for z ∈ Ω^j .

Put c = 1/((r_−(z−F )^{−1}r_+)(x, ξ; z)). Then equations (3.28) have a unique solution for each couple of (u^′, v^′) ∈ L^2(R_y) ⊕ C:

u = (z − F )^{−1}((1 − cr_−(z − F )^{−1})u^′ + cr_+(x, ξ)v^′) v = cr_−(z − F )^{−1}u^′ − cv^′. (3.29)

This proves that Q(x, ξ; z) is also invertible for (x, ξ) ∉ B_{δ/2} and the inverse is given by: Q^{−1}(x, ξ; z) = (z − F )^{−1} − c(z − F )^{−1}π^′(z − F )^{−1} c(z − F )^{−1}r_+ cr_−(z − F )^{−1} −c (3.30) for (x, ξ) ∉ B_{δ/2}. Now let G_1(z) denote the h-pseudo-differential operator with operatorvalued symbol Q^{−1}(x, ξ; z). Since ‖∂^α_{xξ}Q^{−1}(x, ξ; z)‖ is uniformly bounded for (x, ξ) ∉ B_{δ/2} and bounded by O(h̄^{−1−3|α|/4}) for (x, ξ) ∈ B_{δ/2}, we can apply the results on symbolic calculus given in the Appendix (see the remark after the proof of Proposition A.2) to obtain that Q(z)G_1(z) = 1 + hR^′, where R^′ is a pseudo-differential operator satisfying the estimate: ‖hR^′‖ ≤ Ch^{1/4}. This proves the existence of a right inverse, if h > 0 is small enough. By the same method we can construct a left inverse, hence prove the inversibility of Q(z), z ∈ Ω^j . To compute the symbols of the inverse G(z), we use the formula: G(z) = G_1(z)(1 + hR^′)^{−1}

= G_1(z)(1 + N∑ j=1 (−1)^j(hR^′)^j + (−1)^{N +1}(hR^′)^{N +1}(1 + hR^′)^{−1}.

The leading symbol of R^′ is given by: r^′(x, ξ) ≡ i/2{Q(x, ξ; z), Q^{−1}(x, ξ; z)}. Here {., .} denotes the Poisson bracket. Note that r^′ is uniformly bounded on R^2 \ B_ϵ, for any ϵ > 0. For (x, ξ) ∈ B_ϵ, Q^{−1}(x, ξ) = G_0(x, ξ) + O(h/h̄). Therefore we have: r^′(x, ξ) = i/2{Q(x, ξ), G_0} + O(1), for (x, ξ) ∈ B_ϵ. By a direct computation, we obtain: r^′(x, ξ) = i 2 −∂_ξV_θ∂_xr̂ + ∂_xV_θ∂_ξr̂ 0 ∂_ξr_−∂_xr̂ − ∂_xr_−∂_ξr̂ 0 + O(1), where V_θ = V (x, ξ, e^θy), r̂ is the same as in (3.17) and O(1) is a term bounded in usual sense. ¿From here we conclude that g_1 is a bounded symbol.

To estimate g_2, we compute

G_0r^′ = a_{11} a_{12} a_{21} 0 + O(1), where

a_{11} = {r̂(−∂_ξV_θ∂_xr̂ + ∂_ξr_+∂_xr_−) + r_+∂_ξr_−∂_xr̂} − O(x ↔ ξ), a_{12} = r̂(−∂_ξV_θ∂_xr_+ + ∂_xλ_j ∂_ξr_+) − O(x ↔ ξ), a_{21} = −r_−∂_ξV_θ∂_xr̂ − O(x ↔ ξ). In the above equations, O(x ↔ ξ) denotes a term having the same expression as that just preceding it with ∂_x, ∂_ξ interchanged. Making use of the identity F̂ = F − πF π + O(h^2) and the estimate ∂_{xξ}V_θ = ∂_{xξ}V (x, ξ, 0) + O(y^2|(x, ξ)|) for (x, ξ) near 0 and y near 0, we deduce from Corollary 3.5 that a_{11} = O(h̄^{−3/2}), a_{12} = O(h̄^{−1/2}), a_{21} = O(h̄^{−1/2}).

Consequently the element in the right lower corner of G_0r^′r^′ is in S^{−1/2,3/4}, by applying the result of Corollary 3.5. This proves: g_2 ∈ S^{−1/2,3/4}. The results on g_k, k > 2 follow by an induction. 2

¿From Theorem 3.6, we derive that 0 is an eigenvalue of E_{+−}(λ) if and only if 0 is an eigenvalue of G_{+−}(z) with λ = (2n + 1)B + Zz, z ∈ Ω^j and the multiplicities are the same (if we count them appropriately). Note that by the construction of the inverse to Q(z), one has: g_0(x, ξ; h̄, z) = μ_j(x, ξ; h̄) − z, (x, ξ) ∈ B_{δ/2}, χ̃μ_j(x, ξ; h̄) − z + o_R(1) (x, ξ) ∈ R^2 \ B_{δ/2}.

(3.31)

This shows that g_0(., .; h̄, z), z ∈ Ω^j , is elliptic outside any small neighbourhood of 0, provided h̄ > 0 is small enough.

4 Barrier Resonaces

In this Section we want to study a non-linear eigenvalue problem related to G_{+−} (z) for z ∈ Ω^j. Due to the preparations made in the preceding Section, we can now easily give complete asymptotic expansions for the eigenvalues of G_{+−} near E. See [20] and also [12] for self-adjoint problems.

To symplify notations, we denote: F (h, z) = g_0(x, hD_x; h̄, z) + hg_1(x, hD_x; h̄, κ, z). To study the eigenvalues of F for z ∈ Ω^j, we look at its microlocalization near 0. Recall that g_0 = μ_j − z for (x, ξ) near 0 and a_1 in (2.6) is given by: a_1 = (2n + 1)/4V_1 + κr_1. By (2.11) and (3.13), r_1 ≡ 0, if (x, ξ) = (0, 0). ¿From the computations made in the proof of Theorem 3.6, one can check that ν_1(h̄) ≡ g_1(0, 0; h̄, κ, z) (4.1)

is independent of κ and z. We write:

g_0(x, ξ; h̄, z) = E_j(h̄) − z + 1 2 < A(x, ξ), (x, ξ) > +O((x, ξ)^3) for (x, ξ) near 0. Here A is the Hessian of μ_j at 0. So ℜA is negatively definite and ℑA = O(h̄). It is clear that A = ( a b b c ) , with a, b, c, ∈ C. Lemma 4.1 Let F_0 denote the maximal closed extension of the h-(pseudo- )differential operator with symbol f = 1/2 < A(x, ξ), (x, ξ) >. Then F_0 has purely disrete spectrum and

σ(F_0) = {h(2k + 1)ν_0; k ∈ N}.

Here ν_0 = −1/2(det A)^{1/2} and the branch of (.)^{1/2} is chosen so that ℜ(det A)^{1/2} > 0. Proof. Since ℜf ≤ −c_0(x^2 + ξ^2), c_0 > 0, it is clear that F_0 has only discrete spectrum. To compute its eigenvalues, we decompose the symbol f as: f(x, ξ) = ax^2 + 2bxξ + cξ^2 = (cξ + λx)(ξ + μx), where we take: λ = a μ , μ = b − i √ det A c . with ℜ √ det A > 0. Since ℑb, ℑc are of order O(h̄) and ℜc < 0, we see that ℑμ < 0, so the equation: (hD_x + μx)u = 0 has a solution in L^2 given by:

ψ_0 = e^{−iμx2/(2h)}. (4.2)

Let a = hD + μx, a^′ = chD + λx. Then we can compute:

F_0 = a^′a + hν_0, [a, a^′] = 2hν_0. (4.3)

So we derive easily that ψ_n ≡ a^{′n}ψ_0, n ∈ N, is an eigenfunction of F_0 with eigenvalue h(2n + 1)ν_0. We leave the reader the care to check that these are the only eigenvalues of F_0. See also [17] for harmonic oscillator. 2 It can be seen from the construction of ν_0, ν_1 that they depend on j and h̄, but are independent of h and κ. Now let Ω_k be the domain:

Ω_k = {z ∈ C; |z − E_j(h̄) − h((2k + 1)ν_0 + ν_1)| < ϵh},

for ϵ > 0 small enough. As in [20], we can show that outside the union of all Ω_k, there is no resonance of P (B, Z).

Proposition 4.2 For h > 0 small, there exists exactly one point z = z(h, h̄, κ) ∈ Ω_k such that 0 is a simple eigenvalue of G_{+−}(z) and one has:

z = E_j (h̄) + h((2k + 1)ν_0 + ν_1) + O(h^{3/2}).

Proof. We denote: P_0 ≡ F_0 + hν_1 + E_j (h̄), E_{jk} = E_j(h̄) + h((2k + 1)ν_0 + ν_1). Let u, u^∗ be eigenfunctions of P_0 and P^∗_0 associated with eigenvalues E_{jk} and Ē_{jk}, respectively. Assume that u and u∗ are appropriately normalized. Then as in [20], we can show that the operator: A(z) ≡ G_{+−}(z) .u < ., u^∗ > 0 : L^2(R) ⊕ C → L^2(R) ⊕ C (4.4) is invertible for z ∈ Ω_k. Since u and u^∗ behave like O(e^{−cx2/h}), c > 0, we can derive that the inverse of A(z) is given by B(z) = B_0(z) B_+(z) B_−(z) B(z) , where B(z) is holomorphic function in z ∈ Ω_k and B(z) = z − E_{jk} + O(h^{3/2}). By Riemann-Roche Theorem, B(z) has a simple zero inside Ω_k. The desired results now follow from the arguments of [13]. 2

Making use of the eigenvalues and eigenfunctions of P_0 as first approximations, we can construct an asymptotic solution to the non-linear eigenvalue problem:

G_{+−} (Ẽ)ũ = O(h^∞), Ẽ ∈ Ω_k

in the form Ẽ ∼ E_{jk} +^∞∑ l=2 h^le_l, ũ ∼ ψ_0 ∞∑ l=0 h^ju_j, where ψ_0 is given in Lemma 4.1. To accomplish this, we use the smoothness of G_{+−}(z) in z ∈ Ω_k and the Taylor expansion of the symbol of G_{+−}(z) at (x, ξ) = (0, 0) to write G_{+−}(z) as a formal differential operator. Note that

‖x^k(hD_x)^jψ_0u_l‖ = O(h^{(k+j)/2+1/4}),

for any bounded smooth function u_l non-oscillatory in h. This allows us to construct by an induction in j the u_j’s in a small neighbourhood of x = 0. To make a sense out of these formal constructions, we need to introduce a microlocal cut-off of the form χ(x)χ(hD_x), where χ is supported in a small neighbourhood of 0 and χ = 1 near 0. Taking notice that ψ_0 and its Fourier transform are exponentially decreasing ( in h and |x| ) outside a small neighbourhood of 0, the remainder related to the cut-off is negligible. Note in particular that we do not need the analyticity of the symbol of G_{+−} (z) in (x, ξ), since we are contented with a remainder estimate of the form O(h^∞) and the results on symbolic calculus of usual pseudo-differential operators are sufficient for us. The details of the construction of asymptotic solutions are similar as in [12], [16],[20] and will not be given here. Now studying a Grushin problem similar to (4.4) with u, u^∗ replaced by ũ, ũ^∗, we can show that the unique resonance of P (B, Z) inside Ω_k is given by Ẽ + O(h^∞). Summing up, we have proven the main result of this paper:

Theorem 4.3 Under the assumptions (1.1), (1.2), (3.1), (3.2) and (3.13), the resonaces of P (B, Z) in (2n + 1)B + ZΩ^j exist for all n and j. They are all simple and are given by complete asymptotic expansion:

z_{njk}(h, h̄, κ) ∼ (2n + 1)B + Z{E_j (h̄) + h((2k + 1)ν_0(h̄) + ν_1(h̄)) + ∞∑ l=2 h^lν_{jkln}(h̄, κ)}, where the asymptotic expansion in h is uniform in h̄, κ and each ν_{jkln}(h̄, κ) has a complete expansion in powers of h̄. In particular, we have a complete asymptotic expansion for the width of resonances and the leading term is given by: ℑz_{njk}(h, h̄, κ) = Zℑ{E_j(h̄) + h((2k + 1)ν_0(h̄) + ν_1(h̄))} + O(Zh^2)

= −Z^{1/2}(2j + 1) √ |H(0, 0)| 2 + O(1).

Here h = 1/B, h̄ = 1/Z^{1/2} and κ = Z/B.

Since embedded eigenvalues of P (B, Z) in (2n + 1)B + ZΩ^j appear as discrete real eigenvalues of P (B, Z; θ), ℑθ > 0, Theorem 4.3 implies that the embedded eigenvalues of P (B, Z) in ((2n + 1)B + ZΩ^j) ∩ R are absent. Note that under the assumptions of this work, there may be embedded eigenvalues below each Landau level. See [4] for an example. Finally, let us indicate that if κ = Z/B is also a small parameter, we can then expand the reduced resolvent R̂(B, Z; λ) in terms of the free resolvent R̂_0(B, λ). In this way, one can show that ν_{jkln}(h̄, κ) also admits complete asymptotic expansion in powers of κ.

A Some Remarks on Symbolic Calculus

The classes of symbols used in Section 3 are not standard, in the sense that on one hand, the symbols take values of operators and on the other hand, they depend on a small parameter h̄, over which we loss the control with each derivation. For these reasons, we shall sketch two results on hpseudo-differential operators with symbols in these particular classes. In the following we always assume that h = O(h̄^2), as is the case in the preceding sections.

Proposition A.1 Let a ∈ S^m(H_1, H_2), m ∈ R. Let a(x, hD_x) denote the h-pseudo-differential operator with Weyl symbol a. Then we have: ‖a(x, hD_x)‖_{L(H1,H2)} ≤ Ch̄^m, uniformly in h. Here H_j = L^2(R^n; H_j), j = 1, 2.

Proof. Remark that a(x, hD) is unitarily equivalent to a(h^{1/2}x, h^{1/2}D) and the derivatives of a(h^{1/2}x, h^{1/2}ξ) are all of the order O(h̄^m). Then it is sufficient to apply the known results in [5], [18]. 2

Proposition A.2 Let a_1 ∈ S^{m1,ρ}(H_2, H_3), a_2 ∈ S^{m2,ρ}(H_1, H_2), m_1, m_2 ∈ R, ρ ∈]0, 1[. Then b(x, hD) ≡ a_1(x, hD)a_2(x, hD) is an h-pseudo-differential operator with symbol b ∈ S^{m1+m2,ρ}(H_1, H_3) and b(x, hD) = N∑ j=0 h^jb_j(x, hD) + h^{N +1}R_N (h), (A.1)

where b_j(x, ξ) = ∑ |α|+|β|=j (−1)^{|β|} 2^j α!β!

∂^α_ξ D^β_x a_1∂^β_ξ D^α_x a_2

and R_N (h) satisfies the estimate:

‖R_N (h)‖ ≤ C_Nh̄^{m1+m2−2ρ(N +1)}, (A.2)

uniformly in h.

Proof. We need only give the proof for (A.2). See [5] for the formula on symbolic calculus. Since each h^{j−N −1}b_j(x, hD) satisfies (A.2) for j > N + 1, it suffices to show:

‖R_N (h)‖ ≤ C_Nh̄^{m1+m2−2ρ(N +1)}h^{−N0} , (A.3)

for some N_0 independent of N. (A.3) can be proven by making use of explicit expression for the integral kernel of R_N (h) and methods of oscillatory integrals. The details are omitted here. See [18]. 2

Note that if one of the a_j’s, say a_1, is in S^{m1,0}, then we can prove by the same methods that the remainder R_N (h) in (A.1) satisfies: ‖R_N (h)‖ ≤ Ch̄^{m1+m2−ρ(N +1)}, uniformly in h.

Acknowledgement

Part of this work was done, while the author was visiting University of Aarhus. I should like to thank Professor E. Balslev for his invitation and his interest in this work.

References

[1] S. Agmon, Lecture on Exponential Decay of Solutions of Second Order Elliptic Equations, Math. Notes No. 29, Princeton Univ. Press, 1982

[2] J. Aguilar, J.M. Combes, A class of analytic perturbations for one-body Schrödinger Hamiltonians, Commun. in Math. Phys., 22(1971), 269-279

[3] M.S. Ashbaugh and E.M. Harrell, Perturbation theory for shape resonances and large barriers, Commun. in Math. Phys., 83(1982), 151-170

[4] J. Avron, I. Herbst and B. Simon, Schrödinger operators with magnetic fields, I. General interactions, Duke Math. J., 45(1978), 847-883

[5] A. Balazard-Kolein, Calcul Fonctionnel pour des Opérateurs h- Admissibles à Symbole Opérateurs et Applicatins, Thèse de 3ème Cycle, Univ. Nantes, 1985

[6] E. Balslev and J.M. Combes, Spectral properties of many-body Schrödinger operators with dilation analytic interactions, Commun. in Math. Phys., 22(1971), 280-294

[7] J. Bellissard, C^∗-algebras in solid state physics -2D electrons in a uniform magnetic field, in Warwick Conference on Operator Algebras, July 1987

[8] P. Briet, J.M. Combes and P.Duclos, On the location of resonances for Schrödinger operators in the semiclassical limit, II. Commun. P. D. E., 12(1987),201-222

[9] D. Delande, A. Bommier and J.C. Gay, Positive energy spectrum of the hydrogen atom in a magnetic field, preprint 1990

[10] E.M. Harrell and R. Svirsky, Potentials producing maximally sharp resonances, Trans. Amer. Math. Soc., 293(1986), 723-736

[11] H.Hasegawa, M. Robnik and G. Wunner, Classical and quantal chaos in the diamagnetic Kepler problem, Prog. of Theoretical Phys.,Suppl. No. 98, 1989, 198-287

[12] B. Helffer and D. Robert, Puits de potentiels généralisés et asymptotique semi-classique, Annales de l’IHP, 41(3)(1984), 291-331

[13] B. Helffer and J. Sjöstrand, Résonances en limite semiclassique, Bull.

Soc. Math. France, Suppl. No. 24/25, 1986

[14] B. Helffer and J. Sjöstrand, Equation de Schrödinger avec champ magnétique et équation de Harper,Lecture Notes in Phys., No.345, 1989, 118-197

[15] E. Lieb, J. Solovej and J. Yngvason, Large atoms in large magnetic fields, talk given by Solovej in Journées des Equations aux Dérivées Partielles, Saint Jean de Mont, June 1991

[16] A. Martinez, Résonances dans l’approximation de Born-Oppenheimer, I. J. of Diff. Equations, 91(1991), 204-234

[17] M. Reed and B. Simon, Methods of Modern Mathematical Physics,VI.

Analysis of Operators, Acad. Press, New York, 1980

[18] D. Robert, Autour de l’Approximation Semiclassique, Progress in Math., No. 68, Birkhaüser, 1986

[19] J. Sjöstrand, Semiclassical resonances generated by non-degenerate critical points, Lecture Notes in Math.,No.1256, 1987, pp. 402-429

[20] X.P. Wang, On the magnetic Stark resonances in two dimensional case, talk given in Workshop on Schrödinger Operators, Aarhus, July 1991; details to appear in Lecture Notes in Phys., “Schrödinger Operators”, ed. E. Balslev