DELOCALIZATION OF SLOWLY DAMPED EIGENMODES ON ANOSOV
MANIFOLDS

GABRIEL RIVIERE

ABsTrACT. We look at the properties of high frequency eigenmodes for the damped wave equa-
tion on a compact manifold with an Anosov geodesic flow. We study eigenmodes with damping
parameters which are asymptotically close enough to the real axis. We prove that such modes
cannot be completely localized on subsets satisfying a condition of negative topological pressure.
As an application, one can deduce the existence of a “strip” of logarithmic size without eigenval-
ues below the real axis under this dynamical assumption on the set of undamped trajectories.

1. INTRODUCTION

Let M be a smooth, compact, connected Riemannian manifold of dimension d > 2 and without
boundary. We will be interested in the high frequency analysis of the damped wave equation,

(07 = A +2V(2)8;) u(x,t) =0, u(z,0) = ug, pu(z,0) = uy,

where A is the Laplace-Beltrami operator on M and V € C*(M,R) is the damping function.
This problem can be rewritten as

(1) (=20 + A)u(t) = 0,
where u(t) := (u(t),0;u(t)) and

0 Id
2) A= ( —A =2V >

This operator generates a strongly continuous and uniformly bounded semigroup U(t) = e~**4 on
HY(M) x L?(M) which solves (1) e.g. [14], §2. Hence, it is quite natural to study the spectral
properties of A in order to understand the behavior of the solutions of (1). For instance, in [17],
Lebeau established several important relations (related to the decay of energy of solutions) between
the evolution problem (1), the spectral properties of A and the properties of the geodesic flow
(g%); on the unit cotangent bundle

S*M = {(z,§) e T*M : ||¢||2 =1} .

Recall that the spectrum of this nonselfadjoint operator is a discrete subset of C made of
countably many eigenvalues (7,,) which satisfy lim,,_ . Re 7, = £00. We underline that 7 is an
eigenvalue of A when there exists a non trivial function u in L?(M) such that

(3) (=A =72 —2urV)u = 0.

Hence, each eigenvalue 7 can be associated with a normalized “eigenmode” u in L?(M) which gives
raise to the following solution of the damped wave equation

—tT

v(t,x) = e "Tu(x).

We also underline that Im 7,, € [=2||V||c, 0] for every n and that (7,u) solves the eigenvalue
problem (3) if and only if (—7,%) solves it [21]. Our main concern in the following will be
to understand the asymptotic properties of slowly damped eigenmodes. Precisely, we consider
sequences (T, Un)p, solving (3) with

Re 7, — +o00 and Im 7, — 0.
1
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In the case where V is not identically 0, Lebeau proved the existence of a constant C' > 0 such
that for every 7 # 0 in the spectrum of A, one has [17]

1
(4) Im 7 < —66_C‘T|.

Hence, eigenfrequencies cannot accumulate faster than exponentially on the real axis. Moreover,
Lebeau also provided in [17] a geometric situation where this inequality is optimal. An important
feature of this example is that it does not satisfy the so-called Geometric Control Condition:

(5) 3T,y > 0 such that Vp € S*M, {g'p: 0 <t <To}N{(z,&): V(z) >0} #0.

In fact, under this assumption, one can prove that there exists a constant v > 0 such that for
every 7 # 0 in the spectrum of A, one has [17, 33]

Im 7 < —y <0.

It is then natural to understand how close to the real axis eigenfrequencies can be under the
assumption that the Geometric Control Condition does not hold. For that purpose, we introduce
the set of undamped trajectories'

(6) Av = () g4{(.) € $M: V(z) = 0}.
teR

In fact, even if inequality (4) is optimal, there may be some geometric assumptions on M or on Ay
under which the accumulation is much slower than exponential. In recent works, many progresses
have been made in understanding the spectral properties of A in different geometric situations,
e.g. when Ay is arbitrary [33, 2, 31], when Ay is a closed geodesic [14, 8, 9] or when Ay satisfies
a pressure condition [32, 21]. We will explain some of these results which are related to ours but
before that, we will proceed to a semiclassical reformulation of this spectral problem as in [33], §1.

Semiclassical reformulation. Thanks to the different symmetries of our problem, we will only
consider the limit Re 7 — +o00. Introduce then 0 < i < 1. We will look at eigenfrequencies 7 of
order h~! by setting

V2z

1
T= where z = 3 + O(h).

With this notation, studying the high frequency eigenmodes of the damped wave equation
corresponds to look at sequences (z(h) = 2 + O(h))o<n<1 and (¥p)o<n<r in L?(M) satisfying?

(7 (P(h, z) — z(h))r = 0, where P(h,z2) := —% —hn/2z(R)V (z).

For every t in R, we also introduce the quantum propagator associated to P(h, z), i.e.

(®) UL = exp (“P(hhz)) .

After this semiclassical reduction, the question of the accumulation of the eigenfrequencies to
the real axis can be translated in understanding how close to 0 the quantum decay rate w

can be. For /i small enough, introduce now

Yp = {2z(h) : I £ 0 € L2 (M), P(h,2)¢pn = 2(R)ibr} .

In [33], Sjostrand proved several results on the distribution of this semiclassical spectrum. For
instance, he showed that eigenvalues z(%) with Re z(h) in a small box around 1/2 satisfies a
Weyl’s law in the semiclassical limit A — 0%. Moreover, he proved that, in such boxes, most of
the imaginary parts Im 20 oncentrate on the ergodic averages of V' with respect to the geodesic
flow. We refer the reader to [33] for the precise statements.

1By a compactness argument, one can verify that the Geometric Control Condition holds if and only if Ay = 0.

2We underline that for simplicity of exposition, we only deal with operators of this form. However, our approach
could be adapted to treat the case of more general families of nonselfadjoint operators like the ones considered
in [33], §1.
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In this semiclassical setting, Lebeau’s result reads

I h 1
3C > 0 such that for & small enough, Vz(h) € Xp, %() < —66_

Finaly, under the Geometric Control Condition (5), one can prove the existence of v > 0 such that

=l

for A small enough, one has % < —v [17, 33]: one says that there is a spectral gap.

Chaotic dynamics. It is natural to ask whether the results above can be improved when the
manifold M satisfies additional geometric properties. In this article, we will be interested in the
specific case where the geodesic flow (¢*) on the unit cotangent bundle S*M has the Anosov
property (manifolds of negative curvature are the main example). This assumption implies that
the dynamical system (S*M, g*) is strongly chaotic (e.g. ergodicity, mixing of the Liouville measure
L on S*M). Motivated by the properties of the semiclassical approximation, one can expect to
exploit these chaotic dynamical properties to obtain more precise results on the distribution of
eigenvalues — see e.g. [2, 31, 32, 21] for applications of this idea. In [31, 32, 21], it is proved
that, under various assumptions on V', there exists a spectral gap below the real axis. Yet, to our
knowledge, the existence of a spectral gap is not known for a general nontrivial V even in this
chaotic setting.

Our precise aim in this article is to describe the asymptotic distribution of eigenmodes for which
w — 0 fast enough when the geodesic flow is chaotic. We will prove that such eigenmodes
must in a certain sense be partly delocalized on S*M.

Semiclassical measures. In order to describe the asymptotic properties of these slowly damped
eigenmodes, we will use the notion of semiclassical measures [7, 12]. Consider a sequence of
normalized eigenmodes (1y)x_o+ satisfying

(9) P(h, Z)wh = Z(h)l/)rl,

where z(h) — 1/2 and w — 0 as h tends to 0. If such modes exist, one must at least
have Ay # 0. For a given sequence (15)p_o+, we introduce a family of distributions on the
cotangent space 1M, i.e.

(10) Va € CP(T* M), piy,(a) := (Yn, Opg(a)¥n) 2 ()

where Opj(a) is a A-pseudodifferential operator (see appendix A.1). This distribution tells us
where the eigenfunction ) is located on the phase space T*M and one can try to describe
the accumulation points of this sequence of distributions in order to understand the asymptotic
localization of 1. Using results from semiclassical analysis [12] (Chapter 5), one can verify that
any accumulation point p (as & — 0) of the sequence (i, )n iS a probability measure p with
support in the unit cotangent bundle S* M. moreover, p satisfies, for every ¢t > 0,

Va € C°(S*M), u(a) =p (a o gte=2ls vOgms) ’

due to the fact that I“;Lz — 0. When specifying this relation with ¢ = 1, one can verify that
u(Vogt) =0 for every t. In particular, as V > 0, it implies that the measure y is invariant under
the geodesic flow.

We will call semiclassical measure any accumulation point u (as ki tends to 0) of a sequence of
the form (p,, ), where v, satisfies equation (7). We will denote

M ((¥n)n—o+)

the set of semiclassical measures associated to the sequence (¢r)p—o+. Under our assumption,
it forms a subset of M(S*M, g*) which is the set of g'-invariant probability measure on S* M.
Hence, M ((¢n)n_o+) is a subset of a natural family in ergodic theory: our precise goal is then to
give ergodic properties on its elements. Finally, one can verify that any the support of any p in
M ((Yr)h—o+) is included in the weakly undamped set

Nv= |J  {supp(p):pu(V) =0},

HEM(S*M,g*)
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which is a subset of Ay. It is explained in [32] that Ay and Ny could be different; yet, we would
like to mention that, in our setting, the Geometric Condition Condition (5) is also equivalent to

Ny = 0.

2. MAIN RESULTS

Motivated by questions concerning the Quantum Unique Ergodicity Conjecture®, Ananthara-
man studied the Kolmogorov-Sinai entropy of semiclassical measures in the case of eigenfunctions
of the Laplacian on Anosov manifolds [1] — see also [5, 19] for earlier results due to Bourgain and
Lindenstrauss in an arithmetic setting. Precisely, her result concerns the selfadjoint case V = 0.
It roughly says that, in this context, eigenmodes must be partly delocalized on S* M (for instance,
they cannot concentrate only on closed geodesics). In this article, we will prove similar results in
the non selfadjoint setting V' > 0.

Before giving details, we would like to recall that the Kolmogorov-Sinai entropy hxs(u,g) is a
nonnegative quantity associated to an invariant probability p in M (S* M, g*) — see [34] or section 3
for a brief reminder). This quantity characterizes what the measure perceives of the complexity
of the geodesic flow. For instance, if u is carried by a closed orbit of the geodesic flow, then
hixs(i,g) = 0. On the other hand, if y = L, the measure has a “good understanding” of the
complexity of the dynamic and so it has a large entropy. Moreover, entropy is affine with respect
to the ergodic decomposition of a measure u [11]. In fact, thanks to the Birkhoff Ergodic Theorem,
one knows that, for p almost every p in S*M,

1

T
—/ 0gspds — pip, as T — +o0,
T Jo

where d,, is the Dirac measure in w € S*M. The measure p, is ergodic and one has the ergodic
decomposition p = [ g0 Modi(p). Then, the Kolmogorov-Sinai entropy satisfies

(11) his(p, 9) = /S*Mth(up,g)du(p)-

2.1. Main result. We can now state our main result which is the following:

Theorem 2.1. Suppose (S*M, g') satisfies the Anosov property. Let Py be a positive constant.
There exist co(Po) > 0 and C(Py) > 0 depending only on Py, on V and on M such that if

o (Yn)n_o+ is a sequence of eigenmodes satisfying (9) with
Y0 < h < hy, z(h) € lfhlJrh +1 fc(p)LJroo.
> IQ, 2 9 2 0 | log h| ; ;

o s in M ((Yn)noo+),

then, one has
* 1 u
u({PGS M:th(up,g)Z—i/ log J d.“p_PO}) > co(Fo),
S*M

where J"(p) is the unstable Jacobian, i.e. J"(p) := ‘det (dglpg@lu(glp)‘) ‘
We will recall in section 3 basic facts on entropy and Anosov systems (in particular the definition

of J“ [16]). We underline that, for any invariant probability measure v € M(S*M, g*), the quantity
- fS*M log J“dv is positive.

3We refer the reader to [20, 30, 35] for recent reviews on these questions.
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2.2. Comments. The lower bound that appears in our Theorem is a natural dynamical quantity.
In fact, for any invariant probability measure v in M(S*M, g'), one has the Ruelle-Margulis upper
bound [29], i.e.

(12) hics(v,9) < — / log Jdv,
S*M

with equality if and only if v is the Liouville measure on S*M [18]. Thus, if one has Im(z(h)) =

0 (| log h|*1), our result states that a semiclassical measure of our problem must have ergodic
components which are close to be “half delocalized”.

A direct consequence of Theorem 2.1 can be expressed in terms of topological pressure — see
section 3 for a brief reminder. We recall that, for a compact and g'-invariant subset K of S*M,
the variational principle [24] relates this dynamical quantity to the entropy as follows

1 1
PtOp (K7gta10g‘]u> = sup {hKS(U7g)+/
2 veM(S* M,gt) 2 K

log JUdv : v(K) = 1}.

Thus, if K is a subset of S*M which satisfies Py, (K, ¢*,1og J*/2) < 0, then Theorem 2.1 implies

that p(K) < 1if W = o(|logh|™!). In other words, Theorem 2.1 implies that eigenmodes
cannot, put all their weights on subsets of negative topological pressure. In some sense, proposi-
tion 4.3 (which is the key result of this article) is another way to formulate this fact in a discrete
setting. In the case of surfaces, such a condition on the topological pressure holds if K has Haus-
dorff dimension < 2 [4]. This condition on the topological pressure already appeared in [22] where
it was used to establish a spectral gap for resonances — see also [31, 32, 21] in the case of the
damped wave equation.

In the case V = 0, Anantharaman proved that Theorem 2.1 holds [1] if we replace the quantity

— [y log J"dp, by
Apin = inf {—/ log J“du} > 0.
yGM(S*M,gt) S* M

In particular, our result improves this earlier result of Anantharaman in the selfadjoint case V = 0.
Yet, our main interest here was to show that these entropic properties remain true for slowly
damped eigenmodes in the high frequency limit of (1). In particular, our result shows that
semiclassical measures of such modes cannot be carried only by closed orbits of the geodesic flow.

We underline that Anantharaman proved her result in the general setting of quasimodes sat-
isfying ||(—=h?A — 1)¢s|| = O(h/|logh|) — in our setting, the sequences of states satisfy a priori
only ||(—=h%A — 1)9p|| = O(h). For simplicity of exposition, we only treat the case of eigenmodes
satisfying (9) (in principle, the case of quasimodes could also be derived combining our inputs to
the strategy in [1]). An interesting extension of our main Theorem would also be to understand if
the entropic results in [3, 26] could also be adapted in this non selfadjoint situtation.

Our assumption on the rate of convergence of W is a very strong assumption. Except in
the case V =0, it is not clear if it can be satisfied by a sequence of eigenvalues. In a subsequent

work [27], we will describe (weaker) properties that can be derived in the case where we only
suppose w — 0.
Let us mention an interesting consequence of our main Theorem:

Corollary 2.2. Suppose (S*M, g*) satisfies the Anosov property. Let V > 0 be a smooth function
on M such that Ny is a nonempty subset satisfying

1
(13) Piop (./\/'V,gt7 3 log J“) <0,

1
where Py, (ngt, B log J“) is the topological pressure of Ny with respect to %log J.
Then, there exists a positive constant C' and ho > 0 such that for every 0 < h < h¢,

1 1 Ch
SN ({2—572+h} —H[—logm,-i-oo]) = (.
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This corollary follows from the above observations on the measure of subsets of negative topo-
logical pressure and from the fact that p(Ny) = 1. It establishes the presence of an inverse
logarithmic strip without eigenvalues in the case where Ny satisfies a condition of negative topo-
logical pressure. In the appendix of [9], Christianson obtains a similar result in the case where
Ny is a (single) closed hyperbolic geodesic with the notable difference that he does not make any
global assumption on the geodesic flow. In fact, in the appendix of a subsequent work [27], we
prove with S. Nonnenmacher that one can remove the the global assumption on the geodesic flow
in the previous corollary. Yet, the results in [27] do not allow to recover the results of Theorem 2.1.
In [31, 32, 21], spectral gaps were obtained in the case of Anosov geodesic flow under a topological
pressure condition or under an assumption on the amplitude of the damping function V. As con-
jectured in [21], it seems natural (even if it is not proved yet) to expect that, for Anosov geodesic
flows, a spectral gap (and not an inverse logarithmic gap) could be obtained under condition (13).

2.3. Some words about the proof. The general strategy of our proof follows the one from [1].
Without getting into the details of the proof, we would like to mention what are the main differences
which allows the improvements presented above. In this reference, the general strategy was to use
hyperbolic dispersive estimates (40) in order to prove that eigenmodes cannot concentrate entirely
on subsets of small topological entropy (meaning < “mi»). Regarding the estimates (40), it was
natural to expect that the results of Anantharaman could be improved using “thermodynamical
quantities” like topological pressure. This allows to take more into account the variations of the
unstable jacobian J* and to improve slightly the entropic lower bounds from [1]. Our first input is
to introduce these quantities and to prove that eigenmodes cannot concentrate entirely on subsets
of small topological pressure with respect to %log J* (meaning < 0). Translated in a discrete
setting, it is exactly the statement of proposition 4.3 which is the main result of this article.

An additional difficulty we have to face here is that we want to extend the results to the eigen-
modes of a non selfadjoint operator. We would like now to illustrate the kind of difficulties created
by this generalization. Thanks to the long time Egorov property [6] (see also paragraph A.3), one
can verify that, for every a in C°(T* M), there exists k > 0 such that

V0 <t<k|loghl|, py,(a)= P <1/)h, Op;, (a ogle 2l Vogsds) ¢h> + O,
where v > 0 and the constant in the remainder is uniform for 0 < ¢ < k|log k|. Hence, in the case
V =0, the distibution p, is invariant? under ¢g* modulo small error terms which are uniform for
logarithmic times in A. This invariance property for logarithmic times was extensively used in [1]
under various forms. In the case where V is non trivial, we did not find a simple equivalent of
this “pseudo-invariance” property for long times in h. However, instead of it, we make a simple
observation that we will use at different steps of our proof — e.g. in proposition 6.3. In fact, one
can remark that the quantization procedure is “almost positive” (see paragraph A.2). As V > 0,
there exists, for any a in C°(T*M,R, ), £ > 0 such that
2tIm z(h)

V0 <t < klloghl, g, (a) < ey, (a0 g) + ORY).

Im z(

Under the assumption that Th) > —C|logh|™!, one can then verify that the distribution
satisfies puy, (a) < €2%Fuy, (a o gt) + O(h¥) with an uniform remainder for 0 < t < x|loghl.
Moreover, one can choose C' small enough to have e?“* arbitrarly close to 1. In this sense, the
distribution g, is subinvariant under the geodesic flow for logarithmic times (modulo small error
terms) and this kind of property will be sufficient to prove our result.

2.4. Organization of the article. In section 3, we give a brief reminder on the dynamical
systems concepts we will use in this article. In section 4, we proceed to a discretization of the
manifold which allows to give a symbolic interpretation of the quantum system. The main result of
this section is proposition 4.3 which shows that eigenmodes cannot concentrate entirely on subsets
of small topological pressure. In section 5, we use this result to derive Theorem 2.1. Then, in
section 6, we give the proof of several lemmas that we used to prove proposition 4.3. Finally, in

“In the case of quasi modes [1], this property remains true but with a worst remainder term.
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the appendix, we give several results on semiclassical analysis related to our problem and that we
used at different stages of the proof.

3. BACKGROUND ON DYNAMICAL SYSTEMS

In this section, we draw a short review on Anosov flows and thermodynamical formalism. We
refer the reader to the classical references on this subject for more details, e.g. [16, 34].

3.1. Anosov flows. In all this article, we make the assumption that the geodesic flow satisfies
the Anosov property. It means that, for every E > 0 and for every

pepy ({B}) = {(x,g) €T*M : po(x, €) = @ _ E}

one has the following decomposition [16]

Topy ' ({E}) = RX,,(p) @ E*(p) ® E*(p).

In the previous decomposition, RX,, (p) is the direction of the Hamiltonian vector field, E*(p) is
the unstable space and E*(p) is the stable space. For every E > 0, there exists a constant C' > 0
and 0 < A < 1 such that for every ¢ > 0, one has

Vo' € E"(p), |ldpg~"v"|| < CX'|[v"|| and Vo* € E*(p), [|dpg"v®[| < CA'[[v°]].
Define now the unstable Jacobian at point p € S*M and time ¢ > 0

Jlgu(p) = ‘det (dgtngEt1t(gtp))

where the unstable spaces at p and g'p are equipped with the induced riemannian metric. This
defines an Holder continuous function on S*M [16] (that can be extended to any energy layer
pgl ({E})). We underline that this quantity tends to 0 as ¢ tends to infinity at an exponential
rate. Moreover, it satisfies the following multiplicative property

Tt (p) = Ji'(g" p) T3 (p).
In the following, we will use the notation J*(p) = J{(p). Finally, we underline that these unstable

Jacobian are related to the Lyapunov exponents [16], in the sense that, for a given € M(S*M, g*),
one has, for p almost every p,

b

d—1

: 1 U +

Jim ——log Ji'(p) = Zl X; (),
=

where the X;r(p) are the positive Lyapunov exponents at point p. We underline that this last

quantity is also equal to — fS*M log J*dp, for p almost every p in S*M.

3.2. Kolmogorov Sinai entropy. There are several ways to define Kolmogorov-Sinai entropy
and we refer the reader to [34] (chapter 4) for the classical definition and the fundamental properties
of entropy. This quantity associates to a gf-invariant measure x4 a nonnegative number that
characterizes the complexity of the geodesic flow from the point of view of u. A way to define
it is to start from a partition P = (P;)K | of S*M. Then, for every p in S*M and for every
n in N, there exists a unique sequence (ay,...,a,—1) in {1,..., K}" such that p belongs to
PoyNg~ 1P, ...Ng " "'P, . We denote this set B, (p). Fix a measure p in M(S*M, g*). The
Shannon-McMillan-Breiman Theorem states [23] that for g almost p in S*M, the limit

1
lim —— log ju(B,,
Jim ——log j(Bn(p))

is well defined. We denote this limit hxg(up, g, P). It defines an element in L'(u) that is g'-
invariant and that measures the exponential decrease of the u-volume of the “n-balls” B, (p). The
Kolmogorov-Sinai entropy is then defined as

hxs(p, g) = sup {/ his(tp, g, P)du(p) : P is a finite partition of S*M} .
S*M
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Recall from the introduction that this quantity is affine for the ergodic decomposition and that
it is bounded by the Ruelle-Margulis upper bound. Moreover, Abramov Theorem tells us that
his(u, gt) = |t|hxs(u, g) for every t in R. Finally, we underline that if there exists C' > 0 and
Hy > 0 such that for every n in N and for every |a| = n, pu(Pay Ng P, ...Ng " "P, )<
C’e_"HO, then ]’LKS(/,[,, g) > Ho.

3.3. Topological pressure. In corollary 2.2, we made an assumption on the topological pressure
of an invariant subset K of S*M. This quantity can be defined as the Legendre transform of the
Kolmogorov-Sinai entropy [24, 34], i.e.

Vf e COUS* M), Prp (K, g', f) = sup {hxs(u,g) +/ fdp: p(K) = 1}-
HEM(S*M,gt) K

This definition of topological pressure is known as the variational principle and we used this
definition to derive corollary 2.2. There are many other (equivalent) definitions of topological
pressure [24, 34]. We just mention one of them here in order to clarify the statements of section 4.

Given € > 0 and T > 0, a subset F of K is said to be (e,T)-separated if for any p # p’ in
F, there exists 0 < t < T such that the distance d(g’p, gtp’) is > e. Fix now f an element® in
C°(S*M). Define

(14) Pr(K,g', f,e) =supq Y _exp (/O fogt(p)dt> ;

pEF

where the supremum is taken over all (e,T)-separated subset of K. An equivalent definition of
the topological pressure is then

1

Ptop (K7gt7 f) = lim hmsup T logPT(Ka gt7 f? 6)'
=071 10 T

4. SYMBOLIC CODING OF THE QUANTUM DYNAMIC

We fix C a positive constant (that will be chosen small enough at the end of our proof). Let
(Yn)o<n<n, be a sequence of normalized vector in L?(M) such that

P(h, 2)n = z(h)Yn,
where z(h) belongs to

1 1 Ch
15 ——h,-+h - .
w 5 a ) ]
Up to an extraction, we suppose that the distribution s, defined by (10) converges weakly to
the g'-invariant probability measure u. In the following, we will use the notation i — 0 for the

extraction in order to avoid heavy notations and in order to fit semiclassical notations.

Entropic properties of semiclassical measures were already studied in [1, 3]. A common point
of their proofs is the introduction of a symbolic coding of the quantum dynamic to study localiza-
tion properties of semiclassical measures. In these references, the proof relies on a careful study
of the “thermodynamical properties” of the symbolic quantum system and on its link with the
thermodynamical properties of semiclassical measures. We use also a symbolic presentation of the
quantum system (similar to the one in [1]) that we describe in this section.

The main result of this section is proposition 4.3 that will allow us to derive the proof of
Theorem 2.1 in section 5. It shows, in a certain sense, that the sequence of eigenmodes defined
above cannot concentrate on a subset of small topological pressure (at least for C' small enough).

5In the following section, we will take f = % log J*.
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4.1. Energy cutoffs. As the sequence (¢y,)y concentrates on S*M in the semiclassical limit, we
can introduce cutoff functions that will allow us to work with observables compactly supported in
a small neighborhood of S*M. First, we define xy a smooth function on R which is nonnegative,
which is equal to 1 for |t| < 1/2 and which is equal to 0 for |t| > 1. Then, we fix § > 0 and k a
positive integer. For every 0 < j < k — 1, we define

Vp = (2,6) € T"M, x—j(,€) = X (407 ([¢llF — 1) -
Each of the function y_; is a smooth function on S* M which is compactly supported in {1—§/47 <

l€NI2 < 1+6/47}. Moreover, by definition, the support of 1 — x_; and y_;_1 are disjoint. Finally,
for an eigenfunction 1y, one has

[ Opp(X—5)¥n — ¥nl = O(R™),
as Y, solves (7).

In fact, we will mainly use the cutoff function x( but, at some point of our proof (precisely in
the proof of lemma 6.1), we will need to use a finite number k of cutoft functions (the integer k we
will take will only depend on ¢ and on a positive number P, with the notations of the following
paragraphs).

4.2. Smooth discretization of M. In order to give a symbolic analogue of the quantum dynam-
ics induced bu U}, we proceed to a smooth partition of the manifold M. Let M = M; U ... Mk
be a finite measurabe partition of M of diameter bounded® by 5 and such that the measure
does not charge the boundary of the partition. By lifting it on T*M, it can be considered as a
partition of T*M. In [1], Anantharaman explained how to regularize such a partition in a smart
way. Without getting into the details of [1] (see paragraph 2.1 and appendix A.2 of this reference),
we recall that she constructed a family of smooth functions (P,... PL) on M (that depends on
h) satisfying in particular the following properties

e for every i, P' > 0;

o VzeM, YL Plx) =1
M; C suppP! C B(M;, £), where B(M;, £) is an €/4-neighborhood of M;;
P! — 1 uniformly in every compact subset inside the interior of M;, as k tends to 0;

K3

Pih — 0 uniformly in every compact subset ouside M;, as & tends to 0;

the growth of the derivatives is controlled by powers of A~ (with 7 < 1/2) and so the
functions are amenable to fi-pseudodifferential calculus [10, 12] (see also appendix A.1 for
a brief reminder);

e There exists a 0 < b < 1/2 such that
(16)  VI<i#j<K, |[P'Plnl = O(h%) and V1 <i < K, [|(P)*dn — Plvnl| = O(h?).

Property (16) is an important feature in our proof that will allow us to consider the smooth
partition as a family of orthogonal projectors — see paragraph 6.4. The parameters 7 and b are
fixed in the following of the article.

For each of this smooth function Pf, we can define a multiplication operator on L?(M)

Vu € L*(M), mu = P} x u,

which is a bounded operator on L?(M) (of norm less than 1). One can underline that

K
Zﬂ'i = IdLQ(M)-
i=1

We also introduce the following operator:
Vae{l,....,K}", Ily :==7q,_,(n—1)...7q, (1)Tay,

where A(t) := L{h_tAL{é. For a fixed n, 11, is a pseudodifferential operator in \II%’O(M) with principal
symbol equal to P x P! og'x ... P! 0g"~!. We will see in paragraph A.4 that this property
extends to short logarithmic times [k|logh|] when we localize the observables near S*M. We

6We will fix € small enough in a way that depends only on M and on P, (see paragraph 4.5).
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also underline that the principal symbol of I, is the smooth analogue of the refined partition
appearing in the classical definition of the Kolmogorov-Sinai entropy.
Finally, we observe that the following property of partition of identity holds:

(17) > Mo = Tdra(ar.

lal=n

4.3. Symbolic coding of the quantum dynamic. We can now use this smooth discretization
of M to introduce a symbolic coding of the quantum dynamic induced by U},. We will then state
our main result in terms of this symbolic dynamic — see proposition 4.3.

4.3.1. Quantum functionals on cylinders. First, we define
Yo={1,..., K}"

and denote a cylinder [ag,...,anp_1]:={z € X:V0<i<n-—1,2; = a;}. We will use .« for the
concatenation of two finite words 8 := (8, ..., Bg+q) and a := (ap, ..., Qptpr)-

We define the shift on ¥ as o((zn)nen) = (Tn+1)nen and the following quantum functional on
the cylinders of ¥

13 ([, - - s an—1]) = (Matn, ¥r) 2 (an).-
This object is not a probability measure. However, it satisfies the following nice properties
Proposition 4.1. One has:
(1) For every n in N, for every cylinder [aq, ..., an_1],
Zﬂ%([a()a sy Q1 an]) = ,UI}X‘L:([O‘(M cee O‘n—l]);
Qn

(2) For every n in N, for every cylinder [ag, ..., an—1] and for every k,

U%(Gik[am cee an—l]) = u%([OZO? cee 7an—1]) =+ Omk(l);
(3) For every n,

Z ur (Jag, ..y an_1]) = 1.
|a|=n
In point 2 of the proposition, we used the notation
_k[a07'-~7an71]) = Z M%([Oéf]w...,0471,0607...,0471,1]).

Aoy

i (o

The “quantum functional” z3 looks very much like a o-invariant probability measure. The two
mains problems are that it is not positive a priori and that it is not exactly invariant.

Concerning the positivity, one can use Egorov property (51) with ¢; = /22(h)V and ¢ =
—+/22(h)V — see remark A.2. Then, following the proof of proposition 1.3.2 in [1], one finds that
the following holds in the semiclassical limit A — O:

(18) i ([, oy o)) = p (97" M, N M)

Thus, in the semiclassical limit, p ([ap, . . ., a,—1]) defines a nonnegative quantity.

Let us now explain how one can prove point 2 of the proof. Using the fact that the semiclassical
measure /4 is g invariant (as supp(u) C Ny ), one verifies that the limit of the “quantum functional”
defines o-invariant probability measure ;> as follows:

Ve, .-y 1], uz([ao, ceQut]) = (Mao n.. .g_("_l)Man) .

Hence, the functional becomes o-invariant in the semiclassical limit. In particular, it implies point
2 of the proposition, i.e. for fixed n and k,
"l

u%((f* QQy -y Q1)) = u%([ao, oo 1)) F on k(D).
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Remark 4.2. As mentionned in paragraph 2.3, the situation is slightly more complicated than the
selfadjoint case treated in [1] where the quantum functional was invariant under o (or at least
invariant modulo a factor of order k|log | ~! in the case of quasimodes). Here, for a fixed n, there
is a priori no reason to obtain a remainder oy (1) with a really explicit dependence in k. Instead of
this, we will prove a subinvariance property (proposition 6.3) that will be sufficient for our proof.

For that purpose, we underline that the quantum functional u% satisfies the following equality

_ 2kIm(z(h)) N
(19) w3 ([0, - - am—1]) =€ n Z ((UF) UFTLg. 0tbp, P ) -
|B]=Fk

Let us verify this fact. First, we write

_ 2k Im(z(h))

pr ([0, - -y om—1]) = URTL (R)Uy, * o, UEUG P ) = €= = 7 ((UF) URTLL (k) n, n),

where the second equality comes from the eigenmode equation (9). Then, thanks to the partition
of identity (17), we obtain

1 ([, oma]) = Y e

1Bl=k

_ 2kIm(z(h)) %
o {(U) URTL (R) g on, Yn),
which is the expected equality.

The main Theorem is expressed in terms of the unstable Jacobian J“. Thus, we define an
analogue of this quantity in our discrete setting:

J"(ag, 1) :=sup ({J“(p) 1 p € Moy Mg ' May,|lpll €[1— 6,1+ 0]} U{A}),

where 0 < A < 1. We also define e*0 an upper bound on all the J“(ag, ;) that can be choose
uniform for § < 1/2 and for any choice of partition. For a given sequence « := (ag,...,an_1), we
also define

T () == J (g, 1) ... T (an—2,0n—1).

Finally, we also introduce 3,, the set of n-cylinders in X, i.e.
Y= {[ao,...,an,l] PO, ..., Q1 € {1, ,K}}

4.3.2. Main proposition. The proof of the main Theorem relies on the following proposition — see
section 5 for details.

Proposition 4.3. Let Py be a positive number. There exist
ny(Po) € N and €y(Py) > 0,

such that for every fized choice of partition of diameter < ey(Py), there exists
C(Py) >0and 0<c(P) <1

such that if

e for h small enough,

1 1
h ——h,-+h —C(Py)—— ;
e [3 =g+ o [ )
o ng > ny(Py);
o W,, is a subset of ¥,,, satisfying
(20) 3 T ()F < et
[2]€Wn,

then, one has

S w5(la)) < c(P).

[Oé] EWHO
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The meaning of this proposition is that eigenmodes cannot concentrate entirely on cylinders sat-
isfying condition (20) which can be interpreted as a condition of “negative topological pressure”. In
fact, the sum appearing in (20) is a discrete analogue of the quantities appearing in (14). Introduc-
ing these thermodynamical quantities generalizes slightly the strategy of [1] where Anantharaman
considered discrete versions of topological entropies (and not of topological pressures).

4.4. Proof of proposition 4.3. In order to prove this proposition, we will admit several lemmas
and show how they allow to derive proposition 4.3. The proof of these intermediary lemmas will
be given in section 6. Fix now Py > 0, a partition of small diameter (less than some ey(Py) > 0
that will be precised in paragraph 4.4.3) and two parameters 0 < 7, b < % that we use to regularize
the partition — see paragraph 4.2.

Remark 4.4. Our proof requires the introduction of several small (or large) parameters. In order to
avoid any confusion, we will summarize the links between the different parameters in paragraph 4.5.

4.4.1. Different scales of times. In order to prove our result, we need to introduce various scales
of times. The first one will be a fixed time ng € N that will play its main part at the classical
level. We fix ng a positive integer and a family W, of cylinders of length ng satisfying

(21) Yo T () < e T

[a]€EWn,

The ng will be fixed large enough to apply lemma, 4.5.
Fix now x > 0. The second important time is a short logarithmic time

(22) n(h) := [k|loghl] .

This time is the one for which the semiclassical approximation will be valid for observables sup-
ported in a small macroscopic nmeighborhood of S*M and for the observables P!. In particular,
all the arguments of paragraphs 4.4.4 and 4.4.5 (and also of the appendix) will be valid for
0 < p < n(h). We underline that we will fix x small enough in a way that depends on P, on the
partition, on the size § of the energy layer we work on and on the parameters 7 and b used for the
smoothing of the partition. In this article, we will not try to optimize x > 0.

Finally, we introduce k > 2 a large positive integer and a large logarithmic time that will be
useful at the quantum level

(23) N(h) = kn(h).

In the following, k and k will have to be chosen in a way that their product is bounded from below
by a positive constant that will depend only on P, and on the dimension of M (see paragraph 4.4.3).
Precisely, we will suppose that kx > %.

In the following, we will often omit the dependence of N(h) = N and n(h) = n in A to avoid
heavy notations.

4.4.2. Intermediary lemmas. We start our proof by providing two intermediary lemmas that we
will prove in section 6.

First, we fix 7 in [1/2, 1] and we introduce a subfamily of cylinders of length p > ng that spend
a lot of time near W,,,:

Sy (W, 7) 1= {[a] = [og, .., 0p1] : i{j€lo,p— nO]p[_o‘JTvLO '—"_71()‘j+no—1] € Wi, } > 7_} )

In this paragraph, we will give lower and upper bounds on the following “thermodynamical

quantity” associated to the family 3,(W,,, 7):

p—1

Z J;,‘(a)% = Z exp %ZlogJ“(aj,ajH)

[a]€X, (Why,T) [a]eXy (Whg,T) 7=0
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Roughly speaking, we will verify that if the eigenmodes concentrate on the cylinders X,, ) (Wi, 7),
then this thermodynamical quantity must grow faster than it is authorized by the thermodynamical
assumption (21) on W,,,. In particular, it will show that eigenmodes cannot concentrate entirely
on Zn(h) (Wno, T).

The first lemma provides a general upper bound on this “thermodynamical quantity” that relies
only on the thermodynamical assumption (21) on W,,:

Lemma 4.5. There exists nj, and py depending only on Py such that for every p > po, for every
ng > ny, for every choice of partition, for every W, satisfying (21) and for every v € [1/2,1],

Z J;f(a)% < o~ 252 +p(1=7) (Ao+log K)(e)“’K)noenOQP‘) '
[@]€Sp(Why,T)

We recall that K is the cardinal of the partition of M and e*° is an upper bound on all the
J (0[0, Qaq ) .

This lemma relies only on the classical properties of the system. If we apply it for the semi-
classical time p = n = [s|log A}, for ng > n{, and for 7 > 3, we find that, for & small enough, one
has

(24) S i) = 0 (elm R Qeres K)sllos ) ag o,
[a]GEn(WnO,T)

In particular, this last equality combined to assumption (15) on the “horizontal” localization of
eigenvalues implies that

(25) Z Jﬁ(a)%e*(nfl)%ﬂ(zm) —0 (hn(f(lf'r)(Ao%*logKH*%)) , as h — 0.
[a]EE”(W"U,T)

We now turn to the second lemma which gives a lower bound on the left-hand side of (25)
under an assumption on the concentration of the eigenmodes (15)5. Precisely, we show that if the
eigenfunction puts some weight on the cylinders of %,,(W,,,, 7), then the previous sum is bounded
from below by a precise power of A:

Lemma 4.6. Let k, k and C be as above’. There exists a constant ¢; > 1 (depending on the

choice of partition, on U and on §) such that, for any 0 in [0,1], if Wy, is a family of no-cylinders

satisfying (21) and if

(n=n) 1) e~ OR"
ckk

(26) > T Un - Ty UnTag tn <e 9,

[a]€5 Wiy, 7)° L2(M)

where X, (W, 7)¢ means the complementary of 3, (Wh,,T) in X,; then, one has, for h > 0 small
enough

Z J#(a)%e_ (n—1) ;m(z(h)
[a]GZn(WHO,T)
(27) > e—(k—l)(,\o_%) (1 -0+ OH)) hd/Qe—CokneHogh\’
where Cy depends only on M.

We recall that e is an upper bound on the diameter of the partition.
The proof of these two lemmas will be given in section 6. Before that, we explain how they
allow to derive proposition 4.3 in the subsequent paragraphs.

“The constant C > 0 is the one given by the spectral window (15).
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4.4.3. Using the intermediary lemmas. Lemma 4.6 shows that, under an assumption on the con-
centration of the eigenmodes, one has the lower

(28) Z J:i(a)%e_ (n—1) {{n(z(h)
[a]GEn(Wno ,T)

1L +C
> (' 3k +Core

where C’ > 0 can be chosen as an uniform constant in 4. We can now compare this lower bound
to the upper bound (25). Precisely, if we are able to take the different parameters in a way that

2k

then the lower bound in (28) is larger than the upper bound in (25) when # — 0. It implies that
if (29) is satisfied, then assumption (26) cannot be satisfied and thus, we will have, for 7 > 0 small
enough,

(29) d+C()KJ€<I€<(1T)()\0+10gK)+];0) ,

Ckk

—DIm(z(h) €
(n )h = P

(30) Z ooy 1UR - o Toy UnTag Un >e 5k

[a]€5 (Wng,7)° L2(M)

In order to obtain relation (29), we first choose € small enough (depending only on Py). Then,
we choose 75 < 1 (depending also on the partition) close enough to 1 to have

P P
—(1 — To)()\o + IOgK) + §0 — Che > Tg
We underline that this inequality remains true for any 7 > 7¢. Finally, we can take any k and s
satisfying kx > %gl. So the more x will be small, the more we will have to take k large.
To summarize our discussion, for this choice of small parameters, relation (29) is satisfied.
Hence, an eigenmode cannot put all his weight on the cylinders in ¥, (W,,,, 7), i.e. on a subset of

small topological pressure with respect to 3 log J* — see inequality (30).

4.4.4. Using the semiclassical approximation. In the previous paragraph, we saw that for a parti-
tion of small enough diameter and for 7 close enough to 1, one has, for # small enough,
2

(31) Z Ty -+ Ty (2= N)Tag (1 — n)0hp > 07—

[a]EEn(WnO,T)C LQ(M)

This lower bound holds for any k and x satisfying kx > %f)l with £ > 0 small enough to use the
semiclassical arguments from paragraphs 6.2.2 and A.4.
We would like now to relate this lower bound to a lower bound on

Y wi(al)

[a] €EXn (Wno 7T)C

The same difficulty already appeared in paragraph 2.4 of [1] and we will briefly recall in para-
graph 6.4 how one can prove that, for x small enough,

Z Ty 1+ Tay (2_’”’)770(0(1 —’I’L)’(/)h

[a]GZn(Wno,T)C LQ(M)

= > (Tan s+ T (2 = 0) T (1 = 0)p, 1p) + O(¥0),
[a]ex, (W"(J ,T)¢
where 1/ is a positive constant that depends on the partition M, on the energy layer we work on
and on the parameters 7 and b used for the smoothing of the partition. Without getting into the
details of paragraph 6.4, this can be achieved using the fact that, for x small enough, n = [x|log A|]
is a short logarithmic time® and that, by assumption, the family (7;); forms a family of almost
orthogonal projectors when it acts on the eigenmodes 1, — see property (16).

8Thus, the pseudodifferential operators we consider are amenable to semiclassical calculus.
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Remark 4.7. In the following, we will make a small abuse of notations as we we will use the
exponent v, for all the other remainders due to the semiclassical approximation, meaning that we
will always keep the worst remainder term (including the O(h*°) remainders).

Using the fact that 5 is an eigenmode, we also find

S e T (2= )y (1= )

[a]es, (Wyg,T)° L2(M)

_ Z e,w <(Ugfl)*ugflﬂa¢h,1/}h> + O(hué).
(] €n (Whg,7)e
We have to face here a problem which is due to the “nonselfadjointness” of our problem. Com-
bining remark 6.5 and the fact that there is at most K™ terms in the sum, one gets from lower
bound (31)

g e 2Ckn 2(n—1)m_=h) ) nv
6 ok no < Z pi ([a]) + O(K™h¥o).
1 [OL]EZn(WnO,T)C

In particular, for £ > 0 small enough, the remainder in the right-hand side is small as & tends to
0. Finally, thanks to the property of partition of identity (17) and to the lower bound, one also
has

(32) > ) < (1- g0

[a]GZn(Wno ,T)

Im z(h) 6_26Vk"‘i
h

c%kk.2

) + O(h¥),

where v( > 0 is some small constant — see remark 4.7.

4.4.5. The conclusion: from time n(h) to time ng. In inequality (32), n and u} depend both on
h; hence, one cannot directly take the limit &7 — 0 and derive proposition 4.3. We will start by
deriving an estimate on uy (W,,), where we use the notation

VIV C Sy, uf (W)= 3 ().

[a]eW
Using proposition 6.3, we write
) 1 " —2(k—1)m =) S/ —k v
i (Who) S s e 2D N T i (07 [a]) + O, (1),
k=0 [a]€eWng

where 1, has the same properties as above. Then, one can observe that

e the length of the cylinders involved in (33) is of order x|log#|, with £ small enough to
have the operators II, amenable to semiclassical calculus — lemma A.3;

e 1 is localized near S*M and thus, modulo cutoff functions, we can use the positive
quantization procedure Op,ﬂlr of paragraph A.2;

o there are at most K" terms in the sums involved in the upper bound (33).

In particular, the functional uy is almost positive at least on these “short” cylinders. Combining
this to the compatibility relation of proposition 4.1, we derive that, for x > 0 small enough,

o(n_1)lm_ =) 1 n- o1 o
(33) py (W) < e 2D 8 (n—no ; 10""’Wn0> + On, (R°),

where we crudely bounded e 2(k—1) by e—2n—1E
combine the facts that, on ¥, (W,,, ), one has

. We can now proceed as in [1], i.e.

n—mo—1

1

Z 1"716W"0 <1
n—no P
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and that, by definition of the subfamily %,,(W,,,7), one has on ,,(W,,, )¢,

n—nop—1

1

E 1, <.
n—mno —o oWy =

Combined one more time to the almost positivity of ug on “short” cylinders, these properties allow
to find that, for x small enough,
_ _1yIm_=2(h) /
M%(Wno) <e An=D= (Tﬂg (Zn(Wnov T)C) + N% (Zn(WnoaT))) + O(hyo)v
where v/ > 0 (with the abuse of notation mentionned in remark 4.7). Thanks to the property of
partition of identity, one can verify that

PR (W) < e 2D (2 4 (1= 1) (2 (Wi, 7)) + O(R).

At this point of the proof one can use our assumption on the quantum decay rate Zlmihz(h) In

fact, if we implement property (15) in inequality (32) and if we let A tends to 0, then we derive

- O 02672C(k+1)m

This inequality holds for any 6 in (0,1) and hence,

. oo o—2C(k+1)r
As all the other parameters were fixed before and as this inequality holds for any C' > 0, one can
now take C' small enough to have

00 e—20(k+1)m

We underline that all the constant involved in the left hand side can be chosen in a way that
depends only on Py and on the mannifold. It concludes the proof of proposition 4.3.

4.5. Comments on the choice of the different parameters. In order to avoid any confusion,
we summarize here all the relations between the different parameters.

First, as the eigenfunctions concentrate on S*M, we fix a small neighborhood of S*M of size
0 < ¢ < 1/2 (“the energy layer”) and we fix 7 < 1/2 and 0 < b < 1/2 that we will use to define
the regularized partition.

We also fix a real positive number Fj.

Then, we introduce a partition of small diameter depending only on Fy. Once a partition is
fixed, we can introduce symbolic coding of the quantum dynamic. We also fix 7 < 1 larger than
some 7( depending on Py and on the partition (see paragraph 4.4.2).

Once these parameters are fixed, we fix a parameter £ > 0 small enough depending on Py, on
d, on the partition M and on the parameters 7 and b used for the smoothing of the partition. It
is small enough to make the arguments of paragraphs 4.4.4; 4.4.5 and also of the appendix work.
Then, we fix k large enough to have kx > %ﬁ.

Finally, once all these parameters are fixed, we fix some C small enough such that the sum in
the upper bound of (34) is strictly less than 1.

5. PROOF OF THEOREM 2.1

In the previous section, we gave a symbolic description of the quantum system and of its semi-
classical limit. This symbolic coding is a standard procedure in ergodic theory and we will now
show how one can relate the results obtained in the symbolic setting to the main Theorem of
the introduction. Precisely, we will show how proposition 4.3 implies Theorem 2.1 following an
argument from [1].

Let Py be a positive number and let M := (M;)X | be a partition of M with small diameter
as in proposition 4.3. Let p be an element in S*M and ny be positive integer. There exists an
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unique [a,] = [ag, ..., Qne—1] in Xy, such that p belongs to My, N g~ My, N .. .g*"OHManO_l.
We denote this subset My, (p). One can remark that if we choose the diameter of the partition e
small enough® and the size of the energy layer § small enough, then for every p € S*M, one has

no—1
S ng Py

1 w 1 N
5 2 logJ o g’ (p) = Slog Ji, (o) < =
j=0

Now, we consider p in M((¢¥r)o<n<n,) as in the statement of Theorem 2.1 where C(Fp) is given
by proposition 4.3. We write the ergodic decomposition of p [11]

uz/ 1pdp(p),
S*M

where every 1, is an ergodic probability measure. According to section 3, one also knows that,
for p almost every p € S*M,

1 nofl ) 1
(35) — Z log J“ o g’(p) = — log J; (p) — log J“dp,, as ng — +o0.

no =0 no S* M

Introduce now

1
IPO = {pES*MZhKS(Mp,g,M)<—2/ IOgJud/J/p—Zpo}.
S

*M
According to the Shannon-McMillan-Breiman Theorem [23], one knows that for p almost every p
in S*M,
(36) hacs(tpr 0, M) = lm L log p(My, (0))

no—-+o0o0  Ng
We will now prove that u(Ip,) < ¢(Fp), where 0 < ¢(Pp) < 1 is the constant that appears in
proposition 4.3.

One knows that, for every n > 0, there exists R such that u(R) < 7 and such that the previous
limits (36) and (35) hold uniformly for p € Ip, — R. Denote I}, = Ip, — R. According to the
definition of I;LO, one knows that there exists n{,(Py, n) such that for every ng > n{(FPo,n) and for
every p € Ip, , one has

nofl

1 .
—log (M, (p)) + 5 > Tog " 0 ¢’ (p) < —Pomo.
7=0

This implies that, for every p in IIZO, one has

noPo

L
T (ap)? < em 72 (Mg (p))-
Consider now F' a finite subset of I}, such that p # p’ in F implies that M,,(p) # M,,(p’) and
such that

13 < || Moo (p).
peF
ng P

1
One has that Z T (p)? <e 2 O. According to proposition 4.3, one knows that
pEF

(1) < | L) M) | < elPo).

This inequality holds for every n > 0 small enough and we obtain that u(Ip,) < ¢(FPp). Finally,
we have

1
] ({p € S*™M : hxs(pp, 9, M) > —5/ log J“dp, — 2P0}) >1—c(FPy) > 0.
S*M

9Underline that (Mag N g™  Mas )ag,a; defines then a partition of small diameter of S*M.
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This property holds for any Py > 0 and it concludes the proof of Theorem 2.1 by taking co(Py) =
1—¢(Py/2).

6. PROOF OF INTERMEDIARY LEMMAS

In this section, we give the proof of intermediary results that were at the heart of our proof of
proposition 4.3.

6.1. Proof of lemma 4.5. The proof of this lemma relies only on the classical properties of our
problem (and not on its quantum structure). As mentionned above, we fix ng a positive integer
and a family W,,, of cylinders of length ng such that

_Pyng
> s
[aleWn,

Our only assumption on ng is that it is large enough so that for p large enough, one has

“’”) [1E])="

We underline that ng is large in a way that depends only on F.

The proof follows a similar strategy as its analogue in [1], §2.3, except that we consider slightly
different dynamical quantities related to dynamical pressures and not to entropies.

Decomposition of cylinders in £,(W,,, 7). Let [a] = [ag,...,ap_1] be an element in X,(W,,, 7).
We will first show that a can be decomposed into the concatenation of well-chosen cylinders. In
order to describe this decomposition, we introduce an increasing sequence of stopping times. First,
one sets

to:=if{0<j<p—mng:lay,...,04ne—1] € Wpy}.

As 7> 1/2, one knows from the definition of ¥,(W,,,7) that o is well defined. Then, as long as
the induction is well defined, we define the following increasing sequence of integers:

t1 ::inf{t0+n0 gjgp—noz[aj7...,aj+no,1] GWHO}7...

ty41 = inf{tl/ +ng<j<p—ng: [aj7...,aj+n0,1] € Wno}

We associate to this sequence a sequence of intervals of length ng

Iy = [to,to—Fno — 1},...,[1 = [tl,tl +ng — 1]

From the definition of our sequence, one knows that, for 0 < j < max{t; + no — 1,p — no}
outside Uj/ I/, [ay,...,01ny—1] does not belong to W,,. From the definition of Ep(Wno,T),
there are at most (1 — 7)(p — ng) such j. In particular, it implies that one must have Ing >
(p—no) — (1 —7)(p—no), i.e. I > £ — 7. Moreover, as the length of cylinders is equal to p, one
has I < p . Using the fact that 7 > 1/2 we finally have that 52— —1 < Tp —r<i< 2

We have showed that [a] in 3,(W,,, T) can be written as [bo,ao, .. bl 1;a-1; by where

e every subcylinder a; belongs to W, ;
o every subcylinder b; (if not empty) contains letters ey, such that [ag, ..., Qkin,—1] (When
it makes sense, i.e. k < p —ng) does not belong to W, .

Again, from the definition of 3,(W,,, 7), one knows that Zé‘:o 1bj] < (1—=7)(p—mno)+no <
(1 —=7)p+ ne.
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Upper bound on Z[a]eZp(WnD,r) J;;(a)%. From the previous paragraph, a cylinder [ag, ..., ap_1]
in ¥,(Wp,,7) is determined by the following data:

(1) the subcylinders (a;)o<;<i—1 where ﬁ —1<1<p/ng;

(2) the subcylinders (b;)o<;<; where | < p/ng.

Regarding this decomposition, we will now give an upper bound on

SN TMaE= Y T 0n)? T (0, 1)

[a]EEP(WTL(]vT) [O‘]GEP(WnOﬂ')

Choosing a family of positions for the subcylinders (a;) is equivalent to choose a family of

2
p
endpoints; so there are at most ( { » } ) choices of family of position for the subcylinders a;.
no

For a given position of these subcylinders, the sum runs (for every a;) over the cylinders in
W, for which one has

1 _noPo
S oJp(a)r<e
O(EWnO

We explained above that there were at least 2%0 —1 such subcylinders in any cylinder of X,(W,,, 7).

Thus the contribution of these subcylinders can be bounded by (e~ n0 )ﬁ_l

For a fixed choice of positions for the subcylinders (b;)o<;<;, the number of possibility for the
values of (b;)o<;<; is bounded by K=mptno where K is the cardinal of the partition. In this
case, we bound J"(«;, ai+1)% by e*o. Thus the contribution of these subcylinders can be bounded
by (et K)(1-T)ptno,

Finally, we find that

D

2
p n
Z J;(Oz)% < ( [L] ) (erK)(l—T);D+no(e—OTPO)2nO 71.
[a]€Xp (W, ,7) o

This last equality concludes the proof of the lemma thanks to the assumption (37) on ng.

6.2. Proof of lemma 4.6. In order to prove lemma 4.6, we introduce a family of cylinders of
length N = kn related to 3,,(Wy,, ), where k is a fixed integer.

Precisely, we define 3, (W,,,, 7)* as the family of cylinders of the form [y] := [7°;...;7%71] where
every 77 is an element of %,,(W,,,, 7). We use the notation (X, (W,,,7)*)¢ for its complementary
in X . We will prove lemma 4.6 using the following lemma:

Lemma 6.1 (submultiplicativity property). Let k, k and C be as in paragraph 4.5. There exists
a constant ¢; > 0 (depending only on the choice of partition, on U and on § > 0) such that, for
any 0 in [0,1], if
—Ckr (n—1) Im(z(h))

h

e
k b
cik

e
(38) Z Teon 1 UR - TayUnTayr, <
[a]€X, (Why,T)° L2(M)

where X,(Wh,, 7)¢ means the complementary of 3, (Wh,,T) in X,,; then, one has

Z TI',YN_luh...W%Z/[hTF,YO’l/)h
[W]E(Zn(WnovT)k)c

(N—1) Im(z(h))
s

< fe + O(h™).

This lemma is a crucial step as it allows to connect relations on cylinders of short logarithmic
length n(h) to relations on cylinders of large logarithmic length kn(h) (where k is an arbitrary
integer). We postpone the proof of this lemma to the end of this paragraph and first show how
we can derive lemma 4.6 from it.
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6.2.1. Combining lemma 6.1 to hyperbolic dispersive estimates from [1, 31]. In order to prove
lemma 4.6, one can write that

W(N-1)=z(Rh)
Z <7T7N_1uh.‘.Wyluhﬂ'»m(bm¢h>+ Z <7T7N_1Z/{h...ﬂwluhﬂ,ml/)h,d)h) =e R .
(VE€En (Wag,T)k)e (VE€SR (Why,T)*

If (38) is satisfied, then lemma 6.1 implies that

T _ Z/{h el T Z/{hﬂ /(ph7/(ph < fe (Nil)lh S + O(h .
IN-1 71 Yo
[’Y]G(EW(”ngvT)k)c

This allows to derive that

_ (kn—1) Im(=(h)) s
(39) e z S (T Un . T Unmg U )| > 1= 04+ O(h).
[’Y]ezn(anvT)k

At this point, one can use hyperbolic'® estimates on quantum cylinders that were first used in [1]
and then in several other articles to derive quantitative properties of semiclassical measures [1, 3,
26]. Recall that these estimates tell us that for every I > 0, there exists fixz > 0 such that for
every h < hy, for every 0 < N < K|log h| and for every [7] in Xy,

(40) L, Opp(x0) |l < 2(27h) ™2 T3 ()2 (1 + O(e)V,

where ¢ is an upper bound on the diameter of our partition, O(%) depends only on V and on M
and the constant in O(e) is uniform in v and A.

Remark 6.2. We underline that the proof of (40) in [1] (Theorem 1.3.3) was given in a selfadjoint
setting (V' = 0). The generalization of Anantharaman’s result to the nonselfadjoint setting V' > 0
was performed by Schenck in [31]. In this reference, the author generalized the strategy of [1] by
taking into account the nonselfadjoint contribution in the WKB Ansatz. In particular, as V' > 0,
one can verify that the exponential decrease due to the damping term can be crudely bounded
by 1 in the WKB expansion. We underline that the proof of Schenck was given for the same
propagator U} as ours. Yet, he considered observables that do not depend on i > 0, not like our
family (P)K . Still, in order to get (40), one can combine the inputs of Schenck to the proof of

Anantharaman in [1] which allows such observables.

Applying this hyperbolic dispersive estimate, one has, for 4 small enough,

ST (el At )| <2270 110 S R E0().
[7]6271(Wn077)k ["/]ezn(Wnoﬂ')k

Then, thanks to the multiplicative structure of Jj;, one has

Y T(y)E < ek DAL

[(V]€Zn (Whg,T)F [@]€Xn (Wng,T)

where the term e*~1*0 comes from the fact that we bounded J“(Yjn—-1,7jn) by et for every
1<j<k-1.
Combining these last two bounds to (39), one obtains, for i small enough,

k

Z Jg(a)%ei(n—l);mz(h)

[Oé] [S)I% (Wn[) aT)

> ef(kq)(xofw) (1—0+O0H®)) hd/QefCokndlogh\’

10The Anosov assumption is only used for this point of our proof.
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where C is a positive constant that depends only on M and Ay is an upper bound on all the
log J*(ag, a1). This concludes the proof of lemma 4.6.

6.2.2. Proof of lemma 6.1. Our proof of lemma 4.6 relied on lemma 6.1 that we will prove now.
We will show that the strategy from [1] (proof of lemma 2.2.3) can be adapted in a nonselfadjoint
setting thanks to our assumption on the localization property (15) of z(h).

First simplification of the sum. We introduce the following notation for the purpose of our
proof:

V[’Y] € X, ﬁ,y = uhﬂ',yniluh .. 'Wvluﬁﬂ"m'

Let [y] be an element in (X, (W,,,7)*)¢. It can be decomposed into the concatenation of n-
cylinders [y] := [7%, ..., ~v*~!] where at least one of the cylinders [y’] does not belong to ,, (Wi, 7).
Thus, we can write the decomposition

(41) (Zn(WnovT)k)c = |_| Bj7

where B; is the subfamily of cylinders [1°,...,47,... 7"~ satisfying
v 7’ > j) [’Y’L] 6 ER(WTL()?T)? [’}/]] E E7L(W7loa7—)c7 Vl < j7 h/l] 6 En

We now use lemma A.5 to introduce cutoffs in each term of the sum. Precisely, we write

Z ﬁ,yk—l ...f[,yj ...ﬁ70¢h
VE€(En(Wag,7)F)e
(42)
= > (ﬁvk—l OPh(XO)) s (ﬁw’ Oph(ka+j+1)) o (ﬂ'yo Oph(kaJrl)) U + O(h™),

Ye®n (Wno ,T)R)e

Then, using this equality, the eigenmode equation (7) and the property (17) of partition of
identity, we find that

k—1
_ g Im(=(R) .

(43) Z Tr'YN—luh s Wﬁluhﬂ’mwﬁ < Huh 1||R/ Z Rk*jfle " + O(h )7

['Y]G(En(Wno T)k)e 7=0
where

R = S UnTa, Un .. o, UnTagtn :
[O‘]GETL(WHO 7T)U L2(M)
Ry 1=1and, for1 <j<k-1,
k—1
Ri—j-1:= H Z UnTa, Un - ToUnTtag OPg (X —(k—1)+1)

1=j+1 || [a] €S (Wig,7)

Bound on Ry_;_;. Fix now a family W in ¥, and any 1 < j <k — 1. Then, one has

Z Mo _q - - UnTaoUn Oph(Xf(kfj)H) < Z Ty - - - UnTaoUn Oph(Xf(kfl)+1)uh_n Uz || -
[a]leWw [a]eWw
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One knows that ||{f|| < 1. Moreover, one can verify (lemma A .4 in the appendix) that, for x > 0
small enough and A > 0 small enough,

Z Ta, 1 - - UpTaoUp Oph(X,(k,j)H)uh_" <ec,

[aleWw

where ¢; > 1 depends only on the choice of the partition (and not on W), on the regularization
parameter 7 and on the size of the energy layer §. Finally, one has, for any 0 < j <k — 1,

Ry ;1 <cf.
The constant ¢; > 1 appearing here is the one we use in the assumptions of lemma 6.1

The conclusion. We now implement these upper bounds in inequality (43) and we find that,
for A > 0 small enough,

Z WVN—luh"'ﬂ-'Yluhﬂ-’YOwh
V€ (Why,T)k)e

k—1
k nIm(z(h) .
S “ Z € " Z ﬂ-an—luﬁ e 71-(!1]/{571-(!0/11}}1 + O(h )
j: [Ot]EEn(W"Oﬂ')C

L2(M)
Then, thanks to the assumption (38) on the concentration of 1, we find

e Ckr X (a1 imen) -
Z Tyn_1Un - Ty UnToy Y| < 2 Ze R + O(R™).
['Y]E(Zn(Wno»T)k)c 7=0
Recall now that we made the assumption that
I h
7111(;( ) > —C|logh|™".

. . . . .. (+Dn—1) Im(z(h)
At this point of the proof, we crucially use this hypothesis in order to bound D

(kn—1) Im(z(h))
efecm

by
for every 0 < j < k — 1. It implies

(kn—1) Im(s(h)) -
S el 05 o)
€S (Wng,7)F)e

that concludes the proof of lemma, 6.1.

6.3. Subinvariance of the quantum functional u%. In paragraph 4.3, we constructed a quan-
tum functional ,u% on a set 2. The set 3 was defined from a regularized partition that we suppose
to be fixed in this section. As mentioned in paragraph 4.3, this functional is not invariant under
the shift o and it only satisfies

V[0‘0» cees an1*1]a Vp > 0, ,U%(U_p[a()v cee ’am*l]) = /1%([0[0, R an1*1]) + 0”1117(1)'

This remainder term in this property is not explicit enough to use it directly. Yet, we recall
from (19) that one has the following exact equality

_ 2pIm(z(h)) N
(44) i (a0, yam,a]) =€ S (UE)UETLg atbn, Yn) -
|Bl=p
Starting from this observation, we will prove the following subinvariance property:

Proposition 6.3. Let (P!);—1. x be a fized partition satisfying the assumptions from para-
graph 4.2. There exist'! ko > 0 and vy such that for every 0 < p < rko|logh|, one has

2p1 h
_ 2pImG(n) (3

V[ao, ... an, 1], pr ([0, an, 1]) <e i (0 Plag, ... any—1]) + KPOy,, (7)) .

HEven if we will not mention it at every step of the proof, both ko9 and vy depend on the partition, on the
energy layer we work on and on the parameter 7 used for the smoothing of the partition.
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Before giving the proof of this proposition, let us mention that once the partition is fixed (hence
K is fixed), there exists a k1 > 0 such that for every x < k1, the remainder K7O,, (7*°) in the
proposition is of order O, (' (%)) for some positive 1/ (k).

Proof of proposition 6.3. The proof of proposition 6.3 is a direct consequence of equality (44) and
of the following lemma:

Lemma 6.4. Let (Pih)l':le be a fized partition satisfying the assumptions from paragraph 4.2.
There exists ko > 0 and vy such that for every 0 < p < ko|logh|, one has

Vla] € Zn,, VIB] € Xy, (Uy) UpTlg.othn, ¥n) < (([g.athn, ¥n) + On, (A7) .

Remark 6.5. Our proof allows to take [a] empty, i.e. we have

V[B] € Xp, ((Uy) UpTgthn, ¥n) < ((Lpton, ¥n) + On, (R7)).

Proof. In order to prove lemma 6.4, we first use lemma A.3 on long products of pseudodifferential
operators from the appendix and the fact that Opy(xo)¥s = ¥r + O(h*). It allows us to write,
for 0 < p < kol log A,

IIg.o¥n = Opy, (Pﬁo ...Pg, 0 gpflpap og’... Py, .0 gm*p*lXO) Ur + Op, (R7°),

where vy > 0 and k¢ are given by the lemmas in the appendix.

We recall from the Egorov property (see the appendix) that, for every fixed ¢ > 0, the operator

U)*Ut is a pseudodifferential operator with principal symbol equal to e ™2 JoVeg®ds - Ag we are

localized in a small neighborhood of S*M, this property remains true up to short logarithmic
times after multiplication by an appropriate cutoff function. Thanks to lemma A.3, Pg, ... Pg,_, o

9P Pa, 09" ... P, ,,_, 09" P xq belongs to some good class of symbols S;OOO’O(T*M). More-

over, when restricted to a small neighborhood of S*M, it is also the case for e 2 Jo Vegds, Thus,
the operators are amenable to pseudodifferential calculus and one has, for kg > 0 small enough
and for 0 < p < [ko|log Al],

U) ULTI 3 0 p

= Opy, (6_2 15 VOgsdngo ...Pg, o0 gp_lPap ogP... Po, p1© g"1+p_1xo) Yr + Op,y (R),

where vy > 0 is still a positive constant. As the symbol of the previous operator is compactly
supported in 7% M, it can also be quantized using Op}lIr (see paragraph A.2). It implies that

(Uy) U TLg. ¢

= Op;‘z’» (672‘[50 VongSPBO R Pﬂp—l © gpilpo‘p o gp M Pan1+p—1 © gn1+p71Xo) ’l/)h + Onl (hVo)’

where vy > 0 — with the abuse of notations mentionned in remark 4.7. Thanks to the positivity
of Op;, one finds then

(U) UL 5.0, Vn)

< <Op;{ (‘Pﬁo ce P/@p—l ° gp_lpo‘p °© gp e Po‘n1+p—1 o gn1+p_1X0) ’l/}hu wh> + Onl (hVo).

Using finally the same arguments backward, one finds

<(U§)*U§H5.awh, wh> S <H5.cﬂ/}ha 7//7i> + Onl (hl/o)’

where vy > 0 still satisfies the same properties as above.
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6.4. Using the fact that (Pjﬁ)jzl,__,7K are almost orthogonal. In this last paragraph, we will
prove that, for k small enough and for n = [k log Al],
2

Z Ty 1+ Ty (2 — 1) Tag (1 — 1)ty

[a]€X, Wy ,T)° L2(M)

= > (T s+ Ty (2 = 1) Ty (1= 0)tpy 1p) + O(0),
[a]€X, (Wyy,7)°
where 1) is a positive constant that depends on the choice of the partition, on the size of the energy
layer and on the parameter 7 and b used for the smoothing of the partition. The proof of this
property relies on the fact that, for x small enough, cylinders of length n = [k|log h|] are amenable
to semiclassical rules and that (Pjh) j=1,....k acts almost like a family of orthogonal projectors on
¥y, — property (16).

The proof of this equality was already given in [1] in the case V' = 0. If proceeding carefully,
the arguments can be adapted in our setting and for the sake of completeness, we give a proof of
this equality below.

For simplicity of notations, we introduce P = P! ... P! 0g? "P! 0g!=" Asinlemma A.3,
one can prove that, for 0 < k < kg,

2
S e T (2= 1) (1= 1)
(& (W 7" L2(M)
= > {Ops(Plxo) ¥n Opy (Phx0) ¥n) + (50)2O(R) + O(h™),

[o],[0']€8n (Why,T)°

where we used the fact that Opy,(x0)¢¥n = Yr+O(f*) and where vy > 0. We recall that §3,, = K™.
Thus, as before, for £ > 0 small enough, the remainder of the right-hand side is small as A — 0.
The parameter vy also depends on the choice of the partition, on the choice of the energy layer
and on the regularization parameter 7 used for the smoothing of the partition. We will omit to
mention this dependence in the following of the proof and we will also allow to take 1y > 0 to be
smaller from line to line in order to have the semiclassical arguments below work — see remark 4.7.

We underline that P?y, belongs to a class of symbols of type S;OOO’O(T*M) (where 0 < 7 <
1/2). Thanks to composition rules for pseudodifferential operators, we derive that

2

Z Tem_q -+ Ty (2 = N)Tay (1 — n)hp
[a]EE,L(Wno,T)C L2(M)
(45) = > (Opy, (PEPEXG) ¥, von) + (§5,)O(R™).

[o],[0']€Xn (Wny,T)°

We will now distinguish two kind of terms: a = o/ and « # o/. We will use the fact that (P}');
acts as a family of orthogonal projectors in order to show that the terms with o # o’ are small
in the semiclassical limit and that we can replace (P”)? by P? when a = o/ (up to a small error
term).

First case a = o/. We use the composition formula and the long time Egorov property to derive

that

0 Ph 2.2 0) (PZ)Q 2 2 1 — O(RYo

H Pr (( a) Xo) — UDPp (WXO) 7Tao( -n) - =0O( ),
where v > 0 and the remainder can be chosen uniform in «. Then, one can use the specific
properties of our partition — precisely, the fact that it behaves like orthogonal projectors when it
acts on 1y, (see property (16)). It allows to prove that

| (7o (1 = n) =72, (1 —n)) u|| = O(nE2eIVII=),

@o
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as —2A||V||leo < Im z < 0. Thus, for £ > 0 small enough, the remainder is a small power of A.
Using again the composition formula and the long time Egorov property, we find that

h\2
R Xg) WH — (1) + O(E =2V,

HOph ((PZ)QXg) tYn — Opn (IM

where the constant in the remainder is still uniform in a. Proceeding by induction, we get the
following approximation:

|0y (PE)xE) o — Opn (Pid) ] = [log hl (O(#) + O(E=+IVI1x) ).
Finally, thanks to lemma A.3, we obtain
HOph ((PZ)QXg) Wi — Ty _q Ty (2 — 1) (1 — n)z/)hH = | log | (O(ﬁ”“) + (’)(h%—z"f”‘/“oo)) ,

with an uniform constant in « in the remainder.

Second case o # ¢/ . In this case, there exists j such that o; # 043». As in the first case, we use the
composition formula and the Egorov property to write

hph .2 IhIh/ 2
Op,, (P"P",y2) - O a” a oo )(1 —
Py (PLPLX3) Pr i ogi—r XPS;OQI‘”XO (Ta;Tar) (1 —n)

= O(h™),

L2—1?2

with the same properties as above for the remainder. Recall again that our partition behaves like
orthogonal projectors when it acts on v, (see paragraph 4.2). Hence, one finds

H(”%‘”a;)(l - n)whH = O(hz=26lVllse),

PLP",
Thanks to the Calderén-Vaillancourt Theorem, the operator Opy, e Xe
Pa,- ogl—m x Pa; ogl—m

has a norm bounded by a constant uniform in « and in A. Finally, we obtain

|0y, (PP AZ) vn|| = O(h*) + O(hz =21V lI),

Combining the two cases with (45). To conclude the proof of this paragraph, we combine equal-
ity (45) with the two cases treated above. We find that, for x small enough, there exists a constant
vp > 0 (depending also on the partition M, the size of the energy layer and the smoothing pa-
rameters 7 and b) and such that, for n = [k|log A],

Tap_1 Ty (2 - n>7Ta0(1 - n)"/)h

[a]GEn(Wno,T)C L2(M)

= Z <7Tan71 s Tay (2 - n)ﬂ—Oéo(]' - n)'(/)h7 ¢h> + (ﬁzn)20(h’j0)
[a]GEn(W"O,T)“

As %, is equal to K™ as vy > 0 can be chosen uniformly for k£ small enough, one can find k small
enough to have a remainder which goes to 0 as a positive power of i (which was the expected

property).

APPENDIX A. PSEUDODIFFERENTIAL CALCULUS ON A MANIFOLD

In this appendix, we review some basic facts on semiclassical analysis that can be found for
instance in [10, 12]. We also give several lemmas that we use at different steps of the paper.
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A.1. General facts. Recall that we define on R?? the following class of symbols:
S™HR) = { (0, )neqo) € O (R : 10307 an] < Cagh™H i)™ 11}

Let M be a smooth Riemannian d-manifold without boundary. Consider a smooth atlas (f;, V})
of M, where each f; is a smooth diffeomorphism from V; C M to a bounded open set W; C R
To each f; correspond a pull back f; : C*°(W;) — C*>°(V;) and a canonical map fi from T*Vj to
T Wl: B
o (@,8) = (filx), (Dfilz)1)T€).

Consider now a smooth locally finite partition of identity (¢;) adapted to the previous atlas (f;, V}).
That means ), ¢; = 1 and ¢, € C*°(V}). Then, any observable a in C°°(T* M) can be decomposed
as follows: a = ), a;, where a; = a¢;. Each a; belongs to C*°(T*V;) and can be pushed to a
function @ = (f;*)*a; € C°(T*W;). As in [10, 12], define the class of symbols of order m and
index k

(46)  S™MTM) = {(ah(x,f))ne(o,l] € O™ (T*M) : 0500 an| < caﬂhﬂ@m*\ﬁ\} .
Then, for a € S™*(T*M) and for each [, one can associate to the symbol @; € S™*(R?4) the
standard Weyl quantization
. 1 ey [(THY
w s Ty, .
Opy (@)u(z) := W/ﬁf“ Y >al< 5 ,f,h) u(y)dyds,

where u € S(R?), the Schwartz class. Consider now a smooth cutoff v € C2°(V;) such that v, = 1
close to the support of ¢;. A quantization of a € S™* is then defined in the following way:

(47) Opy(a)(u) =Dty x (7 Opy (@) (f;)*) (v x w),
1

where u € C°°(M). This quantization procedure Opj, sends (modulo O(h>)) S™*(T*M) onto the
space of pseudodifferential operators of order m and of index k, denoted W™ (M) [10, 12]. It can be
shown that the dependence in the cutoffs ¢; and v; only appears at order 1 in A (using for instance
Theorem 18.1.17 in [15]) and the principal symbol map g : ™% (M) — ™k /Smk=1(T*)[) is
then intrinsically defined. Most of the rules (for example the composition of operators, the Egorov
and Calderén-Vaillancourt Theorems) that holds in the case of R2? still holds in the case of
U™k (M). Because our study concerns behavior of quantum evolution for logarithmic times in A,
a larger class of symbols should be introduced as in [10, 12], for 0 <7 < 1/2,

(48)  SPMT M) = { (an( €)neo.y € CF (T M) :1930Fan] < Cogh™ it gymiél .

Results of [10, 12] can be applied to this new class of symbols. For example, a symbol of Sg’O(T*M)
gives a bounded operator on L?(M) (with norm uniformly bounded with respect to h).

A 2. Positive quantization. Even if the Weyl procedure is a natural choice to quantize an
observable a on R? it is sometimes preferrable to use a quantization procedure Op,, that satisfies
the property : Opy(a) > 0 if @ > 0. This can be achieved thanks to the anti-Wick procedure
OpW, see [13]. For a in SY°(R?%), that coincides with a function on R? outside a compact subset
of T*R% = R??, one has

(49) 10p; (@) —Ops™ (@)= <C Y

la| <D

lo|+1
2

|0%dal,

where C' and D are some positive constants that depend only on the dimension d. To get a positive
procedure of quantization on a manifold, one can replace the Weyl quantization by the anti-Wick
one in definition (47). We will denote Op; (a) this new choice of quantization, well defined for
every element in Sg’O(T*M) of the form co(x) + ¢(x,&) where ¢y belongs to Sg’O(T*M) and c
belongs to C2°(T* M) N 820 (T M).

This positivity assumption was used at several steps of the paper when we argued that the
functional py was “almost positive” (see for instance paragraphs 4.4.4 and 4.4.5) or when we
proved that it was “subinvariant” (paragraph 6.3).
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A.3. Egorov property for long times. In this paragraph, we recall an Egorov property for
times of order kg|log#|, where k¢ is a small enough constant that we will not try to optimize.
Consider ¢; and go two symbols belonging to S%°(T* M) (for the sake of simplicity, we also assume
that these symbols depend smoothly on 7 € (0, 1]). In this article, we will use the symbols g; equal

to y/2z(R)V or —/2Z(h)V - see remark A.2.

A.3.1. The case of fixed times. We consider a smooth function b on T*M which is compactly
supported in a neighborhood of S* M, say supp(b) C {(x,&) : ||£]|* € [1/2,3/2]} and which belongs
to S7°%0(T*M). The following operator is a pseudodifferential operator, for every ¢ € R,

A(t,b) = (e—’n” (_FLZQA—ZHOPH(‘ZI)))* Oph(a)e_%(_ﬁTA_mopﬁ(qz)).

We briefly recall how such a fact can be proved by a direct adaptation of the arguments used in
the selfadjoint case [10, 12, 6, 28]. Take ¢ = g7 + g2, and introduce, for ¢, s € R, the symbol

t—s
Ay(s):==aog' exp (—/ qo gTdT> .
0

To alleviate our notations, we call
18 2 .
us(qi) — _f(_th_ZhOph(qz)> i = 1727

e
so that the operator A(t,b) = (U:(q1))" Opy(a)U}(gz). Fixing t, we then introduce the auxiliary
operators

R(h, s) = (Up(q1))" Opy(Ae(s)) Up(a2)-
Like in the classical proof of the Egorov Theorem (i.e. in the selfadjoint case), one can compute
the derivative of R(h, s):

2 2

o () = @) (3 | =5 Ou(A(5D)] — Opal0)” Op(Ai(5) = Opu(Ai(s)) Opi(a) ) U )
~(04302))" (Opn ({po. A4e(5))) — Opy(Ar(5) a7 + 02)) 14 ().

We integrate this equality between 0 and ¢ [6]:

t
0

(Uﬁ(ql))* Opy,(a) Ut (g2) = Opy, (a ogte=Jo qogTdT) + / U (q1))* R(h, $)U; (g2)ds,

where R(h,s) is a pseudodifferential operator in W—°>~1(M) thanks to pseudodifferential rules.
Proceeding by induction and using pseudodifferential calculus perfomed locally on each chart [10,
12] (respectively Chapter 7 and 4) and the fact that U7 (g2) is a bounded operator (with a norm
depending'? on go and s), one in fact finds that (Uf(q1))" Opy(a)Uf(q2) is a pseudodifferential
operator in U9 (M),

(50) (Us(a1))” Opp(@)Us(g2) = Opy(al(t)) + O(n),
where a(t) ~ 3,50 W a;(t),

aalt) = 40) = a0 (- | @+ ogrir)

and all the higher order terms (a;(t));>1 in the asymptotic expansion depend on a, t, ¢1, g2 and the
choice of coordinates on the manifold. Moreover, for a fixed ¢t € R, one can verify that every term
a;j(t) is supported in g~ ‘supp(b). Each a;(t) can be written as b, () exp (— fot(qT-i- q2) OgTdT>,
where b;(t) € S7°(T*M). The Calderén-Vaillancourt Theorem [12, Chap.5] tells us that there
exist constants Cy ¢ and Cy , (depending on b, q1, g2, t and M) such that

t * t <
| @hta)" Oon@) Ui @) 1,y < Cotllan®lee

121¢ is in fact bounded by a constant of order elslllazlloo
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and also

(51) | @h(a2))" Oy (@)t (a2) — Opao()|

/
von-zaan = o
A.3.2. The case of logarithmic times. All the above discussion was done for a fixed ¢t € R. In
this article, we needed to apply Egorov property for long range of times of order kg|loghl [6, 3].
This can be achieved as all the arguments above can be adapted if we use more general classes of
symbols, i.e. S5 °°%(T*M) where 7 < 1/2 is a fixed constant'®.

In particular, one can show that, for a € S~°%(T* M) supported near S*M as above and r;
small enough (depending on the support of a, on 7, on ¢; and on ¢3), the operator A(t,b) is
a pseudodifferential operator in W, (M) for all |t| < i|logh|. Precisely, its symbol has an
asymptotic expansion of the same form as in the case of fixed times, except that for every j > 0
the symbol b;(t) belongs to S;m’kj (T*M) for every |t| < k1]log k|, where j — k; is an increasing
sequence of real numbers converging to infinity as j — 4oc.

We also mention that all the seminorms of the symbols b;(¢) can be bounded uniformly for
[t| < k1|logh|. Finally, using pseudodifferential calculus (performed locally on every chart), one
can verify that the following uniform estimates hold:

Proposition A.1. There exist constants k1 > 0 and vg > 0 (depending only on q1, q2, 7 and M)
such that for every smooth function a compactly supported in {(x,&) : ||€||* € [1/2,3/2]}, there
exists a constant C, > 0 such that for every |t| < k1|logh|, one has

| @h(a1))" Opi(a) Ui (a2)] < Callao ()l

L2 (M)—L?*(M)

and

< Cyh™.

H (Ur(@1))” Opp(a) Ui (g2) — Oph(ao(t))’ L2(M)—L2(M)

Remark A.2. We will mostly use evolutions involving the propagator U} of (8). Then, the expres-
sion (U})* Opy,(a) U} has the form of (50), with g1 = g2 = 1/22(h)V. As a result, in this case the
principal symbol is ag(t) = a o g e=2Jo Voo™ dr

Another operator will be used: (U})~! Opy,(a) U}, also has the form (50), now with ¢; = —v/22V,

g2 = /2z(h)V. In this case, the principal symbol ag(t) = a o g*.

A 4. Product of pseudodifferential operators. In the last two paragraphs of this appendix,
we fix a smooth partition satisfying the assumptions of paragraph 4.2. In particular, all the
functions Pf belong to a class of symbol SS’O(T*M) with 0 < 7 < 1/2. Then, one can verify that
the following lemma holds:

Lemma A.3. Let x. be one of the cutoff function supported in a small neighborhood of S*M
that were defined in paragraph 4.1. There exists kg > 0 depending only on & (the size of the
energy layer), on U (the parameter for the regularization of the partition) and on the choice of the
partition such that

Y0 < m < kollogh|, T, _,(m—1)...7q, (1)7a, Ops(x+)
1s a pseudodifferential operator in \I/g’o_oo(M) (where 0 < Ty < 1/2) with principal symbol equal to

Pgmil og™ .. x P(Z ogl x Pahox*.
The proof'* of this lemma relies on the fact that for xq small enough, the operators we consider

are amenable to semiclassical calculus: composition rules, Egorov property (paragraph A.3).
Using this lemma, one also has the following property that we used in the proof of lemma 4.6:

131n order to avoid too many indices, we take the same 7 as in the definition of O p 7.

L4For instance, similar properties on product of pseudodifferential operators were proved in [26] (section 7) in
a selfadjoint context. They can be adapted in a nonselfadjoint setting and the situation is even simpler here as we
do not try to optimize the parameter xo > 0.
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Lemma A.4. Let x. be one of the cutoff function supported in a small neighborhood of S*M that
were defined in paragraph 4.1. There exist ko > 0 and ¢; > 1 depending only on 0 (the size of
the energy layer), on U (the parameter for the reqularization of the partition) and on the choice of
the partition such that for i > 0 small enough, for every 0 < n < ko|logh| and for every subset
W C Xy,

Z uﬁTr'Yn—l e uhTr’YOurL OprL(X*)u};n S C1.

veW L2(M)—L2(M)

Proof. Let v be an element in X,,. As in lemma A.3, one can verify that, for ko small enough
(uniform in «) and for any 0 < n < kg|log A,

UnTrp s -+ UnTg OPp (X JUy ™ = o, (=1) 070, (1 = 1) (95 Opp (X)) (=12)

is a pseudodifferential operator in \I/g’foo(M ) (for some 7 < 7’ < 1/2) with principal symbol equal
to

P,Zkl og t...x Pwh1 ogl™™ x P,Z) 0g "xs0g ".
From the definition of ., one has . o g* = x. for every ¢ in R. Moreover, there exists vg > 0

such that, for every 0 < n < kg|log#i|, one has
Huhle o Unmy, Opy (X )U, ™ — Opy, (Pfjﬂ_l og~l...x thl ogl™" x P}:ﬁ) o g_"x*) H = O(h"),

where the constant in the remainder can be chosen uniform'® for v € X, and 0 < n < ko|logfi|.
One knows that W is at most equal to K™. Hence, one can verify that, for kg > 0 small
enough, there exists v > 0 (both independent of W) such that, for every 0 < n < kq|log Al,

Z Z/[hﬂ'»yn_l . 'uﬁ,’T’Yo Oph(X*)Z/{{n
yEW

= Op;, Z thnil og l...x PZ ogl™" x Pjo 09 "X+ | + Or2(ary—r2an) (R°).
~yeW
As (Pl");—1.. k is a family of nonnegative functions satisfying a property of partition of identity(see
paragraph 4.2); one knows that

Z Pl' og7h. . xPlog"" xPlogT"x,| <L

yeEW s

By similar arguments, one can verify that Py = >y Pl og™l. . xPloglm"x PIog"y.
belongs to some class S;,OO’O(T*M) for some 0 < 7' < 1/2 — with seminorms that can be chosen
uniform in W and 0 < n < kg|logh|. Thus, one can apply Calderén Vaillancourt Theorem —
Chapter 5 in [12] for instance. It tells us that there exist constant C’ > 0 and C” > 0 (depending
only on M and on the choice of coordinate charts) such that

Ll aa
| Opp(Pw)ll L2 (ay—r2 ) < C7 Z R | 0°Pw|co-
le|<C’d
Thus, combined to the rest of the proof, it implies the existence of k¢ and ¢; > 1 (depending on
the choice of the partition (M;)X |, on 7, on the size of the size energy layer but not on k) such
that, for &z > 0 small enough, one has

Y0 < n < kolloghl, YW C S, || Y Unmy, , ... Unmo U Opy (XU, ™ <e.

TEW L2(M)—L2(M)

O

15y, depends on the choice of the partition (Mi)fil, on the regularization parameter 7 and on the size of the
energy layer.
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A5, Inserting cutoffs functions. Recall that we used the notation, for v = [yo,v1,...,Vp—1]
in 3,
H7 = L{hmpfl .. .Z/{hwmuhw%.

As we needed it in paragraph 6.2.2, we briefly explain here that we can insert a finite number &
of cutoff functions in a cylinder of length kn, where n is a short logarithmic time for which the
operators are amenable to pseudodifferential calculus. Precisely, it is a consequence of the following
lemma, which can be obtained as a combination of lemma A.3 on long product of pseudodifferential
operators and of the property of the cutoff functions.

Lemma A.5. There exists k > 0 small enough (depending on the smooth partition and on the
size of the energy layer) such that for every 0 < j < k — 2, for every 0 < p < [|s|logh|] and for
every [v] € 3,

(Id — Opy, (x—; )L, Opy(x—j-1) = O(h™).
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