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ABSTRACT. The Quantum Loschmidt Echo is a measurement of the sensitivity of a quan-
tum system to perturbations of the Hamiltonian. In the case of the standard 2-torus, we
derive some explicit formulae for this quantity in the transition regime where it is expected
to decay in the semiclassical limit. The expression involves both a two-microlocal defect
measure of the initial data and the form of the perturbation. As an application, we exhibit
a non-concentration criterium on the sequence of initial data under which one does not
observe a macroscopic decay of the Quantum Loschmidt Echo. We also apply our results
to several examples of physically relevant initial data such as coherent states and plane
waves.

1. INTRODUCTION

Let T? = R?/Z? be the standard! torus. Motivated by the fact that the quantum
evolution is unitary and thus cannot be sensitive to perturbations of initial conditions,
Peres suggested to study the sensitivity of the Schrodinger equation to perturbations of
the Hamiltonian [23]. More precisely, he proposed to compare the dynamics induced by
the following two semiclassical Schrodinger equations:

R2A
(1) Zhatuh - - QUEa uh(t = 0) = ¢fl7
and
h2Aus
2) oS = — 2 Vs us(t = 0) =

where V belongs to C*°(T? R), (15)so+ is a normalized sequence in L*(T?) and (€;)n_0+
satisfies

lim €p = 0.
h—0+

In order to measure the difference between the two evolved systems, Peres used the so-called
notion of quantum fidelity,

(3) Ene(t) = |(us (1), un(t)) 2(r2)

Here, uy(t) represents the solution to (1) at time ¢ and u§(¢) the solution to (2) at time ¢,
both of them having the same initial condition which is normalized in L?(T?). This fidelity
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between pure states can be rewritten as

itPe(h) _ itPy(h)
<¢h, e hoe h ¢h>
L2(T?)

where we have set Py(h) := —WTA, and P.(h) := —E’Z)TA + €;V. From the physical point
of view, this means that the quantum state ¢/, has been evolved under the Schrodinger
flow of ]30(71) up to time ¢, then evolved back up to time —t by a slightly perturbed
quantum Hamiltonian P.(h) and compared with the initial state ;. Under this form, it
is now often referred to as the Quantum Loschmidt Echo in the physics literature. Peres
predicted that this quantity should decay for any quantum system and that the rate of
decay should depend on the dynamical properties of the underlying classical Hamiltonian.
He motivated his conjecture with numerical simulations and with the following formal

asymptotic expansion:

2

Ene(t) =

Y

(4) Ene(t) 1 — = ((Wn, V) — (U, Vb)) + ...

Hence, for any type of Hamiltonian, he deduced that, for short times ¢t < 75 := %, the
quantity & .(t) should follow some quadratic decay. This first approximation just relies on
the fact that the quantum fidelity can be well approximated by the Taylor expansion. After
that, the Quantum Loschmidt Echo is expected to continue its decay at a rate that will
now also depend on the dynamical features of the classical Hamiltonian, namely chaotic vs.
integrable. This kind of general behaviour seems to be commonly accepted in the literature
on the subject — see for example [14, Sect. 2.1.1] or [15, Sect. 2.3.1]. Note that the rates of
decay (after this short time regime) depend in a subtle manner on the parameters i and
€, but also on the choice of initial data and of V. For much larger time scales, we refer
for instance to paragraphs 2.3.1 and 2.3.2 in [15] for a brief review of the different possible
regimes and references to the literature — see also [16]. Observe that € also implicitly
depends on A in these different regimes, as it is often compared with the size of the mean
level spacing, which is A? in dimension 2. We shall not discuss these questions here and
we will mostly focus on the case of the transition regime ¢ ~ 75 for which one should
already observe some decay of the Quantum Loschmidt Echo. We emphasize that we are
mainly concerned with the case of the free Schrodinger evolution on the 2-torus which is
the simplest example of an integrable system. In this dynamical framework, the situation is
known to be quite subtle and many phenomena may occur — e.g. see [8] and the references
therein.

One of the main consequences of our analysis will be to exhibit large classes of semi-
classical initial data for which we do not have any macroscopic decay of the Quantum
Loschmidt Echo in this transition regime — see section 4 below. By macroscopic decay,
we roughly mean that the Quantum Loschmidt Echo would give something < 1 in the
semiclassical limit. More precisely, for any time ¢77 with ¢t € R fixed, we will verify that
the Quantum Loschmidt Echo will tend to 1 in the semiclassical limit for large families of
initial data. Note that this does not exclude the possibility that &; () is strictly less than
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1 but rather that the deviation from 1 is asymptotically small in the semiclassical regime
without trying to be quantitative in the size of the deviation. Our strategy is to apply
to this physical problem the 2-microlocal techniques recently developed by Anantharaman
and Macia for the study of controllability and of semiclassical measures on flat tori [18, 4]
—see also [2, 1, 3, 20] for related results on integrable systems. In particular, our analysis
will be highly dependent on the integrable structure of our Hamiltonian.

Note also that our results will be valid for a certain regime of small perturbations?:

(5) h? < e, < h.

In fact, the case of stronger perturbations €; > h can be easily treated for any compact
Riemannian manifold — see section 3. Here, we manage to deal with smaller perturbations
due to the specific structure of the torus. The requirement 2> < €; comes from the fact that
we will analyse the properties of our semiclassical states in regions of phase space whose size
will be of order ;5! hence > h thanks to (5). This will allow us to deal with symbols that
are still amenable to pseudodifferential calculus [27]. Tt is plausible that the case e; ~ h?
can also be handled by microlocal techniques but the situation would be more subtle.
Our results do not a priori extend to other types of quantum systems, where different
phenomena may occur. Finally, we emphasize that, even if the Quantum Loschmidt Echo
is now a rather well studied and understood quantity in the physics literature, much less
seems to be known from the mathematical perspective. For recent mathematical results
we refer the reader to [5, 7] for R?, to [10, 6] for general compact manifolds, to [9, 24] for
negatively curved surfaces and to [19] for Zoll manifolds.

2. MAIN RESULTS

We will now state our results more precisely. First of all, we emphasize that we will
deal with semiclassical sequences of initial data. More precisely, in the following, we shall
always suppose that (¢;)o<p<1 is a family of initial data which is normalized in L*(T?) and
which satisfies

(6) 5li>I(I)l h;nSHp H]-[O 4] h A ¢hHL2 T2) - 07
and
(7) lim limsup H1[R7+oo[(—h2A)wh”L2(T2) = 0.

R—=4o00 p 0+

Equivalently, the sequence of initial data oscillates at the frequency h~!. Here, the semi-
classical parameter i — 07 is the one appearing in the Schrodinger equations (1) and (2).
Our main result is to establish an explicit formula for the Quantum Loschmidt Echo at
the critical time scale

(8) Tg =
€n

2In all the article, we say that fi(h) < fo(h) for two sequences fi(h),f2(h) > 0 if
limy_,o+ f1(h)f2(h)~" = 0.
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in terms of the initial conditions (¢)o<n<1. Due to (5), this time scale tends to +oo in
the semiclassical limit and it is always much smaller than the Heisenberg time h~' from
the physics literature. Recall that, in dimension 2, the mean level spacing §E between
quantum states is of order A%, and, by the uncertainty principle, the corresponding scale
of times dt is of order A1,

In order to state our main result, we need to fix some conventions. We denote by L£;
the family of all primitive rank 1 sublattices of Z2. Recall that a sublattice A is said to be
primitive if (A) NZ% = A, where (A) is the subspace of the momentum space R? spanned
by A. Moreover, it is of rank 1 if (A) is one dimensional. Any such lattice is generated
by an element ¥, of Z? such that Z&y = A. Denote then by o3y the lattice vector which

is directly orthogonal to @y and which has the same length Ly := ||75|| = ||’ ||. We then
introduce two Hamiltonian functions associated with A:
VE € R?, H(E) == <§7UA> and Hy (€) := <€, ).

This defines a completely integrable system and the flow corresponding to Hy is defined
by

) by 0.9 = (24122 ¢)).

Note that this flow is Lj-periodic. Using these conventions, we can define the following
map

FAﬁ 1CcE CSO(TQ X R) = <77Z)ﬁ, Oph (CA,ﬁ) wﬁ) )

Ly
cAh(x 5) LlA/ CO(’O?{X ($’ ﬁHA(g)) dt,

€n

where

and where Opy, is the standard quantization — see appendix A. Observe that c, j has only
Fourier coefficients (in the x variable) along A. Roughly speaking, these quantities measure
the concentration of the initial data in an %-neighborhood of A+ := Ry in momentum
space. From our assumption (5), the quantity % goes to 0, but not faster than 2. Up to an

extraction, we can suppose that, for every A 6 L1, there exists a finite positive measure?
F{ such that, for every c € CCOO("]I“2 x R),

10 lim (Fa, ¢) = (F%, ¢).

(10) Jm (Fap ) = (Fy,0)

Hence, the measure F describes the part of the mass which is asymptotically concentrated
along At. These are rescaled versions of the so-called semiclassical measures [13, 27]. It
turns out that the asymptotic properties of the Quantum Loschmidt Echo are in fact
related to these quantities:

3We refer to paragraph 6 for further precisions on the regularity of these objects.
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Theorem 2.1. Suppose that (5) holds, and that we are given a sequence of normalized
initial data (Yy)po+ satisfying (6) and (7) which generates a unique family (FQ)aer, -
Then, for everyt € R, one has

lim (uj (), wn(trs)) = eV (1 - Z<F?\,1>>

h—0t
ANeLy
+ Z/ S e )
AGLl T2xR

where up(t') (resp. u(t')) is the solution at time t' to (1) (resp. (2)).

This Theorem provides an explicit formula for the Quantum Loschmidt Echo at the
transition regime 7. It is in some sense slightly more precise as we compute the overlap
(u§ (t75), up(t75)) and not only its modulus. If F{ identically vanishes for any A in £, then
this Theorem shows

1i € (tr¢ N = 1.
JHm |(up(tr7), un(tTy))|

The assumption FQ = 0 for every A € L; exactly means that the initial data do not
concentrate too fast near the invariant tori where the geodesic flow is periodic. Again,
this does not mean that the Quantum Loschmidt Echo does not decay but it rather states
that the deviation from 1 is asymptotically small. In section 4, we will apply this result to
standard families of initial data such as coherent states and plane waves. In that manner,
we will illustrate the many possibilities for the behaviour of the Quantum Loschmidt Echo
for integrable systems.

Note that a similar statement was obtained by Macia and the first author in the case
of degenerate integrable systems, like the geodesic flow on the sphere [19, Sect. 5]. In that
framework, the case of smaller perturbations could be treated up to the scales e; > h3.
Compared with that reference, the situation here is more complicated from a dynamical
point of view as there are directions where the Hamiltonian flow is periodic (with a period
that depends on the direction) and other ones where the geodesic flow fills the torus. In
order to deal with these different behaviours, the main additional ingredient compared
with [19] will be to introduce two-microlocal objects as in [18, 4, 1], namely (F3)aer, -
These quantities will capture the properties of the Schrodinger evolution near directions
where the classical Hamiltonian flow is periodic while, away from these directions, we will
be able to use equidistribution of the geodesic flow. Finally, we emphasize that the regime
of perturbations we consider here is the same as in [20] which describes the structure of
semiclassical measures for the Schrodinger equation (2). However, the two problems require
in fact a second microlocalization at different scales and they yield propagation laws given
by different two-microlocal quantities.

Organization of the article. Section 3 is devoted to the simpler case of strong perturba-
tions €; > h. In section 4, we start by applying Theorem 2.1 to families of relevant initial
data. In section 5, we introduce families of distributions on the cotangent bundle 7*T?
that are close to the so-called Wigner distributions. Yet, as they are of slightly different
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nature, we review some of their basic properties such as invariance under the geodesic flow
following the classical arguments from [13, 17, 27]. We also relate them to the Quantum
Loschmidt Echo at the critical time scale, and we reduce the problem to an analysis of
their restriction to rational directions. Then, in section 6, we define the two-microlocal
framework needed to analyze the behaviour along rational directions. The proof of Theo-
rem 2.1 is given in section 7. Finally, appendix A provides a short toolbox of semiclassical
analysis on T2,

Conventions. All along the article, we use, for every u and v in L*(T?),

(U, v) 2(12) 1= /1T2 u(x)v(zr)de.

We will work with smooth (or regular enough) test functions defined on different spaces.
In order to facilitate the reading, we will use the following conventions. The symbol
a(z,€) will be used to designate functions on T*T? ~ T? x R? b(x,&,n) for functions on
T*T? x R ~ T*T? x (A) (or more generally T*T? x R), c(z,n) for functions on T2 x R (or
more generally T? x I@) and f(z) for functions on T?. In some places we will also need
to introduce functions depending on an extra time variable ¢ € R and we will use the
following conventions a(t, x, &), b(t, x,&,n), etc. For every such function, we will write its

Fourier decomposition in the x variables. For instance, given a regular enough function b
defined on T*T? x R, we write

xé-n Zbk_é&nmﬂkx

keZ?

Then, given a sublattice A € £, we will write

1 neeen = [ o(rrsien) i = D nen

keA

The same can obviously be defined for functions a(z,€), ¢(z,n) or f(z). Given a function
b(z,&,n) defined on the space T*T? x R (or ¢(x,n) on T? x R), we will identify it with a
function on T*T? by the following operations. Let A € £; and 6§ > 0, we define

(12 Dast)(e.6) = (.6, 4.

The definition can naturally be extended to functions ¢ defined on T? xR. As an illustration,
with these conventions, we can rewrite

Ve e C?(Tz x R), <FA,ha ) = (¢, Opy, (DA,eﬁh_l(IA(c))) Un) .

Finally, we will use the following convention. Given a Radon measure p defined on the
space Y, we will write u(y) to designate the measure and to remind the reader that it
depends on the variable y. When we will integrate a function g against u, we will write
fY g(y)u(dy) but it does not mean that p is absolutely continuous with respect to some
natural Lebesgue measure on the space Y.
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3. THE CASE OF STRONG PERTURBATIONS: €, > h

All along the article, we will focus on the case where ¢, satisfies (5). In particular, we
will suppose that €; < h which ensures that certain invariance properties are satisfied —
see e.g. Lemma 5.2 below. Before doing so, we will briefly explain what can be said when
the strength of the perturbation is stronger, i.e.

hﬁehgl.

In that case, one has 7 = g < 1 and we are in a scale of times where semiclassical rules
for pseudodifferential operators apply. Precisely, we prove:

Theorem 3.1. Denote uy(t') (resp. u§(t')) the solution to (1) (resp. (2)) with initial
condition vy, satisfying (7) and such that, for every a € C°(T*T?),

(U, Opy(a)yp) = (Fo, a).

lim
h—0t
Then, one has
(1) if €5 = 0h with § > 0 fized, then, for everyt € R,
2

Y

t
. € c c 2 i5 [ Vowsds
lim |<uh(t;h,)aU,ﬁ(t7h>>L2(T2)| = ‘(Fo’eéfo Vop®d >
h—0t

(2) if h < e < 1, then, for everyt € R,

: € c c 2 i 2
hlir(l)l_‘_|<uh(t7'h),uh(tTh)>L2(T2)’ = {(Fo,eﬂ/)‘ )

The existence of Fy is guaranteed up to an extraction by the Calderén-Vaillancourt
Theorem — see appendix. The theory of semiclassical measures [27, Ch. 5] shows that Fj
is a probability measure carried on T*T?. Note also that, as § — 0T, one has

t

5/5 Vogds — tV*(x,£),
0

where V*(., £) is a smooth function on T? for every £ € R? which can be expressed in terms
of the functions Z, (V') with A depending on &. Hence, in the limit of small perturbation
and for a fixed time, we see that the Birkhoff average of the potential appears in the
description of the Quantum Loschmidt Echo. Our main Theorem will make this more
precise when 0 goes to 0 in the semiclassical limit.
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Proof. Here, we focus on the case of the 2-dimensional torus as we shall do in the rest
of the article. Yet, the proof we give can be adapted verbatim to any smooth compact
Riemannian manifold (M, g) while this will not be the case for smaller perturbations. We
can write

itrf Pe(h) _ itrf Py (h)
h

<uz<trg>,uﬁ<wg>>—<wh,e P

Compared with the rest of the article, we have here 75 = g < 1. In particular, we can
apply the Egorov Theorem to determine the value of F'(¢) where the only difference with

itTf Pe(h) . itTg Py(h)
the classical case is that we have e % — on one side and e~ % — on the other. Yet, the
classical proof can be adapted to encompass this case® [25, p. 71-72]. More precisely, we

have

itrf Pe(h) _ itTf Py (h)

€p trg s
e h e A = Oph (67’ o " Vop ds) + 0L2—>L2(1)-

This yields
e if €, = dh, then one has

t
lim (uj,(t75), up(ty)) = <F0, oi0 J7 Vo¢8d8> _

h—0t
e if h < ¢, <1, then one has
lim (up,(t75), up(try)) = <F0, eitv> .

h—0t

4. EXAMPLES OF INITIAL DATA

The purpose of this section is to apply our results to specific examples of initial data
that are frequently discussed in the physics literature: plane waves and coherent states
(or superposition of such states). The goal of these examples is to illustrate the variety
of behaviour that may occur. For most of the cases, we shall verify that the Quantum
Loschmidt Echo is in fact asymptotically equal to 1 in the transition regime. Recall that
one expects a decay for any type of quantum system. Still, in certain specific cases, where
the quantum state concentrates along periodic trajectories in phase space, we may observe
different phenomena, e.g. polynomial decay for certain families of plane waves or revivals
for a superposition of coherent states.

In order to describe these various phenomena, we have to calculate the distributions F}
for all primitive rank 1 sublattices A. Then, we shall apply the time evolution formula given
by Theorem 2.1 in order to derive explicit expressions for the Quantum Loschmidt Echo for
these sequences of initial data. It turns out that these distributions will be nontrivial only if
the corresponding sequence of wave vectors , when projected on S', converges to a rational
direction at a certain rate. In other words, the sequence of initial data is concentrated near
the tori of periodic orbits of the unperturbed Hamiltonian flow. In some sense, our series

4The proof in that reference is given for V of the form iW with W real valued but it can be adapted to
treat the selfadjoint case which is actually simpler to deal with.
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of examples illustrates that, for most initial data, we do not observe a macroscopic decay
for times of order 7.
In order to state our results, we define the set of “rational” unit vectors as

S(b = {UA/LA ’ A e El}

Again, this corresponds to the directions where the classical Hamiltonian flow is periodic.
We also introduce the convenient notation v /Ly = (cos ay, sin ary) for some unique oy €
[0, 27).

4.1. Plane waves. Let us consider the initial data ip,(z) = €2

of lattice vectors k € Z?, ||k|| — oo. In that case, we choose
h=hp = ||k]| .

In this entire paragraph, we suppose that there exists ¢ € S! such that k/||k|| — ¢ as
|k|| = co. According to Appendix A, one has, for ¢ € C>(T? x R) and for A € L,

(13) (Fans €) = (Un, Opp(Da -2 (Za(€)))n) = €0, 2nh%e; Hy (k)),

where c(z,1) = >,z ¢(l,n)e*™* and where we refer to (11) and (12) for our different
conventions.

=: ex(z) for a sequence

4.1.1. Rational directions. We start with the case, where the limit vector v belongs to S(b.
In that case, the following holds:

Proposition 4.1. Let (k := n(h)Ua, +m(R)0y, )no+ for some Ay € Ly and with |m(h)| <
1/h. In particular, U = Upr,/La,. Then, the following holds:

(1) If 2rm(h)R%e,* — w € R, then
F () — {a () if(A) =Ag,

0 otherwise.
(2) If 2rc|m(h)|R%e, " — 400, we have
VA S £1, FOA =0.

Proof. We have Hy(k) = mLy, if (A) = Ag. Therefore, in that case, the term hAZe; ' Ha (k)
appearing in (13) may remain bounded as i — 0. If 2rmhAZe;, " — w, we obtain, for every
a € C*(T? x R),

(Fan c) =(0,2nh%e, ' Hp(k)) — ¢(0,wLy,) = /2 c(x,n)0ur,, (dn)dx.
T2 xR

On the other hand, if mh%e; ' — oo, then, one finds
<FA7h7 C> - /C\(O, 27Th26glmLA0) e O’

for A small enough since c¢ is compactly supported. It remains to discuss the case where
(A) # Ag. In that case, we have

hey [Ha(k)| 2 Beyt[n(h)] — oo,
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since ||k|| = ™Y, m(h) = o(h™') and €, < h. Hence, we can apply (13) one more time to
conclude. O

4.1.2. Irrational directions. Let us now consider the case where @ belongs to S' \ Sg:

Proposition 4.2. Let k = (m(h),n(h))no+ be a sequence of lattice points in Z* such that
' = (cosa,sina) ¢ Sg.
Then, one has, for all A € Ly,
F} =0.
Proof. For a given A, one has
hHA(k) = h{k,Upr/La) — (cosacosay + sinasinay).

Therefore, as A goes to 0,

h? h

—H\ (k) ~ — cos(ay — a),

€n €h
and it follows that h2e, ' |Hy (k)| — 400 because hi/e, — 400 and cos(ap — a) # 0, since
a ¢ S§. Thanks to (13), this implies (F 5, c) = ¢(0,2rh%, ' Hx(k)) — 0 as h — 0. Hence
FQ =0 forall A € £;. O

4.1.3. Superposition of two plane waves. In this last paragraph, we consider a slightly differ-
ent example. We will verify that more complicated measures may arise for a superposition
of two plane waves. For instance, one has in the rational case:

Proposition 4.3. Let (k(h))no+ and (I(R))n_o+ be two distinct sequences of lattice points
of the form

k(R) = ni(R)0x, +ma(R)Ty, and 1(R) = nao(R)Tr, + ma(h)Ty,,
where |k(h)| ~ ™Y, [I(h)| ~ h™Y, and, for j = 1,2, A; € Ly with Ay # Ay. Suppose also
that, for j € {1,2}, there exists w; in R such that’

lim 27m;(h)h%e, " = w;.
et mm;(h)h7e,” = w;

Set

1
Yi(z) = E(ek(x) + ().

Then, the corresponding measure FQ satisfies the following:

30mry, (n)  if (A) = AL,
F?\(Z‘, 77) - %5W2LA2 (77) if <A> = Aé_a

0 otherwise.

This proposition just reflects the fact that two plane waves do not interact with each
other in the semiclassical limit as soon as A; # As.

®Note that this implies m; () = o(hi~ ).
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Proof. Using appendix A, we find that

hZ
Fan= ¥ > f( 20 Ha(m))
me{l k} ne{l,k}:m—

(14) "

:56(0, 27rh2<—:ngA(k:)) + 56(0, 2rh2e, P HA (1)) + On(RY),
where we used the fact that ||k — || ~ A=t and [e(k — I, A%¢; "Hy (k)| Sn ||k — 1| ~ AV,

So, if (A) = A{, then, for all ¢ € C>°(T? x R), we have by the same argument as in the
proof of Proposition 4.1

1. _ 1.
<FA7h’ C> ~ 50(0’ 27Th2€h 1HA(k)) - §C<Oa wlLA1)
as h — 0. Similarly, if (A) = Ay, then we have

1
<FAJL, C> — 50(07 WQLAz).

Otherwise, one can make use of the fact that ¢ is compactly supported in 7 to deduce that
<F ARs C> — 0. ]

4.2. Limit of the Quantum Loschmidt Echo for plane waves. Now that we have
computed the limit measures associated with the initial data, we can apply Theorem 2.1
in order to derive an explicit formula for the Quantum Loschmidt Echo:

Proposition 4.4. Suppose that (5) is satisfied. Then, for sequences of plane waves, the
following hold:

(1) If (¥n)no+ verifies the assumptions of Proposition 4.2 or of part (2) of Proposi-
tion 4.1, then
lim | (ug (t75), up(trs)) |> = 1.
h—0t

(2) If (Un)nso+ verifies the assumptions of part (1) of Proposition 4.1, then
. B 2
/ ei fo ZA(J)_ (V)(erswv[{O)dsdx
TQ

(3) If (Yn)nso+ verifies the assumptions of Proposition 4.3, then

Z/ Zfo AL(V (z-l—swij) d
T2

In all the statements, we used the conventions of Theorem 2.1.

lim | <Uh(t7'h) uﬁ(tTh» |2 =
h—0t

bl

lim | (ug(tr5), up(trs))
h—0+

The proof of this Proposition is a direct application of Theorem 2.1 combined with the
above Propositions which computed F}. Note that the last part of the Proposition could
be generalized to a finite superposition of plane waves by similar calculations. In the case
where w; = 0 (or w = 0 in part (2)), we can observe that the integral reduces to

/ ST (V@) g
T2 7
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which can be viewed as an integral on the 1-dimensional torus Sy. = R/(LAZ). In particu-
lar, if Z, 1 (V') has only finitely many critical points (which are nondegenerate) as a function
on the 1-dimensional torus, then an application of stationary phase asymptotics states that
this integral is of order t~'/2 as t — 400 which shows that the Quantum Loschmidt Echo
becomes small for times ¢77 with ¢ large. On the other hand, plane waves associated with
an irrational limit vector ¢ do not give rise to any macroscopic decay of the Quantum
Loschmidt Echo. As a last comment, let us observe that, when w # 0 in part (2) of the
Proposition, one has

' -1 tw]o 1 [ —1

/ s (V)(z + swiy )ds = — Vo + —/ Zys (V) (z + sty )ds,
0 W W J tw)

where [tw] is the unique integer satisfying [tw] < tw < [tw] + 1. Hence, the limit of the
fidelity distrbution can be rewritten as
2

. € c c 2
Tim | (s t75), wn(t75) ? =

-1 tw ]

Lt 7 (V) (zsTh )d
/ it Sy Tap V(atstg,) S
']1‘2

?

which is a periodic function of t.

4.3. Coherent states. We first define a notion of (generalized) coherent state following
for instance [1]. Let ¢ € C2°(R?) with® suppy C (—3,3)?, |l¢lls = 1. We define a coherent
state on R? by

— T — To 2mi 50 g
on(z) =% <— ©
Vi

and we periodize it to obtain a coherent state on the torus, ¥y € C>(T?),

(15) Unle) = 3 gnla +0).

lez?

These semiclassical states concentrate at (zo,&) as A — 0%. Note that the terminology
“coherent state” is somewhat abusive from the physical perspective as our states do not
a priori minimize an uncertainty principle. Yet, they share some similarities in the sense
that they are localized in a ball of radius v/A around (20,&0). In the following, we make
the assumption that & # 0 in order to verify property (6). We can verify that the L? norm
of ¥y is equal to 1 for A small enough as the supports of the translates do not overlap in
the semiclassical limit.

The Fourier decomposition of ¢, can be easily expressed in terms of the Fourier transform
of . Indeed, for k in Z?, one has

(16) @;(/{;) _ h1/26—2m(k—%0).m0¢ <h1/2 <k _ 5_;)) |
where @ denotes the Fourier transform on R?. Recall that ||3]|12g2) = |l¢[lr2@2) = 1.

SNote that the arguments could be extended to deal with the more classical case where ¢ =
exp(—[lz%/2).
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Remark 4.5. Let us make the following useful observation that we shall use at several stages
of our argument, namely that 1, is supported in a ball B(§y/h,r,). We fix a sequence of

radii 7, > A~Y/? and, using (16), one has
-~ h1/2 o @
Pl

As @ is rapidly decaying, there exists C' > 0 such that

(e (e

from which we can infer

S femP<n Y

lm—E&h=L|>rp lm—&h=1||>rn

2 —2
S [dam)P < Cn / (1+‘ ) dy
y—Eoh1||>ry

)
= I y h
(17) Im—&h=1||>rp

-2
<c (1 IIP) Ty o,
ly'[=rnh2

The same calculation shows that

Yo [nm)] = ono(h ).

[m—&oh=1||=ry

4.3.1. A preliminary reduction of Fp ;. We aim at computing the limit distribution derived
from the sequence (Fy ;)n_0+. For that purpose, we start with a general computation valid
for any regime of perturbations. For ¢ in C°(T? x R), write

<FA,h,C> = (¢n, Opﬁ(DA,ﬁhﬁ_l(IA(c)))wh>

_ 3 da(m) Y @(n)e(m—n,wa—:HA(m)).

mez2 neZ2:m—neA
27Th2€ngA (m)e€supp,,(c)
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Let us now compute the sum over n in Z? by observing that 1, vanishes surely outside a
ball B(xo, it). This implies, as i — 0,
(18)
— h2 h? -
Z Yp(n)e <m - n,QW—HA(m)> :/ Zx(c) (x, 27T—HA(7TL)) e_m(x)ty(x)dx
"E?

nEZ2:m—neA €n €n
h2
:/i 31“@(@%&4ﬂ0@)em@Wﬂ@M:
B(zo,h8) €n

2

=200 (0 25 Ha(m)) T

h

Lo, (hi / 3 \wh<m)!dx)
B(z0,h8)

2

= 24(6) (0, 20 H o)) o) + O,

€n

]

),

where we used the bound

/B . [en(@)|dz < Vol(B(xo, h3))2[[ls = O(h3).

(x0,h8)

In particular, we have

—_ § —_
(19) [(Fan o) | < lleflo > [n(m)|* + Oc(h4) > |¥n(m)].
meZ? mez?
2mh2e;, YE, (m)€supp,,(c) 27rh2€ngA (m)€supp,,(c)

We are now in a position to compute F}. For that purpose, we shall distinguish different
regimes depending on the relative size of €; and A

4.3.2. Small perturbations h? < e < h*/?. We start with the case of small perturbations.
In that case, one has:

Proposition 4.6. Suppose that h* < e, < h3/?. Then, for the sequence of initial data
defined by (15) with & # 0 and for every A € L, we have FQ = 0.

Proof. We fix ¢ in C°(T? x R) and we want to compute (F3,c). The idea is as follows.
In order to compute this distribution, we need, on the one hand, to evaluate the mass of
the coherent state in a cylinder of size h < €;/h < h'/? around (A) in momentum space.
On the other hand, the coherent state is “uniformly” located in a ball of size v/A around
(%0,&). Hence, its mass inside the cylinder under consideration will tend to 0 as A — 0%.

We start with the case where & ¢ A*. Then, there exists a constant 0 < Cx(&) < 1
such that

(20) inf{”m —%0

- h

:m € Z*, 2nh’e, " Hy(m) € suppn(c)} > CA(&)).
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Indeed, suppose for a contradiction that there exist d; — 0 and a sequence of lattice
points my € Z? such that ||my — %OH < &ph! and such that 27h%e, ' Hy(my) € supp, (c).
Decompose my, as my = sp& + tpéy. It follows that [sp, — 7L, [ta| < dh Y| &l 7! which
implies |sp| > (1 — 6,/|&||71)R™". Now write

Up Un .| 1 /vy .
A(mn) Sh<LA>€O>+ h<LAa§o> h<LA’£O>+O( )
Then, we use that |Hx(my)| < h™2e;, < A1, which yields the contradiction as & ¢ AL. In
view of the estimate (19), all that remains to be shown is

-~ -~ _3
> [n(m)[* =0 and > [¥n(m)| = o(h™1),
milm—goh= | Ca (§0)h~! mil|m—€oh =" 2Ci (€0)h~"

as h — 0. This is exactly the content of Remark 4.5. It follows that F§ = 0 for every
A € L such that & ¢ AL. Note that this part of the argument is in fact valid for any
W < e < h.

On the other hand, suppose that & € At. We shall use (19) one more time. Yet, we

have to argue in a slightly different manner and to make use of the fact that ¢; < h%,

equivalently h2e, — 0. Using (16), one has
-~ h1/2 . 5_0
Pl

> m)P<n >
mez? mezZ?

for some C, > 0 that depends only on c¢. Recall from our assumptions that A~ 2e; — +o0.

As @ is rapidly decaying, one knows that there exists C' > 0 such that

QWHZE;IHA (m)Esuppn(c) |Ha(m)|<Cch™2ep
o\ —
)

Hence, implementing this bound in (19) and using that & € A~ yields

(21) ,
/2 <y—§—7§> 2) dy

)
gc?/ (1) a0, ashs 0
[HA(y)|SCch™ Zep

2

Y

> )P < o

1t ‘
mez? |HA(y—E0h™=1)|<Ceh— 2
27Th2 e}; 1 HA (m)€suppn (C)

A similar calculation shows that

Z |@//);(m)| = O(h1?), as h— 0*.

72
- me
2mh?e;; - Ha(m)€supp, (c)
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Indeed, following the strategy explained at the beginning of the proof, equation (16) yields

(22)
R B S o (me (m-5)) \
mez? mezZ?
hQE;lHA(m)Gsuppn(c) |[HA(m—E0h™1)|<Ceh™2€x

9\ —2

< C'/hl/z/ 14 ‘ p1/2 (y B @)
|HA(y—€oh—1)|<Cch2ey, h

—2
S () "y
[Ha(y")|<Cch™ 2ep

-2
< C’h—1/2/ (1+1w17) ~dy
R2
= O~ Y%), as h — 0%,

Gathering these upper bounds implies that the limit distribution F{ is zero for any A.
Along the way, we also note that the upper bound (22) did not rely on the fact that

e K h% O

4.3.3. Critical perturbations e, = h3/2.

Proposition 4.7. Suppose that €, = k*/? and that the sequence of initial data is given
by (15) with & # 0. Then, we have

Ono () () if &0 € AT,
F(z,n) =
0 otherwise.

where

[ ctmmtan = [ cermr©)IFO P
R R2

Proof. The first part of the proof of Proposition 4.6 applies to the case where &, ¢ A+ and
en > h2. Hence, it remains to treat the case where & € AL, In that case, equation (18)
yields

Fame) = > Za(0) (w0, 20k Ha(m) ) [dn(m) + Ou(hH) [ (m)].
meZ>?
2rh? Ha(m)€esupp, (c)

The argument of Remark 4.5 shows that

lim limsup Z |@//J;(m)]2 = 0.

R—+o00 +
=0T n—goh—1|| > RA-1/2
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Thus,
Fape) = > (Ta(0) (w0, 2082 Ha(m)) [dn(m)] + OB ()] ) + (R, ),
[m—goh=1[|<RRh=1/2

where limg_, o limsup,_,o+ r(R, ) = 0. We start by estimating the first part of the sum

which is equal to
-~ h1/2 i @
(e (=5

e Y T <a:o, 2mhd Hy (m _ %))

[m—goh=t||<RR=1/2

2

Y

where we used that & € A+. Letting & — 07, one finds

(23)
(Fanc) = 45<R|¢<§>|21A<c><xo,awHA<5>>d§+Ocmi) S ) (R )
2rh2 HATTi)ZESupp17 (c)
- 4 o POPTAE a0, 27 HAE))E + O +-1(R, ),

where we used estimate (22) in the last line. The result follows by taking i — 0% and then
R — +oo0. g

4.3.4. Large perturbations h3/? < e, < h. In this regime, we have h™'/? < ¢;,h™2 < h™!
and the following holds:

Proposition 4.8. Suppose that i*/? < e; < h and that the sequence of initial data is
given by (15) with & # 0. Then, we have

0o (2)00(n)  if &0 € A,
F(z,n) =
0 otherwise.

In particular, as it was already the case in Proposition 4.7, if & /|| || € S§, then F§ =
for every A € L.

Proof. Compared with the proof of Proposition 4.6, we are now evaluating the mass of the
coherent state inside a cylinder whose is of order hr < en/h < 1. In particular, the size of
the cylinder is much larger than the size hz of the ball where the coherent state is located.
Hence, for & € A+, the distribution FQ will only capture a Dirac mass at 0 in momentum
space. For other A, it will give 0 as we are away from the location of &,.

Hence, arguing as in the proof of Proposition 4.6, we can verify that F§ = 0 for every
A € L; such that & ¢ A+. Hence, as above, we just need to discuss the case where &, € A*.
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From (18), one knows that
h? — —
Fanci = X 1) (w20 ) ) )+ O T
meZ>? h
27rh2e;1HA(m)€suppn(c)
We fix a sequence of radii , such that e,i=2 > rj, > h~'/2. The argument of Remark 4.5

allows to show that
2

h —~
Fand = Y 10 (xo,Qw—HA<m>) T (m)
€n
m:||lm—E&oh= || <rp
+ O.(h1) > [n(m)] + o(1).
mez?
2nh2e, YH, (m)€supp,,(c)

Hence, using Remark 4.5 one more time, the fact that |[1;]| — 1 and the fact that & € AL,
one has

(Fanc) =Ta(c) (w0,0) + Oc(h?) > [Un(m)] + o(1)
meZ?
(24) 27rh26gl Hy (em) €supp,, (c)
~T0(¢) (20,0) + o),
where we used estimate (22) in the last line. O

4.3.5. Superpositions of two coherent states. Let us now consider the initial data

I @
Vn = E( P
where ") (resp. "™} denotes a coherent state centered at (zo,&) (resp. (Yo, o))
with &,n0 # 0. We will also suppose for the sake of simplicity that zq # yo (but not
necessarily &y # n9). The case o = yo could be treated in a similar manner but it would
require slightly more work. As the case xq # 1o already displays interesting features
regarding the question of the Quantum Loschmidt Echo, we limit ourselves to this case.
The key observation is that we have

1/ 1
(25) (Fane) =5 (Fure) + 5 (FU™, ) +o(1).

Hence, the calculation reduces to the analysis of a single coherent state as it was performed
in the above Propositions. To see this, we simply have to show that the off-diagonal terms
are small, i.e. as h — 07:

it i= (U, Opy(Da s (Za (€)™ ) = o(1).

For that purpose, we write that

im S0k T ) )
= 3 e (g, Opy (Dt (Ta(e)) ™ )

L2(R2)
keZ2 (%)
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We will now estimate each term in the sum by making use of the fact that xq # yo:

ra(k) = <90§°+k’5°, Opy, (Da,en-1(Za(c))) ¢%O7WO>L2(R2)

_1 Plp—y &) xotk.Los N _
= (271'71)2 /6 e y,5>¢ho+k,£0<$)IA(C)(x, hEthA(g))SO%OWO (y)dxdyd§
R
ic(h) k) i
B (62—)2 / e Vw0 0,000 (P8 o (o th—u0.8) SONT () (wo + VA, he; " Hy (€))@(y)dadyde,
)2 JRe

where a(h) is some real number depending on (xg, £, Yo, 7o), and where

00 (@, €) = —(x, 2mE0) + (y, 2mm0) + {x — y, €.

Note that we have identified ¢ and yo with elements in [0,1)%. We can now use the fact
that

h‘<5L‘0 +k— yo)-ag <€%<xo+k—yo,§>> — €%<I0+k—y07§>’
illzo + k= wol[?
and integrate by parts. In that manner, we find that, for every N > 1 and for every k in
72,
_ N _
) = llao + k= ol VOw (r% + (n26)Y),
which allows to conclude.

4.4. Limit of the Quantum Loschmidt Echo for coherent states. Combining The-
orem 2.1 with the above Propositions yields the following estimates for the evolution of
the Quantum Loschmidt Echo:

Proposition 4.9. Suppose that (5) is satisfied and that the sequence of initial data is given
by (15) with & # 0. Then, the following holds:
(1) If > h2 or e < h2, then

. € c c 2 _
T | (s (t75), e (1)) 2 = 1.

(2) If e =k and &/|%l| ¢ Sh, then

: € c c 2
Tim |G (7). un(t75)) [ = 1.

(3) If en = B2 and & € AL for some A € L1, then

A

= 2
; € (4. C c i [LIA(V) (mo+2msHp(€) 22 )ds
Tim | (g (178), un(ir) P = | [ 1@ P (osms @R )onge

9
R2
In all the statements, we used the conventions of Theorem 2.1.

In particular, this Proposition shows that, for most of the cases, we do not have any
macroscopic decay of the Quantum Loschmidt Echo when the initial data are given by a
sequence of coherent states. More precisely, the echo can only be < 1 if ¢; = . In the
case where €, > h%, it is interesting to mention the case of a superposition of two coherent
states pointing along rational directions:
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Proposition 4.10. Suppose that hi < €, < h and that we are given the sequence of initial
data from paragraph 4.3.5 with & € A{ and ny € Asy. Then, the following holds:

os <t(IA1(V)(xO) - IAg(V)(yO))> 2

hm | <uh(t7—h) Uh(”h)) |2 =
h—0+

)

2

where we used the conventions of Theorem 2.1.

This follows from Propostion 4.8 combined with paragraph 4.3.5 and Theorem 2.1. It
shows that, in this particular case, the Quantum Loschmidt Echo is periodic in time for
times scales of order 75. Finally, note that we do not necessarily suppose A; # A, here.

5. SEMICLASSICAL FIDELITY DISTRIBUTIONS

Even if we are primarly interested in the study of the Quantum Loschmidt Echo, we
will in fact study some slightly more general quantities which may be of independent
interest and which already appeared in [19]. We shall call these intermediary objects
semiclassical fidelity distributions. Before defining them and relating them to the quantities
of the introduction, let us first fix some conventions. Associated with the Schrodinger
equations (1) and (2) are two semiclassical operators acting on L?(T?):

2 2
Py(h) := —%, and P.(h) := —% + eV
We will always assume that assumption (5) on the size of the perturbation is satisfied. In
order to define these semiclassical fidelity distributions, we fix two sequences of normalized
initial data (¥ )o<p<1 and (13 )o<n<; satisfying the frequency assumptions (6) and (7). We
then define the following semiclassical fidelity distribution on T*T?:

it Pe (h)

00 [ rk 2 _itPy(n) 2
VteR, Fy(t):a € CX(TT?) — 1/)5 n Opyla)e” 9y ,
L2(T2)

where Op;(a) is the standard quantization defined in appendix A. The goal of this section
is to describe the properties of their accumulation points. The main observation from this
section is that the description of the Quantum Loschmidt Echo at the critical time scale
75, follows from the detailed analysis of these accumulation points — see paragraph 5.2 and
Proposition 5.6.

5.1. Extracting subsequences. Recall that we denote by 7 the critical time scale —-. We

first extract converging subsequences from these sequences of distributions. Let a(t z,§)
be an element in C°(R x T*T?). From the Calderén-Vaillancourt Theorem A.3, one knows

that
/(Ff(tfh) dt‘ <oy n% / 102 ca(t) | odlt,
R

|a|<D

(26)

for some universal positive constants C' and D. In particular, this defines a sequence of
bounded distributions on R x T*T2. Thus, up to an extraction A, — 0%, there exists
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F(t,z,€) in D'(R x T*T?) such that, for every a in C>*(R x T*T?), one has
im [ (B, (b7 ), a(t))dt — / it z, ) F(dt, dx, de).
hn—0% R " RxT*T2

Remark 5.1. In order to alleviate the notations, we shall write i — 0% instead of h, — 0"
which is a standard convention in semiclassical analysis.

From (26), one knows that

/ a(t,x,g)F(dt,dx,dg)‘ <C / a(t)||codt.
RxT*T?2 R

Thus, for a.e. t in R, F(t) defines an element of the Banach space” M(T*T?) of finite
(complex) Radon measures on 7*T2. By an approximation argument, one can also verify
that, for every 6 in L'(R) and for every a in C3°(T*T?), one has

lim [ 0(t)(Fu(try),a)dt = /R o(t) < /T *Wa(x,g)F(t,dg;,dg)) dt.

h—0t R

Note that compared with the classical case of semiclassical measures [13, 17, 27|, F(t) is
a priori only a complexr measure. We also remark that, thanks to the frequency assump-
tion (6), one has, for a.e. ¢ in R,

(27) [F(D](T* x {0}) = 0.

Up to another extraction, we can also suppose that there exists some finite (complex)
Radon measure Fyy on T*T? such that, for every a in C°(T*T?),

lim (Fi0).a) = [ alo.€)Fulda,de)

Observe that, by construction, F'(t) was only defined almost everywhere while here we
extract a subsequence for the fixed time ¢ = 0.

From this point on, we fix the accumulation point F'(f) and we want to de-
scribe it in terms of ¢. Let us start with the following lemma:

Lemma 5.2 (Invariance by the geodesic flow). Denote by ¢° the geodesic flow, i.e.
V(x,€) € TT?, Vs € R, *(z,€) = (x + 5£,€).
Then, for every a in C(T*T?) and for a.e. t in R, one has
Vs € R, / ao@’(z,§)F(t,dx,d§) = / a(x,&)F(t,dz, d€).
T+T2 T+T2

This Lemma shows that, as for the case of semiclassical measures [17], the limit object
we obtain is invariant by the geodesic low. We emphasize that it is important here to have
e K h.

"More generally, for a locally compact metric space X, we denote by M(X) the set of finite complex
Radon measure on X.
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Proof. As for the extraction argument, the proof of this Lemma is the same as for semi-
classical measure. Yet, let us recall the proof as it is instructive regarding the upcoming
proofs. We write

itTf Py(h)

d c 7/7- zt'the(h) ~ .
Gt = T (o (R, oma)] 0t
L2(T?)

ZT € itTE Pe(h) thCﬁO(h)
h h —h -0 2
<¢ha V Opy(a)e " ¢h>
L2(T2)

As we use the standard quantization, we have that V' Op,(a) = Op,(V a) which is a bounded
operator thanks to the Calderén-Vaillancourt Theorem A.3. Moreover, using the composi-
tion Theorem A.4 for pseudodifferential operators and the Calderén-Vaillancourt Theorem

one more time, we have that [}A’o(h),Oph(a)] = 20p,(£.0,a) + Or2_y2(h?). Using our

assumption (5) on the size of ¢, we find that

d - _C C C
E(Fh(tﬂg); a)y = iti (Fy(t75), £.04a) + o(75).

Integrating this relation against 6 in C2°(R), we find that

- [ 0 (0F), o)t = /R O(t) (Fy(175), €. Dpa)dt + o(1),

Th

which concludes the proof by letting i — 0%, O

Finally, we note that, up to another extraction, we can suppose that, for a.e. t in R,
there exists v(t) € M(T?) such that, for every § in L'(R) and for every® f € C>(T?),

lim [ 0(t)(Fy(try), f)dt = /RO(t) ( . f(x)y(t,dx)> dt.

h—0t R

Thanks to the frequency assumption (7), we know that there is no escape of mass at
infinity. Therefore, one has

(28) v(t,z) = / F(t,z,df).
R2
5.2. Time evolution. Let us now discuss the relation of these fidelity distributions with

the quantities appearing in the introduction. There, we were mostly interested in the case
where a = 1. In that particular case, we have that

% (=5 Ry (), 1)) = i ¥ <Fh<wg>, (v- /T v>>

or equivalently, for every t € R
t
(i) ) = eV (0 1) [0 (g, (v [ )
0 T2

8Note that it is not compactly supported in &.
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Letting h — 0", we find that, for every ¢t € R,
(29)

t
lim (Fy(tr<), 1) = etV (Fy 1)-4i / =) 2V ( / (V(x) - / v) F(t’,da:,d§)> '
0 T*T?2 T2

h—0t

or equivalently

¢
lim (F(t7¢),1) = e 2V (Fy 1) +i/ et Jr2V (/ (V(m) — / V) V(t’,d$)) dt'.
h—0+ 0 T2 T2

Note that, in the particular case where ¥} = ¢2 = 1)y, the first term of the right hand
side is equal to 1. Hence, describing the Quantum Loschmidt echo at the critical
time scale boils down to the description of the fidelity distribution F(¢) (more
precisely of its pushforward v(t) on T?) in terms of ¢ and of the initial data.

Remark 5.3. Note that, up to this point, our analysis did not really used the fact that we
are on the torus and it could be adapted to deal with more general Riemannian manifolds.

5.3. Decomposition of phase space. In order to describe F'(t) in terms of ¢, we will
first exploit its invariance under the geodesic flow in order to decompose it into infinitely
many pieces indexed by the family £ of primitive sublattices of Z2?. We follow here the
presentation of [4]. Recall that a sublattice A is said to be primitive if (A) NZ? = A, where
(A) is the subspace of R? spanned by A. For A in £, we introduce

A ={(eR*:&k=0, VkeA}.
To every fixed covector £ € R?, we also associate the sublattice
A :={k€Z’: k&=0},
and, for every 0 < j < 2, we denote by ©; C R? the following subsets of covectors
Qo :={0}, O := {f € R? : kA, = 1} ,and Qy = R? — (Qo U Q).

The fact that £ € €2; is equivalent to say that the orbit {¢*(z, &)} fills a torus of dimension
j. We also define

Ry = AtN Q2—rk(A)'
Note that, for A of rank 1, we have Ry = A+ —{0}, and that we have the following partition
of R? indexed by the primitive sublattices of Z2:

R? = |_| Ry.
AeLl

Let us now decompose F(t) according to this partition of 7*T?2. In fact, the above discus-
sion and the fact that F'(t) is a Radon measure allow to write two natural decompositions
of F(t):

(30) F(t) =Y F(t)]rxr,,

AeL
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and its Fourier decomposition
txf ZFtk’me,kw
kez?
For A € L, we denote by Zo(F(t)) the distribution
TA(F(t) = Y F(t,k,&)e* ™.
keA
Note that this is consistent with the conventions we have introduced in section 2. The
following result holds (see section 2 in [4]):
Proposition 5.4. For a.e. t € R, one has
(1) for every A € L, the distribution Zy(F(t)) is a finite complex Radon measure on
T*TQ,'
(2) every term in (30) is a finite complex Radon measure invariant by ¢° and
(31) F(t)]r2xry = Ia(F(t)) | 12x Ry -

Finally, property (31) is equivalent to the fact that F(t)|r2xr, is invariant by the transla-
tions:

7 (2,8) = (x4, 8), for everyv € AT,

Remark 5.5. The proof in [4] was given for finite positive measure but it can be adapted
verbatim to fit our framework where we have to deal with finite complex Radon measures.

To summarize, we can decompose the distribution we are interested in as follows:

(32) F(t) = Zo(F (1))l r2xq, + Z IA )2 xat—{0}-

A:rk(A

Note that we do not have any term associated with A = Z? thanks to the frequency
assumption (6) —see (27). Recall from (29) that we are interested in determining (F'(t),V —

fTQ V') or more precisely
> [ e (F. T - [ V).
0 T2

t
/ e~ eV <F(t’),v —/ >
0 T2 Ark(A)=1

Therefore, applying (32), we have shown the following which is the main observation
of this section:

Proposition 5.6. Using the above conventions, we have

lim (F,(trs),1) = etl2V(F, 1)
h—0t

t
+ Z Z / ei(t—t/) fTQ |4 <:Z’.A<F(tl))—|T2XAJ'—{O}7 IA(V) — / V> dt/
0 T2

Airk(A)=1
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Hence, this formula combined with (29) allows to reduce the problem to analyzing the
fidelity distribution along the submanifolds T? x A+ (for every rank 1 sublattice). In order
to this, we will proceed to a second microlocalization along these submanifolds following
the strategies from [18, 4, 1].

6. SET-UP OF THE TWO-MICROLOCAL TOOLS

We will introduce two-microlocal objects in order to proceed to the analysis of the fidelity
distribution near the submanifolds T? x A+ C T*T2. For that purpose, we will make use
of the tools developped in [18, 4, 1] that we will briefly review in this section using the
conventions from [20]. We note that the main differences with these references are the choice
of rescaling for the second microlocalization, and the nature of the propagation relation
that comes out of the analysis. For instance, the potential appears in the Hamiltonian
dynamics induced along A in reference [20] while here it will play a role as a phase factor
— see Proposition 7.2.

To proceed with our analysis, we fix A a primitive sublattice of rank 1 and we denote
by R the compactified space RU {£oc}. Then, we introduce an auxiliary distribution, for

every b € C°(T*T? x R),
itrf Pe(h) _ itTg Py(h)
(Fan(trs), by = <w Opy (Da oy s (I (5))) e~ 7 w§> |
L2(T?2)

Note that these quantities are slightly more general than the ones introduced in (10) as
they depend on (¢,&) and as they extend to +oo. We shall compare with definition (10)
in paragraph 6.3. One of the reasons for working with the compactified space R is to
encompass the case where the function is independent of n that was introduced previously.

Remark 6.1. Recall that semiclassical measures involving a second microlocalization pri-
marly appeared in [21, 22, 11, 12] outside the context of integrable systems discussed in
the above references.

The purpose of this section is to study the properties of these distributions and their
relation to the fidelity distributions we have already defined. We proceed in several stages.
First, we recall how one can extract converging subsequences and we explain how to de-
compose the limit distribution into two components (paragraph 6.1): the “compact” com-
ponent and the one at infinity. After that, we show some invariance properties of the
limiting distributions and relate these quantities to the ones we are primarly interested in
(paragraph 6.2).

Remark 6.2. We point out the following useful observations. First, if b(z,&,n) = a(x,§)
is an element in C2°(T*T?), we recover the fidelity distribution we have introduced before.
Hence, this new distribution should be understood as a generalization of Fj(¢7f) which
captures some informations on the distribution near T? x At. We also note that this
quantity is well defined as the standard quantization allows us to consider any observable
which has bounded derivatives in the x variables — see appendix A. Finally, with a small
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abuse of notations, we emphasize that

00 (D@0 1= O, (0 (0,6 M) ) — 0ps (02, % 100)) )

€n

where we remind that #? < €, < h. In particular, under this form, we get an h%gl-
pseudodifferential operator with a nice symbol (meaning with no blow up of the derivatives
as h — 0). In the following, we will often make use of this observation to estimate the
remainder terms in our semiclassical formulas.

6.1. Extracting converging subsequences. As for the semiclassical fidelity distribu-
tions, we would like to extract subsequences h,, — 0 such that Fj 5, (trgn) converges in a
certain weak sense. For that purpose, we shall follow the more or less standard procedures
of [13, 17, 27] in the case of semiclassical measures. We denote by

B :=CY(R? x R, C*(T?)),

the space of continuous function on R? x R with values in C3(T?) and which tends to 0 at
infinity”. We endow this space with its natural topology of Banach space. According to the
Calderén-Vaillancourt Theorem from the appendix, one knows that, for every b € L}(R, B),
one has

(33) [ 1Enatem) bt < € [ 1560t

In other words, the map t — F} ,(t75,) defines a bounded sequence in L'(R, B)" endowed
with its weak-x topology. Hence, after extracting a subsequence, one finds that there exists
for a.e. t in R some element F(t) in B’ such that, for every b in L'(R, B), one has

(/ _ 5<t,x,§,n)FA(t,dx,dg,dn)) dt.
T*T2xR

Remark 6.3. Here, we used the first part of the Calderén-Vaillancourt. If we had used
the second part, it would just have changed slightly the Banach space involved in our
argument.

lim b(t, z, &, n)Fap(ty, dz, dE, dn)dt = /

h=0% JrxT*T2 xR R

By a density argument, one can find that, for every 6 in L'(R) and for every b in
C>®(T*T? x R),
lim 9(t)<FA7h(tTﬁ),b>dt:/9(t)<FA(t>,b>dt.
h—0+t R R
These limiting functionals are related to F(t) in the following manner:

(34) F(t) = / Fu(t, dn).

R
The main objective of the rest of the article is to describe the properties of F},(¢) in function
of t and of the initial data. Regarding this aim, it is convenient to split these two-microlocal
distributions in two parts: the “compact” one and the one at “infinity” (in the R variable).

9Here, infinity means in the variables corresponding to R? as R is compact.
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Before doing that, we observe that, up to another extraction, we can also suppose that
there exists F§ in B’ such that, for every b in C°(T*T? x R),

: _ 0
Tim (F(0),0) = (F.).

Therefore, we would like to relate Fj(t) to F. Recall that F)(t) is defined almost every-
where and we will derive an explicit expression for it in terms of FY by showing that it
verifies a certain transport equation. Finally, up to some diagonal extraction argument, we
can suppose that these differerent linear functionals converge for any primitive sublattice
A of rank 1 along the same subsequence.

At this point, Fj(t) is only an element in the dual of B and not a priori a complex
Radon measure. Yet, this can be overcome via the application of the second part of the
Calderén-Vaillancourt Theorem A.3. In fact, thanks to this Theorem, one knows that, for
every 0 in L'(R) and for every b € C>°(T*T? x R), one has

Awmawm@ﬁ

Hence, passing to the limit 7 — 0T, this gives

Awmm@@wscéwwwmw

We emphasize that we crucially use here that A% < ¢, which yields comfortable simpli-
fications compared with [4, 1] where ¢;, = h? (and thus the limit objects are not a priori
measures). In particular, we find that, for a.e. ¢t in R, Fy(¢) belongs to M(T*T? x I@)
Thus, we can split F(t) as

< (J/ 10()]]|b|lcodt + O(R*e; ).
R

(35) Fa(t) = Fa(t) + FA@1),
where 3 3
Fa(t) := FA(t)]m2xmexr, and FA(t) := Fp(t)]r2xr2x {too}-
Finally, we can split similarly FQ in two parts that we denote by £ and FA0.

6.2. First invariance properties. Recall from Proposition 5.6 that we aim at describing
IA(F(t)) 12 xat—10}-

Thanks to (34), this is related to the two-microlocal quantities we have introduced as
follows:

(36) Za(F (1)) 12 a2 {0y :/I%IA(FA)(udn)—‘T?xAJ-{0}+/{i }IA(ﬁA)(tadUﬂWxAL{o}-

As a first step, we will show the following result concerning the part at infinity which is
the analogue in our context of [4, Th. 13(ii)]:

Lemma 6.4. Let A be rank 1 primitive sublattice. Then, for every k in A — {0}, for every
g in C*(R?* x R) and for a.e. t in R,

<FA(t),g(§,7])e_2”k‘z> —0.
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Before proving this Lemma, observe that it allows us to rewrite the quantities appearing
in Proposition 5.6 as

(37)
<IA(F(75/)HT2xAi—{0},IA(V) - /TQ V> = </RIA(FA(t,adn))]WxAL—{O},IA(V) - /IF? V>,

for a.e. t in R. Recall from Proposition 5.6 that this is exactly what remains to be
computed if we want to find an expression for the Quantum Loschmidt Echo at the critical
time scale 77. Hence, our analysis boils down to the description of the “compact” part

FA(Zf) of FA(t)

Proof. Let x be a smooth cutoff function on R which is equal to 1 near 0 and to 0 outside
a slightly bigger neighborhood of 0. We fix g in C°(R? x R) and R > 0. Then, we define

g"(&mn) = <1 — X <%>> g(&,m).

Let A be a primitive rank one sublattice and k € A — {0}. Recall that we use the standard
quantization (see appendix A for a brief reminder). Hence, we have the identity

d g, me >

2 F c

dt< A,h(tTh)a n

iT itr¢ Pe(h) hZA b itrf By(h)
(38) = ﬁ<wh, T { —~ Opﬁ< ( ) ’“)]e w%>

. it7E Pe () €n -~ ’LtThPO(h)
+ilyhe® 0O < ( ) Hk-T/ (g ) L>

For the first term on the right hand side, we have, using the composition formula for the
standard quantization (see appendix A), that

R2A €n RHAE)\ _ginka
{ Op"(hHA<§>gR(§’ >>}

_ hHA(S) —2ik.x 27T2h2€ﬁHA<k’)2
om0 (6 e (i SR )).

where we used the fact that k& belongs to A. Thanks to the Calderén-Vaillancourt Theo-
rem A.3, we can deduce that

52 on g (22) )

= —2epmH)(K) Op ( (f, hHA(g)) 6_2mk'x) + Opay2(RPR7H).
€n

Similarly, we find using the Calderén-Vaillancourt Theorem that
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Implementing these two equalities in (38), we find that

= — 2imHy (k) <FA (1), g (& m)e ™Y + O (R (rih + 1)) .

Recall that 77 = r; < 1 . Hence, the remainder in this equality is of order O(R™!). Another
application of the Calderon—Valllancourt Theorem yields

<FA,h(tTg), (‘5’”37 _mx> _ O(R™).

Thus, if we fix 6 in C°(R), we find after integrating by parts in (39) that

/ 0(t) (Fan(trs), g™ (€, m)e ™) dt = O(R™).

Finally, if we let & go to 0 and R to 400 (in this order), we find

/ <FA -IT*’JI‘QX{:I:oo} g(&,n)e 2iﬂk'£> dt = 0.
R

This is valid for any 0 in C2°(R) and thus concludes the proof of the Lemma. U

We conclude this section by showing that F},(¢) is also invariant under the geodesic flow

Lemma 6.5. Let A be a rank 1 primitive sublattice. Then, for every b in C2°(T*T? x H/é)
and for a.e. t in R, one has

(Fa(1),£.0:0) = 0.
Equivalently, Fy(t) is invariant by the geodesic flow on T*T?.

Proof. Let b be an element in C2°(T*T? x I@) Recall that we use the standard quantization
and we have the identity

d C
2 Faa(t7i), b)
1TE itrE Pe(h) R2A itr¢ By ()
) = R 0 (D G0 )

) itTF Pe(h) itTF Py ()
+1 <w%,€ " Oph (DA7€hh—l(IA(b))V)e " ¢%> .

Also, observe from the composition formula that

200, (Da i (00| = 0y (B0 )0 (g M) ).

2 €p

Hence, applying the Calderén-Vaillancourt Theorem (which only involves derivatives in
the x variables here) implies that the first term on the RHS dominates, as & — 07. We
find that

d

5 $n(tTh), b) = TiFa(try), €.0:0) + O(1) = 7 Fa(try), (€.0:0)) + O(1).
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|

6.3. Relation with F9. In this section, we introduced a quantity F/(\) which is slightly
different from the one we considered in (10). Recall that F depended only on the (z,n)
variables (while FY{ also depends on &) and that it was not supported at 7 = 4co (which
is also the case for FX) Yet, both quantities are related thanks to the frequency assump-
tion (7). In fact, this hypothesis implies that, for R > 0 and for ¢ in C*(T? x R),

(1, ODy (Daen-1(Za(€)) ) = (¥n, Opy (D epn—1(Za(€))) X(—=H* A/ R)n)
+ r(R,h),

where x is a smooth and compactly supported function equal to 1 near 0 and where
limpg 1 limsup;,_,o+ 7(R,h) = 0. Applying the composition rules for pseudodifferential
operators and letting A — 0, we find that

(R ) = (Ta(ER), clz, mx(I€]*/R)) + o(1),

as R — +o0o. From the dominated convergence Theorem, we conclude that

(41) F(en) = [ Ta(ED (e de o)

7. PROOF OF THEOREM 2.1

Thanks to Proposition 5.6 and to (37), it now remains to determine Zy(Fj(t)) in terms
of t and of F Y in order to conclude the proof of Theorem 2.1. This will be the main purpose
of this section. After deriving the exact expression for Z (Ej(t)), we will explain how to
prove Theorem 2.1 in paragraph 7.3.

7.1. Preliminary remarks. Rather than Fj(t), we are interested in the restriction of
Ta(Fa(t)) to T? x At — {0} x R. Yet, this distinction is essentially irrelevant due to the
following observation:

Lemma 7.1. Let A be a rank 1 primitive sublattice. For every b € C°(T*T? x R) whose
support does not intersect T? x A+ x R, and for a.e. t in R, one has

(Fa(t),b) = 0.
From this lemma, we deduce that
Fr(t) = Fa(t) | p2xatxr = FA(tﬂWXAi—{O}XRv

where the second equality follows from the frequency assumptions (6). Recall that Fj(t) is
an invariant complex Radon measure. Hence, thanks to Proposition 5.4 and to Lemma (6.5),
we can write

(42) Fu(t) = Za(Fa(t)) Trexas— (o) xi-
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Proof. Let b be an element in C°(T*T? x R) whose support does not intersect T? x AL x R.
It is sufficient to observe that

<FA,h<tnf>,b>=<wi, i Opﬁ( ( < hHA(O))e“T’?f”’wi>

is equal to 0 for A small enough thanks to our support assumption on a. U

7.2. Propagation formulas for F)(t). We can now express Fy(t) in terms of ¢ and of
the initial data:

Proposition 7.2. Let A be a rank one primitive sublattice. Then t — Fy(t) is continuous
and one has, for every b in C>°(T*T? x R)

(0. Ta@) = (Ta(F) (2 =2 ) BP0 ) 7,

Proof. Let b(x,£,m) be an element in C°(T*T? x R). In order to derive our equation, we
start by differentiating the map t — (Fy x(t75),Zx(b)). Recalling that we are using the
standard quantization, we find that

L Fpn(t7), Ta (D)

dt
1TY it"'(iﬁdh) h2A 7.t‘r(;'130(h)
(13) =D (h |20 (D G0 02 )

. zt‘rcPe(h) it‘rCPO(h)
+z<w,%, 4 Oy (Dot (Ta )V €22 ¢>

From the commutation formula for pseudodifferential operators (see Theorem A.4), we
know that
th
5 Om (D T 0))]

e RH () Tr N 2 h
~on((OE g (7 ) )50 (6 ) )

where we used that Z,(b) has only Fourier coefficients along A. Combining this formula
with (43), we find that

d 7 R (7 2
2 (), Ia (b)) = <FA,h(tTf§)a (nL—i -0, + e, (L_//\\ : 8&;) +@V> IA(b)> .

This can be rewritten as

L (Faalti), Ta0) = <FA,n(tT£), <n7 0 (L— 5 ) +v> IA<b>>.
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We can now integrate this relation against a smooth function # in C°(R). We use that
€n, > h* and we find that, for every € in C2°(R),

—Ae’(t)<FA(t),IA(b)>dt:/Ré)(t)<FA(t), (n%-ﬁﬁﬂ/) IA(b)>dt-

From Lemma 6.5 and as F A () is a finite complex Radon measure supported in T? x A+ —
{0} x R, we find that this is equivalent to

- /R 0/ (£) (Fa(t), T (b)) dt = /R 0(1) <FA(t), (ng—AA 0, + m(V)) IA<b)> dt,
which implies Proposition 7.2. U

7.3. Conclusion. Recall that we are primarly interested in describing the quantum fidelity

distribution at the critical time scale 75 = g From Proposition 5.6 and (42), one has

(F(t),1) = "=V (F(0),1)

¢
i Z»eithQV/ o8 2V Z </ IA(FA)(s,df,dn),IA(V)—/ V> ds.
0 Ark(A)=1 ‘YRR T2

Thanks to Proposition 7.2, this can be rewritten as

(F(1),1) = =Y (F(0),1)

t )
L eitheV / Z / Ia( ]50) i ol (IA(V) (z+s'"L—AA) Sy Vda:)ds’ s
0 Auk(p)=1 ‘/E*xR M ds 7

which yields

(F(t),1) = "=V | (F(0),1) - (FR.1)
A:rk(A)=1
b A EROE R, (e, ).
Aak(n)=1 7T T2 xR

Suppose now that we take 1} = ¢ = 1, for the sequence of initial data. We are now in
the framework of the introduction and we can make use of (41) to write

(F(1),1) = "=V {(F0)1) - Y (F{.1)

A:rk(A)=1
D N e ST
Ark(A)=1 7 T* T2 xR

which is exactly the content of Theorem 2.1 as F'(0) = 1 in that case.
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APPENDIX A. BACKGROUND ON SEMICLASSICAL ANALYSIS

In this appendix, we give a brief reminder on semiclassical analysis and we refer to [27]
(mainly Chapters 1 to 5) for a more detailed exposition. Given i > 0 and a in S(R??) (the
Schwartz class), one can define the standard quantization of a as follows:

Vu € S(RY), Op,(a)u(z) := (27T—1h)d //u@?d e%@_y’g)a(x,f) u(y)dydé.

Remark A.1. We could use other quantization procedures like the Weyl’s one [27]. The
advantage of this quantization is that it has a simple action on trigonometric polynomials
and that it behaves nicely with respect to multiplication by V' (z).

This definition can be extended to any observable a with uniformly bounded derivatives,
i.e. such that for every a € N*%, there exists C;, > 0 such that sup, |0%a(z,§)| < Cl.
More generally, we will use the convention, for every m € R and every k € Z,

(z,£)eR24:0<h<1

SmJ{ = {(ah<x7£))0<h§1 : V(Oé,ﬁ) S Nd X Nd7 sup ‘hk<£>7ma§a§ah(x7£)| < +OO} )

where (¢) := (1+]|€||*)*/2. For such symbols, Op;(a) defines a continuous operator S(R?) —
S(R?).

Remark A.2. We also note that we have the following relation that we use at different
stages of our proof:

(44) V8> 0, Va € S, Opy(a(2,€)) = Opyai (a(z, 56)).

Among the above symbols, we distinguish the family of Z-periodic symbols that we
denote by S™k. Note that any a in C®(T*T9) (with bounded derivatives) defines an

per
element in S0.%. According to Th. 4.19 in [27], for any a € SJ%F, the operator Opy(a)

maps trigonometric polynomials into a smooth Z9periodic function, and more generally
any smooth Z%periodic function into a smooth Z%periodic function. Thus, for every a in
Spk, Opy(a) acts by duality on the space of distributions D'(T?). An important feature
of this quantization procedure is that it defines a bounded operator on L?(T?):

Theorem A.3 (Calderén-Vaillancourt). There exists a constant Cy > 0 and an integer

D > 0 such that, for every a in S%°, one has, for every 0 < h <1,

per’
||Oph(a)||L2(Td)—>L2('J1‘d) < Ca Z 107 all,
|| <d+1

and

M o
Hoph(a)”LQ(Td)—)LQ(Td) < Cy4 Z h2|0%)| 0.

la|<D
The second part of the Theorem is in fact the “standard” Calderén-Vaillancourt Theorem
whose proof can be found' in [27, Th. 5.5] while the first part can be found in [26].

0The proof in this reference is given for the Weyl quantization but the argument can be adapted for
the standard quantization.
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Proof. We recall the proof of the first part of the Theorem which is maybe less known [26]
and we refer to [27, Chap. 5] for the second part of the Theorem. The first part follows
from the fact that, for every k in Z?, one has

(Opy, (a) ex) () = a(z, 2whk)ex(x),

where e; () := e*™*. The proof of this fact is given in chapter 4 of [27, Th. 4.19]. Once
we have observed this, we can write, for every trigonometric polynomial u in L?(T?), its
Fourier decomposition u = ), _,. Urey, and

Op;, (a)u = Z ura(l, 2mhk)egy = Z ep Z ura(p — k, 2mhk),
k,lez p€Zd  kezd
where a(z,§) = ), 0 a(l,§)ei(x). Applying Plancherel equality, we get
2

> " d(p — k, 2mhk)

kezd

2
10p;, (a) UHL?(W) = Z

pEZA

Thanks to Cauchy-Schwarz inequality, one has

10Dy (@) ullz2iray < D (Z [@|*fap — &, 27Tﬁk)|> (Z la(p - k’,%hk')I) :

peZd \keZd k'ezd

This implies that

0P (@) [72¢re)-s 2(ray < sUP (Z ja(p - /f’,27rhk’)|> xsup | Y [a(p— k,2whk)] | |
k'czZd

d d
PEL keZ pezd

which concludes the proof of the lemma.
O

Another important feature of this quantization procedure is the composition formula:

Theorem A.4 (Composition formula). Let a; € S™* and ay € S™>*2. Then, one has,
forany0 <h <1

Opp(ar) o Opy(az) = Opp(aifsas),

in the sense of operators from S(R?) — S(RY), where aifpas has uniformly bounded deriva-
tives, and, for every N > 0

Yoo/ \"
a18rag ~ Z P <;D) (a1,a) + O(KNT),
k=0

where D(ay, az)(z,§) = (0,.0¢)(a1(z, §)az(y, ) la=y.e=v-

We refer to chapter 4 of [27] for a detailed proof of this result. We observe that for
N = 0, the coefficient is given by the symbol ajas. As before, we can restrict this result
to the case of periodic symbols, and we can check that the composition formula remains
valid for operators acting on C>(T?).
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Remark A.5. We note that we have in fact the following useful property. If a1(¢) is a
polynomial in € of order < N, one has, the exact formula:

[1]

[10]
11)
12]
13]
[14]
15]
16]
17]
18]
[19]

[20]

k! \ ¢
k=0

N 1 /H k
a18rae — agfrar = aifpas = Z <—.D> (01, a2)'
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