TWO-MICROLOCAL REGULARITY OF QUASIMODES ON THE
TORUS
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ABSTRACT. We study the regularity of stationary and time-dependent solutions to strong
perturbations of the free Schrédinger equation on two-dimensional flat tori. This is
achieved by performing a second microlocalization related to the size of the perturba-
tion and by analysing concentration and nonconcentration properties at this new scale.
In particular, we show that sufficiently accurate quasimodes can only concentrate on the
set of critical points of the average of the potential along closed geodesics.

1. INTRODUCTION

The high-frequency analysis of eigenfunctions of elliptic operators on a compact Rie-
mannian manifold has been the subject of intensive study in the past fifty years. To this
day, many questions remain open, even in the simplest cases. Here we focus on eigen-
functions of Schrédinger operators on T¢ := R?/Z?, the standard torus endowed with its
canonical metric. Eigenfunctions of a Schrodinger operator on T? are the solutions to the
equation:

(1) —Auy(z) + V(z)ur(z) = Nuy(z), @€ T Juallz2(rey = 1,

where the potential V' is real-valued and essentially bounded. In the free case V = 0, a
straightforward computation shows that eigenfunctions of eigenvalue A\? are linear combi-
nations of complex exponentials e?™* with frequencies k € Z? lying on a circle of radius
A/(2m) > 0 centered at the origin. However, extracting from this exact representation
formula an asymptotic description of eigenfuctions in the high frequency limit A — +oo
is a hard problem, due to the fact that multiplicities of large eigenvalues can also be very
big. Instead, one can try to describe particular features of high-frequency eigenfunctions,
such as formation of (asymtotic) singularities.

A natural way to quantify these singularities is through the scale of LP spaces. This has
been a classical topic in harmonic analysis, that originates with the seminal result of Zyg-
mund [30] showing that, for d = 2 and in the free case, there exists some universal constant
C such that any solution uy of (1) verifies ||uy||zs(r2) < C. Later on, Bourgain conjectured

in [7] that, again for the free case and when d > 3, one must have ||u,\||L%(Td) < CO5\0

for every 6 > 0. We refer the reader to [8, 10] for recent progress towards this conjecture.

FM takes part into the visiting faculty program of ICMAT and is partially supported by grants ERC
Starting Grant 277778 and MTM2013-41780-P (MEC).
GR is partially supported by the Agence Nationale de la Recherche through the Labex CEMPI (ANR-
11-LABX-0007-01) and the ANR project GeRaSic (ANR-13-BS01- 0007-01).
1



2 FABRICIO MACIA AND GABRIEL RIVIERE

Note that the problem of showing the existence of an index p > 2 such that |[u||rs(ra) is
uniformly bounded remains open for d > 3.

There are alternative ways to describe the asymptotic structure of the solutions of (1).
For instance, notice that a direct corollary of Zygmund’s result is that, in the free case,
any accumulation point of the sequence of probability measures,

va(de) = [un (@) da,

is a probability measure which is absolutely continuous with respect to the Lebesgue mea-
sure on T? (it has in fact an L? density). This result was refined by Jakobson who showed
that the density has to be a trigonometric polynomial whose frequencies enjoy certain geo-
metric constraints [17]. It is natural to try to understand what happens when d > 3, where
no analogue to Zygmund’s result is known to hold, or when the Laplacian is perturbed by
a lower order term, such as a potential. Note that the problem of identifying accumula-
tion points of sequences of moduli squares of eigenfunctions has a long history and it is
connected to fundamental questions in quantum mechanics.

In dimension d > 3 and for V' = 0, Bourgain proved that any accumulation point has
to be absolutely continuous even if we do not know a priori that the LP norms of eigen-
functions are uniformly bounded for small p > 2, this result was reported in [17]. In the
same reference, Jakobson obtained partial results on the structure of the densities of accu-
mulation points. These results are based on harmonic analysis techniques and arguments
on the geometry of lattice points. Absolute continuity of accumulation points also holds
in the case of a non-zero potential V € L>(T9), as was proved by Anantharaman and the
first author [5]. The proof of that result is based on methods from semiclassical analysis
for the time dependent Schrodinger equation that were introduced for the particular case
d =2 in [19]. In fact, the results in reference [5] apply to the more general problem:

- 1
(2) Pe(h)uh = §Ur,, + 0(h6h)7 ||uhHL2(Td) = 17
where A — 07 is some semiclassical parameter, and where
- h2A
(3) Pe(h) := T eV,

with 0 < ¢, < h for A small enough.! One of the main ingredients used in this approach are
the two-microlocal techniques developed in [24, 23, 13, 14, 15] in a different context. The
results in [5] were further extended to treat the case of more general completely integrable
systems in [1]. This approach can also be used in order to analyse the Schrodinger equation
on the planar disk [3, 4]. Note that studying the regularity of the solutions to (2) is also
related to problems arising in control theory as was shown by Burq and Zworski [11]. We
refer the reader to [2, 3, 5, 9, 11, 12, 20] for perspectives from the point of view of control
theory.

A different but related approach consists in studying the wavefront set W Fj,(uy) of solu-
tions to (2). This was done in a series of works by Wunsch [27, 28] and Vasy-Wunsch [25]

INote that, when i = e, = A~1, equation (2) is essentially equation (1).
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dealing with completely integrable systems in dimension d = 2. In these articles, the
authors investigate the properties of the semiclassical wavefront set W Fj(u;) of solutions
to (2) when 0 < ¢, < A'*° with § > 0. By proving some propagation of second microlocal
wavefront sets, they showed that W Fj(u;) cannot be reduced to a single geodesic and
has to fill a Lagrangian torus — see for instance [27, Th. B] or [28, Th. 3]. Note that, as
in [1], the results of Vasy and Wunsch hold for general classes of nondegenerate completely
integrable systems. Under the assumption that A'=° < €; < 1, Wunsch also exhibited ex-
amples of quasimodes of order O(A>) for the operator P.(h) which concentrate on closed
geodesics. This result was reported in [1, Sect. 5.3], and it shows that €, = h is the
critical size for which one can expect to have singular concentration phenomena for per-
turbations of the free semiclassical Schrodinger operator —EQTA. In particular, for stronger
perturbation €; > h, one cannot expect to have uniform bounds for LP norms even for
small range of p. A notable feature of Wunsch’s construction is that the singularity is
located on critical points of the potential V' restricted to certain closed geodesics. In some
sense, this type of singularities is similar to the ones that may occur in the case of Zoll
manifolds [21, 22]. Motivated by this observation, we will combine the ideas from [5, 21]
in order to derive some properties on the regularity of solutions to (2) when e, > h. In
particular, we will identify precisely the concentration phenomena that may occur and also
show non-concentration properties by propagation of second microlocal data. Note that,
when written in non-semiclassical terms, the regime we are interested in corresponds to
the eigenvalue problem:

—Auy(z) + FOV(2)ur(z) = Nup(z), z€ T¢, luxll2(ray = 1,

where 1 < f(\) < N2

For the sake of simplicity, we will focus on the case of the rational torus T? and assume
that V € C>*(T? R). However, it is most likely that our analysis could be extended to
more general completely integrable systems of dimension 2 following the approach of [1].
As the small perturbation regime? 0 < e; < h was studied in great detail in all the above
references, here we will focus on the strong perturbation regime and we shall assume all
along the article that
(4) lim e, =0, and lim he, ' = 0.

h—07+ h—07t

In order to state our results, we need some simple geometric preliminaries. Recall that
the geodesics of T? are either closed or dense curves. For & = (£,&) € R? — {0} and
x € T?, the geodesic s — z + s£ is dense provided &; and &, are linearly independent over
Q, otherwise it is periodic. We denote by Q; C R? — {0} the set of £ that generate a
periodic geodesic and by €, its complementary in R* — {0}. Consider the average of V'
along geodesics:

Z(V)(z,€) := lim %/0 V(z + s€)ds.

T—+o0

ZNote that, for the non-semiclassical version, it means that f(\) < 1.
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Clearly, Z(V') is a zero-homogeneous function with respect to £&. Moreover, a classical result
by Kronecker implies that

L (x—l—sug—”) ds it & e,

fTQ V(y)dy 1f§ € QZa

where L¢ denotes the length of any geodesic with velocity €. In particular, despite Z(V)
is not continuous in general, one has Z(V)(-,&¢) € C*(T?%R) for any £ € R? — {0}, and
[Z(V)llpoe(r2xm2) < IV | oo 2y

Then, we define the set of critical geodesics:

(5) C(V):={zo € T?: I € s.t. ,I(V)(20,€) =0} .

Z(V)(2,€) =

Note that C(V) is a union of closed geodesics of T?. For every closed geodesic v of T?, we
denote by ¢, the normalized Lebesgue measure along this closed geodesic. Then, we define
N (V) as the convex closure of the set of probability measures 0, where v C C(V). With
these conventions in mind, we can state our main result:

Theorem 1.1. Suppose that d = 2 and that (4) holds. Let (up)n_o+ be a sequence satisfy-
ing (2). Then, for any accumulation point v of the sequence of probability measures

vh(dz) = Jun(z)Pd,
and for any closed geodesic v, one has
v(7) £0 =5 C C(V).
Moreover, v can be decomposed as
vV = fdx + Vsing,
where f € LY(T?) and where vgng € N (V).

Recall from the propagation properties of semiclassical measures [16, 29] that any v as
in Theorem 1.1 must a priori be a convex combination of the Lebesgue measure and of the
measures 0, where v runs over the set of all closed geodesics. This Theorem shows that
singular concentration along closed geodesics can only occur along certain closed orbits
associated with critical points of the averages of V' along closed geodesics. This result is
sharp in the sense that Wunsch’s construction in [1] shows that one can find quasimodes
such that v(y) = 1 for a given closed geodesic. Despite these unavoidable concentration
phenomena, Theorem 1.1 also shows that the accumulation points enjoy certain regularity
properties. This extra regularity will come out from our analysis by making a second
microlocalization of size €, along rational directions, and it will be induced by certain
Lagrangian tori associated to our problem. Note that these two aspects are close to the
situation of Zoll manifolds treated in [21, 22]. The main difference is that there exist
infinitely many directions where the flow is periodic with periods tending to +o0c0. We would
like to treat these tori of periodic orbits as in this reference, and this can be achieved via
rescaling the variables along these rational directions — see paragraph 3.4 for more details.
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Finally, as we shall see it in Sections 2 and 3, our analysis holds in the more general context
of the time dependent Schrodinger equation.

Organization of the article. Section 2 places our problem in the more general framework
of the time-dependent Schrédinger equation associated with P.(f): Theorem 1.1 becomes
a direct consequence of the more general Theorem 2.1 which deals with the evolution
problem. The proof of this result is obtained by characterizing time-dependent semiclassical
measures for solutions to the Schrodinger equation. Following a strategy similar to that
in [5, 19], such a characterization can be obtained by using two-microlocal techniques.
In Section 3, we introduce the 2-microlocal framework of our analysis that is needed to
formulate our main results, Theorems 3.6 and 3.7. Section 4 presents several applications of
these results. We first give the proof of Theorem 2.1, then we present a structure result for
semiclassical measures of the evolution equation, Theorem 4.1, which we apply to compute
the propagation of wave packet solutions (Proposition 4.3). This shows that Theorem 2.1
is sharp in some sense. The proofs of the 2-microlocal statements of Section 3 are given
in Section 5. Finally, the article contains two appendices. Appendix A contains the proof
of a geometric result which already appeared in [21] and which we adapt to the context of
T2. In Appendix B, we collect a few tools from semiclassical analysis.

In the following (except in appendix B), we will always suppose that d = 2 and that (4)
holds even if part of the results holds in greater generality.

Acknowledgements. We warmly thank the referee for his careful reading and his useful
suggestions regarding the results presented in this article.
2. SEMICLASSICAL MEASURES FOR THE TIME-DEPENDENT SCHRODINGER EQUATION

As was already mentionned, Theorem 1.1 is a consequence of our analysis of the time
dependent semiclassical Schrodinger equation:

(6) ihdwp = Po(R)vp,  nlimo = up € L*H(T?),  |lup|z2 = 1.

For the sake of simplicity, we shall focus on sequences of initial data oscillating at the
frequency h~!. Thus, we will always assume that the following properties hold:

(7) lim sup Hl[Rm) (—hQA) uhHLQ(M) — 0, as R— oo,
h—0
and
(8) lim sup H1[075] (—ﬁ2A) uhHLQ(M) —0, asd—0".
h—0

Fix now a sequence of time scales (73);_0+ such that

hm Th — —+00.
h—0t

We will deal with time-scaled solutions to the perturbed Schrodinger equation. More
precisely, if v, is a solution to (6), then we shall study the behavior of

t — vp(Tit, -).
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As we will see below, the scale 7, = ¢, ! is critical for this problem, and Theorem 1.1 follows
from the analysis of the time-dependent equation in the regime 75, > egl.

2.1. Time-dependent semiclassical measures. For a given ¢ in R, we denote the
Wigner distribution at time ¢ by

(9) (wi(t), a) := (va(t), Opy (a)on(t)) ,

where Op}’(a) is a h-pseudodifferential operator with principal symbol a € C°(T*T?) -
see Appendix B. Above, v,(t) denotes the solution at time ¢ of (6) with initial conditions
satisfying the oscillating assumptions (7) and (8). This quantity represents the distribution
of the L?-mass of the solution to (6) in the phase space T*T?. According to [18], we can

extract a subsequence h,, — 07 as n — 400 such that, for every a in C*(T*T?) and for
every 0 in L'(R),

lim 0(t) (wn (¢, ) a)dt — / O(t)a(x, E)u(t, dr, de)dt,
hn=0% JRx*T2 RxT*T2

where, for a.e. t in R, pu(t) is a finite positive Radon measure on T*T?. Recall also that,

for a.e. t € R, p(t) is in fact a probability measure which does not put any mass on the

zero section, thanks to the frequency assumption (8). In other words,

(10) p(t)(T*T?) = 1, for ae. t € R,

where
T°T% = {(2,6) € T"T*: £ £ 0}
Moreover, for a.e. t in R, u(t) is invariant by the geodesic flow o on T*T2.

For instance, p(t) can be the normalized Lebesgue measure along a closed orbit of the
geodesic flow. We will denote by M(7,€) the set of accumulation points of the sequences
(n), where py(t,-) := wy(tmy, ), as the sequence of initial data (uy) varies among nor-
malized sequences satisfying (7) and (8). Similarly, one can define NV (7,€) to be the set
of accumulation points of the sequences (n;) of time-dependent probability measures on
T2, nu(t,dx) = |vp(tT, x)|>dx, obtained letting the initial data vary among sequences
satisfying (7), (8). Using (7), one can verify that

() N ={ [ttt e Mol

2.2. Statement of the results. In order to relate the time-dependent approach to the
quasimode case, we can remark that, given a sequence of quasimodes (up); o+ satisfy-
ing (2), we can always find a sequence of time scales (7;) such that

lim 7€, = 400,
h—0

and, for every t € R:

lim [[on (at, -) = €72y | 212y = 0,

where vy, denotes the solution to (6) with initial condition uy. This choice of (73;) ensures
that any accumulation point v of the sequence of probability measures (|up|?dx) belongs
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to N(7,€) (even though it is constant in ¢), since it is also an accumulation point of
(Jon(st, -)[*dz). In particular, Theorem 1.1 follows from the more general statement:

Theorem 2.1. Suppose that
li;gn TheEp = +00.

Let t — v(t) be an element of N'(,€). Then, for any closed geodesic v not included inside
C(V) and for a.e. t in R, one has

v(t)(y) = 0.

Moreover, v(t) can be decomposed as
v(t) = f(t)dr + Veing(t),
where, for a.e. t in R, f(t) € L'(T?) and veng(t) € N(V).

The first step in the proof of this result is the partition of R? — {0} into (*-invariant
subsets that was used in [19, 5]. Recall that A C Z? is a primitive lattice of rank one
provided that dim(A) = 1 and that (A) NZ? = A, where (A) is the linear subspace of R?
spanned by A. We introduce the invariant set of rational covectors

0, = | | A+ — {0},

A rank 1 primitive

and its complement )y inside R? — {0} which is still invariant. Observe that this is
consistent with the conventions of the introduction. Because of (10), we can decompose
the measure as follows:

(12) p(t) = p(t)]r2x0, + Z () 2 at — 0y

A rank 1 primitive

As a consequence of the invariance by the geodesic flow, it can be verified that u(t)]r2xq,
is in fact independent of the x-variable. Hence, in order to prove Theorem 2.1, one only
has to study the regularity of p(t)]r2,ar_o} for every rank 1 primitive sublattice A. This
will be achieved using two-microlocal tools adapted to this problem. The end of the proof
of Theorem 2.1 is presented in Section 4.1. For time scales 7, = O(e, '), we obtain a
more precise result, in the sense that each component of the time dependent semiclassical
measure p(t) according to the partition (12) can be completely determined from the initial
data that were used to generate it. Again, the relation with the sequence of initial data is
elucidated using the class of two-microlocal semiclassical measures that will be introduced
in the next section. A precise statement is given in Theorem 4.1, Section 4.2.

Finally, in Section 4.3, we provide explicit computations of semiclassical measures asso-
ciated to wave-packets (Proposition 4.3) that yield:

(1) if e, — 0, then
{8, : v periodic geodesic of T?} C N (7, €);
(2) if 7, = ¢, ', then
{0, : veC(V)} C N(1,¢).
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3. INVARIANCE AND PROPAGATION OF 2-MICROLOCAL DISTRIBUTIONS

In this section, we present our main result on the 2-microlocal structure of solutions to
the time-dependent Schrodinger equation along covectors in €. In particular, we show
how solutions of (6) can concentrate along rational covectors.

Before stating the result, we need some additional notation. For every primitive rank 1
lattice A of Z2, we set e; to be an element in A such that Zey, = A, and et to be the vector
of same length which is directly orthogonal to e,. We define

LA = H€A||
We define two Hamiltonian maps associated to A as follows:
1 1
HA(S) = _<§7 eA) and Hi(g) = _<€7 2k>
LA LA
Note that (Hy, Hy) defines a (nondegenerate) completely integrable system and that

l€l* = Ha(&)* + Hy (€)™

3.1. Two-microlocal distributions. We aim at studying the concentration of solutions
to (6) over T? x At where A C Z? is a primitive rank 1 sublattice and where At denotes
the set of covectors £ such that Hx(§) = 0. For that purpose, we consider a two-microlocal
scale o — 07 satisfying hoz,{l — 0 and we define the following two-microlocal Wigner
distribution:

wpn(t) ta € C(T*T? x R) — <vh(t), OpY (a (m,f, HA@)) vh(t)> .

ap

Above, R is the compactified space R U {£o0}, vi(t) is the solution of (6) at time ¢, and
Opy'(a) is a h-pseudodifferential operator — see Appendix B.

Remark 3.1. Recall from (28) in Appendix B that the following useful relation holds:

Opt (a (x,f, HA(O)) = Opjy, 1 (a (z, ang, Ha(€)))

ap

and that we have made the assumption that ha; ' — 0. Therefore, the operators involved in
the definition of wy 5 are semiclassical pseudodifferential operators whose symbolic calculus
enjoys a gain of hozgl.

Remark 3.2. The distributions wy ; were introduced in [19, 5] for the critical case a; = h
under a slightly different form. There, the two microlocal variable 7 varies in the two-point
compactification of (A). Of course, this is completely equivalent to our formulation for the
two-dimensional torus, but turns out to be relevant when dealing with the higher dimen-
sional case. As we will see, the fact that the two-microlocal scale is asymptotically bigger
than A implies that the limiting objects are of a different nature than those obtained in
[19, 5]. When ha;, ' — 0, they are global variants on the torus of the two-scale semiclassi-
cal measures introduced in [14] — see also [2] for a related construction on the torus, in a
context related to that of [5].
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Recall that we introduced a time scale 7, — oco. From now on, we shall fix the two-
microlocal scale as follows:

(13)

m if me ' — 0,
ap = .
€,  otherwise.

As we shall explain it in paragraph 5.1, we can extract a subsequence h,, — 0 such that,
for any a € C°(T*T? x R) and for any 6 € L'(R),

lim 0(t)(wa p, (tTh,), a)dt = /

n—-+00 R R

0(t) (/T _ a(%&n)uA(t,d%dé,dn)) dt,

*T2 xR

where, for a.e. ¢t in R, ua(f) is an element of B’ for some Banach space B that we will
define in paragraph 5.1. We denote by M (7, €) the set of accumulation points obtained in
this manner for initial data varying among subsequences verifying (7) and (8). The main
new result of this article describes some invariance and propagation properties of these
quantities depending on the relative size of 73, and €.

For every primitive rank 1 sublattice, one has (see Remark 5.3),

(14 M. ={ [t &n: m e Matro}.

3.2. First properties. Before proving our main results, we will verify a few preliminary
results. First, one has

Proposition 3.3. Let pa(t) be an element of My(7,€). Then, for a.e. t in R, ua(t) is a
positive finite Radon measure concentrated on T*T? x R.

In what follows, we write

fn(t) = pa(t)] e gp> ﬂA(t) = MA(tﬂT*Wx{ioo}'

Hence, we can split the 2-microlocal measure as

(15) a(t) = fia () + i (2).

The measure i (t) describes in some sense the way the solutions of (6) concentrate in an e~
neighborhood of the rational direction A*. Let us now give some other simple properties of
these functionals which are analoguous to the ones satisfied by time dependent semiclassical
measures [18]. We shall also verify:

Proposition 3.4. Let pp(t) € Ma(7,€). Then

(1) fa(t) is a (finite) positive measure on T*T? x R whose support is contained in
T? x (A+ —{0}) x R;
(2) for every a in C(T*T? x R),

(fia(t),€.050) = (3" (t),€.0:0) = 0.
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Neither Proposition 3.3, nor part (1) of Proposition 3.4 uses that the functions used to
generate pa(t) are solutions to (6). This fact is only used in the second part of Proposi-
tion 3.4. Note that all these properties follow from standard arguments which need to be
slightly adapted in order to fit into the 2-microlocal set-up — see Section 5 for details.

3.3. Main results. Consider the Hamiltonian flow ¢ i associated with H 1. Note that,

for a continuous function b on T*T? x ]l/é, we can define the average along this Lj-periodic
flow as

Ia(b)(x,&,m) = LLA/OLA b (goﬁik(x,f),n) ds.

A direct computation gives

1 [Ea er . ,
T = — ~A — E 2irk.x

keA

provided b has the Fourier expansion b(z,£,1) = >,z b(&,m)e2 ™= Moreover, if Z(b)
denotes the average of b along the geodesic flow

©*(x,8) = (v + &, §)
on T*T?, then the following holds:
(16) Z(b)(z,&,m) = Za(b)(z,€,m),  provided that &€ € A+ — {0}.

In the case where b only depends on z, as is the case with b = V/, it is easy to check that
ZA(V) does not depend on £ and therefore we can identify it to an element in C*(T?; R).

Remark 3.5. Part (2) of Proposition 3.4 implies that p(t) is invariant under the geodesic
flow ©*. For b in C°(T*T? x R), this observation combined with part (1) in Proposition 3.4
and identity (16) implies that, for a.e. ¢ in R,

(a(t),b) = (ua(t), Za(b)).
We shall use this property several times in our proof of Theorem 3.6 below.

We need to define an auxiliary Hamiltonian function on T? x A+ x R
2

(17) P (w,06% /L) = -+ Tu (V) ().
Denote by gpl';v the flow of the vector field on T? x A+ x R:
A
CA CA
— .0, — —.0,Zx(V)0,.
n In Li A(V),
This is the Hamiltonian vector field associated to p} with respect to the symplectic form

obtained by taking the push-forward of the canonical symplectic form on T*T? via the
diffeomorphism

(18) T*T? 5 (2,€) — (x, Hy (2, &)ex/La, Hy(x,€)) € T? x A+ x R.

The flow ¢, commutes with ¢}, when acting on T? x At x R.
A A
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We are now ready to state the main results of this article. The first one concerns
the “compact” part of these two-microlocal distributions. Their possible behaviors are
classified according to the limit of 7¢p.

Theorem 3.6 (Invariance and propagation near A). Let A be a primitive rank 1 sublattice
and let py be an element of Ma(7,€) obtained as the limit of (wp p(tm)). Denote by pQ
the limit of (wa x(0)). The following results hold:

(1) If hen — 0 as b — 0T, then t — fipn(t) is continuous, and one has, for every a in
CO(T? x At x R),

fir(t)(a) = fix(Za(a) o ¢y ).

(2) If Ther — ¢ >0 as h — 0%, then t — fia(t) is continuous, and one has, for every a
in CO(T? x At x R),

fin(t)(a) = i (Za(a) o ).

(3) If Then, — +00 as h — 0%, then one has, for a.e. t in R and, for every a in
Co(T? x At x R),

Vs e R, fia(t) (a) = fn(t)(a o ppy).

Equivalently, this Theorem says that, besides invariance by the geodesic flow, the so-
lutions of (6) satisfy some extra invariance properties in a shrinking neighborhood of the
rational direction at least for times 75 > €, '. For shorter times, the concentration in this
shrinking neighborhood is completely determined by the initial data. The proof of this
theorem is given in Section 5. Note that, when 7,¢;, — 0, the conclusion of part (1) holds
even if €, = A, this will be clear from the proof. Section 5.1 in reference [1] provides explicit
computations of two-microlocal semiclassical measures in that regime.

It is interesting to compare part (2) of Theorem 3.6 with its counterpart in [5], where
the regime €, = h is studied in detail in any dimension (not only in the two-dimensional
case analysed here). First, the nature of the limiting object fi5 is rather different in that
setting. It is no longer a positive measure, but rather a measure taking values in the set
of Wigner transforms of positive Hermitian trace-class operators on the space L?(T,).* As
a result, time-dependent semiclassical measures are absolutely continuous with respect to
the Lebesgue measures in the x-variable. In that setting, the role of the flow gpﬁ)x is played

by the quantum flow e~*(PX+7a(V)) — see Corollary 25 in [5] for a precise statement.

The part at infinity satisfies an additional regularity property. Indeed, if we define

L(a)(€n) = | alu&md,

T
then the following holds:

3This space consists of those functions in L?(T?) that are invariant by translations in the direction A=+.
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Theorem 3.7 (Regularity at infinity). Let A be a primitive rank 1 sublattice and let pia(t)
be an element of Ma(7,€). Then, one has, for every a in C°(T? x R? x R) and for a.e. t
m R,

(B (1), Za(a) — Zo(a)) = 0.

In particular, the measure i (t)] 2, ooz @5 constant in x.

In other words, the part at infinity has no (nonzero) Fourier coefficients in the A-
direction. As for Theorem 3.6, this result depends highly on the choice of two-microlocal
scale we have fixed from the beginning, and other scalings would have yield other prop-
erties. The first conclusion of this theorem is proved in Section 5. The last assertion
follows from the invariance® of i (¢) under the geodesic flow, which implies that for every

a € COT*T? x H/é)
(" () g2 n o @) = (B () g2nn @ Za (@) = (B (8) T payns i Zo(a)).

Note also that the conclusion of Theorem 3.7 holds in the regime ¢; = & (in any dimension),
see part (ii) of Theorem 12 in [5].

3.4. Comparison with Zoll manifolds. Theorem 3.6 shares also a lot of similarities
with our main result on semiclassical measures for perturbations of Zoll Laplacians in [21,
Sect. 2.2]. In that case, we were considering the semiclassical operator

1A,
2

where A, is the Laplace Beltrami operator associated to a certain Zoll metric (say the
standard metric on the canonical sphere). In the present article, we are analyzing the

+ &V,

semiclassical measures associated to the same Schrédinger operator pg(h). Studying the
“compact” part of elements inside M (7, ¢€) is equivalent to understanding the solutions
of (6) near submanifolds

T? x At := {(2,&) € T*T?: Hp(€) = 0},

where the geodesic flow is periodic as in the Zoll case. In order to make the comparison
clearer and to justify the rescaling of order €5, we can rewrite our operator in a form which
is very close to what we did in the Zoll framework, i.e.

r 1 w 132 2 w 1 (Hy ?
P(h) = 5 Opy(Hy) +&0p; (5 — ) +V |-
2 2 €p
Thus, as in the Zoll case, we perturb in some sense a semiclassical operator Opj’ (Hy)?
asssociated to a “periodic” Hamiltonian flow and we obtain limit quantities which are
invariant by the periodic flow and the Hamiltonian perturbation.

4Recall also that i (t) is supported on T*T?2 x R.
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The main difference with the Zoll setting is that the perturbation depends on rescaled
variables

Hy (&)

€n

(w1140

For that reason, it is natural to test our Wigner distributions against symbols depending
on these rescaled variables. Another notable difference with [21] is that, in the Zoll case,
the critical time scale is of order egQ while here, due to the use of rescaled variables, it is
much shorter, i.e. of order €, '. Finally, in the Zoll case, a natural question was to discuss
the case where the Radon transform of the perturbation identically vanishes [22]. Here,

> e T? x R? ~ T*T?.

2
we emphasize that the Hy-average of the perturbation, namely % (ﬂ) + Za(V) cannot

€h
be equal to a constant for this choice of 2-microlocal rescaling.

4. APPLICATIONS OF THE 2-MICROLOCAL RESULTS

We present some applications of the results of the preceding section.

4.1. Proof of Theorem 2.1. Recall that only the structure of the terms fi(t)]r2ya1_go}
in the decomposition (12) needs to be clarified. Thanks to (14) and to Proposition 3.4, we
deduce

p(t) [ roxat—oy = () | roxat = /:&A(tv S dn) ]2t +/{ }ﬂA(ta dn) 2t
R +oo

According to Theorem 3.7, the contribution from the part at infinity is independent of x.
Hence, we are left with studying the regularity of the measures on T?:

/ ,&A(taadfadn)
AL xR

The measure fiy is invariant under the Hamiltonian flow ¢’ , (see Remark 3.5) and, by
A
part (3) of Theorem 3.6, it is also invariant under the Hamiltonian flow ngV, which com-
A
mutes with ¢ . Using Appendix A which describes the regularity of biinvariant measures,
A

we can conclude the proof of Theorem 2.1. More specifically, part 1 follows from Proposi-
tion A.1 and part 2 from Corollary A.3.

4.2. Semiclassical measures up the critical time scale 7, = egl. At the time-scales
up to the critical scale ehfl, we can completely determine p; in terms of the initial data:

Theorem 4.1. Let 1 € M(T,€). Suppose that it is generated by some sequence of initial
data (up)p_o+. For every rank-one primitive lattice A, let i be the restriction to T>x At xR
of the two-microlocal measure associated with (up)p—o+, and denote by u° the semiclassical
measure of (up)p_o+-
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(1) If 7 = €, ", then, for every a € CO(T? x R2), the following holds:

[, awoutdede) = [ Tiaeude.de)

T2 xR2

+ Z /T2><AL><R(IA(G) - Io(a))(gO;X (z, &) (dx, dE, dn).

A rank 1 primitive

(2) If hep, — 0, then the same result holds, provided we replace @Zv by gogo in the
A A
formula above.

The proof is as follows. Let u € M(7,€), and decompose it as in (12). Using the lift
property (14), we can further decompose p as follows:

p(t) = p(t) 20, + Z A (t, dn) ] p2ns

A rank 1 primitive {#oo}

+ Z / ﬂA(ta'adn)—l'H‘QXAL'
A rank 1 primitive
Thanks to the invariance by the geodesic flow and to Theorem 3.7, we can conclude one
more time that the first two terms on the right-hand side of the equality are independent
of x. Thanks to the second part of Theorem 3.6, we can also write:

/ZA(tﬂ'JI‘?xAix]R = (SD;X)* ([L?\—‘TQXALXR) (resp. /]A(t)—"JI‘ZXAlxR = (90;9\)* (ﬂ?\—‘TQXAiXR) )7

when 7, = egl (resp. Then — 0). The result follows from the fact that the zero Fourier
coefficient of pu(t) is itself equal to the zero Fourier coefficient of x° thanks to the following
adaptation of Proposition 29 from [5].

Lemma 4.2. Suppose that

lim 7e; = 0.
h—0+

Let u be an element in M(7,€) and let u° be the semiclassical measure of the sequence of
initial data used to generate p. Then, one has, for a.e. t in R, and for every b € C.(R?):

[, wemttdrde = [ bu(dr.de).
T2 xR2 T2 xR2
4.3. Propagation of wave packets. An application of Theorem 2.1 is the computation

of semiclassical meaures for wave-packet type solutions to (6).
Let us first define wave-packet data on the torus. Take p € C2°(R?) supported in a small

neighborhood of the origin such that ||p|| 22y = 1. Let (z0,&) € T*T? and set

Uz (z) = ip (x - x()) sy

Oh Oh
where o, — 07 and oj, > h. Finally, write
(19) up () = Y UP (x4 k).

keZ?
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If the support of p is small enough, then ||u;*%|| r2(r2y = 1. These initial data concentrate
around xg and oscillate in the direction of &,. Moreover, it is straightforward to check that

(u*%) satisfies (7) and (8). We next compute the time-dependent semiclassical measure

of the sequence (vF*) of solutions to (6) issued from the initial data (u"%).

Proposition 4.3. Suppose that the concentration scale (o) satisfies h(epoy)™ — 0 and
that & € Q. Let p*% € M(r,¢€) be generated by the initial data (u;*®). Let v(z,&)
denote the geodesic in T? issued from (x,&y) and 0y, the uniform probability measure
on that geodesic. The following hold:

(1) Zf ThER — 0, then
/ﬂo,éo (tv dz, df) = 57(10,50)(611‘)550 (df);
(2) if Tn =€, ", then
R (¢, d, d€) = 0y o) 0) (dT) g, (dE),
where x(t) is the projection on T? of (’OgX (w0, &0,0) with Ag, = {&} NZ2 If x is
¢

0
a critical point of Ty, (V) then x(t) = o for allt € R. In that case, p™* is also
constant in time.

Proof. Lemma 4.2 ensures that u(t) is supported on T? x (£y) for a.e. t € R. Therefore, in
virtue of (14):

wu(t) :/@NAfo(ta"dn)—lTZX@O)’

where py, € M, (7,€) is generated by (uf*%). Let u%% be an accumulation point of

(wn,a, (0)). Since ho, ' < e, < 7', one can verify that, in every regime,

Hig, (d, d€, dn) = dg, (d)dg, (d€)do(dn),

e.g. see the the proof of Proposition 5.2 in [1]. The result then follows from Theorem
2.1. ]

5. PROOF OF THE 2-MICROLOCAL STATEMENTS

From this point on, we fix a primitive sublattice A of Z? of rank 1 and we will proceed to
the proofs of the results on 2-microlocal distributions. Namely, we will first recall how to
extract converging subsequences from the sequences (wa (t71))s—0+. Then, we will briefly
recall how to adapt the proofs from [5] in order to prove Propositions 3.3 and 3.4. Finally,
we will give the proofs of Theorems 3.6 and 3.7.

5.1. Extracting subsequences. Recall that, following [19, 5, 1], we have introduced an
auxiliary linear form whose invariance properties will be analyzed precisely. For every
a € C(T*T? x R), we have set

(wpp(tmh), a) = <vh(t7'h), OpY (a (x,g, Hg(f))) vh(m)> :

h
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where, recall, a; is given by (13). It will be useful to keep in mind Remark 3.1 throughout
this section.

Remark 5.1. We emphasize that, for a in C3°(T*T?), one has
(Wi(tTh), a) = (wa p(tTh), a).

Our first step is to explain how to extract converging subsequences following more or
less standard procedures [16, 18, 5, 29]. For the sake of completeness, we briefly recall it.
For that purpose, we denote by

B:=CP(T?> x R? x R),

the space of CP functions on T2 x R2 x R all of whose derivatives tend to 0 at infinity. We
choose D > 0 large enough so that Theorem B.2 holds for functions in B.

We endow this space with its natural topology of Banach space. According to Theo-
rem B.2, one knows that, for every a in C*(R x T*T2 x R), one has

1]

(20) [(wan(tm),a())] < C Y (hay') * [|0%a(t) -

la|]<D

Thus, the map ¢ — wy (t75) defines a bounded sequence in L'(R, B)', and, after extracting
a subsequence, one finds that there exists py in L'(R, B)’ such that, for every a in C°(R x

T*T? x R), one has
lim a(t, x, &, m)wp n(tm, dx, d€, dn)dt :/ a(t,z,&,n)ux(dt, dz, d§, dn).
h=0% JrxT*T2xR RxT+*T2 xR

Thanks to (20) and to the fact that ha; ' — 0T, recall that, for every @ in C°(R) and for
every a in C°(T*T? x R), one has

/ N H(t)a(:r;, €7 n)MA<dt7 diL’, dfa dﬁ)‘ < C”e”Ll(R) HGHCS(T*T?xI@)'
RxT*T2xR

Hence, 1, is absolutely continuous with respect to the ¢ variable, i.e. for every € in L'(R)
and every a in C°(T*T? x R), one has

lim Q(t)(wAjh(tTh),aMt:/Q(t)w/\(t),a)dt.

h—0t R R

Moreover, for a.e. t in R, yu5(t) is a finite Radon measure on T*T? x R.

5.2. Proof of Proposition 3.3. We already know that the linear functionals p, are
Radon measures. It remains to verify that they are positive. To see this, take a €
C°(T*T? x R) such that @ > 0. Using Garding inequality (Th. 4.32 in [29]), we deduce
that

(wp p(tTs), a) > (’)(hozgl) =o(1);
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Remark 5.2. Note that the proof of the Garding inequality in [29] is given in the case of
R?. The extension to compact manifolds usually requires to deal with symbols that decay
in ¢ as we differentiate with respect to £&. Yet, in the case of the torus, we can verify
that this property remains true for an observable a all of whose derivatives are bounded
(i.e. mnot necessarily decaying in £) as in R? For that purpose, one can start from the
Garding inequality on R? and apply the arguments of the proof of [29, Th. 5.5] which
shows L2-boundedness of pseudodifferential of order 0 on T¢.

After integrating against a test function @ in L*(R) and passing to the limit & — 0, one

finds that, for a.e. ¢ in R,
(na(t), a) = 0.

This concludes the proof that u, is a positive, finite Radon measure on T*T? x R and
one sets fin(t) = pa(t)]rm2xr and @*(t) = pa(t)]7+12x{£00}- Thanks to the frequency
assumption (8), one has, for a.e. ¢t in R,
(21) pa(t)({€ = 0}) = 0.
Remark 5.3. Remark 5.1 implies that, for a.e. ¢ in R, the time-dependent semiclassical
measure £(t) can be obtained by

(22) u(t) = / ua(t, - dn).

5.3. Proof of Proposition 3.4. Concerning the support of jis(t), we let a be an element
in C°(T*T? x R) whose support does not intersect T? x A+ x R. Using Remark 3.1, one
has

ont (o (2.6 72 ) ) = 0pt s (0o, 1)

Qap
Hence, this operator is equal to 0 when £ is small enough (thanks to our assumption on
the support of a). This concludes the proof of the first part of Proposition 3.4.

Let us now discuss invariance by the geodesic flow which is the only property that uses
the particular form of vy(¢7;) so far. Again, we start with the “compact” part and we
fix a to be an element in C°(T*T? x R). Using composition rules for pseudodifferential
operators, we write

%<’(UA,h(tTh>7 ay = Tﬁ<wA,h(tTh), £.0,a)
2
+ lT;eh (vp(tTh), [Va Opﬁfa;l (a(z, azé, HA(f)))} vp(tT)).

Using Theorem B.3 (more specifically Remark B.4) one more time, we have that

h

H
[V, Op;“i”agl (a(m,ahﬁ,HA(S)))] = ian Opy (Z—//\\.axvana (x,& gff))) + O(K(ap) ™).

Combining these two identities to the fact ha;, ' = o(1) and ez, ' = O(1), we find that

d 2 ¢
2w n(tm). a) =7 (<wA7h(t7'h), €.0pa — ;_ZL_AA‘@V@"Q> + o(h)) .
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Let now 6 be an element in C!(R). Integrating the previous equality against 6 and inte-
grating by parts, we find

2
€h A

/R o(t) <wA,h(tTh), £ 00— ﬁxVﬁna> dt = O(rY) + o),

Qap L A
which implies the result for every a in C3°(T*T? x R) when we let /i goes to 0. Note that
we used the Calderén-Vaillancourt Theorem B.2 to bound the e2c; ' term on the left hand
side of this equality.

It now remains to treat the part at infinity. Let a be an element in C3°(T*T? x I@) For
every R > 1 and for every smooth cutoff function near 0, we set

o, &) = ale &) (1= x () )

The same argument as before allows to prove that, for every @ in C'(R), one has

2

/R o(t) <wA,h<m>, (€.0,a)F — A 8IV8naR> dt = o(1).

o Ly
Thus, we can take the limit 2 — 0 and conclude the proof by letting R goes to +oo.
5.4. Invariance and propagation of 2-microlocal distributions. We now turn to the

proofs of our main statements, namely Theorems 3.6 and 3.7. Analogously to [5], we define
the differential operators

Dp:=—-—V and Dy :=-—.
R St S

associated with the Hamiltonians Hy and Hy. One has
(23) —A = (Dy)* + D}.

Recall also that, for every smooth compactly supported function b on T*T?, the Egorov
theorem is exact for these operators and it tells us that

Ly
(24) OpY (Zx (b)) = * / ¢*PX Op¥ (b)e**PA ds.
LA 0
and that
(25) [Dy, Opy (Za(b))] = 0.

As mentioned before, this construction (that was originally presented in [5]) is reminiscent
to the averaging argument of Weinstein [26] applied to certain one-dimensional tori that
depend on A.
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5.4.1. Proof of Theorem 3.6. Let a be an element in C3°(T*T? x R). We start our proof
by computing the derivative of the 2-microlocal Wigner distribution. One has

g wnatin) @) = 7 (em. | (DR + 5 DR+ 00 (o) e )

where

ap

aA,h(xv g) = IA(G’) <(L’, 57
Using (25), we deduce that

nE)

d i h?
G waam). Za(@) = T (wntem), | 503 + &V, 00t aa)| ) )

Thanks to the commutation properties of the Weyl quantization from Remark B.4, one
has

S waalin), Ta(@)) = Ome () )
(20
o, <Uh (t72), Op (Hgéif) eA.asz(w(:z A&,HA@)/%) _ G .0,73(a) e La;v> o (W> |

Our assumption i < €, < ay ensures that the remainder is in fact of order o(hr;).

We now distinguish three regimes.

First, we suppose that €;,7, — 0 as h — 0. In particular, o = 7 1> ¢,. Thanks to the
Calderon-Vaillancourt Theorem B.2; we can verify that last term in the right hand-side of
equality (26) is in fact o(1) uniformly for ¢ in R. Letting & — 0, one finds that, for a.e. ¢
in R,

d Z 0.1,
4 0. 10@) = (007 .70 (@) )

Combining Proposition 3.4 with (21), one has then (ua(t),a) = <,u9\,IA(a) o <p;0> for a.e.
A

t in R, which proves point (1) of the Theorem.
Suppose now that m,e; — ¢ > 0. Letting h — 0, the limit measure satisfies the following
transport equation, for all § € C}(R)

/9/ (ua(t), Za(a dt-c/@ </~LA eAaIA( ) anIA(a)eA'a$V>dt.
Ly La

Using again Proposition 3.4 with (21), one deduces that

O (pa(t), Zp(a)) = ¢ <MA(15),77M

L
This proves point (2) of the Theorem.
Finally, we suppose that 7he; — +00. Let 6 be an element in C}(R). We integrate one
more time equality (26) against #, and we make an integration by parts on the left-hand

_ &71/\(&) eA.&cIA(V) > .

L
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side of the equality. Then, we make use of the Calderén-Vaillancourt Theorem B.2 to
bound the left-hand-side. After letting /i goes to 0, one finds that, for every 6 in C}(R),

.0, T, O IA(V
/ o(t) <MA(75), neAL—A(a) _ anIA(a)eAL—A()> dt =0,
R A A
where we used one more time Proposition 3.4 with (21) in order to replace V' by its A-
average Z (V). This implies point (3) of the Theorem.

5.4.2. Proof of Theorem 3.7. Let now a be an element in C°(R? x ]IAQ) and let £ be an
element in A — {0}. It suffices to show that:

(B (), ™™ a(g,m)) =

We fix x1(n) € C(R, [0, 1]) which is equal to 1 for n > 1 and to 0 for n < 1/2. For every
R > 1, we set

af (2. 6m) = e a(g mna (£45)
Remark 5.4. Let 6 be an element in C}(R). One has

d 1 , 1
/Re(t)a <’LUA,h(tTh) ; Rlc> dt = /Re(t) <w/\,ﬁ(t7_h),ﬁaik> di.

Thanks to the Calderén-Vaillancourt Theorem B.2, one knows that

Jorr ( ()« (557 )

Thus, one has

— O(R™).

L2—L2

/9( )jt <wM<m) %aik> dt — O(R™Y).

In order to prove the proposition, we will now compute explicitely the derivative of

<wA7h(t7-ﬁ), %afk> . For that purpose, we need to compute the following bracket:

[‘WTAWV Opi; ( o (‘"” S of)) Hf&))}'

Using again (25), this commutator is in fact equal to

[ s dnon (2 (6508 i)

We split this commutator in two parts. Thanks to remark B.4, one has

[h?A Op}” ( ( £ 0;5)) Hi?&))] — —2rhay, OpY (%kaﬁk (x,f, Hgf))).

For the other part of the commutator, we use one more time the commutation rule for
pseudodifferential operators and the Calderén Vaillancourt Theorem B.2. We find that

{V, Opy (af" (x 3 Hg?) - 5))} Oy (hr B+ B
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As he, ' — 0 and €, = O(ay), we finally get that

d 1 2nThopen .k _
7 <wA,h(t7—h)7 E“i’k> = —fL—ZA <wA,h(tTh)a afk> + O (mwenR™") + o(mih).

Let now 6 be an element in C}(R). We integrate these expressions against 6. Using
Remark 5.4 and making the assumption that lim sup;_,o+ Tho > 0, we obtain

vk € A — {0}, /R o) (wnn(tm). o) dt = o(1) + O(R™).

We now let h goes to 0, and we get that, for every R > 0,

Vk € A — {0}, / a(1) <ﬂA(t), ai’k> dt = O(R™Y).
R
To get the conclusion, we let R goes to +o0.

Remark 5.5. From this Theorem, we deduce that, for every a(z, &, 7) in C(T*T2 x R) and
for a.e. tin R,

i () (Zy(a)) = / ao(& m)palt, dS, dn).

T*T2x {+o0}
APPENDIX A. REGULARITY OF BI-INVARIANT MEASURES

In this appendix, we fix A a primitive sublattice of Z? of rank 1, and we aim at analyzing
the regularity of the set of finite measures on 7*T? which are invariant by the Hamiltonian
flows® ¢!, , and SOZV- We will now recall the results from section 4 of [21] and explain how

A A

they can be adapted to the present framework. We refer the reader to this reference for
the detailed proofs. We introduce the critical set in the direction of A:

Crita (V) = {(2,€) € T*T? : Hy(€) = 0 and 9,Z, (V) = 0}.
This is a closed subset of T*T? which is invariant by the Hamiltonian flows gp’jq . and SOZV,
A A

and we introduce its complement
R(A) := T*T? — Crity (V).
The map
¢ :R* x R(A) 2 (s,t,2,&) — gpqul o gozx(a:,ﬁ) € R(A),
is a group action of R? on R(A). Moreover, for any (zg,&) € R(A), the map
Buoto - R? D (5,1) —> 90;{/% o SOZX (x0,&0) € R(A),

is an immersion. Therefore, the stabilizer group G, ¢, of (o, &) under ¢ is discrete. This
proves that the orbits of the action ¢ are either diffeomorphic to the torus T?, to the
cylinder T x R or to R2. On the other hand, the moment map,

®:R(A) 3 (,) — (Hy(€),px (7,€)) € R?,

"By making a slight abuse of notation, we shall identify QOZA, a flow a priori defined on T2 x A+ x R,
to a flow on T*T? via the diffeomorphism (18). Recall that wﬁql and @;V commute.
A A
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is a submersion, and, for every (H,J) € ®(R(A)) the level set
L,y =0 (H,J),

is a smooth submanifold of R(A) of dimension two. To summarize, the couple (Hy, p})
forms a completely integrable system on R(A), and the map ¢, ¢, induces a diffeomor-
phism:

V(.Cbo,fo) c R(A), (ﬁﬁo,go : R2/Gx07§0 — £IO’£O for ([‘[07 JO) = (I)(Q?O,fo).

(Ho,Jo)’

Here, Efﬁl’foJO) denotes the connected component of L g, s,) that contains (o, ). Therefore,
if Eg(”g;fojo) is compact then it is an embedded Lagrangian torus in 7*T?. In that case, we
shall write T2 . := R*/G,,¢- In the following, we denote by R.(A) the set formed by
those (z,£) € R(A) such that ngx ¢ is compact. Mimicking the proof of proposition 4.2
in [21], one can show that the following holds:

Proposition A.1. Let ju be a probability measure on R(A) that is invariant by o', and
A
cp;X. Set @i .= ®.p. Then, for every a € C.(R(A)), one has

/ al, €)u(de, d€) = / / (e, )y (de, dEYA(AH, dJ),
R(A) Q(R(A)) J Lim, 1

where, for (H,J) € ®(R(A)), the measure Ay j is a convex combination of the (normalized)
Haar measures on the tori Efloff;) for (z0,&) € Lia,y) N R(A). In particular, for every

(x,€) in R(A), one has

u({gajqk(af):Og SSLA}> =0.

An explicit formula for the restriction of the measure Ay ; to a connected component
£5¢ ) with (2,€) € Reo(A) N Loy is the following:

(27) /z . a(z, &) Ay y(dx,dE) = c/ a(Pag e (8, 1))dsdt,
[:(2110) 11‘?J()w’i()

for some constant ¢ € [0, 1].

We will now discuss the regularity of the projections of bi-invariant measures following
the proof from paragraph 4.2 in [21]. We denote by IT : T*T? — T2 the canonical projection.
The main result from section 4 in [21] was the following

Theorem A.2. Let p1 be a probability measure on R(A) that is invariant by ¢, . and gpgv.
A A
Then, v = Il u is a probability measure on T? that is absolutely continuous with respect

to the Lebesgue measure.

Denote by A(A) the convex closure of the set of measures dpor where I' C T*T? ranges
over the orbits of 1 that are contained in Crit A(V). A direct consequence of the previous
Theorem is the following:
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Corollary A.3. The projection v := Il,u of a probability measure p on T*T? that is
mvariant by gpif L and @'y, can be decomposed as:
A Pp
v = f vol +aing
where f € LY(T?), a € [0,1] and vgng € N'(A).
Note that, for a “generic” choice of V, the set of points x satisfying 0,ZA(V) = 0

consists of finitely many closed geodesics of T?. In particular, vy is a finite combination
of measures carried by closed geodesics.

Proof. As it is simple to explain in the current framework, we briefly explain how the proof
of Theorem 4.6 in [21] can be adapted to prove Theorem A.2 — see also Lemma 2.1 in [6].
Recall that it is sufficient to fix some (z,&p) in R.(A) and to prove that the set of points
where

G0y © (5,1) € Tio,g — Il o goqu o 90;),‘((1:0750) c T2

is not a local diffeomorphism is made of finitely many disjoint C! closed curves. Such curves
are called caustics. This can be proved as follows. One can verify that the points where
we do not have a local diffeomorphism are defined by the points (s, t) satisfying

Hy (quo,&)(sv t)) =0.
Note that, for every s in R,

Hy <<P;,X($0,§0)> = H (duo60(8:1)) -

As (g, &p) belongs to the ¢;V—invariant set R(A), we know that
A

0 In(V) (@;X ($0750)> # 0.

Thus, from the Hamilton-Jacobi equations, we deduce that there exists a small open neigh-
borhood (t — n,t +n) of t such that, for every t' € (t —n,t +n) — {t},

Hy o 90:X (w9, &0) # 0.

In particular, there are ony finitely many values of ¢ such that Hy o 90;‘, (0,&) # 0 and
A

thus, there are only finitely many closed curves on T? 0.co Where the map ¢, ¢, is not a local
diffeomorphism. [l

APPENDIX B. BACKGROUND ON SEMICLASSICAL ANALYSIS

In this appendix, we give a brief reminder on semiclassical analysis and we refer to [29]
(mainly Chapters 1 to 5) for a more detailed exposition. Given A > 0 and a in S(R??) (the
Schwartz class), one can define the Weyl quantization of a as follows:

1 i
Yu € S(RY), Opf(a)u(r) = (s / / ety (

r+y

,5) uly)dyde.
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This definition can be extended to any observable a with uniformly bounded derivatives,
i.e. such that for every o € N*?, there exists C, > 0 such that sup, . [0%a(z,&)| < C.
More generally, we will use the convention, for every m € R and every k € Z,

Sme = {(ah<x7£))0<h§1 : V(Oé,ﬁ) S Nd X Nd7 sup ‘hk<£>7ma§agah(x7£)| < +OO} )

(z,£)eR24:0<h<1

where (¢) = (1 + [|£]|*)/2. For such symbols, Opy(a) defines a continuous operator
S(R?) — S(R?) which acts by duality on S'(R?).

Remark B.1. We also note that we have the following relation that we use at different
stages of our proof:

(28) Vo > 0, Ya € S™ OpY(a(z,€)) = Opls-i (a(x, 6€)).

Among the above symbols, we distinguish the family of Z%periodic symbols that we
denote by SiuF. Note that any a in C*°(T*T?) (with bounded derivatives) defines an

element in S%Y. Similarly to the proof of Th. 4.19 in [29], one can verify that, for any

per*
m,k
a € Sy

Opy (a)(ex) = ) eqiq-r(mh(q + k),
q€Zs
where ey (x) := ™ and a,(€) := [r.a(z, e ™ dx. In particular, for any a € SyuF,
the operator Op}’(a) maps trigonometric polynomials into a smooth Z9-periodic function,
and more generally any smooth Z?periodic function into a smooth Z-periodic function.
Thus, for every a in SItF, Opy(a) acts by duality on the space of distributions D'(T%). An
important feature of this quantization procedure is that it defines a bounded operator on

L2(T4) [29, Ch. 5]:

Theorem B.2. [Calderdn-Vaillancourt] There exists a constant Cy > 0 and an integer
D > 0 such that, for every a in S%°, one has, for every 0 < h < 1,

per’
w m (6%
|Opy; (a)”L2(TdHL2(Td) < Cy Z Rz 0% -
la]<D
Another important feature of the Weyl quantization procedure is the composition for-

mula:

Theorem B.3. [Composition formula] Let a € S™* and b € S™>*2. Then, one has, for
any 0 <h <1

Opy (a) o Opj'(b) = Opy (afb),
in the sense of operators from S(R?) — S(R?), where afpb has uniformly bounded deriva-
tives, and, for every N > 0

afpb 3 L z:LD k N
b~ L (PD) (0 + o),

k=0

where D(a,b)(x,&) = (0,0, — 0,0¢)(a(z, §)b(y, v)) | y—z —¢-
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We refer to chapter 4 of [29] for a detailed proof of this result. We observe that for
N = 0, the coefficient is given by the symbol ab, and for N = 1, it is given by %{a, b},
where {.,.} is the Poisson bracket. As before, we can restrict this result to the case
of periodic symbols, and we can check that the composition formula remains valid for
operators acting on C>(T?).

Remark B.4. We note that the formula for the composed symbols is quite symmetric, and
we have in fact the following useful property, for every N > 0,

N 9 ik 2k+1
aﬁhb — bﬁha ~ Z m <§D> (CL, b) + O(ﬁ2N+3),
k=0

Finally, note that, if b(§) is a polynomial in £ of order < 2, one has, the exact formula:
h
b — bipa = —{a,b}.
agrb — bina %{aa}
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