ON THE LEBESGUE COMPONENT OF SEMICLASSICAL MEASURES
FOR ABELIAN QUANTUM ACTIONS

GABRIEL RIVIERE AND LASSE L. WOLF

ABSTRACT. For a large class of symplectic integer matrices, the action on the torus extends
to a symplectic Z"-action with » > 2. We apply this to the study of semiclassical measures
for joint eigenfunctions of the quantization of the symplectic matrices of the Z"-action.
In the irreducible setting, we prove that the resulting probability measures are convex
combinations of the Lebesgue measure with weight > 1/2 and a zero entropy measure. We
also provide a general theorem in the reducible case showing that the Lebesgue components
along isotropic and symplectic invariant subtori must have total weight > 1/2.

1. INTRODUCTION

The Quantum Ergodicity Theorem is a classical result in mathematical quantum chaos de-
scribing the equidistribution properties of stationary quantum states in the semiclassical
limit [Sni74, Zel87, CdV85]. More precisely, given an orthonormal basis of Laplace eigen-
functions on a compact Riemannian manifold with ergodic geodesic flow, it states that most
of the eigenfunctions become equidistributed in phase space in the large eigenvalue limit.
In [RS94], Rudnick and Sarnak conjectured that, on negatively curved manifolds, all (and
not only most) eigenfunctions must equidistribute. Over the last twenty years, this con-
jecture lead to many developments and we refer to [Ana22, Dya22]| for recent reviews with
many details and references on these results.

One way to get insights into this conjecture is to consider a basis of eigenfunctions having
extra symmetries as in the seminal work [RS94]. Indeed, if there is an (or a family of)
operator(s) commuting with the Laplacian, one can consider joint orthonormal basis of
eigenfunctions and expect that the resulting basis has better equidistribution properties.
In certain arithmetic cases, one can for instance show equidistribution of all eigenfunctions
which are also eigenfunctions of the Hecke operators [BL03, Lin06, BL14, SV19].

Without the Hecke symmetry, Anantharaman and Silberman considered this problem on
general compact locally symmetric spaces [AS13]. In that case, they proved entropic bounds
for (accumulation points of) joint eigenfunctions of the entire algebra of translation-invariant
differential operators. From this result, they deduced that, on compact quotients of SL(3, R),
joint eigenfunctions have a Haar component of weight > 1/4 (thus exhibit some equidis-
tribution) and they also extended this property to certain compact quotients of SL(n,R)
for n > 4 (with a weight in (0,1/2] depending on the situation). Motivated by the recent
developments on the support properties of semiclassical measures for higher-dimensional
quantum maps by Dyatlov-Jézéquel [DJ24] and Kim [KAO24], the goal of this article is
to show how the results from [AS13] can be extended in the setting of unitary matrices
quantizing symplectic linear maps of the torus T2¢ := R?¢ / 724,
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1.1. Quantum maps. Linear symplectic automorphisms Sp(2d,Z) of the torus T2 pro-
vide a family of classical dynamical systems for which the above questions can be raised in
a simple functional framework. The quantization of these classical systems in view of un-
derstanding questions from quantum chaos was introduced by Hannay and Berry in [HB80].
Namely, given any N € N, one can define a natural Hilbert space! Hn ~ (2((Z/2NZ)?)
respecting the periodic structure of the torus and on which the metaplectic representation
Mn(A) of A € Sp(2d,Z) acts unitarly. See §2 for a brief reminder or [DJ24, §2] for a de-
tailed construction. Given a sequence (¢y)r>1 of normalized states in Hyn, with Nj — oo,
one can define their Wigner distributions:

Wq/,k ca € COO(Tzd) = <Op?£)17rNk)_1 (G)T/Jkﬂ/}k>HN ’

k

where Op}’(a) is the Weyl quantization of a. Any accumulation point (as k — oo) of this
sequence of distributions defines a probability measure on T?? and the resulting measures
are referred as the semiclassical measures of the sequence (¢)r>1. We denote this set by
P((Yr)k>1). If we suppose in addition that the sequence is made of eigenvectors of My, (A4),
then the limit measures are invariant under A. Again, we refer to §2 below or to [DJ24, §2]
for more details.
The analogue of the Quantum Ergodicity Theorem holds true for this model [BDB96].
More precisely, if for every N > 1, we are given an orthonormal basis (w‘?l)lgjg(QN)d of
eigenfunctions of Mn(A), then most of the corresponding Wigner distributions converge to
the Lebesgue measure on T?¢ as soon as this measure is ergodic® for A.

1.2. Main results. We need to introduce a few conventions in order to state our main
results. First, given A € Sp(2d,7Z), one can associate its characteristic polynomial and
we will assume irreducibility over Q for our first result. We define for A € Sp(2d,R) the
integers

m(A) = S#(o(A)NR) and 1(A) = #(o(4)N €\ (RUS'))

where o(A) = {A1,...,Aoq} is the spectrum of A and where eigenvalues are counted with
their multiplicity. Our first result reads as follows:

Theorem 1.1. Letd > 2 and A € Sp(2d,Z) with irreducible characteristic polynomial over

Q such that mo ratio of eigenvalues :\\—;, i # 7, is a root of unity. Furthermore assume

m(A) +1(A) > 2.
Then, for every e > 0, one can find B € Sp(2d,Z) commuting with A such that

VN > 1, Mn(B:)MnN(A) = Mn(A)Mn(B:).
and such that, for any sequence (Vy)k>1 satisfying
VE>1, M, (A)pr =P Wy M, (B)vr = €Oy, v, =1,
one has that, for every p € P((Yr)k>1),
p = aLebpea +(1 — a)v,
with

0425—5,

INote that even values appear in view of the first remark of Section 2.1.
2This is equivalent to A not having roots of unity as eigenvalues.
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and hxs(v, B) =0 for any B € (A, B:) < Sp(2d,Z).

Here, hks(v, B) is the Kolmogorov-Sinai entropy of the measure v with respect to B [Wal82,
Ch. 4]. It is a nonnegative number which measures how much of the complexity of B is
captured by v. For instance, if v is supported on a closed orbit, then the entropy vanishes
while it is maximal for the Lebesgue measure.

The assumption of irreducibility and that no ratio of eigenvalues is a root of unity can be
captured by the Galois group of the characteristic polynomial. In fact, this is equivalent to
having x 4 irreducible for all k¥ € N. It turns out that these are generic among symplectic
matrices [KAO24] and we will explain how to construct explicitly matrices with this property
and the additional assumption m(A)+1(A) > 2 (see §5). This assumption on the eigenvalues
is made to ensure the existence of an abelian subgroup A < Sp(2d,Z) of rank m(A) + I(A)
containing A and the matrix B, will be picked in a convenient way inside this subgroup. In
fact, we can choose A in such a way that

VBl,BQ c A, VN > 1, MN(Bl)MN(BQ) = MN(BQ)MN(Bl),

and we could also consider joint eigenfunctions for all Mn(B), B € A. In that case, our
arguments will show that o« > 1/2 (see Theorem 4.14). In particular, if m(A) + [(A) = 2,
we can pick € = 0 in Theorem 1.1. For m(A) 4+ I(A) > 2, if we pick an arbitrary matrix B
in A\ (A) rather than B, we will only get a lower bound « > ¢(A, B) > 0 on the Lebesgue
component with ¢(A, B) depending on the Lyapunov exponents of A and B.

When )y, is only an eigenfunction of M, (A), Kim recently proved that, under the same
irreducibility condition and the assumption that m(A) 4+ I[(A) > 1, any limit measure pu €
P((¥r)k>1) has full support [KAO24]. See also [Sch24, DJ24] for earlier contributions of
Schwartz when d = 1 and of Dyatlov and Jézéquel under more restrictive assumptions than
in [KAO24] when d > 1. Theorem 1.1 shows that under one extra symmetry, there is a
Lebesgue component with almost 1/2 weight. Kurlberg, Ostafe, Rudnick and Shparlinski
also proved that, for a density 1 of integers (N)x>1, one must have av = 1 in Theorem 1.1
under some related assumptions on the matrix A [KORS24|. Here we do not make any
assumption on the sequence of integers N at the expense of considering joint eigenfunctions
and of having only o« > 1/2 — o(1). Earlier works of the first author also show that any
element € P((¢)r>1) have positive entropy without any restriction on A or on the sequence
of integers (Nj)r>1 [Rivll]. This quantitative statement will in fact be one of the key
ingredients of our proof. See also [FNDB03, BDB03, FN04, AN07, Brol0, Gut10] for earlier
related results.

In §1.3, we will also discuss in more details results by Kelmer for joint eigenmodes of the
Hecke operators [Kell0]. Roughly speaking, he picked joint eigenstates for all the generators
of the Hecke group of A while we are using only two elements in this group. Let us just
mention at this point that, under the assumption of Theorem 1.1, he proved that such joint
arithmetic eigenmodes yield @ = 1 in the above statement. This property is referred as
Arithmetic Quantum Unique Ergodicity for quantum maps. He also showed that, if A has
an invariant isotropic subspace, then such a property fails even for the Hecke eigenmodes.
For instance, when A is of the form Diag(A, (A~")T) with A € GL(d,Z), then one can
construct a sequence of eigenmodes whose limit measure is of the form Lebps ® 58Td [Gur06,
App. BJ]. Motivated by this example, we can state a second application of the dynamical
methods used in our work.
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Theorem 1.2. Letd >3 and A € GL(d, Z) with irreducible characteristic polynomial. Sup-
pose also that m(A)+1(A) > 3 and that no ratio of the eigenvalues of A = Diag(A, (A~1T) €
Sp(2d,Z) is a root of unity.

Then, for every € > 0, one can find B, € GL(d,Z) commuting with A such that, letting

B. = Diag(B., (B-1)T), one has
VN >1, Mn(B:)Mn(A) = Mn(A)Mn(B:).
and such that, for any sequence (Vy)k>1 satisfying
VE>1, My, (A)gr = P Dy, M (B = e O, [[drllan, =1,
one has that, for every i € P((¢Yr)k>1),
i = aLebred +av) ® Lebga +ag Lebpa @uva + (1 — a — ag — ag)wp,
with
204+a; +ax > 1 —¢,

and hys(vi, B1) = his(va, Bs) = his(vo, B) = 0 for any By € (4, B;) < GL(d,Z), B; €
(AT BTy < GL(d,Z) and B € (A, B.) < Sp(2d,7Z).

When A is a general element in Sp(2d,Z) such that no ratio of eigenvalues is a root of
unity, our method still allows us to prove some similar regularity statement and we refer to
Theorem 4.14 for a precise formulation of our general and main regularity result. Roughly
speaking, it will state that any semiclassical measure can be decomposed as a sum of a zero
entropy measure with weight < 1/2 and a measure whose projection along invariant isotropic
and symplectic subtori is the Lebesgue measure. Under the present form, Theorem 1.2
already illustrates the kind of regularity property one can expect in a simplified setting. In
particular, observe that if & = 0 (i.e. the measure p has no Lebesgue component), then
the zero entropy part of the measure has weight at most €. Again, if we consider joint
eigenmodes for the full quantum action, we can pick ¢ = 0 (see Theorem 4.14).

1.3. Comparison with Hecke operators for quantum maps. Looking at joint eigen-
modes associated with two commuting symplectic matrices is related to the notion of Hecke
operators for quantum maps as it was introduced by Kurlberg and Rudnick in [KR00] for
d = 1. This concept was extended to the case d > 1 by Kelmer [Kell0] and, using the con-
ventions from this reference, we briefly review this construction for the sake of comparison.
For simplicity, we suppose that A is irreducible and we refer to [Kell0] for the general sep-
arable case. The ring & = Z[X]/(x4), where x4 is the characteristic polynomial of A, can
be naturally embedded in M(2d,Z) by letting ¢ : p — p(A). Recall that, if B € GL(2d,Z)
commutes with A, then B is a rational polynomial in A (see e.g. Lemma 4.4). Given p € 2,
one can define p* in such a way that ¢(p*) = p(A~!). Recall from [Kell0, Cor. 2.2] that
t(p) € Sp(2d,Z) if and only the “norm” N (p) := pp* is equal to 1. In Theorem 1.1, the
matrix B is picked inside a fixed abelian subgroup A depending only on A and having rank
m(A) +(A) > 2. With the above conventions, one has (A, B.) < A < Ker N.

According to [Kell0, §1.1.3], Mn(B) depends only B modulo 4N. Hence, one can introduce
the map N : 2/4N2 — M(2d,Z/ANZ) and the corresponding norm Ny : 2/4N2 > p —
pp* € 9 /AND. The Hecke group C4(IN) is then as defined as a certain finite index subgroup
of in (Ker N) with the index being bounded independently of N. See [Kell0, §2] for more
details. Kelmer then considered joint eigenfunctions for all the Mn(B) with B lying in
the Hecke group. Thanks to [Kell0, Lemma 2.7], the number of elements in C4(IN) is
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bounded from below by ¢.N?~¢ and from above by C.IN%t¢ and the lower bound plays an
instrumental role in his proof of arithmetic quantum unique ergodicity. See for instance
Propositions 3.6 and 3.7 in this reference.

In Theorem 1.1, the number of (implicitly) involved unitary matrices Mn(B) is given by
fun((A, B:)), and one has

iN((A, Be)) < in(A) < in(Ker V) < in(Ker NN).

Hence, there are at most O(Nd“) unitary matrices in that subgroup. However, the car-
dinal could be a priori much smaller in general and it is not clear if we could derive a
good lower bound on this cardinal (that would allow to apply the arithmetic methods
from [Kell0]) without further assumptions. Equivalently, we are picking only one (good)
element B. mod 4N in the Hecke group (on top of A mod 4IN) and there is a priori no
reason that these two elements generate® enough elements to apply the arithmetic averaging
arguments from [Kell0, §3]. Despite that, Theorem 1.1 shows that one can already derive
some equidistribution properties with only requiring to be a joint eigenmodes for 2 elements.
Moreover, the dynamical argument we develop allows to deal with more general symplectic
matrices as in Theorem 1.2 (see also Theorem 4.14). Finally, we refer to [RSOdAO00] for
numerics on the order of symplectic matrices modulo N when d = 2 and to [KORS24] for
lower bounds on this order along typical sequences of integers.

1.4. Organization of the article. In §2, we briefly review the construction of semiclassical
measures for symplectic linear automorphisms of the torus following [DJ24] and we recall
what is known on the entropy of semiclassical measures in that setting. Then, in §3, we
describe the centralizer of matrices in Sp(2d,Z). We gather these elements with rigidity
results of Einsiedler and Lindenstrauss in §4 in order to derive the main theorem of this
article, namely Theorem 4.14. Section 5 discusses the genericity of the assumption made
on the matrix A in Theorem 1.1 and provides concrete examples of such matrices. Finally,
Appendix A is a brief reminder on the metaplectic representation behind the construction
of MN (A)

2. SEMICLASSICAL MEASURES FOR ABELIAN ACTIONS

In this section, we briefly review the quantization procedure used to look at the quan-
tum counterpart of a symplectic linear map acting on T??. We closely follow the conven-
tions from [DJ24] to which we refer for more details. We also recall the entropic results
from [Riv11] that will be used in the subsequent sections.

Remark. Compared with [DJ24], the semiclassical parameter N lies here in N due to the
fact that we deal with higher rank actions while [DJ24] allows for the more general case
where N € 1N. Yet, as they picked the convention N € N (and not N € 3N) there is a
factor 2 that differs from their convention in this brief exposition part.

2.1. Quantum mechanics on T??, Let N > 1 be a positive integer. One can set
HN = {u e S'(RY) : Upu = u for all w = (q,p) € ZQd} )
where

Vu € S(RY), U, pu(z) = eHmN@R) £ ).

3Recall for instance that, for d = 1, there exist subsequences of integers (Ny)r>1 for which the number of
elements generated by A is of order log N [KRO1].
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One can verify that this defines a finite dimensional space of dimension (2N)? and this space
is naturally endowed with an Hilbert structure. See [DJ24, Lemma 2.5] for more details on
this construction.

Remark. We note that the general construction of these Hilbert spaces also involve a Floquet
parameter § € T?? (which is fixed depending on A and N) and that it can be carried out for
N e %N . Here, as we aim at dealing with quantum actions, we fix § = 0 and N € N so that
the quantization condition [DJ24, Eq. (2.57)] on (0, N) required to quantize a symplectic
matrix are satisfied for any A.

Recall that a matrix B in M(2d, R) is said to be symplectic if BT .JB = J where

(0 14
J= (—Idd o>’

where Idg is the d x d identity matrix. The subgroup of symplectic matrices is denoted by
Sp(2d,R). To any symplectic matrix B on R??, one can associate its metaplectic represen-
tation Mn(B) of parameter N > 0 which acts naturally on S’(R?) and which verifies, for
every A; and Ay in Sp(2d,R),

(2.1) M (A1 As) = + M (Ar) M (As)

(see [Fol89, Ch. 4]). Note that this representation is projective, in the sense that it is defined
up to a complex number of modulus 1. Yet, as explained in [Fol89, Th. 4.37], this number
can be chosen so that (2.1) holds true. See also Appendix A for a brief reminder.

When N is a positive integer and when A € Sp(2d,Z) = Sp(2d,R) N GL(2d,Z), one can
look at the action of these matrices on the spaces Hn defined above and verify that

MN(A) : HN — HN.
See [DJ24, §2.2.4] for more details. Similarly, one has that
Va € C>(T??), OpaﬂN)_l(a) : Hn — HN,

where Op}’(a) is the Weyl quantization of the symbol a on R?? [Zwo12, Ch. 4]. In order to
emphasize the fact that one works with the restriction, we can set

Opn(a) = Opq(lme)—l (@) 3
A key property of this quantization procedure is the so-called Egorov property:
(2.2) Mn(A) " Opn(a)Mn(A) = Opylao A).

2.2. Semiclassical measures. With these tools at hand and given ¢ € Hn which is
normalized, one can define the so-called Wigner distribution of :

Wy s a € C(T*) = (Opn(a)p, ¥).
From the Calderén-Vaillancourt Theorem on R? [Zwo12, Ch. 5] combined with [DJ24,
Eq. (2.45)], one has
o
(2.3) 1O (@)l cipen) < Ca D>, N72 [[0%|co ,
o <Ng

where Cy, Ng > 0 are constants depending only on the dimension. Hence, given a sequence

(2.4) Uk € g, Ykl =1, lim Ny = oo,
k—o0
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the sequence (Wy, )x>1 defines a bounded sequence in D’(T??) and we denote by P ((1k)k—o0)
the corresponding set of accumulation points as k — co. Thanks to the Garding inequal-
ity [DJ24, Eq. (2.48)], any accumulation point is in fact a probability measure on T?¢. If
we suppose that, in addition to (2.4), the sequence 1)y, verifies

(2.5) M, (A = ePrpy, for some S € R,

then any measure g in P((Yk)kr—oo) verifies A, = p thanks to the Egorov property (2.2).
The set of semiclassical measures for A € Sp(2d,Z) is then defined as

Psc(A) :=={p: 3 (¢¥r)k>1 verifying (2.4) and (2.5) such that p € P((¥k)k—o0)} -

This defines a subset of the convex and compact® set P(A) made of A-invariant probability
measure on T?¢. The following holds true

Theorem 2.1 ([Rivll, Thm. 1.1]). Let A € Sp(2d,Z) and set
X+(A) =max{log |\ : A€ a(A)}.
Then, for every p € Psc(A),

s )= Y mox flog - X542 o

2
A€o (A)
where eigenvalues are counted with multiplicity and where hgs(u, A) is the Kolmogorov-Sinai
entropy of the measure pu with respect to A.

We also refer to [AS13] for analogues of this result in the context of compact locally sym-
metric spaces. See §2.3 for a reminder on the Kolmogorov-Sinai entropy.

Remark. Note that the theorem in [Riv11] is formulated for so-called quantizable matrices.
This is to ensure that one can can also pick any N & %N (and thus a Floquet parameter
6 € T?¢ adapted to A). As we only deal with N € N, we can always pick # = 0 for any
choice of symplectic matrix A.

Finally, the set of semiclassical measures for an abelian subgroup A < Sp(2d,Z) is defined
as follows. The subgroup A is said to be higher rank quantizable if, for every N € N and
for every A, B € A,
Mn(A)Mn(B) = Mn(B)Mn(A).

Remark. If A < Sp(2d,Z) is abelian then it is finitely generated by [Seg83, Cor. 2.1]. Let
Bi,..., By be generators of A. Then the finite index subgroup generated by B, ... ,B,%
is higher rank quantizable thanks to (2.1). Moreover, if A € A then (A, B?,...,B3?) is
also a higher rank quantizable finite index subgroup of A containing A. In particular,
if A < Sp(2d,Z) is abelian (and contains some element A) then there is a higher rank
quantizable finite index subgroup of A (containing A).

Suppose now that, in addition to (2.4), the sequence (¢ );>1 verifies
(2.6) VAe A, M, (A =Py for some Bi(A) € R,

where A < Sp(2d,Z) is a higher rank quantizable subgroup. We can then define the set of
semiclassical measures for the abelian group A as

Psc(A) = {p: I (Y)k>1 verifying (2.4) and (2.6) such that p € P((Yk)k—o0)} -

4Recall that it is endowed with the weak-x topology induced by CO('IF2d) on its dual.
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From the Egorov theorem, one has Py.(A) C Psc(A) C P(A) for every A € A. In particular,
a measure p € Ps(A) is invariant under the action of A.

2.3. A reminder on ergodic decomposition and Kolmogorov-Sinai entropy. Let
u be an element in P(A). From the Birkoff ergodic theorem, one knows that there exists a
subset © of T2¢ such that x(Q) = 1 and such that, for every f € C°(T?¢,C), one can find
f* € L'(u) such that

1 T-1
YreQ, lim kZO(f o A¥)(x) = f*(w).

One can verify that the map
pa s [ f1(x),  fecHT™),

defines an element in P(A) which is ergodic for pu-almost every = € T2?. This gives rise to
the so-called ergodic decomposition of the measure u [EW11, §6.1]:

(2.7) = /T e dp(a).

Fix now a partition B := (B))
of elements of the form

el K of T2¢ and denote by BT) the refined partition made

Ba, ﬂA_l(Bal) n...N A_T+1(BQT71), a=(ap,o1,...,ar—1) € {1,... ,K}T.

Given T > 1, one can associate to every point 2 € T?¢ a single element Br(z) in B) such
that € Br(x). The Shannon-McMillan-Breiman theorem ensures that, for y-almost every
z € T??, the limit —4 Inp(Br(x)) exists and it is equal to the Kolmogorov-Sinai entropy
of the measure u, with respect to the partition B, i.e.

. 1
hKS(,u:L"’ Av B) = Th—I};o _f IDM(BT(QZ))

(see [Par69, Ch. 3]). Moreover, the Kolmogorov-Sinai entropy of the measure p (relative to
B) is given by

hics (1, A, B) — /T s (110, A, B)du(z).

Recall that the Kolmogorov-Sinai entropy hxs(u, A) of u is then defined as the supremum
over all the finite partitions B. For other definitions of entropy, see [Wal82, Ch. 4]. One
can show that

his(p, A) = /2d hxs (pa; A)dpp().
T
Recall that these quantities are all nonnegative and that, for g-almost every x € T?¢,

his (e, A) <) max {log|Al, 0}
A€o (A)

where o(A) is the set of eigenvalues of A (counted with multiplicity) [Wal82, Th.8.15]. In
particular, as a corollary of Theorem 2.1, one has
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Corollary 2.2. Let A € Sp(2d,7Z) and suppose that
X+(A) =max{log|A\|: A€o(A)} > 0.
Then, for every p € Psc(A),
Z/\GJ(A) max {log A — X+T(A), O}
Doreo(aymax {log[A[,0}

where eigenvalues are counted with multiplicity.

p({x : hgs(pe, A) > 0}) >

3. CENTRALIZERS OF SYMPLECTIC MATRICES

In this section, we analyze the structure of the centralizer of a symplectic matrix with
separable characteristic polynomial. The main result here is Theorem 3.12 describing the
group structure of this centralizer. Before that, we also discuss two important cases that
are used in the proof: the case of the linear group (Theorem 3.4) and the case where the
characteristic polynomial is irreducible (Theorem 3.6).

Definition 3.1. A polynomial f € Q[X] is called separable if it has no multiple roots in
its splitting field (equivalently in C).

Remark. If f € Q[X] is irreducible, then f is separable. Indeed, if A was a root of f of
order > 2 then f(\) = f/(A\) = 0 which would contradict Bézout’s identity.

More generally, if f = p; - pg with p; € Q[X] irreducible, then f is separable if and only if
all p; are distinct. Clearly, if p? | f for some non-constant irreducible p € Q[X] then f has
multiple root. Conversely, if f has a zero X of order > 2 then there is p; such that p;(A) = 0.
Since p; is irreducible, p; has no multiple zeros and hence p;(A) = 0 for some j # i. By
Bézout’s identity there are r, s € Q[X] such that rp; + sp; = 1. This gives a contradiction
when evaluating at .

3.1. Preliminary conventions. We recall the following classical lemma in linear algebra:

Lemma 3.2. Let A € GL(m,Q).

(i) If the characteristic polynomial x4 of A is separable then the minimal polynomial
ma of A coincides with its characteristic polynomial x 4.

(ii) If B € M(m,Q) commutes with A and ma = xa then B is a rational polynomial in
A. In particular, the centralizer of A in GL(m,Q) is abelian.

Proof. Since my | xa | m'}, ma and x4 have the same irreducible factors. By the assump-
tion of separability each factor occurs exactly once so that both polynomials must be equal.
For item (ii), we use the structure theorem for finitely generated modules over principal ideal
domains. We find that, for the Q[X]-module Q™ (where X -v = Av), Q" ~ P, Q[X]/(p;™)
for pairwise distinct irreducible polynomials p; € Q[X] with x4 = ma =[], p;"*. The vector
v with all components equal to 1 € Q[X]/(p[*?) is cyclic, i.e. v, Av,..., A" v is a basis of
Q™. Write then Bv = Z;i_ol a; A, a; € Q, and it follows that B = Z;l_ol a; A’ O

For a semigroup G and = € G we denote by G, the centralizer G, = {g € G | gz = xg}.
In order to make notation more natural, we now work over a general finite dimensional
Q-vector space V instead of Q™. The matrices with integer coefficients will be replaced by
the following.
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Definition 3.3. A lattice in a finite dimensional Q-vector space V is a free abelian subgroup
Iof (V,+) of rank dim V', i.e. I' = Zv1 @+ - - @ Zvgim v for a basis (v;) of V. We write End(T")
for the endomorphisms B of V with B(I') CI" and GL(I') :={B € GL(V) | B(I') =T'}.

Note that GL(I") are the units in the ring End(I"). Moreover, if we take a basis of I" then
the matrix of B € GL(I') and of B~! with respect to this basis has integer entries. In
particular, GL(Z™) = GL(m,Z). We also note that GL(I") = {B € End(T") | det B = +1}.
Indeed, if B € GL(I') then we saw that suitable matrices representing B and B~! have
integer entries so that det B = 1. Conversely, if B(I') C I" and det B = £1 then ¢ =
(1—(=1)™det Bxp)/X € Z[X] and B~! = ¢(B) € Z[B]. Therefore, B~}(T') = ¢(B)(I') C T
and B € GL(I).

3.2. The irreducible general linear case. We begin with the following statement which
is a consequence of Dirichlet’s unit theorem.

Theorem 3.4. Let A € GL(I") with characteristic polynomial x 4 which is irreducible over
Q. Suppose that A has r(A) real eigenvalues and 2¢(A) eigenvalues in C\R. Then GL(I") 4
is an abelian group of rank r(A) + ¢(A) — 1, i.e. GL(D)4 ~ F x 27+ =1 for g finite
group F'.

Proof. We saw in Lemma 3.2 that End(V)4 = Q[A]. We also have Q[A] ~ Q[X]/(x4) via
p(A) > p+(xa) and we also verified after Definition 3.3 that Q(A) = Q[A]. This defines an
algebraic number field as x 4 is irreducible. Moreover, Z[A] C End(I")4 C Q[A] = K. Since
Z[A] is a free abelian group of rank deg x4 = [K: Q], End(I") 4 =: O is an order in K [Neu99,
§1.12]. Its units O are those elements of End(I") 4 whose inverse are also in End(I") 4: this
means precisely O* = GL(I") 4. By Dirichlet’s unit theorem (see e.g. [Neu99, Thm. 7.4, §I])
for the maximal order Ok, one knows that O is isomorphic to F’ x 7" A+e(A) -1 where F/
is a finite cyclic group consisting of roots of unity. Then it follows from [Neu99, Th.12.12,
§1] that 0% ~ F x Z"(A+e(A)=1 where F is a finite group. O

Corollary 3.5. Let € > 0 and suppose that the assumptions of Theorem 3.4 are satisfied.
Then there is B € GL(I') 4 such that

| log [A|
max{| log |ul[: p € o(B)}

VA € o(B), € [0,e]U[1 —e,1],

with the convention 0/0 = 0.

This corollary is in fact a consequence of the construction behind Dirichlet’s unit theorem
and we will explain it at the end of this paragraph. Besides proving this corollary, we
also aim at deriving the analogues of these results in the symplectic setting. To that aim,
the arguments used to show Dirichlet’s unit theorem need to be discussed (and used) to
take into account the symplectic structure. Hence, we briefly recall the main lines to prove
Dirichlet’s unit theorem in the case where the algebraic number field K is constructed from
an element A € GL(I') (with x4 irreducible). We follow [Neu99, §1.7] and refer to it for
more details.

Recalling that K = Q(A) and letting Wg = R"A) x C“) | we define the (multiplicative)
group morphism

Ji KX =W, p(A) = (p(A1), .., o), p(p1), - - p(e))
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where (A1, ..., A\;) are the real eigenvalues of A and (u1, iy, - - -, fe, i) are the ones in C\R.
Note that this defines an injective map. We also set the surjective morphism

f{ (Wﬁg’) - (RT+C’+)7
T (uns e 21, 20) o (logluas .. log el og |21 2 log [zef?)

For B € K*, we denote by Nk q(B) € Q* the determinant of the map K > C'+— BC € K
viewed as a Q-linear map. This is the field norm on K/Q and one has Ng /g = N o j where

N(Ut, . Uy 21,y 2e) =t - up|21)? o |2e|2

Recall now that Dirichlet’s unit theorem is about the group structure of the multiplicative
subgroup O* = {B € O : Nk o(B) € {£1}}. To study this question, one sets

r4-c
A=(lof)(O)CH=XeR™: Y X;=0p ~RF
j=1

and one proves that this is a (full rank) lattice in that vector space [Neu99, Th. 7.3]°.
Letting (v1,...,vr4c—1) be a Z-basis for this lattice, its preimage (g1, .., gr+c—1) € O* by
the map /¢ o j allows to define an abelian subgroup Go = (g1, .., gr+c—1) which induces a
surjective morphism onto (A, +). Then, letting F’ be the roots of unity lying in O, one can
prove that

15 F 0 Bh a0
is an exact sequence [Neu99, Lemma 7.2] from which we deduce that
O ={fg™...gt: fEF, (n,....;npjee1) € ZTJFC*I} ~ F' x zrte

With these conventions at hand, we are ready to verify Corollary 3.5.
Proof of Corollary 3.5. For B = p(A) € GL(I") 4, the eigenvalues of B are exactly given by

(M), - pON), p(pa), p(1), - - - (1), p(F ).

Hence, for every X € o(B), log |A| (or 2log|A|) is a coordinate of ¢ o j(B). Recall now that
GL(I')4 = End(I"); with End(I")4 being an order in K. Hence, there exists a compact set
C in H so that H =C + (0 7)(GL(I")4). For M € N, we now set X; = (M,—M,0,...0)
to be an element in H. Thanks to the above decomposition, X s can be written as x s + zps
with xpr € C and zpy € Loj(GL(T")4). As C is a compact subset of H, it is contained inside
[—Ro, Ro]" "¢ for some large enough Ry > 0 (depending only on the lattice £ o j(GL(T)4)).
In particular,

zy € [M — Ro, M + Ry| x [-M — Ry, —M + Rq] x [~ Ry, Ro)" 2.
By construction, there exists By € GL(I")4 such that ¢ o j(Bys) = zp and By has the
expected property if we pick M large enough (depending on ¢). O

SWe note that in this reference they work with the maximal order Ok but everything works equally well
with any other order O.
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3.3. The irreducible symplectic case. In this paragraph, we let (V,w) be a finite di-
mensional symplectic vector space over Q and we let A € Sp(I") := GL(I") N Sp(V, w) whose
characteristic polynomial will be irreducible in the present §3.3. We aim at proving the
following symplectic analogue of the result in the previous paragraph.

Theorem 3.6. Let A € Sp(I') with irreducible characteristic polynomial. Suppose that A
have 2m(A) real eigenvalues and 41(A) eigenvalues in C\ (R USY). Then Sp(I')4 is an
abelian group of rank m(A)+1(A), i.e. Sp(I) 4 ~ F x Z™AN+UA) where F is a finite group.

Remark. We note that, if x4 € Z[X] is the characteristic polynomial of A € Sp(T'),
then x4 is palindromic of degree 2d = dimV (i.e. xa(X 1) X% = y4(X)). Then x/; =
2dX %1y 4 (X1 — X242y (X 1), In particular, x/;(£1) = £2dxa(£1) — x’4(£1). This
implies that if y 4(£1) = 0 then x/4(+1) = 0. Hence, £1 is not an eigenvalue of A if y 4 is
separable.

Clearly, Sp(I')4 < GL(T')4 and hence Sp(T')4 ~ F’ x Z° with F/ = FNSp(T') and s <
r(A)+c¢(A) — 1. It remains to find s. In order to prove this theorem, we will let Q[A] =: K.
Recall that, thanks to our irreducibility assumption, +1 do not belong to o(A). Let us
order the eigenvalues of A as follows: Al,Afl,...Am,)\;} € R, m = m(A), 6’1,0;1 =
O, 06,0, € SY k= k(A) and g, o, oy S s L g L € C\ (RUSY),
Il = I(A). With the conventions of §3.2, one has k + 2l = ¢ and 2m = r as well as
Wr = R?™ x CF x C% and we define j accordingly. From §3.2, £ o j(GL(T")4) is lattice of
rank r + ¢ — 1 in H ~ R™"*71. We now define W}, :== R™ x R¥ x C! and

WR — Wf&
(uruz, . . ., U2m—1U2m,
(u17 <o U2my U1y e ooy Uk, W1 - - 7w21) = |7)1‘2, ) ”Uk’2,
wiwa, . . .,U}Qlfl'wgl).

One has the following characterization of symplectic matrices in K.

Lemma 3.7.

Sp(Ma ={BeGLI)a | J([U(B)) = (1,....,1)}

Proof. For B € End(V'), denote by B* the unique endomorphism of V' such that w(Bv, w) =
w(v, B*w) for all v,w € V.

If B=p(A) € End(V)4 = K then B* = p(A*) = p(A~!) = p*(A) where® p¥ = p(l_TX) €
Q[X]. Therefore, 1 = B*B if and only if x4 | p“p — 1. This is equivalent to the fact that
p(s~Hp(s) = 1 for every eigenvalue s of A. These are precisely the coordinates of J o j(B).
By observing that p(6; ') = p(6;) = p(6;) we infer Sp(V,w)4 = ker J o j. We finish the
proof by intersecting with GL(I") 4. O

Proof of Theorem 3.6. Let
G={weWg | J(w)=(1,...,1)} < (Wg,).
One has that £ o j(G) is a subgroup of (R*™*++2. 1) By construction, one has that
UG) € {(z.—x) | = € RY™ x {0} x {(y,—y) | y € R}.
By putting ugj11 = e ugji2 = e, v; = l,wgjy1 = ey/Q,w2j+2 = e_y/Q, we see that

equality holds. Hence, /(G) ~ R™ as additive groups. Set now U = G N j(OX) =

6 [Kel10] p* is denoted by p*. In contrast to this notation we use p* = X&Pp(X 1),
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§(Sp(I)4), G = N~1({£1}) < Wy and U =GN j(O%). By construction, G is a subgroup
of G and U = U N G. Hence, G/U embeds into G/U.

It follows from the discussion on Dirichlet’s unit theorem in §3.2 that ¢(G)/¢(U) is compact,
that £(U) is discrete and that ker £|; is finite. Hence, £(G)/¢(U) is compact and, as £(U) is
discrete, we find that ¢(U) is a full rank lattice in £(G) ~ R™*!, Therefore, Sp(I')4 ~ U ~

ker £|y x ZMH. O
As for GL(T") 4, one has the following property as a consequence of the above construction.

Corollary 3.8 (of proof of Theorem 3.6). Let € > 0. Then there is B € Sp(I')4 such that
max{log|A[,0}

max{log |u| : p € o(B)}

for all A € o(B) (with the convention 0/0 =0).

€[0,e] Ul —&,1]

Proof. For this we observe that if B = p(A) € Sp(I") 4, then the eigenvalues of B are

p(A), PO p(0:), p(0:), p(1i), () (1), Pk ).
Therefore, one has again that log|A| or 2log|A| (with A € o(B)) correspond to the coordi-
nates of £(j(B)). We saw above that ¢(U) is a lattice of full rank in ¢(G). Hence there is
a compact set C in £(G) such that C + £(U) = ¢(G). We infer that for each M € N there
is j(Bpyr) = upr € U and xpy € C such that £(j(Byy)) + xpy = (M, —M,0,...,0) € £(G) in
the case m > 1. We have

((j(Bax)) € [M — R,M + R] x [-M — R, —M + R] x [—R, R]?™+k+21-2,

The claim follows by picking M large enough. The case m = 0 works similarly by picking
the last coordinates. If m = [ = 0 then all eigenvalues are of modulus 1 so we have 0/0. O

3.4. The general symplectic case. We will now discuss the case of a general symplectic
matrix in Sp(2d,Z) with separable characteristic polynomial. To that aim, we first collect
a few statements taken from [Kell0, §2.2]. Given a polynomial p € Z[X], we set p*(X) =
Xdeery(X—1) € Z[X]. We can write

T S
i=1  j=1

with p; = pf,p; € Z[X] irreducible, pairwise distinct and p; # p;- Then, according

to [Kell0O, Prop. 2.4 and Rk. 2.4], one has

(3.1) Q¥ = @kerpi(A) @ @ (ker pj(A) & ker p3(A)),
i=1 j=1

where

e for every i, j, ker p;(A) and ker p;(A) & ker pj(A) are orthogonal with respect to the
symplectic form,

o for i # i', kerp;(A) and ker p;(A) are orthogonal with respect to the symplectic
form,

o for j # j', kerpj(A) @ ker pj(A) and ker pj/(A) @ ker p},(A) are orthogonal with
respect to the symplectic form,

e for every 1 <j <s, ker pj(A) and ker pj(A) are isotropic spaces,
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e for every i, j, ker p;(A) and ker p;(A) & ker pj(A) are symplectic subspaces,
e for every i,j, kerp;(A), ker p;(A) and ker 0; (A) are irreducible subspaces for the
action of A.

Remark. If we denote by VOL“ the symplectic orthogonal of a linear subspace Vj, recall that
Vb is Lagrangian when VOL‘“ = V5. When 1 C VOL“ (resp. VOL“ C Vb), we say that Vj is
isotropic (resp. coisotropic). When VOL“ N Vo = {0}, the subspace is symplectic for w|y,.
In the following, we shall use the following convention, for every 1 < ¢ < r and for every
1<j<s,

(3.2) V; = kerpi(A), Wj = ker p;(A) @ker p;(A), W; = ker p;(A), and W; = ker pj(A).
By taking sums of the subspaces appearing in (3.2), we have a description of all the A-
invariant subspaces of Q??. We introduce the following sublattices:

A =VinZ T;:=W,nZ* T; =W;NZ** and T; =W, N2>
Their ranks are given by the dimension of V;, W;, Wj and W; respectively. Indeed, if we
start with a basis v1,...,v, of one of the subspaces V;, Wj, Wj or W; then there is an
integer N such that, for any ¢, Nv; is in the sublattice. This shows that A;, I';, fj, and f;

are lattices in the respective subspaces. In particular, I' := @, A; ® @ ; I'j has finite index
inside Z2¢. One has

Lemma 3.9. Let G be a subgroup of GL(2d,R). Then G N GL(2d,Z) has finite index in
G N GL(T).

Proof. Since the property of having finite index is stable under intersection with G, we can
without loss of generality assume that G = GL(2d,R). There is N € N such that NZ?¢ C T.
Let g € GL(T) then g=(T") C I'. Therefore, g acts on the finite space I'/NT so that there is
M € N such that g* is the identity on I'/NT. Hence, g*M = I + NX with X4 (I') CT.
It follows that
(g™ - D)(Z*) C X+ (T) CT C 2.

This implies ¢ € GL(Z?%). Since GL(I") is finitely generated (as it is isomorphic to
GL(2d,Z) by choosing a basis), the lemma follows. O

In particular, this lemma shows that Sp(2d,7Z) 4 has finite index in

(3.3) A ~ H Sp A\v X H Sp Alw

The group structure of Sp(A;) 4|, was already descrlbed in Theorem 3.6 as the characteristic
polynomial of Aly, is p; = p} which is irreducible. Hence, it remains to describe the group
structure of Sp(I';) 4),, - To that aim, observe first that the same argument as in the proof
J
of Lemma 3.9 shows that Sp(T" )A|W has finite index in Sp(T'; & T, )Alw.' Then it remains
J
to use the following two lemmas:

Lemma 3.10. Let A € Sp(W,w) with characteristic polynomial X i = pp* where p € Q[X]
irreducible and p # p*. Then there is an A-invariant Lagrangian subspace W < W such
that W ~ W x W' (with W" the dual space to W) and w((v,\), (w, 1)) = Mw) — p(v).
Moreover, Sp(W,w) ; ~ {Diag(B, (B~1)T) | B € GL(W )A| b~ GL(W) Al

w
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Remark. Under the assumption of this lemma, A has no eigenvalues of modulus 1. Indeed,
if p(9) = 0 for |#] = 1 then p(f) = 0 = p*(#~!) which would contradict the separability as
0=0"1.

Proof. We write 1 = rp+ sp*. Let v,0/ € W =: ker p(A). Then v = sp*(A)v and w(v,v') =
w(sp*(A),v") = w(v,s*p(A)v) = 0. Hence W C W, Since dimW = dim ker p*(A) =
sdim W we have W = W Letting W' = ker p*(A) we have W' = W and W =
W e W'. It follows that w’ — w(w’,-) defines an isomorphism J: W — W". For w € W
and A € W', we have w(J~1(\),w) = A(w). Hence, (W,w) is W x W' with the standard
symplectic form. Then clearly B € Sp(W,w) ; if and only if B is of the form Diag(B, (Eil)T)
for B € GL(W)A|W' O

Lemma 3.11. In the situation of Lemma 3.10 if T is a lattice in W and r is a lattice in
W and A € Sp(T@T") then Sp(T @ F*)A is a finite index subgroup of GL(F)A\W under
the isomorphism Sp(W,w) ; ~ GL(W)A|W-

Proof. As the isomorphism R: Sp(W,w); ~ GL(W) Al is given by restriction to W,
SpT T 4 is mapped into GL(T) Al Let us define the so-called colattice co(T) =
{A\e W™ | \(T) C Z}. Then for B = Diag(B, FﬁT) € Sp(W,w) ; with B € GL(T) we have
(E_l)T()\)(fy) = AB ") €Zfor A € co(T') and v € T. Hence, B € Sp(T & co(T)). It fol-
lows R(Sp(f@f*)A) C GL(T)AIW C R(Sp(T @ co(T)) 5). By applying again Lemma 3.9 we
find that Sp(T@T") ; has finite index in Sp(T @ co(T)) 5. This implies that R(Sp(T®T") ;)
has finite index in GL(T) Al O

As a consequence of this lemma and of the decomposition (3.3), we can deduce that
Sp(2d,7Z) 4 has finite index in a subgroup isomorphic to
T S
[ISp(20)ap, x [ CL(T)) 4y, -
i=1 j=1 ’
Combined with Theorems 3.4 and 3.6 and the fact that A|Wj has no eigenvalue of modulus
1, we infer the following structure theorem:

Theorem 3.12. Let A € Sp(2d,Z) with separable characteristic polynomial and suppose
that A has 2m(A) real eigenvalues and 41(A) eigenvalues in C\ (RUS'). Then, one has

Sp(2d, Z) 4 ~ F x z™AH(A)=1(4)

where F is a finite abelian group (consisting of matrices B with BIFl = 1) and 2I(A) is the
number of irreducible isotropic invariant subspaces of A in Q3.

4. REDUCIBILITY AND RIGIDITY OF ACTIONS ON TORI

In this section, we combine the constructions from the previous sections with a rigidity
result of Einsiedler and Lindenstrauss [EL03, EL22] in view of describing the regularity
of semiclassical measures. Along the way, we also review some material from rigidity of
Z"-actions on tori and describe criteria on the matrix A we started with where these results
apply. This allows us to prove Theorems 1.1 and 1.2 from the introduction and to state and
prove our main Theorem (Theorem 4.14) on semiclassical measures for joint eigenmodes.



16 GABRIEL RIVIERE AND LASSE L. WOLF

4.1. Preliminary conventions. Let m € N. We consider the action of GL(m,Z) on T™.
The following notion will be used in Theorem 4.2 below.

Definition 4.1 ([ELO03]). (i) The action of a subgroup A C GL(m,Z) on T™ is called
irreducible if every infinite A-invariant subgroup of T™ is dense.
(ii) The action is called totally irreducible if the action restricted to every finite index
subgroup is irreducible.
(iii) The action is called wvirtually cyclic if there exists go € A and A’ < A with finite
index such that, for every g € A’, one can find k € Z such that g = g&.

Observe that, if A is abelian and if the rank of A is > 2 then there is an injective group
morphism p : Z2 — A, and the action of A is not virtually cyclic. Indeed, otherwise, there
would exist go € A and A’ < A of finite index such that, for all ¢’ € A’, one has ¢’ = g}
for some k. Finite index would then ensure the existence of p € Z such that g? € A’ and
h? € A (where g = p(1,0) and h = p(0,1) are given by the group morphism). One would
have then g = g§ and h? = g}, for some k,l € Z. Hence, p(pl, —pk) = gP'h~P* = Id,,, which
would contradict the injectivity of p.

4.2. The irreducible case. The following theorem by Einsiedler and Lindenstrauss is the
key ingredient in our classification of semiclassical measures in the irreducible case.

Theorem 4.2 ([EL03, EL22]). Let A < GL(m,Z) be a totally irreducible abelian subgroup’
of rank > 2. Let u be an ergodic measure on T™ for the action of A. Then either u is the
Lebesgue measure or hxs(u, B) =0 for all B € A.

Remark. We remark that the original version is more general since it allows solenoids in-
stead of T™, non-faithful actions of Z", as well as non-irreducible actions (see below). In
these references, the authors made the “not virtually cyclic” assumption. Here, this is
automatically satisfied as we supposed that the abelian subgroup A has rank > 2 and we
consider the natural action of GL(m,Z) on T™ which is faithful.

When applied to semiclassical measures, this theorem combined with Corollary 2.2 directly
yields:

Corollary 4.3. Let A < Sp(2d,Z) be an abelian subgroup which is quantizable and totally
irreducible with rank > 2. Then, for any p € Ps.(A), one has

p = aLebpaa +(1 — a)v,
where hgs(v,v) = 0 for every v € A and where

> Neo(4) MAX {log Al — X+T('Y), 0}

o> max )
T yeAiL(7)>0 2 reo(y) max {log [A[, 0}

with eigenvalues counted with multiplicity.

Proof. We write the ergodic decomposition of u with respect to the action of A, i.e. p =
J¢ edr(e) where e runs over the set £ of A-ergodic measures. From Theorem 4.2, e is either
the Lebesgue measure or has zero entropy for every v in A. So that we can decompose
i = aLebyaa +(1 — a)v where v has zero entropy for every v € A. Applying Corollary 2.2
concludes the proof. O

"We note that A is finitely generated by [Seg83, Cor. 2.1].
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We are now left with finding conditions ensuring that a quantizable action is totally irre-
ducible with rank > 2. To that aim, we state the following lemma.

Lemma 4.4. (i) Let A € GL(m,Z). The closed connected A-invariant subgroups of
T™ are in one to one correspondence with the A-invariant subspaces of Q™. The
correspondence is as follows: given a closed connected A-invariant subgroup T of
T™, its tangent space is V(1) @ R where V(T') is the corresponding A-invariant
subspace of Q™.

(ii) For A € GL(m,Z) the only A-invariant subspaces of Q™ are {0} and Q™ if and
only if A has irreducible characteristic polynomial over Q.

(iii) If A € GL(m,Z) has separable characteristic polynomial and A < GL(m,Z) is an
abelian subgroup containing A, then A is irreducible if and only if A has irreducible
characteristic polynomial.

We note that in (iii) the possible A are subgroups of GL(m,Z)4. More precisely, if A <
GL(m,Z) is abelian and A € A, then A C GL(m,Z) 4. Hence, (iii) can be applied to any
abelian A < GL(m,Z) that contains some matrix with separable characteristic polynomial.

Remark. The case of invariant subsets instead of subgroups of T™ is characterized in [Ber83)].
In this case one needs two more conditions for the absence infinite invariant closed subsets.
In particular, one has to make assumptions on the eigenvalues and one needs higher rank.

Proof. The arguments we give are similar to [DJ24, Lemma 4.3] (see also [KAO24, App.]).
For (i) let T < T™ be a connected closed A-invariant subgroup of T™. Then T is a Lie
subgroup with Lie algebra t < R which is A-invariant. The exponential map of T™ is just
the quotient map 7w. The exponential map for T is its restriction and is surjective since
T is connected and abelian. Hence, T' = 7w(t) = (t + Z™)/Z™ ~ t/(t N Z™). Since T is
compact, t N Z™ is a cocompact lattice in t. As T (and thus t) is A-invariant, we obtain
that V :=tN Q™ is an A-invariant subspace of Q™.

Conversely, if V< Q™ is an A-invariant subspace then 7(V ® R) is a connected A-invariant
subgroup of T™. It is also closed as V' is contained in Q™. Indeed, by Lemma 4.5 below
we choose a complement W of V' in Q™ such that Z™ = (V. NZ™) + (W NZ™). If now
m(xq) — m(x) with (z4)g>1 € V ® R and € R™ then there are (24)4>1 € Z™ such that
Tgt+zg =z Butz =v4+we (VROR)S(WRR) and z; = vg+w, € (VNZ™)+(WNZ™).
Therefore, wy - w € Z™ and w(x) = 7(v) € 7(V ® R). The two constructions are clearly
inverse to each other.

We now turn to the proof of the next items and we regard Q™ as Q[X]-module where
X -v = Av. Then, by the structure theorem for finitely generated modules over principal
ideal domains and the Chinese remainder theorem, one has Q™ = @'_, P, X/ (p")
where p; are irreducible and pairwise distinct and v;1 <v;2 <--- < v ;. One has

L m,

_ 2= Vi

XA = Hpi .
=1

The A-invariant subspaces of Q™ are precisely Q[X]-submodules. By Bézout’s identity, one
finds

V= DXy () = {v e Q" |57 (=0}
7j=1

Moreover, using again Bézout’s identity, each Q[X]-submodule is a direct sum of submodules
of V;. For an irreducible p, the submodules of Q[X]/(p"”) are precisely the ones generated
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by 1,p,p?,...,p". Hence in order to have no submodules at all we must have [ =1, m; = 1,
and v;1 = 1, i.e. Q™ = Q[X]/(p) with p irreducible. This is equivalent to saying that x4 is
irreducible over Q and (ii) is proved. For (iii) we observe that by Lemma 3.2 the A-invariant
subspaces and the A-invariant subspaces coincide. The claim follows by (ii). O

Lemma 4.5. Let V < Q" be a subspace. Then there exists a complement W of V in Q™
such that Z™ = (V. NZ™) + (W NZ™).

Proof. The sublattice V N Z™ is a subgroup of the free abelian group Z™. Hence there is
a basis v1,...,v, of Z™, k € N, and dy,...,d; € Z such that dyvy,...,dgvg is a basis of
VNZ™ (see e.g. [Art91, Thm. 4.11]) and thus vy,...,v; is a basis of V N Z™). Indeed,
fori=1,...k, djv; € V implies v; € V NZ™. It follows that there are a; ; € Z such that
v; = Z?:l a; jdjvj. This implies a;;d; = 1 and therefore d; = 1.

We also observe that V' = (v1,...,v;)q as for every v € V there is N € Z with Nv € Z™.
The subspace W := (Ug41,...,Um)q is then a complement of V' and we find that Z™ =
Vnzm™) +(Wnzm). O

In order to deal with finite index subgroups we formulate the following lemma.

Lemma 4.6. Let A € GL(m, Q) with separable characteristic polynomial x o. Then X 4x is
separable for all k € N if and only if no quotient of eigenvalues is a root of unity, If \/u
for two eigenvalues X\, i of A is a root of unity, then (\/u)N = 1 for some N € N with
©(N) < m? where ¢ is Euler’s totient function.

Here and after, eigenvalues are considered with their multiplicity. In particular, if no quo-
tient of eigenvalues is a root of unity, all eigenvalues of A are distinct (which is exactly
asking the characteristic polynomial to be separable).

Remark. If x4 is irreducible and no ratio of eigenvalues of A is a root of unity, then y 4«
is irreducible for all k& € N. Using Lemma 3.2, one has that A is of the form P(A¥) with
P € Q[X]. So each AF-invariant subspace is A-invariant and we can use Lemma 4.4.

Proof. Let xa = [[(X — A\;) with \; € C. Then x4« = [[(X — A¥) € Q[X]. By assumption
\; # Aj for i # j and we have to show that ¥ # )\g? for i # j, i.e. (A\;/\;)* # 1. This is the
assumption of the lemma.

If A\, o are eigenvalues and A/ is a primitive N-th root of unity then

©(N) = [Q[\p]: Q] < [Q[, u]: Q] < [Q[N]: Q- [Q[n]: Q] = m?. 0

Remark. o If 0(A) C Ry then \/u € Ry for all eigenvalues A and p. Hence this ratio
cannot be a non-trivial root of unity.
e ¢o(N) — oo for N — oo. Therefore, we only have to check finitely many powers to
apply the above lemma. More precisely, ¢(N) > lf)vgl(%]\% for N > 2. We refer to
[Rib88, Ch. 4.1.C] and [RS62, Thm. 15] for this and more explicit lower bounds.

As a corollary of Lemma 4.4, we directly obtain the following statement.

Corollary 4.7. Let A € GL(m,Z) such that no ratio of eigenvalues is a root of unity.
An abelian subgroup A < GL(m,Z) containing A is totally irreducible if and only if x4 is
irreductble.

Proof. If A is totally irreducible, then A must be irreducible so that by Lemma 4.4 x4 is
irreducible.
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Conversely, let x4 be irreducible and, using Lemma 4.4, let V be subspace of Q™ invariant
under some finite index subgroup A’ of A. There is some k € N such that A* € A’. By
Lemma 4.6 x4« is separable and thus x4« is the minimal polynomial of A¥. It follows
from Lemma 3.2 that A is a rational polynomial in A*. Therefore, V is A-invariant. By
Lemma 4.4 V is {0} or Q™. O

We are now ready to prove Theorem 1.1 from the introduction.

Proof of Theorem 1.1. We assumed that x 4 is irreducible and no ratio of eigenvalues is root
of unity. Hence, by Corollary 4.7 any abelian subgroup of Sp(2d,Z) containing A is totally
irreducible. We also assumed that m(A) + [(A) > 2. By Theorem 3.6 and Corollary 3.8
there is, for any € > 0, B. € Sp(2d,Z) 4 such that

max{log |A|,0}

VA€ o(B:), € 0,e]Ul —¢,1
(B, RS Ul =)
and (A, B:) has rank 2. We now apply Corollary 3.8 to a quantizable finite index subgroup
of (A, B.) to obtain Theorem 1.1. O

4.3. The general case. In case the irreducibility of the characteristic polynomial does not
hold, we saw that the abelian subgroup is not irreducible. Yet, Einsiedler and Lindenstrauss
showed that one can still describe A-ergodic measures in that case. To state this result in
a concise form, we introduce the following definition.

Definition 4.8. Let A < GL(m,Z) be an abelian subgroup. Let T' < T™ be a closed and
connected A-invariant subgroup®. We say that a A-invariant probability measure p is an
(T, A)-admissible measure if it is also T-invariant” and if the induced measure on T™ /T has
zero Kolmogorov-Sinai entropy for every B € A.

Note that, for T'= {0}, (T, A)-admissible measures are just A-invariant measures with zero
entropy, whereas for T = T™ the only (7, A)-admissible measure is the Lebesgue measure
on T™. With this convention at hand, we can formulate the rigidity theorem as follows:

Theorem 4.9 ([EL03, EL22]). Let A be an abelian subgroup of GL(m,Z) (of rank r > 2)
that has no virtually cyclic factors. Let i be a A-ergodic measure on T™. Then, there exist
AN < A of finite index and A -invariant closed connected subgroups T4, ..., Ty < T™ such
that

p=qp it ),

where each pj is a A'-ergodic measure which is (Tj, A')-admissible and where
Vy e, vpj = and y(Tj) =T;  for some i.

Given A < GL(m,Z) and T < T™ a connected closed A-invariant subgroup distinct from
T™, recall that a factor of A is the induced action of A on T™/T.

Remark. The formulation in [EL22] does not assume connectedness for the (Tj)1<;j<m. Yet,
we can assume all the T} to be connected in this theorem. Indeed, if not all the T were
connected, we could proceed as follows. Since (1) = T, we must have v(717) C T} for
all v € A where we denote by T° the connected component of the neutral element. It
follows that v(7}) = T;. Moreover, u; is T;-invariant, and 7} is a A’-invariant closed and

8Recall from Lemma 4.4 that this corresponds to a A-invariant subspace of Q™.
gHence, the induced measure on 7T is the Haar measure.
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connected subgroup. Observe now that 77 has finite index in 7} so that T™/T7 — T™ /T
is a finite cover. Therefore, hKS(/L'H‘m/Ty_O,"}/) = hKS(MTm/Tj,’Y) =0 for all v € A’. In other
words, p; is (T}, A’)-admissible. '

When combined with Theorem 2.1, this theorem provides conditions on semiclassical mea-
sures for quantizable actions with no virtually cyclic factors. Recall indeed from the proof
of Lemma 4.4 that, for a closed and connected A’-invariant subgroup 7' < T™, one can find
a A-invariant subspace V(T') of Q™ such that the tangent space to T is given by V(T) @ R.
One has also [Wal82, Th. 8.15]

(4.1) Vy e A, hgs(mr,y) = Z max {log |A|,0},
Aeo(Ylv(ry)
where my is the Haar measure on T. Thanks to the facts that hxs(uj,7) = hks(mz;,)

and that the Kolmogorov-Sinai entropy is an affine function, one finds that the entropy of
the measure p in the above Theorem is given by

Vye N, hxs(p,”) Z > max{log|A[,0}.

J 1 AESP(Ylv (1))

Hence, as A’ has finite index, one has that, for every v € A, one has ”y[A:M € A. The
previous equality translates into

Vye A, hxs(u,7) = Z Z max {log |A|,0} .
J=1 xea(y14 |V(Tj))

Together with Theorem 2.1, this provides constraints on the allowed semiclassical measures
as any A-invariant measure can be decomposed as a convex sum of A-ergodic measures:

-

where £ is the set of A-ergodic measures. The fact that entropy is affine implies that

Vye A, hks(p, )—/th e,v)dr(e /M Z Z max {log |A|,0} d7(e),

J=lxea (vt helly (1))

which can be compared with the lower bound in Theorem 2.1. Observe that these constraints
are not so easy to exploit in general due to the fact that it involves a finite index subgroup
A that depends on the ergodic component e € £.

Motivated by the previous discussion, we can make the following definition that will provide
simple settings to apply this theorem. We will give in §4.4 below two simple (and nontrivial)
examples with this property.

Definition 4.10. We call a subgroup A < GL(m,Z) tame if there are at most finitely many
closed connected A-invariant subgroups of T™ and each closed connected subgroup of T
invariant by a finite index subgroup of A is already invariant by A.

Remark. When A € Sp(2d, Z), recall from the decomposition (3.1) that, as soon as x 4 is sep-
arable, T?? has finitely many closed connected A-invariant subgroups thanks to Lemma 4.4.

Theorem 4.9 now reads as follows for tame subgroups.
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Corollary 4.11. Let A < GL(m,Z) be a tame abelian subgroup with closed connected
wwvariant subgroups 11, ..., Ty < T™ and with no virtually cyclic factors.
Then, for any A-ergodic measure p, one can find 1 <1 < ¢ such that p is (1}, A)-admissible.

Proof. Using Theorem 4.9 there is a finite index subgroup A’ < A and A’-invariant closed
connected subgroups T, ..., Ty < T™ such that p = ﬁ(m + -+~ ), where, for each
j=1...,M, p; is N-ergodic, (Tj,A’)—admissible and for any « € A there is ¢ such that
Vet = i as well as ’y(T]) = T;. Each T} is A-invariant as it is A’-invariant and A is tame.
Hence, each T; is some Tj. Let pg, = n% Di: Toery M With my = #{i | T, = T;}. Then ur,
is a A-invariant probability measure as v € A permutes the summands of p7,. Moreover,
pr, is (17, A')-admissible as a sum of (77, A’)-admissible measures. Since A’ has finite index
in A and 7 is A-invariant, pg; is (17, A)-admissible. Moreover, u = >, 7 u7,. Since p is
A-ergodic and p7, is A-invariant, we infer that p = pur, for some . 0

In the setting of Corollary 4.11, any A-invariant measure p can be decomposed as

l
p=> ayu,
=1

where Zle a; = 1 and where each yy is an (77, A)-admissible measure. The entropy can
then be written as

y4
(4.2) hrs(on) =3 S max{log|A,0}, €A,
=1 AGU(’Y|V(TZ))

which can be more easily compared with the lower bound in Theorem 2.1. Recall that one
of the T; is reduced to {0} in view of allowing zero entropy measures (like the one carried
by the neutral element of T™).

Regarding semiclassical measures, we obtain the following analogue of Corollary 4.3 as a
direct consequence of Theorem 2.1 and (4.2).

Corollary 4.12. Let A < Sp(2d,Z) be an abelian subgroup which is quantizable and tame
and which has no virtually cyclic factors. Let Ty, ..., Ty be the closed connected subgroups
of T?A. Then, for any i € Ps(A), one has

¢ l
w= Zalﬂl with Zal =1,
=1 I=1

where each py is (T}, A)-admissible and where, for any v € A,

l
Zal Z max {log [A|,0} | > Z max{log)\]_xgmj()}.
=1

Aea(Vlv (1)) Aeo(y)

Observe that, if without loss of generality Ty = 1 then a1 + -+ + ay_1 > 0. The following
lemma ensuring tameness can be viewed as the analogue of Corollary 4.7 for the reducible
case.

Lemma 4.13. Let A € GL(m,Z) such that no ratio of eigenvalues is a root of unity. Then,
any abelian subgroup A < GL(m,Z) containing some power of A is tame. More precisely,
the closed connected A-invariant subgroups correspond to direct sums of ker p;(A) where
pi € Z[X] are the irreducible factors of xa.



22 GABRIEL RIVIERE AND LASSE L. WOLF

Proof. As in the proof of Corollary 4.7, each subspace invariant under a finite index subgroup
of A is already A”-invariant for some power N. But, as y 4~ is separable, by Lemma 4.6,
such a subspace is A-invariant by Lemma 3.2. Hence, we only have to determine the A-
invariant subspaces in Q™. We use again the structure theorem for the Q[X]-module Q™
to see that Q" ~ @, Q[X]/(p;) where p; € Z[X] are the irreducible factors of y4. The
invariant submodules are direct sums of the Q[X]/(p;) ~ kerp;(A). Hence there are only
finitely many. O

We are now ready to state our main theorem in the reducible case.

Theorem 4.14. Let A € Sp(2d,Z) such that no ratio of eigenvalues is a root of unity. Let

xa = [licipilli=1 pir}, Vi, Wi, W as in (3.2). Assume that, for every 1 < i < r and
1<j<s,

(43) m(Al) + U(Alv) > 2 and m(Alw,) + (Alw,) > 3
Then, for any p € Psc(N), with A < Sp(2d,Z)4 quantizable and of finite index, one has

W= Z arpr  with Z ar =1,

IC{Vi,W; W} IC{V;,W; W}

where each py is (T1,Sp(2d, Z) a)-admissible where Ty = @y, U OR/(Z* NPy, U ®R)
and where,

ZOZIZl/? and Z 041-1-% Z ar —I-% Z ay 2%

Viel W, W€l WelW; ¢l W¢l W el
for any choice of V; and W ;.

Note also that, for a given j, the assumption m(Alw,) + I(Alw,) > 3 is satisfied as soon as
dim W; > 5 (recall that separability implies that p; does not cancel on S').

Proof. Using Corollary 4.12 and Lemma 4.13 we only have to justify assumption of having
no virtually cyclic factors and the resulting bounds on «. For both we can without loss of
generality assume that A = Sp(2d,Z) 4.

For the prior, we consider the induced action preap of Sp(2d,Z) 4 on the factor T?4/T. Let
V < Q2@ the A-invariant subspace corresponding to 7" and W an A-invariant complement
of V. Such a complement exists as V' is the direct sum of some Vi,Wj,W; and W is chosen
as the sum of the remaining ones. Let cl(IW) denote the smallest A-invariant symplectic
subspace of Q2 containing W, i.e. cl(W) is obtained from W by adding all W; if W; C
W and W if W;k C W. We then consider the action ppea/p restricted to the subgroup
Sp(cl(W) N ZQd)A|C1<W>
we can combine the eigenvalue assumption (4.3) together with Theorem 3.12. This implies
that prea/p(Sp(cl(W) N 7.24) Al Das rank > 2 and is therefore not virtually cyclic.

In order to prove injectivity, we start by observing T?¢/T = R??/(V ® R + Z>?). By
Lemma 4.5 we can choose a complement W’ in Q2% of V such that Z2¢ = (V NZ%%) ¢ (W'N
7%4). Then VeR+Z% = VaR+W'NZ2*? and VRRNW’'NZ24 = {0}. Assume now that one
has B € Sp(cl(W)NZ*®) 5, With preap(B) = Idgea/p. Then h: z € R* s Br—z € R*"
is linear and it has values in V @R+ (W’ ﬂZQd). Therefore, if we denote by pr the projection

of Sp(2d, Z) o. If praa ;7 restricted to this subgroup is injective, then
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24— (VeR)® (W oR) - W @R, then proh: R?? — W’ @R is linear and has values
in W’ N 7% and we infer that it must vanish. Consequently, h(R*!) C V ® R and also
h(Q?¥) C V. This implies By = Id and since B is symplectic we also have B laiwy = 1 by
Lemma 3.10. This proves injectivity and the above discussion shows that the action has no
virtually cyclic factors.

For the bounds on a, recall that Sp(2d,Z) 4 has finite index in

(4.4) HSP i)Aly, X [T6LT))a, .

with the conventions of §3.4. In particular, recall that here Hs-_ Sp(T; @f;) Aly. is identified
J

with a subgroup of [[}_, GL(T;)a Al though the map B — (B, (E_l)T).
We first deal with the case of an 1nvar1ant symplectic subspace V;. Let 0 < ¢ < 1/2. By
Corollary 3.8, there is B; € Sp(4;) 4., such that, for every A € o(B;),

max{log|A[,0}

X+(Bi)

For all the factors in (4.4) different from V;, we pick the matrix to be the identity. This
yields a matrix B on the product space and, thanks to finite index, we can find some N > 1

such that BY belongs to A. Applying the bound on « from Corollary 4.12 (for v = BY)
turns into

e [0,e] UL —e,1].

Zal Z max{log |\[,0} | > Z max{log])\|—x+(23i),0}.

Viel )\GO’(BZ) )\GO'(BZ)

It follows that Z% cr O 2 % — Ce, where C depends only on dim V;. As this is valid for
any € > (0, we get the expected lower bound.

For the other bound, consider W; < W,. Applying Corollary 3.5 instead of Corollary 3.8,
we find some B € A acting trivially on all other V; and W), and such that

| log [\l
(4.5) VA € o(Blg,). max{x+ (Blyy,). x+ (Bl+)}

We also observe that o(Blg+) = {A"1: X e U(B]Wj)} and thus
J

€ [0,e] UL — e, 1].

1
3 Z max{log |A,0} = Z max{log|A[,0} = Z max{log |\, 0}.

Aea(Blw,) Aeo(Blyy,) Aeo(Bly+)

We also remark that x(Blw,) = maX{X+<B’Wj)’X+(B‘Wf)}. The lower bound from
J
Corollary 4.12 yields

Z Oq—i—% Z Oq—i—% Z ar Z max{log |\|,0}

W, Wiel W,el W, ¢l WigI,W:el A€o (Blw;)

3 max{log|)\| x+(B ’WJ) 0}.

A€o (Blw;)

v
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Combined with (4.5), this yields a lower bound of size % — Ce where C > 0 depends only on
the dimension of W;. As this valid for any € > 0, we obtain the expected lower bound. [J

Remark. As in the irreducible case (Theorem 1.1), we could have picked in each symplectic
factor one matrix B, and considered the subgroup generated by them to obtain a version
similar to Theorem 1.1. See for instance Theorem 1.2 for such a formulation in the case
where 7 =0 and s = 1.

4.4. Examples in the reducible case. Let us give two examples to illustrate the use of
Theorem 4.14.

4.4.1. Ezxample with Lagrangian invariant subspaces. Let A € Sp(2d,7Z) with characteristic
polynomial x4 = pp*, p € Z[X] irreducible and p # p*. By Lemma 3.10 and without loss
of generality, A = Diag(A’, A’~T) with x4 = p. The assumption p # p* means that A’ is
not itself symplectic with respect to some symplectic form on Q%. Let us also assume that
ker p(A) N Z2? + ker p*(A) N Z2? = 7Z2? so that A’ € GL(d,Z). In general this holds up to
finite index. The assumption that no ratio of eigenvalues of A is a root of unity transforms
to no ratio and no product of eigenvalues of A’ is a root of unity. The invariant subtori are
0,T" x 0,0 x T™, T?". If we assume m(A) + I(A) > 3, i.e. #(Sp(4') NR) + $#(Sp(A") N
(C\R)) > 3, we obtain that for every p € Psc(A), where A < Sp(2d,Z) 4 is quantizable and
has finite index, we have

@ = a Lebpaad +ag Lebrd ®vo + a1 ® Lebpa +aprp

with @ 4+ ag + a1 + ag = 1 and, for any B’ € GL(d,Z)a, hks(v2, BT) = hxs(v1, B) =
hks(vo, Diag(B’, B'~T)) = 0. The bound on « rephrases to

(4.6) a+ %al + %O&g > %

4.4.2. Ezxample with symplectic invariant subspaces. In this second example, we consider the
product situation. We consider the symplectic form w on R?¥17242 given by the symplectic
product structure. For i = 1,2, we let A; € Sp(2d;, Z) with irreducible distinct characteristic
polynomial. Then A := Diag(A;, Aa) € Sp(2d;1+2ds, Z) has separable characteristic polyno-
mial x4, X4,. The closed connected A-invariant subgroups are 0, 0 x T2d2 T2d1 5, T2d1+2d2
Again we assume that no ratio of eigenvalues of A is a root of unity. In addition to that
we assume m(A4;) + 1(A;) > 2 for both i = 1,2. Then we obtain that, for every u € Pg(A),
where A < Sp(2d; + 2d3,Z) 4 is quantizable and has finite index, we have

p = aLebpad 124, +a Lebya, ®va + aqvy ® Lebqga, +agrg
with o + a2 + a1 + ap = 1 and, for any B; € Sp(2d;,Z)4,, hxs(v2, B2) = hxs(vi, B1) =
hks(vo, Diag(Bi, B2)) = 0. The bound on « rephrases to

1
a+ai2§ for 1=1,2.

5. THE GALOIS CONDITION IN Sp(2d,Z) AND SOME EXAMPLES

In this section, we recall a criterion for the irreducibility of the characteristic polynomials
in Sp(2d,Z) due to Anderson and Oliver [KAO24, Appendix B] which will also imply that
no ratio of eigenvalues is a root of unity.
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5.1. A criterion for irreducibility and separability. If x is the characteristic poly-
nomial of some element in Sp(2d,Z) then x is palindromic or reciprocal, i.e. the coeffi-
cients of y = Z?io a; X" satisfy a; = agq_; for all i. As a consequence, the roots are
of the form Aq,.. .,/\d,/\l_l7 .. ,)\;1. Every field automorphism o € Gal(x) must send
)\;1 to o(\;)~!. This shows that the Galois group preserves the set of unordered pairs
{1, )\fl}, ces s )\;1}. The wreath product S5 .5y is defined as the subgroup of Ssgq pre-
serving this set of unordered pairs so that Gal(y) < S21.S;. Hence, the largest possible
Galois group is So ! Sy meaning |Gal(x)| < |S21Sg| = 2%d!. We say that A € Sp(2d,Z) or x
satisfies the Galois condition if

(G) |Gal(y)| = 2%d!.

Remark. If (G) holds for a palindromic polynomial y with coefficients in Z, then x is
irreducible over Q (thus over Z if ap = 1). Indeed, let )\fl,...,)\fl be the roots of y.
Then [Q(A;): Q] < 2d since x is a polynomial over Q such that x(\;) = 0. But then
W))?—AZI) € Q(X\i)[X] is of degree 2(d — 1) and annihilates Aj, i # j. Therefore,
[Q(Ni, Aj): Q(N)] < 2(d —1). Inductively,

[Q()‘a(l)a ce 7)‘0(7")) : Q()\g(l)7 ce )\J(T_l))] < Q(d —r 4+ 1),
for o € Sy. In particular, since for Z = Q(A1,...,\q),

[Z: Q] = [Q(/\l, ey )\d): @(}\1, ceey Adfl)] tee [Q(Al, )\2): Q(/\l)] . [Q(/\l) Q] S 2dd'
Hence under the assumptions of the lemma, all estimates are actually equalities. In particu-
lar [Q[X\;]: Q] = 2d for every 1 < i < d so that x is irreducible. Yet, it is worth noticing that
x may be irreducible without (C) being satisfied. For instance, y = X4+ X34+ X2+ X +1
is irreducible with Galois group equal to (Z/5Z)*.

The following lemma guarantees the applicability of Theorem 1.1 if additionally m(A) +
[(A) > 2 holds.

Lemma 5.1 ([KAO24, Lemma B.2]). Let d > 2. If A € Sp(2d,7Z) satisfies (G), then x4 is
irreducible and no ratio of eigenvalues of A is a root of unity.

Proof. The latter statement is equivalent to x 4x being separable for all £k € N by Lemma 4.6.
In [KAO24, Lemma B.2] it is shown that if A satisfies (G) then y 4 is not only separable

but even irreducible for all £ € N. O
Remark. We note that (G) does not imply I(A) +m(A) > 2

0 0 10

0 0 01

-1 0 01

0 -1 1 2

has characteristic polynomial 24 — 222 4+ 22 — 22 + 1 which has two real roots and two
roots on the unit circle and has Galois group Sy ¢ .Sy [DJ24, App. A]. We also note that,
inside the set of all palindromic polynomials, this is quite common. More precisely, if

f(x) = ap + -+ + ag,x®® with a, = ag,_x € R and |ag| > |an\cos<[ ]

T +2) for some
n—k
k=0,...,n—1, then f has a root on the unit circle [KMO04].

In view of Example 4.4.1 we also formulate the following lemma.
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Lemma 5.2. If A’ € GL(d,Z), d > 3, satisfies Gal(xa/) = Sy then A := Diag(A’, A""T) €
Sp(2d, Z) has separable characteristic polynomial x aX’, with both factors being irreducible
and no ratio of eigenvalues of A is a root of unity. If d = 2 and in addition x 4 is neither
X241, X2+ X +1, nor X?> — X +1 then the same conclusion holds.

Proof. The arguments are similar to the one of [KAO24, Lemma B.2]. Let \; be the roots
of xar and Z := Q[\,..., Ag] be the splitting field of x 4. One has

d d

i=1 =1
by the same argument as for (G). In particular, Q[);] has degree d over Q. This implies
that x - is irreducible. It follows easily that x%, = x4-1 = xa/—7 is irreducible as well.
The lemma will be proved if \; # /\j_1 for any 4,5 (separability property) and AN # )\é-v
for i # j for any N (not root of unity property). If \; = )\i_l then A\? = 1 and therefore
x| X% — 1 by irreducibility. Then Z = Q contradicting [Z : Q] = |S4| = d!.
Let us therefore assume that AN € Q[)\;] for some j # i. Then AN € Q[\] N Q[)\,;]. By
the Galois correspondence Q[\;] = Z% = {z € Z | o(z) = Vo € G;} with G; = {0 €
Sa | o(Ni) = Ni}. The field Q[N;] N Q[A;] is the fixed field of the subgroup generated
by G; and G;. Since G; ~ S;-1 and G; contains some element not fixing A\; we have
Q] N Q] = Z% = Q. Hence, AV € Q. Moreover, AV is a root of x4~ € Z[X] which
is monic forcing )\ZN € Z. Indeed, if /\fV = p/q (with p and ¢ coprime), then ¢ divides p*?
and thus ¢ = £1. The same holds true for /\i_N so that AN = £1 and A\? = 1. As before,
as A; is a root of unity, x4/ is a cyclotomic polynomial and Gal(x 4s) is abelian. This is a
contradiction if d > 3. The cyclotomic polynomials of degree 2 are the three listed ones. [

5.2. Finding examples satisfying (G) and the eigenvalue condition. We now de-
scribe a method of generating A € Sp(2d,Z) with the required properties for Theorem 1.1.
By Lemma 5.1, (G) and m(A) 4+ 1(A) > 2 is sufficient. We start with the following result:

Theorem 5.3 ([KAO24, Thm. B.1]). For any d > 2 the matrices in Sp(2d,Z) with (G)
have density one in Sp(2d,Z) (when ordered by some norm on M(2d,R)).

Below we will present a method to produce a matrix in Sp(2d, Z) with (G) and m(A)+I(A4) >
2 out of a matrix of Sp(2d, Z) satisfying (only) (G). Since both assumptions only depend on
the characteristic polynomial, the following result reduces the problem to finding suitable
polynomials thanks to the next result.

Theorem 5.4 ([Kir69, Riv08, Thm. A.1]). Let f € Z[X] be a monic palindromic polynomial.
Then there is A € Sp(2d,Z) with characteristic polynomial f.

The following two statements can be used to ensure (G). The first one is a classical method
to determine the Galois group.

Lemma 5.5 ([Isa93, Thm. 28.23]). Let f € Z[X] be monic irreducible over Q. For
di,...,d; € N the following two statements are equivalent:
(i) Gal(f) contains a permutation (of the zeros of f) which is a disjoint product of
cycles of length dy, ..., d;.
(ii) There is a prime p such that f = f1--- f;, for some irreducible f; € Fp[X], f is
separable, and deg f; = d;, where f denotes the reduction of f modulo p.
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Lemma 5.6 ([DDS98, Lemma 2|). If f € Z[X] is monic and palindromic, and Gal(f)
contains a 2-cycle, a 4-cycle, a (2d — 2)-cycle, and a 2d-cycle then f satisfies (G).

With these lemmas at hand, we assume d > 4 so that 2d # 4 # 2d — 2 (the adjustments
for d = 2,3 are obvious). If f is the characteristic polynomial of some matrix satisfying
(G) (which have density one by Theorem 5.3), then Gal(f) contains a 2-cycle, a 4-cycle,
a (2d — 2)-cycle and a 2d-cycle and we can take the primes pa, p4, pag—2 and pyg given by
Lemma 5.5 and corresponding respectively to these cycles in Gal(f). We observe that any
polynomial f that agrees with f modulo the primes pa, ps, pag—2, and pag also satisfies (G)
by Lemma 5.5 and Lemma 5.6. By the Chinese remainder theorem such f is unique mod
Papapad—ap2q. We will choose a suitable f to ensure the eigenvalue condition.

To obtain a polynomial satisfying (G) and the eigenvalue condition, we now set fi =
f + kpapapod—op2aX®, k € Z, which is still monic and palindromic. As explained above,
fx satisfies (G). We now define g € Z[X] by X% (X + X~') = f. Obviously, gr =
g + kpapapad—_opoq satisfies X%g(X + X 1) = f. Pairs of roots {a,a'} of f; correspond
to roots of gy via {a,a"!} — a + a~!. Moreover, pairs of roots of f; on S! correspond to
roots of g in the interval [—2, 2] (see [KM04, Lemma 1]). Since g([—2,2]) is a bounded set,
gk = g + kpapapaq_opaq has no roots in [—2,2] for |k| > 1. Hence f;, has no roots in S* for
|k| > 1. If d = 2 then g, is a quadratic polynomial which has two real roots outside [—2, 2]
for k < —1. Hence fj has 4 real roots for k < —1.

We conclude that A € Sp(2d, Z) with characteristic polynomial fy for |k| > 1 (resp. k <« —1
if d = 2) satisfies (G) and m(A) + 21(A) = d (resp. m(A) = 2 if d = 2). In both cases
m(A)+I(A) > 2. The existence of A with such a characteristic polynomial is finally provided
by Theorem 5.4.

Remark. In the above construction, instead of starting with a characteristic polynomial
satisfying (G) we could also choose the reductions of f modulo the primes directly. More
precisely, let P35°(Fp, (7)) be the set of monic palindromic polynomials of degree 2d over F),
consisting of polynomials factoring as an irreducible polynomial of degree i times a product
of 2d — i distinct linear polynomials (see [KAO24, Appendix B]). By [KAO24, Lemma B.4]

for any integer 1 < k < n we have

rec . — 1 d d—1
#PQd (Fpﬂ (2k)) - 2d_k+1 K :IC . (d - k)'p + O(p )

so that P35¢(Fp; (2k)) is non-empty for almost all primes p.

Let us now pick distinct primes pa, pa, p2aq—2,p2q and ¢; € PyF(Fy,; (7)) for i € {2,4,2d —
2,2d}. Let f € Z[X] be monic and palindromic such that the reduction modulo the primes
p; gives q;. We are now in the same situation as if f was the characteristic polynomial of a
matrix in Sp(2d,Z) satisfying (G).

Example 5.7. The matrix

0 0 1 O
0 0 0 1
A= -1 0 -3 3
0 -1 3 4

has characteristic polynomial y4 = X — X3 —19X2 — X + 1 and eigenvalues 4.9059. ..
and —3.850... as well as their inverses. In particular, m(A) = 2. The polynomial g =

X?2— X —21 satisfies g(X +1/X) X2 = x4 and has two real roots % lying outside [—2, 2].



28 GABRIEL RIVIERE AND LASSE L. WOLF

X4 isirreducible mod 2 and splits into (X —3)(X —5)(X?+1) mod 7. Hence |Gal(x4)| = 8
by Lemma 5.5 and 5.6, i.e. A satisfies (G). By Theorem 3.6 Sp(4,Z)4 = {+I} x Z%. Let

1 =27 45 114
| —2r -2 114 311 | s )
B=| Tt 114 o0z seq | =947 +2047 214431

—114 —-311 564 1524

Clearly, AB = BA and one checks B € Sp(4,Z) and B has characteristic polynomial
xB = X*—1671X3+17191X2%2 —1671X +1. We observe x4 = xp = X*+ X3+ X2+ X +1
mod 2 but x4 Z xp = X +2X? +6X2+2X +1= (X —3)(X —5)(X2+3X +1) mod 7
so they define the same cycle type mod 2 and mod 7. Diagonalizing A with a matrix
S € Sp(4,R) gives

S~1AS = Diag(—3.8500...,4.9059...,(—3.8500...)"%, (4.9059) 1)

and
S™'BS = Diag(0.0975...,1660.6486 ..., (0.0975.. .)_1, (1660.6486 . . .)_1)

From the moduli of the first two entries it now follows easily that A*B! = I, k,l € Z, can
only hold for k =1 =0, i.e. A := {A*B' | k,1 € Z} is free abelian of rank 2. We conclude
that A has finite index in Sp(4,7Z) 4. Hence, we can apply Theorem 1.1 to find B. € A.

APPENDIX A. A BRIEF REMINDER ON THE METAPLECTIC GROUP

In this section we review the metaplectic transformations and we refer to [dG11] for more
details. See also [Fol89, Ch. 4].

The metaplectic group Mp(2d,R) is the unique double covering group of Sp(2d,R). More
precisely, Sp(2d,R) has a Cartan decomposition Sp(2d,R) ~ K x p where K ~ U(d) and
p is a vector space [Kna02, Thm. 6.31, p. 575]. This shows that the fundamental group
m1(Sp(2d,R)) = m1(K) as p is a vector space. In our case, K ~ U(d) has fundamental group

Z. Let for the moment G be the universal cover of Sp(2d,R) with covering map g. Then

Sp(2d,R) ~ G /kerq and ker ¢ ~ Z is contained in the center of G. All other coverings of
Sp(2d,R) factor through this universal covering. This means they are given by subgroups
nZ, n € No, of Z. In particular, we have G — G/QZ — é/Z = Sp(2d,R) and the middle
group G /27 is the metaplectic group Mp(2d,R). It is the unique connected double cover
of Sp(2d,R). Let ¢ denote the covering map. By construction, the map ¢ is 2 : 1, i.e. there
is Z in the center of Mp(2d, R) such that kerq = {1, Z}. It is worth noting that Mp(2d, R)
has no finite-dimensional faithful representation, i.e. it cannot be described as a group of
matrices. However, there is a faithful representation 7, on L?(R%) which is unique with the

property
(A1) V(w,t) € Ha,  7h(9)T(wy™h(9) ™" = Tg(gyw) 9 € Mp(2d,R),

where H is the Heisenberg group and the representation 7' of the Heisenberg group Hy is the
unique unitary irreducible representation such that T(g ;) = ent (i.e. has central character

e%) by the Stone-von Neumann Theorem.

Remark. Recall from [DJ24, §2] that T is the representation used to defined the Weyl
quantization.
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The construction of mj,(g) works as follows. For g € Sp(2d,R), the map (w,t) = T4y
defines another unitary irreducible representation of H; with the same central character.
Hence they are unitarily equivalent and there exits an isometry M, of L2(RY) such that
Mg o Tiy,q © Mg_1 = T{gw,d)- By Schur’s Lemma M, is unique up scalar. One can check
that g — [M,] defines a projective representation of Sp(2d,R), i.e. a group homomorphism
Sp(2d,R) — U(L*(R%))/(S' - Id). This representation does not come from an ordinary
representation of Sp(2d,R) but it can be lifted to a representation of Mp(2d,R), where
lifted’ means precisely Equation (A.1). One then gets 7,(Z) = —1, since Z2 = 1 €
Mp(2d,R) and 7,(Z) must be scalar by Schur’s Lemma and # 1 since otherwise it would
be a representation of Sp(2d, R).

This allows to define the metaplectic representation Mh(A) of A as m,(A) for any h > 0,
where we picked A to be a metaplectic lift of A (which is unique up to Ker(q) = {1, Z}).
This defines an operator on L?(R%) that can can restricted to the Schwartz class. Hence,
by duality, it can be extended to tempered distributions and thus to the spaces Hn from
§2. This corresponds to the operators Mn(A) considered in this article.

Hence, if we are given two symplectic matrices A and B, we can choose two metaplectic
lifts A and B in Mp(2d, R) which are unique up to Ker(¢) = {1, Z}. One has then

M;,(A)My(B) = mp(A)mn(B) = m,(AB) = £My(AB).

In particular, if A and B commute, one finds that Mh(A)Z\,Zh(B) = Mh(B)Z\,zh(A) or
My (A)My(B)? = My(B)2My(A). In that last case, this yields the commuting relation
My, (A)My(B?) = My (B2)My(A).
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