ENTROPY OF SEMICLASSICAL MEASURES FOR SYMPLECTIC LINEAR
MAPS OF T2¢

GABRIEL RIVIERE

ApsTrACT. For a linear symplectic map A of the 2d-torus T2, one can associate a sequence of
unitary matrices (Mx(A))nen acting on Hilbert spaces of dimension N¢. The eigenstates of
this sequence of matrices are said to be the stationary states of the quantum system. In this
article, we give quantitative properties on the distribution on T2¢ of these stationary states in
the so-called semiclassical limit (A = (2rN)~! — 0). To do this, we use semiclassical mea-
sures which are A-invariant probability measures associated to these sequences of states and
we give a lower bound for the Kolmogorov-Sinai entropy of these measures. Our main result
is that, for any quantizable matrix A in Sp(2d,Z) and any semiclassical measure p associ-
ated to it, the Kolmogogorov-Sinai entropy of p with respect to A is bounded from below by

ZﬁGSp(A) max (1og 18] — Am%,ﬂ) , where the sum is taken over the spectrum of A (counted

with multiplicities) and Amax is the supremum of {log|3|: 8 € sp(A)}. In particular, our result
implies that if A has an eigenvalue outside the unit circle, then a semiclassical measure cannot
be carried only by periodic orbits of A.

1. INTRODUCTION

The semiclassical principle asserts that one can reconstruct objects from classical mechanics
by looking at the semiclassical limit of quantum objects. In the more specific setting of quantum
chaos, one can try to understand the range of validity of this principle and more precisely the
influence of the chaotic properties of the dynamical system (Anosov property, ergodicity, etc.) on
the semiclassical behavior of stationary states.

The first result in this direction is due to Shnirelman [28], Zelditch [30] and Colin de Verdiére [10].
It states that, given an ergodic geodesic flow on a riemannian manifold M, almost all sequences
of eigenfunctions of A are equidistributed on S*M in the high energy limit. This phenomenon
is known as quantum ergodicity and has many extensions. Rudnick and Sarnak formulated the
so-called “Quantum Unique Ergodicity Conjecture” which states that for manifolds of negative
curvature, all the eigenfunctions of A are equidistributed in the high energy limit [27]. This
conjecture remains widely open in the general case.

In order to study quantum chaos, an approach is to study toy models, i.e. simple symplectic
dynamical systems that are highly chaotic and that admits a “good” quantization procedure [20].
The main advantages of such systems is that the classical dynamics is in general simpler than
the one of “realistic” models and the quantum states belong to finite dimensional spaces. These
properties make these models easier to manipulate than the more “realistic” ones (like geodesic
flows). Moreover, these toy models share enough properties with the “realistic’ ones so that it is
often easier to understand the properties of the simple models and then try to adapt the method
in the more complicated situation.

Among the several toy models is the family of symplectic linear automorphisms on the 2d-torus
T2, We say that a matrix A in Sp(2d,Z) is quantizable if it does not have 1 as an eigenvalue or
if it belongs to the subset

Spe(2d,Z) = {( g ff > € Sp(2d,7Z) : EF* =GH"'=0 mod 2}.

Under one of these assumptions, the map A can be quantized following the method from [6]. In

this case, the phase space T2¢ is compact and in particular, one can associate a finite dimensional

Hilbert space for every integer N: each space will be denoted Hy (see section 2) and will be of
1
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dimension N<. The semiclassical parameter is denoted A and it satisfies 27AN = 1 (where N is an
integer). So looking at the semiclassical limit # — 0 is equivalent to making the parameter N tends
to infinity. The set of classical observables will be the set C>°(T2?) of smooth functions on the
torus. There exists a positive quantization procedure Opﬁw(.) that associates to each observable
a a linear operator Opﬁw(a) on Hy. This procedure is called the anti-Wick quantization and is
constructed from a family of coherent states [7]. Moreover, there is a quantum propagator My (A)
corresponding to A which acts on Hy. This propagator satisfies the Egorov property:

(1) My (A)~ Opi™ () M (A) = Opy'" (a0 A) + Ou (N 7).

For any eigenvector oV of My (A) in the Hilbert space Hy, one can define the following measure
on the torus:

(2) fipn (a) = (™ OPR" (@)™ )re-

This quantity gives a description of the stationary state in terms of the position and the momentum,
i.e. of the stationary state and its N-Fourier transform. Thanks to Egorov theorem, we have that
any weak limit of the corresponding (fi,~) in the semiclassical limit (i.e. as N tends to infinity)
is an A-invariant measure on the torus. We call a semiclassical measure an accumulation point of
a sequence (fi,~ )y, where (o) is a sequence of stationary states in Hy (see section 2). In this
setting, Bouzouina and de Biévre proved an analogue of Shnirelman’s theorem [7]. Precisely, if A
is ergodic', they prove that for any sequence of orthonormal basis (¢} )1<;j<ye yen of Hy made

of eigenvectors of My (A), there exists a sequence of Jy C {1,---, N} satisfying
: |JN| _ oo (mm2d : . 3 7 —
NETOOW_l and Va € C*(T*%), V{j(N) € Jy : N € N}, Nl_l)IEOONSOﬁN)(a)_Leb(a)'

It means that in this sense, almost all the eigenvectors converge weakly to the Lebesgue measure
on the torus. The analogue of Quantum Unique Ergodicity in this setting would be to prove that
for any orthonormal basis of eigenvectors, one can take Jy = {1,---, N4}. An important property
of these models is that there exist symplectic matrices and associated sequences of orthonormal
basis for which one can take Jy = {1,---, N} [18], [17] but there are also sequences for which
one can not take Jy = {1,---, N9} [13], [17]. In the case d = 1, it was proved by de Biévre,
Faure and Nonnenmacher that (d + Leb) is a semiclassical measure [13]. In higher dimensions
and under arithmetic assumptions on A, Kelmer constructed semiclassical measures supported on
submanifolds of T?¢ [17].

Even if we know that the set of semiclassical measures is not reduced to the Lebesgue measure for
quantized maps of the torus, one can ask about the properties of these semiclassical measures. For
instance, it was shown in [6] and [14] that if we split the semiclassical measure into its pure point,
Lebesgue and singular continuous components, p = fipp + fiLeb + fisc, then pipp(T?) < ppen(T?)
and in particular pup,(T?) < 1/2.

1.1. Statement of the main theorem. In [1], Anantharaman proved that for a compact rie-
mannian manifold M with Anosov geodesic flow, the Kolmogorov-Sinai entropy of any semiclassical
measure associated to a sequence of eigenfunctions of A is positive (see section 5 or [29] (chap-
ter 4) for a definition of the entropy). Her result proves in particular that eigenfunctions of the
Laplacian cannot concentrate only on a closed geodesic, in the large eigenvalue limit. Translated
in the context of our toy models, her result says that, for any symplectic and hyperbolic matrix A,
the Kolmogorov-Sinai entropy of a semiclassical measure is positive. In particular, a semiclassical
measure cannot be supported only on closed orbits of A. In subsequent works with Koch and
Nonnenmacher [3], [2], they gave quantitative lower bounds on the Kolmogorov-Sinai entropy of
semiclassical measures. Translated in the model of quantized maps of the 2d-torus, their result
can be written, for any semiclassical measure associated to an hyperbolic matrix A:

2d
d
(3) hKS(.UJa A) > Z max (log ‘ﬂz|a 0) - §>\max7

=1

1Tt means that no eigenvalue of A is a root of unity.
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where {3; : 1 < i < 2d} is the spectrum of A (counted with multiplicities) and Apyax is the
maximum of the log|5;| [23]. As A is hyperbolic, it has exactly d eigenvalues (counted with
multiplicities) of modulus larger than 1. We underline that their result was more general as it also
deals with varying Lyapunov exponents. One can remark that if A\, .« is very large compared with
some of the log |3;|, the previous lower bound can be negative (and so the result empty). Regarding
their result (and the different counterexamples), they conjectured some optimal lower bound on
the entropy of semiclassical measures [1], [3], [2]. Translated in our context, their conjecture states
that, for any semiclassical measure p associated to an hyperbolic matrix A,

(4) his(p, A Z (log 5] , O) .

Again, their conjecture was more general as they expected it to hold for situations where there
are varying Lyapunov exponents. In this article, we will show:

Theorem 1.1. Let A be a quantizable matriz in Sp(2d,7Z), i.e. such that 1 is not an eigenvalue
of A or such that A belongs to Spe(2d,Z). Let i be a semiclassical measure on T?? associated to
A. One has

(5) hs(p, A) > Zmax (log 1G:| — Amax 0> ,

where {B; : 1 <1i < 2d} is the spectrum of A and \pax is the mazimum of the log|5;].

A first remark about this result is that it holds for weakly chaotic systems that can have only
one instability, i.e. one positive Lyapunov exponent (the result is trivial if A has no positive
Lyapunov exponent). In particular, we do not assume A to be hyperbolic and our result implies
that if A has an eigenvalue outside the unit circle, then a semiclassical measure of (T??, A) cannot,
only be carried by periodic orbits of A. For instance, such a property is satisfied by an ergodic
symplectic matrix [22].

We also underline that we do not obtain exactly the lower bound (4) expected by Anantharaman,
Koch and Nonnenmacher. Compared with their result, the lower bound of our theorem improves
their bound (3) and it always defines a nonnegative quantity. However, regarding the semiclassical
measures constructed in [17], the lower bound of our theorem should be suboptimal. In fact, recall
that the simplest example of exceptional semiclassical measure as they were constructed in [17]
Bt 0
0 B!
show that there exists a subsequence of stationary states converging to the Lebesgue measure on
the submanifold X, := {(0,&) € T?¢: ¢ € T¢}. We also recall that the Kolmogorov-Sinai entropy
satisfies the Ruelle inequality, i.e. for any A-invariant measure p,

happens in the case where A := ) , with B € SL(d,Z). For this matrix, one can

his(p, A) < Zmax (log8il,0),

with equality if u = Leb [29] (chapter 8). In particular, Kelmer’s counterexample has entropy

equal to imax <log|ﬁi| 0)
i=1 2
In the case of varying Lyapunov exponents, the conjecture of Anantharaman, Koch and Nonnen-
macher has been shown to be true when one has only a one dimensional unstable direction [16], [25].
At this point, it is not clear to us how to combine both methods in order to obtain an explicit
nonnegative lower bound on the entropy of semiclassical measures in a general setting. We also
underline that, in the case of hyperbolic automorphisms of T?, stronger results on the entropy of
semiclassical measures were obtained by Brooks [9]. Finally, in the case of locally symmetric spaces
of rank > 2, a similar lower bound as the one of theorem 1.1 was obtained by Anantharaman and
Silberman [4].
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1.2. Strategy of the proof. Compared with the original result of Anantharaman, the proof of
inequality (3) in [2] was simplified by the use of an entropic uncertainty principle due to Maassen
and Uffink [21]. This principle is a consequence of the Riesz-Thorin interpolation theorem and it
can be stated as follows (in [3], see theorem 2.1 combined with remark 2.2):

Theorem 1.2 (Maassen-Uffink). Let H and H be two Hilbert spaces. Let U be an unitary operator
on H. Suppose (m;)2., is a family of operators from H to H that satisfies the following property
of partition of identity:

D
Zﬂ-:ﬂ-i = [d,}:‘
i=1

Then, for any unit vector v, we have

2,9

D D
(6) = " lImitll3 og w7 — Y IlmU|I3 log U3, > —2logsup [lmUnl|| 2x)-
i=1 i=1

In [2], the method was to use this principle for eigenfunctions of the Laplacian on M and a
well-chosen partition of Idz2(5s) so that the quantity in the left side of (6) can be interpreted as
the usual entropy from information theory [29]. One of the main difficulty (that already appeared
in [1]) was then to give a sharp estimate on the quantity ||7TiU7T;||L2(M)HL2(]V[) for this choice.

In [26], we show that for a good choice of partition, the quantity ||7r¢U7r;HHN_,HN was easier to
bound than the corresponding one in [2] and in [23]. More precisely, the bound could be directly
derived from estimates on the propagation of coherent states under the quantum propagator as
in [5] and [13]. Our strategy will be to generalize our method for d = 1 to higher dimensions.
To do this, we will introduce a new quantization procedure adapted to the classical dynamics for
which good choice of partitions can also be made.

1.3. Organization of the article. In section 2, we recall how the dynamical system (T??, A) can
be quantized. In section 3, we collect some facts about the reduction of symplectic matrices. Then,
in section 4, we construct a quantization procedure adapted to the classical dynamics induced by
A. In section 5, we apply the entropic uncertainty principle to derive theorem 1.1. Finally, in
section 6, we prove a crucial estimate on our quantization procedure that we used in section 5.
This estimate is similar to the ones obtained for the propagation of coherent states in [5], [13]. The
appendices are devoted to the proof of crucial and technical lemmas that we admitted at different
steps of the article.

2. QUANTUM MECHANICS ON THE 2d-TORUS

In this section, we recall some basic facts about quantization of linear symplectic toral auto-
mophisms. Our goal is to describe a procedure which will associate [20]

e a family of finite dimensional Hilbert spaces Hy indexed by the integers to the compact
phase space T?%;

e an operator Opy(a) acting on Hy for every observable a in C>(T??);

e a unitary matrix My (A) acting on Hy to the symplectic matrix A (and related to A by
an Egorov property).

To do this, we will follow the approach and notations used by de Biévre & al. in previous
articles [6], [7]. We refer the reader to them for further details and references. We denote T2? :=
R?4 /724 the 2d-torus.

2.1. Quantization of the phase space. In physical words, R? (or T¢) is called the configuration
space and R?? (or T??) is the phase space associated to it. In this article, p = (z,¢) will denote a
point of the phase space, i.e. points of R?? or T??. The usual scalar product on R?? is denoted (a, b)
0 —Idga )

and o is the usual symplectic form on R2?, i.e. o(p,p') = (p, Jp') where J := < Idus 0
R
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For ¢ € 8'(R%), we can define (q;v)(z) := z;¢(z) and (p;¥)(x) := E%(x). This allows to define

1
translation operators acting on a tempered distribution as:

Up(x,€) := er (@8 (ap)),

The action of this operator on L?(R?) is given, for any 1 € L?(R%), by

[Un(z, )¢] (y) = e# =58y (y — ).

We underline that it is unitary on L?(R?, dx) and standard facts about this representation of the
Heisenberg group can be found in the book by Folland [15]. In particular, it can be shown that:

(7) Un(p)Un(p') = €257 (2 ) U (p + ).

In order to define the quantum states associated to the phase space T2¢, we first underline that
the phase space is R?? where we have identified two points which are Z2%-equivalent. So, we can
require that the Hilbert space we will construct will be made of quantum states in S’(R) which
satisfy an invariance under the translation operators Uy (g, p) for (¢,p) € Z?. It means that the
quantum states should have the same periodicity as the phase space. To do this, we fix some
k = (k1,K2) in [0, 27[??. We will require that, for all (¢,p) € Z?¢, a quantum state 1) should check
the following condition:

Un(g, p)ib = e (@P)g={rna)telsap)y,

It can be remarked that x different from 0 is allowed as, for a € R, 9 and e'®1) represent the
same quantum state. The states in S’(R?) that satisfy the previous conditions are said to be
the quantum states on the 2d-torus and their set is denoted Hy(x) where N is related to the
semiclassical parameter by

(8) 27hN = 1.

It defines tempered distributions of period 1 (modulo phase factors) whose /i-Fourier transform is
also 1-periodic. These distributions are said to be “quasiperiodic”. The following lemma can be
shown [7]:

Lemma 2.1. Let k be an element in [0,27[??. Let h and N be positive and such that 2rhAN = 1.
The subspace Hy (k) is not reduced to 0 iff N € N*. In this case, dim Hy (k) = N¢. Moreover,
for all v € Z2?, Up(%)Hn (k) = Hn(k) and there is a unique Hilbert structure such that Up(%)
is unitary for each r € 7%,

From this point, we will fix IV to be an integer in order to have a nontrivial Hilbert space. The
Hilbert structure on Hy (k) is not very explicit [7]. However, one can make it more clear using
the following map which defines a surjection of S(R?) (Schwartz functions) onto Hy (k)

(9) Sn(r):= Y (=)Nmmellsem=tmmy, (n m).
(n,m)€z??

This surjection associates to each state in S(R?) a state which is periodic in position and momen-
tum. Using it, we can define |¢, k, N) := Sy (k)|¢) and |¢', k, N) := Sy (k)|¢’) for |¢) and |¢') in
S(R%). Then, the following link between scalar products on L?(R%) and Hx (k) holds:

(10) <N,K,¢‘¢/,K/,N>HN(I{) — Z (_1)N<7L,m>el((fil,n>_(r€2,M>)<¢|Uh(n’ m)¢/>L2(R)-

n,mez2d

Finally, the following decomposition into irreducible subrepresentations of the discrete Weyl-
Heisenberg group {(%,¢) : 7 € Z*%, ¢ € R} can be written [7]:

L2(RY) = /{072#[% Hn (k)dr and Uy (%) = /[07%[% UN s (%) at,

where the integral is a direct integral.
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2.2. Weyl quantization. In the case of R??, classical observables are functions of p = (z,¢) that
belong to a certain class of symbols. We will use the following class of symbols:

SE(1) = {(an)n>0 € C*(R??) : for all multiindices o, [|0%an]oc < h 77110, 4},

where v < % We underline that smooth Z2?%-periodic functions belongs to these class of symbols
and in this case, the semi-norms involved in the definition of S%(1) control the growth of the deriva-
tives in A. An usual way to quantize these observables is to use the Weyl quantization [11], [12].
Let us recall the standard definition of this operator for an observable a:

1 o z+y

w - z €

OnF (@ul(e) = s [ eF9a (5 26 ) e

We recall that the product of two such pseudodifferential operators is given by
Opy, (a) o Opy(b) = Opy, (ath),

where affb is the Moyal product of the two observables [11], [12]. At several points of the article
we will use the following expression of the Moyal product for @ and b in S(R??) (that can depend
on h):

1 — 2 g (wy,w
able) = (wh)2d /de /de e” R a(p 4w )b(p + wo)dwy dws.

We also recall that, from the Calderén-Vailancourt theorem (theorem 7.11 in [11] or theorem 4.22
in [12]), we know that there exists an integer D and a constant C' (depending only on d) such that

1 w ICIRTPON
(11) VOo<wv< 5 Va € S)(1), ||Opy (@) L2 ®a)—r2ray < Clngh 2 |0%al| -

We underline that the case v = % is authorized for this last result [11]. In the case of the 2d-torus,

classical observables are C*>° functions on T?? which are & independant (they can be seen as a
subset of SY(1)). It can be shown that for a € C>°(T?4),

Op;iu(a’) = Z a;Up (27Tﬁ’l“) )

rez2d

where a, is the r coefficient of the Fourier serie of a, i.e. a(p) = Y, zea are” 2™ /™). Using the
fact that Uy (r)Opy (a)Ux(r)* = Opy (a) (thanks to (7)), it follows that Op} (a)Hy (k) C Hy (k).
In view of this remark, we shall denote OpY; . (a) the restriction of Opy; (a) to Hx (). We underline
that this operator still makes sense if a is an element of C>°(T2?) that depends nicely on & (in the
sense of the definition of SY(1)). Finally, the following decomposition holds:

Opi(a) = [ Opk(a)in,

[0,27[2d

where the integral is a direct integral. Recall from [24] (theorem XII1.83) that such a decomposition
implies:

(12) sup {|Op (@)l e (w)) = 10PR (@) 2Ry
KE[0,2m[24

2.3. Quantization of toral automorphisms. Let A be a matrix in Sp(2d,Z). We would like
now to quantize the dynamics associated to A on the phase space, i.e. define a quantum progator
associated to A. This can be done using the metaplectic “representation” of Sp(2d,R) [15] that
defines, for each matrix A and for each & > 0, the unique (up to a phase) operator which satisfies:

Vp € R*, My(A)Un(p)My(A)~" = Un(Ap).

My (A) is called the quantum propagator associated to A. It is a unitary operator on L?(R%) (and
by duality, it acts also on &'(R9)). It can be shown [6]:
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Lemma 2.2. Let A be an element in Sp(2d,Z) such that 1 is not an eigenvalue of A. For each
N € N*, there eists at least one k4(N) € [0,27[>¢ such that

Mp(A)YHN(ka(N)) = Hn(ka(N)).

My () (A) denotes then the restriction of Mp(A) to Hn(ka(N)). It is an unitary operator for
the Hilbert structure on Hy(ka(N)).

Remark. Even if it was only stated for ergodic matrices, the proof of this lemma was given in [6]
(lemma 2.2). The hypothesis that 1 is not an eigenvalue is crucial in the proof of [6]. Yet, one
can check in this same proof that the property of the lemma still holds if we take k4(N) = 0 for
a matrix A in

Spe(2d,7) = {( g ff ) € Sp(2d,Z) : EF* =GH'=0 mod 2}.

We say that an element A in Sp(2d,Z) is quantizable if 1 is not an eigenvalue of A or if A is in
Spe(2d,Z). We underline that the matrices in Spg(2d,Z) were the ones considered by Kelmer
in [17].

Notations. From this point of the article, we fix A to be a quantizable matrix and for every
integer N, we fix some k4 (V) which satisfies the property of the previous lemma. For simplicity of
notations, we will omit to mention x (except if there is an ambiguity) and we will denote Op y (a),
Sn, Hn, My (A), Un(p) instead of Opy . (a), Sn(k), Hn(K), MN x(A), Un x(p). When using the
subscript N, we will refer to objects living on the torus and when using 7, we will refer to objects
living on R2<,

From all this, the following “exact” Egorov property can be shown for each a € C>(T?) [15], [7]:
My (A)~'Opy (a) My (A) = Opiy(ao A).

Remark. We underline that we do not need any assumption on A (except that is is symplectic) to
define Mp(A) on L?(R4). In particular, for every @ in Sp(2d,R), we have that

Va € Sp(1), Ma(Q)™'Opy (a)Ma(Q) = Opj (a o Q).

2.4. Anti-Wick quantization. The Weyl quantization has the nice properties that it satisfies
an exact Egorov property and that for a symbol a, Op} (a)* = Op}. (a). However, it does not
satisfy the property that if a is nonnegative then Op) (a) is also nonnegative. As our goal is
to construct measures using a quantization procedure, we would like for simplicity to consider
a positive quantization. This can be achieved by considering the anti-Wick quantization. To
describe this quantization, we define the coherent state at point 0 on R%:

0.1) (@) = (Wlﬁ) o

We define the translated coherent state at point p € R2? as |p,h) := Un(p)|0, k). Using these
coherent states, we can define a quantization procedure for a bounded symbol a in C°(R??):

0n¥ (@)= [ alp)loh)ihusl sy

We underline that |p, h)(h, p| is a rank-one operator defined for [) in L2(R?) by |p, k) (h, p|t)) =
(h, p|Y))L2|p, h). Tt is obvious that this quantization is positive. It can be verified also that it
satisfies the property of resolution of identity:

d
AW 14
Opy, " (1) = Idp2(ray = /]de |, h><hap|w~

This quantization is related to the Weyl quantization. To see this, we can define the gaussian

- =112 2
observable Gj,(z, &) := ﬁe*%. For a smooth bounded observable a, the relation between

the two procedures of quantization is Opj" (a) = OpY(a + Gp). Using Calderén-Vaillancourt
theorem and the previous property, one can verify that [|Ops " (a) —Op¥(a) 22 (ray = Ou(h). Now
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one can construct a positive quantization on the torus mimicking this positive quantization on
R2?, To do this, we project the coherent states on the Hilbert space Hy:
o, N) := Snlp, ),
where Sy is the surjection defined by (9). We define the anti-Wick quantization of an observable
a in C>(T?2%) as follows:
dp
OpV (a) = / a , N){(N, .
Py (a) - (P)lp, N)(N, p| )

In this case, |p, N)(N, p| is a rank-one matrix defined for |¢) in Hy by |p, N)(N, p|1) := (N, p|{)) 1y o, N).
This quantization procedure satisfies that for a symbol a, Opa' (a)* = Opa'" (@) and that the
quantization is nonnegative. As in the case of the Weyl quantization, it is related to the quanti-
zation on R2? by the integral representation [7]:

OpA™ (a) = / OpAY (a)d.
(0,27 [24

)

It also satisfies a resolution of identity property [7]:
dp
Opa (1) =1d :/ ,NYN, p|——..
PN ( ) HN 2 |p >< P| (27Th)d

It follows from the reoslution of identity and from the definition of Opy'" (a) that ||Opa" (a) llcern) <
llalloo-

2.5. Semiclassical measures. All these definitions allow to introduce the notion of semiclassical
measures for the quantized cat-maps [7]:

Definition 2.3. Let A be a quantizable matrix in Sp(2d,Z). We call semiclassical measure of
(T??, A) any accumulation point of a sequence of measures of the form

Va € C(T,C), % (@) i= (W OEY (@0 ), = [ alo)Ne [ (010, Ny, |

where (%), is a sequence made of eigenvectors of My, (A) in Hy, with Ny — 400 as k — +oc.

Remark. The set of semiclassical measure defines a nonempty set of probability measures on the
torus T2¢. We underline that we have previously fixed x4 (V) (section 2.3) for every integer N.
In particular, the set of semiclassical measures depends implicitely on our choice of quantization
procedure as it depends on the sequence k4 (N) we have fixed. We could have allowed x to vary
in our definition and we would have obtained a bigger set of accumulation points. The entropic
properties of this bigger set would be the same and for simplicity of the notations, we prefer to
keep the sequence k4 (V) fixed for the article.

An important property is that a semiclassical measure is A-invariant thanks to the following
Egorov property:

Proposition 2.4 (Egorov property). Let A be a quantizable matriz in Sp(2d,Z). For every a in
C>®(T24), one has

Vi € Z, My(A) " Opa"Y (a) My (A) = Op?V (a0 AY) + O, (N7Y),
where the constant involved in the remainder depends on a and t.

To conclude the presentation of our system, we underline that if ;1 is a semiclassical measure
associated to a sequence (¢, ), then u is also an accumulation point of the sequence of linear form

ar— <¢Nk |Oka (a’)’l/)Nkr>HNk )
where Op is any quantization that satisfies, in the semiclassical limit,

(13) Va € C(T2%), ‘OpN(a) — OpAW 0a(1).

@] ey, =
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3. SYMPLECTIC LINEAR ALGEBRA AND LYAPUNOV EXPONENTS

In this section, we collect some facts about symplectic matrices that we will use crucially in our
proof. We refer the reader to chapter 1 of [19] for more details. We fix a quantizable matrix A in
Sp(2d,Z), i.e. such that 1 is not an eigenvalue of A or such that A € Spy(2d,Z). As theorem 1.1
is trivial in the case where the spectrum is included in {z € C : |z] = 1}, we also make the
assumption that A has an eigenvalue of modulus larger than 1. We will denote

Amax = sup{log|3] : B is in the spectrum of A}.

Remark. According to Kronecker’s theorem (theorem 2.5 in [22]), we know that if A is an ergodic
matrix in SL(2d,Z) (i.e. no eigenvalue of A is a root of unity), then Apax > 0.

One can decompose R?¢ into A-invariant subspaces called the stable, neutral and unstable

spaces, i.e.
R*:=E- o E @ E".
These subspaces satisfy various properties that we will use. The spectrum of the restriction of A
on the neutral space E° is included in {z € C : |z| = 1}. The dimension of E° is even and we
will denote it 2dg. The restriction of A on the stable (resp. unstable) space E~ (resp. ET) has a
spectrum included in {z € C : |z| < 1} (resp. {z € C : |z| > 1}). These two subspaces have the
same dimension equal to d — dy (which is by assumption positive). Moreover, there exist r in N
and 0 < A\ < --- < \f such that E* (resp. £~) can be decomposed into A-invariant subspaces
as follows:
Et=El/®---@Efand B~ =FE; @ -0 E,,

where the spectrum of the restriction of A to E; (resp. E; ) is included in {z € C : |2| = e* }

(resp. {z € C: |z| = e‘Afr}). Moreover, one can verify that the subspaces F;” and E; have
the same dimension that we will denote d;. The coeflicients )\i+ are called the positive Lyapunov
exponents of A. We underline that \;" = A\jax. With these notations, theorem 1.1 can be rewritten
that for any semiclassical measure p associated to A, one has

. )\max
(14) hics(p, A) > ;di max (Aj -5 ,o) .
For the sake of simplicity, we will denote
(15) A= 3 A
i=1
and

a A

(16) Ay == ;di max (Aj - “21‘“*",()) :

Our decomposition is exactly the Oseledets decomposition associated to the dynamical system
(T2 A, i) [29]. For our proof, we will need something stronger in order to apply tools of semi-
classical analysis. Precisely, we will need a symplectic decomposition of R2¢ into these subspaces.
According to [19] (section 1.4 to 1.7), this decomposition is possible and we now recall the results
from [19] that we will need. To do this, we introduce the ¢-product of two matrices. Consider two
real matrices M; in M (2d',R) and My in M (2d",R) of the block form

(A B [ Ay B
Ml.—(Cl Dl)andMg.—(CQ DQ)’

where Ay, By, C; and D are in M(d',R) and As, By, Cy and D5 are in M (d”,R). The ¢-sum of
M; and M, is defined as the following 2(d’ + d’") matrix:

A1 0 By O
0 Ay 0 B

cCi 0 D O
0 Cy 0 Dg

M1 OMQ =



10 GABRIEL RIVIERE

We can use this o-sum to rewrite our symplectic matrix A in an adapted symplectic basis [19]
(section 1.7-theorem 3). Precisely, for every 1 <4 < r, one can construct an adapted D; in Gl(d;, R)
such that the spectrum of D; is included in {z € C : |z| = e/\;r} and denote A; := diag(D;, D; ™)
(setion 1.7 in [19]). There exists also an adapted Ag in Sp(2dy, R) such that the spectrum? of Ay
is included in {z € C : |z| = 1} (section 1.5 and 1.6 in [19]). Using these matrices, it can be shown
that there exists a symplectic matrix @ in Sp(2d,R) such that

(17) A:Q(A00A1<>"'A7-)Q71.

This tells us that we have a symplectic reduction adapted to the Oseledets decomposition. The
results in [19] are more precise and we have only stated what we will need for our proof of
theorem 1.1.

4. POSITIVE QUANTIZATION ADAPTED TO THE DYNAMICS

We have defined the set of semiclassical measures starting from the anti-Wick quantization.
In this section, we will construct a new (positive) quantization procedure that is adapted to the
classical dynamics and that is equivalent to the Weyl quantization (and so to the anti-Wick one)
in the sense of equation (13). To do this, we will mimick the construction of the anti-Wick
quantization. In this case, we have seen that it corresponds to the Weyl quantization applied to
the observable a  Gp. It means that we have made the convolution of the observable a with a
Gaussian observable which is localized in a ball of radius v/A.

Our strategy is to make a slightly different choice of function G which will be localized on an
ellipsoid with lengths on each direction that depend on the Lyapunov exponent. For instance, if
the Lyapunov exponent associated to the variable (x1,&7) is larger than the one associated to the
variable (z2,&2), the ellipsoid will be larger in the second direction. We should also take care of
not violating the uncertainty principle and as a consequence the radius of the ellipsoid will always
be bounded from below by v/A.

In this section, we make this argument precise in the case of R?? and then periodize the new
quantization to get a quantization on the torus.

4.1. An adapted convolution observable. To construct our new quantization on R2?¢, we
introduce a Gaussian observable G(z,§) := exp (—7||(z,£)||?) , where ||.| is the euclidian norm
on R?¢. In the case of the anti-Wick quantization, we took the convolution of any bounded
observable a with Gy = (7h) %G o ((ﬂh)*%ld) to construct our quantization. Regarding the
Oseledets decomposition of A (see (17)), we would like to make a more strategical choice than

(Wh)_%ld for our choice of matrix. To do this, we use the notations of section 3 and for 2 > 0, we
introduce a matrix B(h) of the following form:

_of P 0 -1
sa=o( P 0, )e
where D(h) is an element in GL(d,R) of the form
&) A AF
D(h) == (h_ Pmax [dpag , A~ Pmax Idgay ,+ -, A Prmax IdeT) .

In the previous definition, €; is some small fixed positive number that we keep fixed until the end
of the proof and that we suppose to be very small compared with )\f (to avoid complications). To

. . . . . AT .
simplify the expressions, we introduce the notation fyf = and WJ =3 ):ax. In particular,

we have that the supremum || B(h) ™! ||o of the modulus of the coefficient of B(h) is a O(h”) where
v = Q;ﬁ Finally, we can define an “adapted” h-Gaussian observable

Gy = 22| det B(h)|2G o B(h).

We underline that 2%/2 is only a normalization constant.

2We underline that do will be equal to 0 if all the Lyapunov exponents of A are nonzero.
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4.2. Positive quantization on R2?. We have constructed a convolution which is adapted to the
dynamics. We would also like to keep the nice ‘u*u’-structure of the anti-Wick quantization. So,
for a bounded observable a in C>(R??), we define

Op}, (a) := Opy, (a % (GAliGr)),

where a % b is the convolution product of two observables and afib is the Moyal product of two
observables (i.e. the symbol of Op} (a) o Opy (b) [11]). We verify that

Opj (a) = / a(00)ODY ((GaiGi) (o — po)) dpo = / a(p0)OPY (G1)" 0 Opy (GE) dpo,
R2d R2d

where GY°(p) := Gr(p—po). Soif a > 0, this defines a nonnegative operator. The following lemma
says that Op;lr is a nice quantization procedure:

Lemma 4.1. Let a be an observable in S°(1). We have
||Op}f(a) - Op;(a)HLZ(Rd)HLQ(Rd) = Oa(h’y)a
for some fized positive v (depending only on A and on ).

We postpone the proof of this lemma to appendix A. The strategy is the same as when one
proves the equivalence of the anti-Wick quantization and the Weyl one. Precisely, we can prove
that there exists an explicit kernel Kp(po) such that

ax (GhiGh) (p) = / alp+ B o) Kn(po)dpo,
where [g2. Kr(po)dpo = 1.

4.3. Periodization of observables. We have just defined a new quantization procedure on R2?
which is related to the classical dynamics associated to the matrix A. To study our problem, we
need to restrict this quantization procedure to Hpy. To do this, we define

(18) Opy (a) := Opy (a * (GntGh)).

This definition makes sense for a smooth and Z2?-periodic observable a (that can also depend on
h). Thanks to lemma 4.1 and to the decomposition of L?(R?) along the spaces Hy (), we know
that |Op}(a) — OpN(a)|lz(2n) = Oa(RY) (see also [24] (theorem XIII.83)). The explicit form of
this procedure is given by

Oph@) = 3 ( [ e ( [ atow) (Gt (o - Po)dpo> dp> Un (%)

rez?d

For our purpose, we would like to verify that it remains a positive quantization procedure with a
nice structure. To see this, we introduce the following periodization operators on S(R??):

Jo
2d 2d — _ 27 (p+1,0)
(19) VOeR* VFeSR™), Ty(F)(p): GEZQ:dF<p r 2N>e .

This definition makes sense for a function in the Schwartz class S(R??) that would depend on h.
We also underline that in every case, the observable Ty(F) is Z2%-periodic, i.e. for every ro € Z>¢,
Ty(F)(p +10) = To(F)(p). In particular, To(GL4G4°) is smooth, Z??-periodic and in the class
S’g (1) for some positive k. We can use this function to rewrite

Ont(a) = [ alpo)Op¥ (To(G11G1)) d

The translation operators Ty satisfy the following property:

Proposition 4.2. Fiz h > 0. Let Fy and F, be two elements in S(R??) (depending eventually on
h). One has

Opg(To(FlﬁFQ)) = / . Opg(TgFl)* O Op%)(TgFg)de
T2
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We postpone the proof of this lemma (which is just a careful application of the Poisson formula)
to appendix B. This proposition provides an alternative form for our quantization procedure, i.e.

(20) Opy(a) = /T alpo) /T y Op%(To(GH°))* 0 O (Tp(G5°))dbdpo.

In particular, it implies that Op} is a nonnegative quantization procedure. We also underline
that we have the following resolution of identity:

(21) oy = [ [ OPR(TGE))" @ OB (To(G )b,
T2d JT?

Remark. These last two formulas are the analogues of the ones obtained for the anti-Wick quan-
tization. The expressions seems more complicated but we will see that it is more adapted to the
dynamics induced by A.

4.4. Long times Egorov property. In this last paragraph, we show that as the anti-Wick
procedure, the quantization procedure Op} satisfies an Egorov property until times of order

Te(N) = 210/\%1%. We fix some positive ¢ < min(ep, A1) and define the Ehrenfest time

1—¢€
2>\max

The parameter € will be kept fixed (until the end of the proof of theorem 1.1). In order to state
our result, we denote p¥ the measure associated to a unit eigenvector 1x of My (A), i.e.

H (@) = (O |OB% @lewhen = [ alpw) [ IOBK TG 3, dbip.
’]I'Zd T2d

One can show the following (pseudo)-invariance property of the measures p¥ until time mg(N):

(22) me(N) = |5 tog ).

Proposition 4.3. Let (¢n)n be a sequence of unit eigenvectors of My (A) in Hy and u™ the
associated sequence of measures. Then, for every positive €, one has

(23) Va € C=(T%,C), V[t| < mp(N), V(a0 A") = p¥(a) + 0q,.(1),
where the constant in the remainder depends only on a and e.

Proof. We have an exact Egorov property for the Weyl quantization. In particular, it tells us
that, for every integer t,

|0 (a0 A4) = 0pH (@) (1) 1y = IOPT (a0 A) = Opi(ao 4|y, )+ OulN ),

where Op7;(a)(t) := My (A)~*Op}(a) My (A)t. From the decomposition of the space L?(R?) along
the spaces Hy (), we know that

|Op%(ao A") — Opi(ao A* < ||Op} (a0 A*) — Opy (a0 A

M eeen M eqzeeay -

Recall that we know that, for a bounded symbol b, Op; (b) is equal to the operator Op} (bx(GriG#))
and that bx (GRriGr) (p) = [gaa b(p + B(R) ™ po) Kr(po)dpo (see paragraph 4.2 and appendix A).
We write this formula for b = a o A* and combine it with the Taylor formula. We find that

(a0 A") % (GutGhr) (p) = a0 A'(p) + o Kn(po) /0 (dpssB(n)-1p00) -(A'B(h) ™) podsdpo.

Appendix A gives us an exact expression for K. We can compute the derivatives of the second

term of the sum and according to Calderén-Vaillancourt theorem (see paragraph 2.2), we finally
find that

(24) 10p% (@0 A") — My (4) O (a) Mx(A) [ 0y = O (IA'B(R) )

where || A B(h)~!| « is the supremum of the moduli of the coefficients of A*B(h)~!. By construc-
tion, B(h) was constructed to be adapted to the classical dynamics induced by A and we know
that, using the notations of section 3,

LS|

€0 A _
A'B() = Q ((Abhmnis ) o (ALhTms ) o -+ 0 (A7) ) QL.
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We can verify that these two last equalities allows to conclude the proof of proposition 4.3.0J

5. PROOF OF THEOREM 1.1

We consider a semiclassical measure p. Without loss of generality, we can suppose that it is
constructed from Op}, and that it is associated to a sequence of eigenvectors 1y, of My, (A) in
Hpy, where (Ng)y is an increasing sequence of integers. Precisely, we have

Vae COO(TQa (C)v :u(a’) = lim <ka |Op§k (a)|ka>HN .
k—+oc0 k
We recall that we have denoted p™V*(a) = (n, |Opﬁk (a)[¥n, )7y, - To simplify notations, we will
not mention k in the following of this article. We start our proof by fixing a finite measurable
partition Q := {Q1,- - ,Qx} of small diameter d, whose boundary is not charged® by y (paragraph
2.2.8 in [3]). We denote n(z) := —xlogx (with the convention 0log0 = 0). We recall that the
Kolmogorov-Sinai entropy of the measure u for the partition Q can be defined as [29]
. 1 m —(m—
hKS(MaAv Q) = lim — Z 77(/1' (A Qafm"'mA ( 1)Qam71>)»

m—+o00 2m
|a|=2m

where ¢ varies in {1,--- , K} (K is the cardinal of Q).

5.1. Using the entropic uncertainty principle. Our quantization is defined for smooth ob-
servables on the torus. So we start by defining a smoothing of the partition Q: it is defined by a
family (P;)X, of smooth observables in C*°(T?,[0,1]) (of small support of diameter less than 26)
that satisfies the following property of partition of T2%:

K
(25) Vpe T, Y P(p) =1

i=1
Mimicking the definition of Kolmogorov-Sinai entropy, we define the quantum entropy of ¥ with
respect to P:

(26) hom (b, P) := = Y pN(PR)log u (P2),
|a|=2m
where P, := H;":fm P, o Ad for a:= (_pn, -+ ,am_1). One can verify that for any fixed m, we
have
(27) ham (1, P) i= = Y w(PE)logpu(P%) = lim_hay (i, P).
|a|=2m

So, for a fixed m and as N — oo, the quantum entropy we have just defined tends to the usual
entropy of 4 at time 2m (with the notable difference that we consider smooth partitions). Our cru-
cial observation to apply the entropic uncertainty principle is that we have the following partition
of identity for Hy:

(28) S [ L PAORR(TAGE))" 0 Obfi (Ta(GE))dbdpn = ey
|| =2m T2¢ JT2d

This partition of identity is derived from equation (21) and is crucial to apply the entropic uncer-
tainty principle (6). Moreover, this partition looks more like a classical partition as it is defined
by the quantity P2 and it will also make the computation in the entropic uncertainty principle
easier. This uncertainty principle can be applied for H = L?(T**, Hy) and H = Hy. For (6, po)
in T%¢ and ¢ in Hy, we define

Ta|1) (0, po) := Palpo)OPN (To(GR”)) 1)
This defines a linear application from Hy to L?(T*?, Hy) and its adjoint is given by

whf = [ Palm)OBS(To(GR)) 100, )b,

3The parameter &g is small and fixed for all the article: it has no vocation to tend to 0.
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for f in L?(T*!,'Hy). It defines a quantum partition of identity as it satisfies the relation
Z|a|:2m 7l mo = Idy,. Applying the entropic uncertainty principle for this partition and U =

My (A)"™, we bound |7, My (A)"W%Hﬁ(p(wdﬁm) and derive the following corollary:
Corollary 5.1. Using the previous notations, one has

Vn €N, Ym €N, hay,(¢¥n,P) > —log sup {Leb(P2)} —logc(A,n),

|a|=2m
c(Hm} '

5.2. Estimate of ¢(A,n). In section 6, we will prove the following theorem:

ahere c(a,n) = sup_ f] OpR(Ta(GE) M ()" Op (T (G
0,0".po,p) €T

Theorem 5.2. Let A be a quantizable matriz and let € be some (small) positive number. For
every positive § (small enough), there exists a constant C such that, for n := ng(h) = [(1 —
€)|log Al / Amax],

A
c(A,n) < C|det B(h)|li® Smax ce~mE(MAo

where Ay and Ao depend on the Lyapunov exponents of A and were defined in section 3 rela-
tions (15) and (16)).

Recall that we have the relation 2nAN = 1. If we consider § < ¢, then the quantum entropy at
time 2m is bounded from below as follows:

log N

(Ao — A)(1 — 2¢) — dopeg) — log sup {Leb(P?)} + C.

max |a|=2m

(29) Vm>1, hop(¥n,P) >

The quantity 1;ng ((Ap — A4)(1 — 2€) — dpeg) comes from the A term in the upper bound of theo-

rem 5.2. This estimate is our main simplification compared with [3] as it will only use estimates of
gaussian integrals. We underline that this theorem plays a crucial role in our proof? as it replaces
all the discussion of section 3 in [3].

5.3. Subadditivity of the quantum entropy. Now, we have to find a time m for which in-
equality (29) is optimal. It will depend on N and the last difficulty is that if m(N) grows too fast
with N, hoy, vy (¥n, P) has no particular reason to tend to hxs(p, A, P) in the semiclassical limit.
We have to be careful and we first verify that classical arguments from ergodic theory (subaddi-
tivity of the entropy) can be adapted for the quantum entropy as long as m < log N/(2Amax). In
particular, we prove that the sequence ﬁhgmo (¥, P) is ‘almost’ decreasing until the Ehrenfest
time (see appendix C):

Lemma 5.3. We fix an integer mg. We denote mp(N) = [(1 — €)log N/(2Amax)] and we have

then
1

where R(mg, N) is a remainder that satisfies imy_,oc R(mg, N) = 0.

1
h2mE(N) (wN7,P) S 2 h2m0(1/1N7,P) + R(m07 N)?
mo

Combining this lemma with the entropic estimation (29), we have, for every fixed mgo > 0,

(30)

1 ~ doeo) 1 2
——hom, ,P)+ R(mg,N) > | (Ag — AL) — — lo su Leb(PZ)}.
s a0 P) 4 Blmo. N) = (8= A) = 2% ) = 5 tlon s {Leb(P2)

where R(mg, N) is a remainder that satisfies Vmg € N, limy_, R(mo, N)=0.

4The other term on the lower bound will be estimate thanks to the computation of the entropy of the Lebesgue
measure.
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5.4. The conclusion. To conclude, it remains to bound the quantity sup|a‘:2mE(N){Leb(Pi)}.
To do this, we underline that, for each « of length 2m,

Va € supp(P?), Leb(P?%) < Leb(supp(P2)) < Leb(B(x, 250, 2m)),

where B(z,28y,2m) is the Bowen ball given by {y € T?¢ :Vj € [-m,m — 1], d(AVz, Aly) < 250},
where d is the metric induced on T?? by the Euclidean norm on R??. By induction and using the
invariance of the metric d, we know that for every z in T2¢ and for every k in Z, A=¥B(A*x,25,) =
x4+ A7%B(0,25y). Then, using the invariance by translation of the Lebesgue measure, we know
that for every x in T2?, Leb(B(x, 250, 2m)) = Leb(B(0,28y,2m)). Combining [8] and theorem 8.15
from [29], we know that Leb(B(0, 25g, 2m)) < Cs,e 24+~ (to avoid too many small parameters,
we choose the same ¢ as before). We use this last inequality and we make N tends to infinity
in (30). It gives, for every positive my,

1 doEo
s——hom, (1, P) > Ao —
2mg tamo (1 P) 2 Ao = 7750

This last inequality holds for all (small enough) smoothing P of the partition Q. The lower bound
does not depend on the derivatives of P so we we can replace the smooth partition P by the true
partition Q in the definition of hop,, (1, P). We let my tends to infinity, then € to 0 and finally €
to 0. We find

hKS(,LL,A) > hKS(,U,A, Q) > AO|:|

6. THE MAIN ESTIMATE: PROOF OF THEOREM 5.2

In this section, we want to prove theorem 5.2, i.e. give an estimate of ¢(A,n). We underline
that the spirit of the proof will be similar to the proof of estimates on the propagation of coherent
states under the quantum propagator [5], [13].

L(HnN) }

First, we use exact Egorov property for the Weyl quantization and we find
As Op}(a) is the restriction of Op}(a) to Hx and using the decomposition of L?(R?) along the
Hp (k), we know that
E(LQ(Rd))} .

6.1. Strategy of the proof. For the sake of simplicity, we draw our strategy in the case where
0 =0 = po = p{, =0. In this case, we have to consider two symbols which are defined as infinite
sums over Z2¢

To(Gr)o A% (p) = Y Gn(AZp+r)and To(Gr)o A™2(p) = > Ga(A Zp+7).

rez2d rez2d

(An)i=  sup {HOp% (To(G*) 0 A%) OpY (Tmaz’w o A)

6,6’,p0,p, €T24

0,6",p0,pp €T2

(31) c(A,n) < sup {HOp%’ (To (GF°) 0 A2) Op} (TQ/(GZS) o A‘S)

In the case where n = 0, we can observe that these two observables are in the class S(lAJ’erOEO)/(”‘"“") (1)

and so they are amenable to standard symbol calculus. The situation becomes morezcomplicated
for n large of order |logh|/Amax- The observables Tp(Gp) o A% and Tp(Gp) o A~2 are sums of
Gaussian observables centered on ellipsoids whose lengths in the different directions are in an
interval [A!™" h”] with ¥ < 1. So the symbols we consider are not nice symbols amenable to
the usual symbol calculus of [11] as derivatives can explode with a rate of order A~'*" in some
directions.

Moreover, To(Gr)o A% and Ty(Gp)o A~ % are defined as sums of Gaussian observables centered
on the lattice Z??. Thanks to these two observations, when we will do the product of the two
corresponding operators, two terms of the sum which are not centered on the same element of Z2?
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will have a contribution O(h*°) (section 6.3). The main contribution in the norm of the operator
will then come from the operator

> Un(r)*Opy (Gno A%) Opy (Gho A™%) Un(r).

rez2d

Again, this operator is defined as an infinite sum and each operator in the sum is located at a dif-
ferent point of the lattice Z2?. Moreover, the symbols of these operators are located in ellipsoids
of small size 7¥. Combining these two observations to the Coltar-Stein theorem (section 6.4),
we will prove that the main contribution in the norm of the operator is given by the norm of
Opy (Gh ) A%) Opy (Gh ) A_%). The reduction of the proof to the estimation of this operator
norm is explained in sections 6.3 and 6.4. The strategy follows standard estimations from semi-
classical analysis [11], [12]. The main difference with usual computations comes from the fact that
we have to deal with functions that do not belong to nice class of symbols and we have to verify
that the particular form of these functions allows to draw the same conclusions.

So the main difficulty will be to give an upper bound on HOp%” (Gh o A%) Opy (Gh o A_%) H
(section 6.2). To do this, we will do a precise analysis of the kernel of this operator. Precisely, we
can introduce the function

n 1 g n (T+Y 2 ly—n _n (Y+ 2
- 0 (252 (3 (052

We have to understand the norm of the operator of kernel fRd IC%n) (z,y,z)dy. This can be done

by a careful analysis of IC;.:’) (x,y,2) (i.e. understand where it is negligible or not): it will be the
subject of section 6.2.

6.2. The leading term. We start our estimate by giving a bound on the term centered on (0, 0)
in Z*¢. It means that we will look at the norm of the operator
(32)

O} (Gn (A% @ =g — po) (A% =100 ) Opit (G (A% & —7hJ§ = pf) 244" Femrblo))
where 0, 6', po, ply € T??. Precisely, we will prove in this paragraph the following proposition:

Proposition 6.1. Let 0, ', py and p) be elements in T??. Let € be some (small) fived positive
number. Then, for every positive 6 and for n = ng(h) := [(1 — €)|log h|/Amax], one has

A
I32) ey < Claer B i oxp [ = Y d (W = 25 ) s ]
222 = Amax >0

where Ay :=":_, d;\} and where the constant C' is uniform for 0, 0', po and pjy in T

Remark. We underline that this estimate is exactly the one of theorem 5.2. In the following
sections (6.3 and 6.4), we will verify that the main contribution comes from the term centered in
(0,0) only if we restrict ourselves to 0 < n < ng(h). Moreover, it will be clear in the proof that the
bound is the smallest possible for n = ng(h) if we only consider the range of times 0 < n < ng(h).

6.2.1. First observations. For simplicity of notations, we introduce two auxiliary matrices
Ai(n,h) == Q 'WAB(h)A*Q and A_(n,h) == Q"'VhB(h)A%Q.

Recall that, using the notations of section 3, we have

Amax—€g 1 *maX*/\;r n Amax—Af n
As(n, k) = (h v AOZ)Q h S A2 ) o (B S A2

and

Amax—€p ,_ 1 *maX*AT _n Amax—Af  _n
A_ n h = h 2Amax A 2 O FL 2Amax A 2 el O h 2Amax A 2 .
, 0 1 r
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We would like now to write the norm we have to estimate into a simpler form using these new
notations. First, we underline that if we define

Viu(x) :== h%u(\/ﬁr),
then, for any bounded operators Op}’ (a) and Op}’ (b) on L%(R?), one has

0P} (@)0p () (22 sy = || OPY (a0 (vAldges) OB (b0 (VAIdgaa)) |

Moreover, we can use that the matrix @ is an element of Sp(2d,R). In particular, its quantization

M(Q) (via the metaplectic representation) satisfies an exact Egorov property [11]. Using these

two observations and defining Tp(w) := G o Q(w)e?™*|?) we can deduce that the norm of the

operator (32) is bounded by

(33)

24| det B(h)| sup
0»9/6[*MuM]2d§PO,P6€R2d

Op}’ (T (A () @ =p0)) Oy (For (A—(n, 7)o —p}))

L(L(R4))’

where M is a constant depending only on (. Initially, we underline that the parameter 6 was
varying in [0, 1]2¢ and with our change of variables, it has to vary in Q*[0,1]2¢ which remains in
a fixed compact set [—M, M]??. This is important to underline that this parameter 6 can not be
arbitrarly large in & as when we will derive f‘g, the upper bounds in the norm of the derivatives
will depend on the norm of 6.

6.2.2. Study of the evolution for positive times. To study the norm of the previous operator, we

will first rewrite the operator Opj’ (f‘g (Af(n,h)e fpo)) under a more compact form. To do

this, define now the Fourier transform of Ty(A (n, h) @ —po) along the impulsion variable, i.e. for
0 :=(0",0%) € [-M, M]** and po := (pj, pg) € R*,

Fg':;;(]Hg) = ﬁ/l;d fg <A+(n’ h) ( Z ) _p0> ei(ﬁ\wdy

With this notation, we can rewrite

Yu € L2(Rd), OpY (f@ (Ay(n,h)e —po)) u(zx) = /Rd Fg:;) (x —;— yw _ y> u(y)dy.

For future purpose, we need to have a precise estimate on the kernel of this operator. Using the
Oseledets decomposition of section 3, we introduce the notation (z,&) := (Zo, - , Zr, &0, * , &) €

R2? where (:El,éz) is an element of R?%. Recall also that the matrix A; that appears in the
o-decomposition of A is of the form diag(D;, Di_l*) for 1 <1i < r. Define now, for 1 <i <r,

- Amax—A]  n Amax—A]
A; y(n, h) = diag (ﬁ Dmax D ,h_%mef)
and
Ao+ (n, h) == diag (h%Ideo : h—%ldeo) .

In the case ¢ > 1, these matrices differ from the ones used to define A, (n, %) as the lower block
has been inversed. In the case i = 0, they are also different because we used Id instead of Ag.
They allow us to bound the kernel of the operator and to precise where it is large (or not):

Lemma 6.2. Let L be a positive integer and &' be some positive real number. There exists a con-

stant Cp, 5 > 0 such that for every 0 in [—M, M]*% and every po == (p5°, -+, oo 52", pa") €

R24 one has, for every 0 <n < (1 — ¢€)|log h|/Amax and every (z,£) € R?4,

. ~ ~1, 2\ L
A ) n _a4s’ 1 log k&
H <1 + HAi,-&-(MH) < Ly go (h) ) > FG::; (1-7&)‘ <Cpsh +8 exp (2 (n N og > A+> |

1=0 max
Amax =27

where Ay := > di\], po(h) = b~ Zrmax D;%ﬁé’i for 1 <i<r and p5°(h) = 0.
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Proof. In order to prove this lemma, one starts from the explicit form of Fg’:o and in particular,
we write that, for ¢ > 1,

, Amax—AT  n o/ "y
T E AT AT (z=a'm) | _( o
max i gi pg,i - + ~2i .

Amax — A} n
i —2*,,‘

h 2 max D).

7 K3

Amax — A/ n
i — 5k~

Regarding this expression, we make the change of variables g, = h™ Zxmax D, ? g, in the integral

defining Fg’;;. In the case ¢ = 0, we put g = h%gjo. As the function T'y (used in the integral

defining Fg”;;) is in the Schwartz class S(R2?) with semi-norms uniformly bounded (as # vary in
a uniform compact set), we obtain the following upper bound on the quantity we want to bound
in the lemma:

_a 1 log i 2 ( K3g
Cph% - A 1+ |lA2 > o
t eXp<2 (n+kmax) +> /R< +H 0 ( Yo )

In order to bound this integral independently of n, we can use that for every € > 0, there exists
a constant Cv > 0 such that, for every (¥, &) in R2% one has

z 530 ne' /i~ o~
Az - < Cee Zo, .
0 ( 7o )H > Le [(Zo, Fo) I

These estimates allow us to obtain the bounds we need (using also the fact that we restrict ourselves
to times n that are at most logarithmic in /).00

o\ —2d
> [T+ 1170~ dy.

=1

Wi >0, Gl |(Fo, o) < \

6.2.3. Study of the evolution for negative times. In the previous paragraph, we studied the norm
of the operator for positive times. We can also rewrite

Vue ARY, Opy (T (-0 1) o —pp)) ule) = [ T057 (
Rd
If we define A; _(n,h) := A; 4 (—n, h) for 0 < i <r, we also have the following lemma:

Lemma 6.3. Let L be a positive integer and &' be some positive real number. There exists a con-
stant Cp, 5 > 0 such that for every 0 in [—M, M]** and every po == (py°, -, oo oy, po") €

R24 one has, for every 0 < n < (1 — ¢)|log h|/Amax and every (z,£) € R??,

r - 1. 2 L
~ i — P’ n _d+e 1 (logh
1 (1o (8 ) e o e (3 (222 ) .),

A
=0 max

where Ay == 0_, di\].

6.2.4. Estimate of the norm. In order to compute a bound on the norm of the operator, we consider
two elements ¢; and ¢, in L?(R?) and we want to estimate

Covian () 1= (01,007 (Fo (A (n,1) 0 o)) OB (Tor (A-(n, 1) & =p})) 02 )

With the notations of the previous paragraphs, one has

n T+ =n+ [ 2+ —
Coy.pp(n) == / Fef;; ( 5 y,x - y) F@/,pé <2y,y - z> o1 (x) P2 (2)dxdydz.
R3d

L2(RY)

Fix now some positive (small) number § and introduce the two following subsets of R3%:

- Tit+y: _ =l 2
A+ (n,h) ( 2 ) < 716}

T; — Ui
2
<h—5}.

and

- Zi+9:s A1,
Ai,(n,h)< 2~ Po )

Yi — zi
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This defines two “cylinders” the first one is along the z-direction and the second one along the
z-direction. We also define the intersection of these two “cylinders” Xs(n) := X (n) N X; (n)
which is of finite volume. Thanks to lemmas 6.2 and 6.3, we know that outside the set Xs(n), the
kernel of the operator is small in /. Precisely, we can prove the following lemma:

Lemma 6.4. Let § be a (small) positive real number. Let ¢y and ¢ be two elements in L?(R?).
One has, for 0 <n < (1 — €)|log A|/Amax,

nt (T+Y wnt (2 4y - o
/de\x()Fe,;o( ; w—y) reff;;)( 5 ,y—z) 61(2)¢2(2)drdydz = O(h) |61 | 2 (a2l 2 me),
sln

where the remainder is uniform for 6,0' € [-M, M]*¢ and pg, pj, € R?<.

Proof. Thanks to the Cauchy Schwarz inequality, it is sufficient to give an estimate on

i (T+Y ot (24
et —y | Ty Y —
jgw\xgn) owo( 2 " y) ¥':po ( 2 Y Z)

According to lemmas 6.2 and 6.3, we know that for every integer L, there exists a constant C, > 0
such that, for every 0 < n < |logA|/Amax and every (z,y, z) in R34
2) -L

71,7+ -’I/“i_y 7_n7+ Z+y
Fg,po (2,{1}—y> FH’,p6 < 2 71/—2)‘
2)

|61 (2) |2 dxdydz.

r 5 Ei+Gi =l 2\ L r B Zitgs AL
<Ch ] 1+HA1,+(n,h)( z ~Po ) II 1—|—“Ai7_(n,h)<2 Po )

:Lv, — . 77 — z
i—0 i Yi i—0 Yi (2

Under the extra assumption that (z,y, z) in R\ X, one knows that
+ [TF+Y —n+ [(Z2+Y
5t (5 (50 )

r N Ti+y; =l 2\ 74 r ~ Zi+9s A1
gCLhM-dH 1+ HAZ-7+(n7h)< 2~ Po > H 1+ ’Ai,(n,h)< —z o )
=0

b Zi —Yi Ui — Zi
In the allowed range of times n one can check that, for some uniform constant D, one has

r - Zit+gs 1
/ II({r+ HAi,_(n, h) ( 2~ Po )
R2d Yi — 2

=0

2\ —d
) dydz = O(h~P).

Combining these last two estimates, we find that, for every L > 0 (that can be chosen indepen-
dently of §),

/de\Xa(n)

6.2.5. The conclusion. According to the previous paragraph, we know that, modulo a remainder
of order O(h™)| o1 12(ra)l|#2]| L2 (r4), the quantity Cy, ,(n) is equal to

2

nt (LY =+ (2+yY 2 o
Fefjo( vf”—y> Tor (y—Z)‘ |6y (z)|” dzdydz = O(R°F~P~4).0

n, r+y =—n+ (2t Y —

1 [omn (e ) T (S5 2 By
s(n
For the sake of simplicity, we now restrict ourselves to the case® n = ng(h) = [(1 — €)|loghl].
According to lemmas 6.2 and 6.3, one knows that there exists a constant C' > 0 such that
At
0] < Ch =5 [ o (w)ga(2) dadyds.
Xs(np(h))

We have then

A
(35)  |(34) < Ch™* TR /
Xs(

N

1
2

|1 (x) |2dxdydz>

( / |¢2<z>|2dxdydz) ,
Xs(ng(h))

ng(h))

5The reader can check that the bound is optimal in this case.
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We will estimate these two integrals and to do this, we will distinguish two cases:

e the indices i such that 2\ — A\ax > 0;
e the indices i such that 2\ — Apax < 0.

The case 2\ — A\pax > 0. Define, for i such that 2\ — Apax > 0 and 7; in R%| the sets

2

gh—‘s}
2

gh—5}.

The set X (%;,np(h)) is of infinite volume and the set X, (#;,ng(h)) has a larger volume than
the intersection X; (Z;,ng(h)) N X5 (#;,ne(h)). In particular, for every #; in R%, the optimal
bound on the volume is obtained by using the relations on ; — y; and on y; — Z; and it is given by

X5 @ na(h) = {(ﬂzﬂi) : Hfii,+(nE(h),h) ( By )

Ti —Yi

and

- Zi+9: 1
’Ai,(nE(h)ﬁ) ( 2~ Po >

Ui — Zi

X5 (#i,np(h)) = {(ﬂnéi) :

Vol (X (#:,ng(h) 0 X; (F:,np(R))) < Ch=®o5" (“m) |

where C' is some uniform constant. If we do the same thing but exchange the roles played by z;
and Z;, we can introduce the sets
2
< h“s}

X3 (Gnp(h) = {Wv) : Hﬁi,+<nE<n>,n> ( By )
e n}

Ti — Yi
We verify that the optimal bound on the volume is given by the volume of X; (z;, np(h)), i.e.

and

~ 4G A1
]Ai,_w(h),n)( B~ gy )

Ui — 2

X5 (Zi,np(h)) = {(531‘7?}1‘) :

d; 8

Vol (X5 (Zi,np(h) N X5 (Z;,ne(h)) < Ch = |det A; 4 (ng(h),h)| " = Ch™ % h% s

It is the optimal bound we can get as we have 2)\;-" — Amax > 0 (the radii of the “cylinder”
X5 (Zi,ng(h)) explode with % and so provide worst upper bounds on the volume). These esti-

mates will allow us to treat the variables corresponding to indices ¢ such that 2)\;" — Amax > 0 in
the right hand side of (35).

The case 2)\Z7L — Amax < 0. We now treat the case of the other variables. We fix such a i.
We also use the same auxiliary sets for #; and %; in R%. For every #; in R%, we can verify that,
as in the previous case, the optimal bound on the volume is given by

+
_ dif 1=
Vol (X (%;,ne(h) N X5 (&, nE(h)) < Ch™%°h (1 *)

where C is some uniform constant. The difference with the previous case is that, as 2/\1* —Amax < 0,
we can not obtain a better bound in the case of z;. It means that we have, for every z;, the optimal
bound on the volume is given by

Aaf
~ di 1— i
Vol (Xgr(él, nE(h)) N X(;(éunE(h))) < Ch_diéh ( kmax) .
Combining the different estimates. Using the previous definitions, we have the following

inequality

/~ |1 () |Pdwdydz < / |61(2)|* T] Vol (X (Zi,ne(h) N Xy (Z:,np(h))) dio - - - dZ,.
Xs(ne(h)) Xs(nge(h)) i=0

With our previous estimates, we find that

52— dbbd— ot
/ffa(nE(n)) |p1 () [Pdadydz < C*h dé+d— 5 H(blH?;Z(Rd).
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where we recall that Ay == >, d;\;. For the other integral, we find that
At

Af
~ . di| 1—+—— X d; —+—
/)2( ) (62(2) Pdadydz < G298 533 —hmxso ( )hz*m> 2|7 gy -
s\nNEg

Finally, using (35), we find that, for n = ng(h),

S0y _e e Amax \ logh
[(34)] < CC?p(dDo—exTs exp Z d; ()\;L I ) h\ g ||¢1||L2(Rd)”¢2HL2(Rd).D
max

1207 —Amax >0

6.3. Negligible terms. In the previous section, we have estimated the term that is supposed to
be the leading term in the operator norm. As explained in the strategy of the proof, we will prove
in this section that terms not centered at the same point of Z?? are negligible when estimating
the operator norm. First, for simplicity of notations, we introduce the following notations, for
w € R4,

n

F" (w) = G (B(h)A# (w — po — hd)) e2=(AT vlo)
and .

Fﬁn)(w) =G (B(h)A™% (w — wh")) e~ (AT 2 w|f)
We underline that we have taken p{, = 0 without loss of generality (see the expression (31) we
want to estimate). Moreover, we can also suppose that pg is an element in [—1/2,1/2]%¢. We now

estimate the norm of two translated operators with r # r’. To do this, we write the exact formula
for the Moyal product (see [12]-chapter 4), for r and 7/ in Z2¢,

Apyr(w) = F™ (o) F™ (0417) (w) :/ F™ (wtwy +7) ™ (wewg 1Yo~ & (Wi Tw2) 7(7”%);“‘;2.
R4d ™

Let x(w1,ws) be a smooth function on R*¢ compactly supported in a small neighborhood of 0.
We fix some small positive number ¢ and we suppose that y is equal to 1 on the set {|lw;]2 <
¢ and |lwz|l2 < €'} and to 0 outside {|jw1]l2 < 2¢’ and |Jwz|l2 < 2€¢'}. Using this cutoff, we can
split the integral in two parts
. dwidw
AL (w) = / X(wi,w2) FYY (w4 wy + 7)F (w4 wg 4 r)e™ F (wrlwe) ZL522
R4d (wh)

and

. dwrd
A? L (w) = / (1 = x (w1, w2))F™ (w + wy + r)F™ (w 4wy + r)e= 3 (wiJuwz) SU1OW2
’ R4d (7Th>2d

We will now prove that these two symbols are in the class S7°°(1) with an explicit control on the
norm of the derivatives depending on r and r'.

6.3.1. Class of A7,,. We know that the integral defining A7, is over variables (w1, ws) that satisfy
lwilly > € or [Jwa]l, > €.

Thanks to this last property, we are able to use the (non)-stationary phase property. To do this,
we introduce the operators

h h
Li=— <““2,de2> or I i= —— <J“}227dw1> .
20\ [Jun 3 20\ [Jwall5

Using the fact that L(e~ 7 (wiJw2)) = [/(e= % (wiJwa)) — o= 5 (wi.Jw2) and performing integration
by parts, we find that the observable A2 ,(w) is a O(h*°) as long as 0 < n < 1=<|logh| (the

7
T max

derivatives of FJ(rn) and F™ are bounded by some O(h~'*%) for this range of times). Moreover,
we can make other integrations by parts using the operators
14w, Jdy,) 1— 2 (w71, dy,)
N TR L w7713

and L], :=
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We verify then that, for every M in N, there exists a constant C; such that
CprhM
(L + [Jw +r7)|2)24 (1 + [lw + r[]2)*

vr# 1 € 7%, vw e R*, |AZ (w)] <

Making the same computations, we find the same properties hold for any derivative of Air,.

particular, we know that the symbol Zmﬁr, Af’r, is in the class S7™>°(1), as long as 0 < n <

In
ﬁ| log .

6.3.2. Class of Ai’,ﬂ,. For A small enough and for w; on the support of y, we know that the
observable F_f_”) (w—+wy+7) is gaussian and centered on a point in the ball B(r, 3¢/4+1/2). Moreover,

for wo on the support of y, the other observable FE")(w + wo + ') is gaussian and centered on
a point in the ball B(r’,3¢') (again when 7 is small enough). As we made the assumption that
r # 1/, we also know that ||r — r’||2 > 1. If we restrict ouselves to 0 < n < (1 — €)|log h|/Amax, the
variance of the two gaussian observables is of order at most O(%€). These different observations
tell us that the observable FJ(F”) (w+w; + ) is exponentially small in i when F™ (w + wo +17) is
large. The converse is also true. In particular, we know that [A} . (w)| = O(h*°) (uniformly for w
in R2?). In fact, we can even be more precise and we can verify that, for every L > 0,

(L flw +7'[|2)* (1 + [Jw + r[l2)*| Ay (w)] = O(RT),

where the constant involved is uniform for r # ' in Z??, w in R?? and 0 < n < (1—¢)|log h|/Amax-
Finally, we underline that the same method allows to derive the same on the derivatives of A; ..

In particular, the symbol -, A}, is in the class S~>(1).

6.3.3. Applying Calderon Vaillancourt theorem. Using the two previous paragraphs, we know that
the symbol >~ , A, is in the class S~°°(1). Thanks to the Calderén Vaillancourt theorem (see

r#£r/
equation (11)), we know that, as long as n < +=<|log /i,
Opy | Y A = O(h™).
s £(L2(R)

Finally, we can derive that

|00 (o (G o A% )m) Oy (T (G o A=)

L(L?(R))

=27 det B(h)| |0y (T (F{V2F™)) +O(R).

Hc(m(u@d))

6.4. Applying Coltar-Stein theorem. To summarize, we have shown that in order to prove
theorem 5.2, we only need to get an estimate on the norm of the operator

Opy (To(FSEF™)) = 37 Un(r)Opl (FU4F ) U ()7,
rez2d
where we used the notations of the previous section. Moreover, proposition 6.1 shows that the norm
of Opy (FL4F-) is bounded by the expected quantity. It remains to show that these two properties

are sufficient to prove the main theorem. To do this, we define A,. := Uh(r)Op%’(FJ(r")ﬁFin))Uh(r)*.
Our goal is to give a bound on the two following quantities:

1 1
sup Z ||A:'AT/||Z(L2(R‘1)) and sup Z ||A,.AT,||2(L2(Rd)).
" reged T reg2d
If we are able to prove that both quantities are bounded by the same quantity C', Coltar-Stein

theorem will tell us that C' is a bound on the norm of A := % /.. A, [11]. Regarding this goal,
we write

;A = Opy ((F™)) opy () 8(r) ) Opi (£7)).
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where (Fj_"))r(p) = F_g_") (p+r). Proceeding as in paragraph 6.3 and applying Calderon-Vaillancourt
theorem, we find that, for every M in N, there exists a constant C's, such that

1
Vor#r, ”A:AT’HZ(Lz(Rd)) < CMhM(l + [Jr — r/||2)_2d-

In particular, it implies that, for every r € Z2¢,

* 3 w n * w n * w n w n %
D IATA gageyy = [OPECEE) Opf (R Op (R ORE (L)L 0(n%).
r/ €724

Proposition 6.1 gives a bound on the norm Opy(F\")Op¥(F™). We find then that, for n =
ng(h) = [(1 —¢)|log A|/Amax],

1 A )\max
e 22 S AT Ly S CF T e [ = S (V - 2) nelf)
rrez2d 22 ] = Amax >0

By Coltar-Stein theorem (lemma 7.10 in [11]), we can deduce that, for n = ng(h),
|opi (o (P 8E))| conommep |- S di (A =22 ) gy | O
T Vlleweeey) T N ’ 2
212N —Amax >

APPENDIX
APPENDIX A. PROOF OF LEMMA 4.1

In this appendix, we give a proof of lemma 4.1. Precisely, we have to verify that the symbols a
and a * (GrfGr) have the same principal symbol. Using the definition of the Moyal product [12],
we can compute an exact expression of the symbol

ax (GriGnr) (p) = Jaza @(po) fraa €™ FT@LWDGY(p — po + wi)Grlp — po + w2)%dpo
= Jgoa a(po) [gaa 2 DGy (p — po + Vrhwi)Gr(p — po + Vrhws)dw: dwadpg
= Jrza alp+ B(h) ™" po) Kn(po)dpo,

where

Kn(po) : !

" [det B(h)| Jpaa

We start by computing [p., e~ 2mo(wiw2) Q(\/ThB(h)w; — po)dw,. Changing the variables, we find
that it is equal to

e~ 2mo(wiw) G (b, — B(h) " po) Gr(Vrhws — B(h) ™ po)dw dws,.

67227T<Jw2,(7rh)7%B(h)_1p0>

[ det B(R)|(rh)?

_1 1w
/ o2 (R 2B G
R2d

We find then

_ 2d 72z7r<Jw2,B(h)_lp0> —1x
Kn(po) = TAet B Js © G (B(h)™** Jws) G (mhB(h)ws — po) dws

We make a change of variables to find that

Knpo) =21 [ 770G (p0) G (xhB(R)IB(H) 1~ po) dpr.
]R2

This integral defines an observable with a Gaussion shape that could be made explicit using for
instance the appendix of [15] but this explicit form is not really simple. In order to verify that
a and a x (GpiGr) have the same principal symbol, we write the Taylor formula with integral
remainder at the point p and find that

1
ax (GiG) (0) = alp) [ Kn(poddon+ [ Knlo) [ (yremny o) (B puitdpn.
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We can verify that fRQd K1 (po)dpo = 1. In fact, one has

/ / e_2m<p1’p0>G(P1)G(T&'FLB(ﬁ)JB(ﬁ)*pl _ PO) dp1dpo = / G(p1)262ZW<p1’A(ﬁ)pl)dp1,
R2d JR2d R2d

where A(h) := nhB(h)JB(h)*. We note that A(%) is antisymmetric and we find that [,, Kx(po)dpo =
1.

Finally, we recall that we have that ||B(h)~!||oc = O(h"). We have to check that for a polynomial
P(po) independent of h, the term [g., [P|(po)|Kx|(po)dpo is uniformly bounded independently of

h. This quantity is bounded by

2¢ /R » G (p1) G (whB(h)JB(h)* p1 — po) | P|(po)|dpodps .

Using the fact that |[7AB(h)JB(h)*| s is uniformly bounded (as A" < Ayax), we have the expected
property. In particular, we can use Calderén-Vaillancourt theorem (property (11)) to derive that

|Op} (a) — OP;{(G)HB(Rd)—»Lz(Rd) = O, (R7).0

APPENDIX B. PROOF OF PROPOSITION 4.2

In this appendix, we prove proposition 4.2 on our quantization Op:. This proposition was
crucial in our proof as it ensures that Op; is nonnegative and has the same nice (‘product’)
structure as the anti-Wick quantization. We start the proof of this proposition by computing the
n-th Fourier coefficient of To(F14F,) (where £ is the Moyal product of two observables [11]). We
show that:

Lemma B.1. Let Fy and F; be two elements in S(R??). Then, we have, for any n in 72,

(To(Fr4F2))n = /T eI (Fi i) (p)dp = ( /R

where F,(p) := Jgza Fi(w)e=2mw) duy is the standard Fourier transform of F.

ROy (<0 + ) Fa () )

2d

Proof. Using exact expression of the Moyal product from [12] (see also [11]), we write

FLtF) e~ 2o By (P oy dprdps.
To(F1£F,) Z//RM <m+p+r p \/W—HH—T p1dpo

cz2d

Using Poisson formula, we find that

jal F —2ur({p1,J p2)+ (rp))F P1 / r P2 " dordosdo 27,7r<r,p).
To(F11F»)(p <///RM 1 \/TV zim—kp prdpadp’ | e

rez2d

We recall that we are interested in the (Jn)-th Fourier coefficient of Ty (F1§F3). Under the previous
form, we immediatly check that

T (F F -2 ({p1,Jp2)— <J7LP>)F ( )F <p2+ />d d d/)
(o(lﬁQ (///Rad — Qm P pP1LAP2GP

We first make the integration into the ps variable and we find that

(To(FlﬂFg))n = (/ /]R4d 62”T(<Jn’p/>*<\/ﬁ=]pl!p/>)F1 <\/p217]\] =+ p/) (QN)dFQ (—V2NJp1> dpldp/> .

Then, making the integration against the p’ variable, we find that

(To(FrtFy))p = (/ e AT VENIp=InpV (—Jn + \/2NJp) (2N)LF, (—\/QNJp) dp) .
R2d

An obvious change of variables allows to find

<T0<F1ﬁF2>>n:(/R2d eF AT, (p— Jn) By (~ >dp) O



ENTROPY OF SEMICLASSICAL MEASURES FOR SYMPLECTIC LINEAR MAPS OF T2¢ 25

Proof of proposition 4.2. Under the previous form, we can verify that
(To(F18F2))n = Z (/ e%m"]r)e%("*r’p)ﬁl (p—Jn—r))eX TP Ey (—p— Jr) dp) .
rez2d T2d
We introduce the Z2? periodic function
Ty (E) ()= 3 FO Ry (0~ Jr) eI,
TEZZd

Using the Poisson formula, it verifies also

(36) Te(Fz)(P) =Ty(F2)(p) = Z F (r +p— 2‘]]3) 2 ({r+p,0)
TGZQd

With these definitions, we have

To(Fy) T Ja —Z1TT\T
L)) = Y Ty <r+p_2N)e 2r(r+0.0)
rez2d

Using these new notations, we have shown the following equality which is exactly proposition 4.2:

Opy(To(F13F) = [ Obi(Ty(F1))* o Opf (To ().

AprrPENDIX C. PROOF OF LEMMA 5.3

To complete the proof of theorem 1.1, it remains to prove lemma 5.3. To prove this lemma,
we use classical properties of the entropy of a partition [29] (chapter 4) that we briefly prove here
(see theorem 4.3 and 4.9 in [29] for details). We fix three integers p, n and m. To simplify our
notations, we define the p-translated entropy as follows:

W (N, P):= D (N (P, 0 AP)).
|a|=2m

Mimicking the usual proof for the subadditivity of the entropy of a partition [29] (chapter 4), we
write

n+m—1 m+n—1
Wty (8- P) = = aizagumy 1 (G270 2 P2, 0 477 ) og ™ (T2, B2, 0 4747

Hm7+—nm1n Pz 0 AJTP m4n—1
+ Z|o¢\ 2(n+m)77 (MN( J g) /‘LN (ij—m+n P2 OAJ‘H’)

(Hm+n 1 P2 oAitD
j=—m+n

Using the concavity of the function 1 and the property of partition of identity (25), we can write
the following inequality:

m+n—1 —m+n—1
N ; N ,
Wy nmy (VN P) < E | H Py o AV 14 E n|u H P o ATTP
|a|=2m j=—m+n |a|=2n j=—m—n

Under a more compact form, it can be reformulated as follows:
Lemma C.1. Using previous notations, one has
(37) VpeN, Yn >0, Ym >0, hh, (¥n,P) < h5 P (Yn, P) + hot P (n, P),

We fix now two integers mg < m and write the Euclidean division m = gmgy + 7 where 0 < r <
mg. We use inequality (37) to derive

hom (N, P) < hygpy (U, P) + by, ™ (Y, P).
We apply one more time inequality (37) to find

hom (n, P) <t (N, P) + hop ™ V0N (G, P) 4 b3 10 (4, P).

By induction, we finally have the following corollary:
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Corollary C.2. Using previous notations, one has
q
(38) hom (n, P) < hy ™ (n, P) + Y hy H1=20m0%r () ).
j=1

Proof of lemma 5.3. This last inequality is true for any integers (m,mg,r) satisfying m =
gmg + . We can now give the proof of lemma 5.3. To do this, we fix a positive integer my and
consider (¢,r) in N x N satisfying gmo +r = mg(N) where 0 < r < mg. Recall that according to
Egorov property (proposition 4.3), one has, for every a in C>°(T?),

v [t < mp(N), pV (a0 AY) = N () + 0a(1), as N — +oo.

We underline that the remainder tends to 0 uniformly for ¢ in the allowed interval. We now apply
this property to P2 where |a| = 2mg. Using the continuity of 7, we find that

V[t] <mp(N), n(p™ (P50 A")) =n (1" (P2)) + 0a(1), as N — +oc.
As my is fixed, we can deduce from the definition of k%, (¢, P) that

27710
v ‘p| S mE(N)a hgmo(/l/}Nap) - h‘Q'HL()(wN) P) + 077L0(1)7 as N - +OO

We can apply this result in inequality (38). In this case, one has that p = —(g+1—25)mo+r belongs
to [-mg(N),mg(N)]. As |gmo| < mg(N), we can also write hy, 7™ (Y, P) = har(¥n, P) +0,-(1)
as N tends to infinity. Finally, we find that

h2mE(N) (wN; P) S h27'(¢Na 7)) + L]hzmo (¢N7 7)) + (q + 1)R/(m07 N)a

where R/(mg, N) is a remainder that satisfies Vimg € N, limy_,oc R'(mo, N) = 0. The conclusion
of the lemma follows from this last statement.[]
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