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Dirichlet eigenvalues

Let Q C R",n > 2, be a connected, open set with |Q] < occ.

Laplace operator A : C?(R") — C°(R"), where A := PRy ax :

Dirichlet eigenvalues of the Laplacian on Q, A\((2) € R, satisfy

—Auk(x) = M(Q)uk(x) x€Q,
u(x) =0 x € 09,
where uy € H}(S2), and form a non-decreasing sequence, counted with
multiplicities,
A(Q) S X(Q) < = M(DQ) <
where A¢(2) > 0 for all k € N5y.
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Courant-sharp Dirichlet eigenvalues

Nodal set of uy is defined as {x € Q : ux(x) = 0}.
Nodal domains of uy are the components of Q \ {x € Q : ux(x) = 0}.

Sturm’s Oscillation theorem For a bounded interval, the eigenfunction
corresponding to the k-th Dirichlet eigenvalue has k nodal domains.

Courant’s Nodal Domain theorem Any eigenfunction corresponding to
Ak(£2) has at most k nodal domains.

If ug is an eigenfunction corresponding to A\x(€2) with k nodal domains,
then we call (uk, Ak(2)) a Courant-sharp eigenpair.
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Number of Courant-sharp Dirichlet eigenvalues

Let v(uk) denote the number of nodal domains of the eigenfunction wuy
which corresponds to A\, (€2).

Theorem (Pleijel's Theorem)

Let Q2 be an open, connected set in R", n > 2, with finite Lebesgue
measure. Then
v(ug)

lim sup
k—00

< Yn,

where (21"
o= - (M (Ba)) T < 1,

2
Wh

B, is a ball of radius 1 in R" and w,, is the volume of B3,,.
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Upper bounds for Courant-sharp Dirichlet eigenvalues

Theorem (Bérard & Helffer, 2016)

Let Q C R? be a bounded, connected domain. Then, there exists a

constant $(2) > 0 depending only on the geometry of Q, such that any

Courant-sharp eigenvalue \;(Q) satisfies

where Dy is the disc of unit area.

If Q is regular,
() < 2 24m (D) \* max Sl 20(09Q) '
V=10 \a(Dy) — 4n ()’ ‘
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Upper bounds for Courant-sharp Dirichlet eigenvalues
For e > 0 and || < oo, define
na(e) = [{x € Q: d(x,0Q) <€},

and
€(Q) = inf{e : pp(e) > 271(1 — 7a)[2}.

Theorem (van den Berg & G, 2016)

Let 2 be an open, connected set in R" with finite Lebesgue measure. If
Ak(Q2) is Courant-sharp, then

(i)
27n? 2
) < (=)
v k< —2" _(n¥(n+2))"? €]
(=) ()"

Katie Gittins (Université de Neuchatel) Courant-sharp eigenvalues 24 April 2019 6 /28



Examples

Helffer, Hoffman-Ostenhof & Terracini (2009):

The Courant-sharp Dirichlet eigenvalues of the disc in R? are A1, Ao, As.

Pleijel (1956), Bérard & Helffer (2015):

The Courant-sharp Dirichlet eigenvalues of the square in R? are A1, Ao

and \4.

Dirichlet eigenvalues of S := [—7, Z]? are

M(S) = Amn(S) = m? + n?,

where m, n € Ny, with corresponding eigenfunctions

mrx  mm\ . /NTy
sin
s

Um,n(X, y) = sin (T + By
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Nodal domains: fifth Dirichlet eigenfunction on the square

In the eigenspace corresponding to A5(S), interested in

cosOuy 3(x,y) +sinfus1(x,y).

>
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Neumann eigenvalues

Let Q2 C R" be a bounded, connected, open set with Lipschitz boundary.
Neumann eigenvalues of the Laplacian on Q, ux(Q) € R, satisfy

—Au(x) = u(Q)uk(x) x € Q,
6“57,(?) =0 x € 09,

ui € Hl(Q), where 7 is the outward pointing unit normal vector to 0€2,
and form a non-decreasing sequence counted with multiplicities

p1(82) < p2(Q) < - < () <

with £1(Q2) = 0.
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Courant-sharp Neumann eigenvalues

Courant’s Nodal Domain theorem Any eigenfunction corresponding to
1k (€2) has at most k nodal domains.

If ug is an eigenfunction corresponding to 1x(£2) with k nodal domains,
then we call (uk, ux(2)) a Courant-sharp eigenpair.

Pleijel (1956). The square in R? has finitely many Courant-sharp
Neumann eigenvalues.
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Courant-sharp Neumann eigenvalues

Let v(ug) denote the number of nodal domains of uy where uy is an
eigenfunction corresponding to /().

Polterovich (2008). A bounded, connected planar domain with piecewise
analytic boundary has finitely many Courant-sharp Neumann eigenvalues,

v(uk)
k

lim sup
k——+o00

< 72.

Léna (2016). A bounded, connected, open set in R", n > 2, with C!
boundary has finitely many Courant-sharp Neumann eigenvalues,
v(uk)

lim sup p < Yp.

k—+o00
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Examples

Helffer & Persson-Sundqvist (2016):

The Courant-sharp Neumann eigenvalues of the disc in R? are 1, o, ja.

Helffer & Persson-Sundqvist (2015):

The Courant-sharp Neumann eigenvalues of the square in R? are p1, 2,

pa, ps and pig.
Neumann eigenvalues of S :=[—%, Z]? are
Nk(s) = Nm,n(s) = m? + n2’

where m, n € N, with corresponding eigenfunctions

( ) mmx + mm nmy + nm
Unn(x,y)=cos| — + —)cos | ——+ — | .
A T 2 T 2
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Nodal domains: fifth Neumann eigenfunction on the square

In the eigenspace corresponding to ps(S), interested in

cos Oup2(x, y) + sinQuz o(x, y).
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Robin eigenvalues

Let Q C R" be a bounded, connected, open set with Lipschitz boundary.
Robin eigenvalues of the Laplacian on Q, A\, 4(2) € R, with h > 0 satisfy

Ouk(x)

—Auk(x) = )\k’h(Q)uk(x) x € Q,
o T huk(x) =0 x € 09,

ux € HY(Q), where ' is the outward pointing unit normal vector to 0%,
and form a non-decreasing sequence counted with multiplicities

ALa(2) S Ap(2) < - < X p() <

Robin eigenvalues interpolate between Neumann and Dirichlet eigenvalues:

1k (£2) < Aien(€2) < Ak(92).
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Courant-sharp Robin eigenvalues

Courant’s Nodal Domain theorem holds for Robin eigenvalues.

If uy is an eigenfunction corresponding to Ak 4(€2) with k nodal domains,
then we call (uk, Ak n(€2)) a Courant-sharp eigenpair.

Léna (2016): A bounded, connected, open set in R", n > 2, with C!
boundary has finitely many Courant-sharp Robin eigenvalues (h > 0).
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Robin eigenvalues of the square

Robin eigenfunctions on S :=[-Z, Z]? are

Um,n(Xa)/) = um(X)un(y)7

m,n € N, where

1 ap(h)x
Up(X)— W COS( . > ,pGN,peven,
and . h)
. . Qp X
UP(X) - cos ap2(h) sin ( T > ,p € N>o, p odd,

and a, := ap(h) is the solution in [pm, (p + 1)7) of

2 2
%cosap—k <1 — (:;’;)2 ) sinap, =0.

Corresponding eigenvalues:

)\k,h(s) = )\m,n,h(s) = 7T_2(Oém(h)2 + oz,,(h)z).
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Courant-sharp Robin eigenvalues of the square

A3.1(S) = A2,n(S) so A3 p(S) is not Courant-sharp for any h > 0.

A4 n(S) corresponds to (m, n) = (1,1) and

1
U171(X,y) = a sin <a1X> sin <ﬂ) .
7

™

A4 n(S) is Courant-sharp for all h > 0.

Theorem (G & Helffer, 2018)

Let h > 0. If A 4(S) is an eigenvalue of S with k > 520, then it is not
Courant-sharp.
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Pleijel’s strategy

Let (uk, Ak,n) be a Courant-sharp eigenpair of Q. Let Q}“” be an “interior”

nodal domain of uk. Then by the Faber-Krahn inequality:

; A1(D
)\k,h — Al(Q}nn) > l(innl).
||

If there is QJi-”” such that ]Q}"”\ < |Q|/k, then

k)\l(Dl) ~ Akh

)

Together with the bound on the counting function:
k > %)\k,h — 23/ Akh + 2,
this gives A 5 < 50.
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Pleijel's strategy (h large)

Otherwise, there is Q¢ a "boundary” nodal domain s.t. [Q¢| < |Q[/k.
By monotonicity, A\x p > )\1,/1(95-’“).

Bossel (1986) - Daners (2006): A1 4(2) > Ay p(D), where D C R? is a
disc with |D| = |Q].

Rescaling D to obtain D gives
An(D) = )‘1,h|Q\1/2(D1)|Q‘_1'

Since Ay p is Courant-sharp, k < 520 and we can thus show there exists a
constant ¢ > 0 such that [Q¢"f| > c.

For h large enough, Ak, < 50.

By continuity of the Robin eigenvalues with respect to h, for h large
enough, this leaves the remaining candidates k = 1,2,4,5,7,9.
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Ninth Robin eigenvalue of the square

@ Does there exist hg such that A\g 4(S) is Courant-sharp for h < hg?
o Does there exist hg such that Ag 4(S) is not Courant-sharp for h > hg?

o Is h§ = hy?

Proposition (G & Helffer, 2018)

There exists hy > 0 such that \g j, is Courant-sharp for 0 < h < hg and is
not Courant-sharp for h > hg .

Numerically: hg ~ 1.6967.
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Ninth Robin eigenvalue of the square

A

25
20
15+

10
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The case h large

Proposition (G & Helffer, 2018)

Let Q C R? be a bounded connected set with piecewise C>® boundary
(> 0). Let hg >0 and M > 0. For h € | C [hg,+00), let ®p, ¢ denote a
smooth family of Robin eigenfunctions on Q corresponding to A\(2) < M.
Then

@ Any nodal domain of &y, satisfies the Robin Faber-Krahn inequality.

@ There exists eg > 0 s.t. no nodal domain of &, has area less than ¢g.

If € is a nodal domain of ®4,, then

~ ~ 1
M = A(h) = A(ho) = Arp(Dg) = A, ,,Om‘%(Dl)lQ\‘l ~dho/|€2,

where d > 0 is a constant.
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The case h large

Leydold (1989): the number of nodal domains can only change if there
are interior critical points or if the number of boundary points changes.

@ Starting from the nodal structure for the Dirichlet case, the number
of nodal domains cannot increase under a small perturbation of h.

@ If Ax is not Courant-sharp, then A j is not Courant-sharp for h large
enough.

Theorem (G & Helffer, 2018)

There exists hy > 0 such that for h > hy, the Courant-sharp cases for the
Robin problem are the same as those for h = +c ..
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Fifth Robin eigenvalue of the square (h large)

Proposition (G & Helffer, 2018)

There exists hy > 0 such that for any h > hy, any eigenfunction
corresponding to Xs p(S) is not Courant-sharp.

< O
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The case h small

For k > 209 and h small enough, A j is not Courant-sharp.

Symmetry arguments reduce the number of potential candidates.

© 00

Starting from the nodal structure for the Neumann case*, the number
of nodal domains cannot increase under a small perturbation of h.

Q If ux is not Courant-sharp, then A j is not Courant-sharp for h small
enough.

© One candidate for which previous arguments don't apply.

@ 5 is Courant-sharp.

Theorem (G & Helffer, 2019)

There exists hg > 0 such that for 0 < h < hg, the Courant-sharp cases for
the Robin problem are the same, except the fifth one, as those for h = 0.

Indeed, A5 is not Courant-sharp for 0 < h < hg.
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Fifth Robin eigenvalue of the square (h small)

Proposition (G & Helffer, 2019)

There exists hy > 0 such that for any 0 < h < hgy, any eigenfunction
corresponding to Xs p(S) is not Courant-sharp.

N
NS
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Further questions

Question: Which Robin eigenvalues of the square are Courant-sharp for
he (ho, hl)?

Question: For other domains, is it possible to follow the Courant-sharp
Neumann eigenvalues to Courant-sharp Dirichlet eigenvalues?

Question: What happens in the case where h < 07

Question: What is the optimal Pleijel constant?
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