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Bar codes

m (M, g) is a closed (compact) riemannian manifold.

m f Lipschitz.

m fC™® anddf #0in f'(R\ {c1,...,cn, })-
ci,...,cn, o Ccritical values”.

Alternatively, M is real analytic (compact) and f is Lipschitz and subanalytic.

— not yet

Definition
A bar code associated to f is a finite family Bf = ([aE,‘”, bgf)ﬂ)[)”eA such that

degree p
aa € {c1,...,cn, } ., ba € {c2,...,cn,, +o0} and
H(P)(fb’fa;K) ~ o) Kb((\p)@ @ KQEXP)A
2P cacpP) < p a<al® <b<pPHD)

Bf unique modulo permutation and the addition of empty bars.
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‘)"{" m f Lipschitz.
m fC™® anddf #0in f R\ {c1,...,cn })-
F. Nie ci,...,cn, o Ccritical values”.
13
oy Alternatively, M is real analytic (compact) and f is Lipschitz and subanalytic.

— not yet

Definition

A bar code associated to f is a finite family Bf = ([a,(f)7 b((1p+1)[)a€A such that

degree p
an € {cl,...,cN,}, b, € {cz,...,cNf,-i-oo} and
HP)(£b, £2,K) ~ o KPP o K.
aP Y cachP<h a<al® <h<pPH)

B¢ unique modulo permutation and the addition of empty bars.
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Bottleneck distance B = ([aq, ba[)aca B = ([a4; bLaca -

dpot(B,B') = Géné?A) max max(|aa — &} (), IrR(Min(ba, by (o)) ba — bl (y]) -

The same A is obtained after possibly adding empty bars.

Theorem (Cohen-Steiner—Edelsbrunner—Harrel (07), Kashiwara—Schapira (16))

For two functions f, g which satisfy our Assumption,

dbot(va Bg) < Hf - gHCO
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rF Nier " z(p—1) ._(p—l) LRy
@ z(p amnm
E (p)
(p+1)
0 ® Y
x(p—1) =) y(p)
x () Ylp+1)
X(p—1) om—— (p) ()
(=) Z(p)
(p—1)
a 1 (o)) Cy N1 b

X* = X*(a, b) (lower), Y* = Y*(a, b) (upper) , Z* = Z*(a, b) (lonely)

BRI (FP £2.K) = dim HP)(£2 £2,K) = 42(P)(a, b)
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0. , , * ) - .
D. Le drp=e h(hd)eh = hd +dfA , df,=ehr(hd")e” i = hd™ +ivr
Peutrec
N Arp = (drp+ d7p)? = df ydr.p + dr pdf -
sl
I s 12 gk
E Closed operators in L*(f, AT*M)

D(df,ffl([a,b].h)) = {w € L%, dfﬁhw S L2, tw{f 5= O}

DG r-saiyay) = {0 € L2, oo € 12, ma_, =0}
. Gaffney 12 71 .
conseq. D(df.ffl([a.b]).h)mD(df:ffl([a‘b])‘h) W><(f~*([a, b]),AT*M).

At r=1((a,b]),h = 9F £=1(a,6,5) 9,7 1([a,8], ) T Fr,F=1((a,b]),hF . F—1([a,5]),

twle_, =0,

nwle_p =0,
D(Af f—1((a,6]),0) = {w e wh?, 4

df,he € Dldp c—1 (1 by, 1) dr.he € DAg 11, py).n) }

tdy w [f=a=0

ndf o p_p=0
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Differential operators

drn =€~

f(hd)ef

= hd + df A

. di,=eh(hd*)e h = hd* +ivy

Of = (dr,p+ df )* = df pdr n + dr pdf -

Closed operators in L2(f2, AT*M)

D(df,f*]'([a,b],h)) = {UJ € L2 5 df,hw € L2,

tw|f:a = 0} .

D7 1oy py) = {0 € L2 dfpw € L2, |, =0} .

conseq. D(dy ¢—1(5,5)),5) N D(df

Af f~1([a,b]),h

D(A¢ r—1([a,b]),h

) = {w e w2,

fi1(ap),n)  C

twle_, =0,

df yw € D(d

Gaffney

Wh2(f=1([a, b]), AT* M) }

- d;.ffl([aAb].h)df-f L((a,bl,n) T+ dr l([a‘b])ﬁd;f*l([a.b]).h”

nwlp_, =0,

£, 6= ([a,b]), ) dr.he € DAg 11, by).p)> }

ld:f(,h“"f:37

0

ndf el p_p=0
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b L dr.p = e fi(hd)ef = hd + dfA

Peutrec

. di,=eh(hd*)e h = hd* +ivy
Afp = (dep+ d;"h)z = d;—’:hdfyh T df’hd;ih .

. Closed operators in L2(f2, AT*M)
D(df,f*]'([a,b],h)) = {UJ € L2 5 df,hw E L2, tw|f:a = 0} o
(I -1 (p51) = {w e, dfwel?, nwl,_, = o} .

Gaffney 12, ,—1 «
conseq. D(d r—1((,4)),n) N D(d (— L(a,b]), p) C WU H([a, b]),AT*M).

A r=1((a,bl)h = F £1((a,5],h) 9,71 ((a,b1, ) + 95,7 =1([a,1),h9F, 1 ((a,b]) >

tw‘f:a =0,

1,2 .
D(Af,f_l([ayb])ﬁ) = {"" SH e 9 pw € D 11, gy ) - Yohe € DU 1({a,b]),h)’ }

tdf pw [f—s=0

mol_p =0,

ndf pe|p_p=0
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i df f=1((a,b]),h (2 = Brr=1(a,bl,m) " = (2= B p=1((a,b1,0) " D, p=1([a,]) -
law (Part
(P) R (p) _
i Flo,a],[a,5,s= a0 1[0~r\](Af,f—l([d‘b]‘h)) 90,0, [a.81,h=% £ —1((a, b],h) Flo,a].[a,5],h
5P p+1)

. (p) (
0.a0,a.60.h * Flo.al,(a,60,0 — Fo,a][2,5],6

At =1([a,b]),h = O[0,a],[a,b],h000,a],[2,61,h T+ O[0,a1, (2,561,100, a1, [a,5], 5

A+B , AB=BA=0

i L L B
Flo,a],a,61,n = Ran 6p,q],[a,6],h D ker(Ao,a],[a,5],n) ® Ran Og o1 (5 4.4

ker 80, o], [a, b,k
Consequences:

(p) _ 5(P) -1
a) ker(Af F=1((a.b], h)) = ker(d 0,0, [a:b]‘h)/Rdll ()[0 ol [a.b].h
(P) (p) b fa.p
ker(dy? 1 (5 5./ RED A7y ) 0y ™ HP)(£b F2, R)
b) Eigenvalues of AH 1([a,5]),h 'Ying in |0, a] are the square of
singular values of )9, o] [a,4],n (counted twice).

D(df ¢ ~1((a,p)),n) € D(dg g=1(jar p)),n) for any Lipschitz g and &’ < a.
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*) ) (p+1)
S0l fo.b1.h * Fio.ol fo.61n = Fio.al fo.61.h

Af,f—l([a,b]).h - 6[*0.0].[a.b].h(i[o-ﬂk[%b]-h + 6[O=”]‘[3‘b]:/76[%.0],[3,b].h

A+B , AB=BA=0

- L L -
Flo,a},1a,61,n = Ran 6p,q],[a,6],h D ker(Ao,a],[a,5],n) ® Ran g o1 (5 4.4

ker 80, a],[a, b,k
Consequences:

(p) _ 5(P) -1
a) ker(Af F~1((a.b], h)) = ker(d 0,0, [a.b]‘h)/R‘m ()[0 ol 2.6,k
(P) (p) b fa.
ker(dy? 1 (5 5./ RED A7y ) 0y ™ HP)(£b F2, R)
b) Eigenvalues of AH 1([a,5]),h 'Ying in |0, a] are the square of
singular values of )9, o] [a,5],n (counted twice).

D(df ¢ ~1((a,p)),n) € D(dg g=1(jar b)) for any Lipschitz g and &’ < a.
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(P) R p) _
i F[Op,r\]A[g.b].thd“ 1[0~r\](Af,f 1 [d‘b]‘m) 000, 01,1a,61,h=9 £ —1({a, b],h) Fl0, ], [a,5],h
;( P) (p) Flp+1)

0.00,(a.60.h * Flo.al,(a,60,0 — Fo,a].[2,5], 6

At r=1([a,8]).h = O[0,a],[a,b],h000,al,[a,b1,h T 0[0,al,[2,6],h%]0,a],[a,5],h -

A+B , AB=BA=0

€L €L
Flo,a1,1a,61,h = Ran (0,01, (a,],h D ker(Bpo,a],[a,61,n) ® Ran O 41 12 1.

ker 810, o], [a,b).h
(,7()1150(111(‘,11(:(‘5:

(p) _ 5(P) -1)
a) ker(Afpfil([a ol.h) ) = ker(d [é)”] [a.b]‘h)/R‘m ()[O ol [a.b].h
(P) (P) b fa.m
ker(dy? 1 (5. py.p)/RED A7y ) 0y ™ HP)(£b F2,R)

b) Eigenvalues of AH 1([a,0]),h 'Ying in |0, a] are the square of

singular values of )9 o] [a,4],n (counted twice).

D(d¢ r—1((a,6)),n) C D(dg r=1((a,1)),n) for any Lipschitz g and 2’ < a.
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Basic properties, a, a’, b non critical

de =116, 0(Z = B 1o p,h) L = (2

= Dt 1o h) e 1o ) b -
£P)

_R. (p) _

[0, a],[a,b], =121 1[0Ar~](Af,f—1(Hb],h)) 000, 01,1a,61,h=9 £ —1({a, b],h) Flo, ], [2.6],
<(p) (p) (p+1)
90,a],[a,b],h F[o allabhh 7 Flo.alla.60n

At r=1([a,8]).h = O[0,a],[a,b],h000,al,[a,b1,h T 0[0,al,[2,6],h%]0,a],[a,5],h -

A+B , AB=BA=0

€1 €1
Fio,a1,[a,61,h = Ran 0jo,a],[a,5],h D ker(Ao,a],[2,6],n) D Ran 6y o) (2.51,m

ker 8(0, ], (a, b], h
Consequences:
1)
a) ker(Af f 1([a,b], h)) = ker(‘s[o ol [a,5],)/ Ran 5[0 ol [abl,h ™
4P b
ker( f Lot/ RAD AT ™ HP) (b fa.R)
b) Elgenvalues of A¢ r—1((a,)),n I¥ing in ]0, ] are the square of

singular values of )9 o] [a,6],n (counted twice).
D(d¢ r—1((a,6)),n) C D(dg r=1((a,1)),n) for any Lipschitz g and 2’ < a.
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Flo,a],[a,b],h
(p) . (p) (p+1)
.01k Flo.a1 610 — Fo.a0.[2.60,h

At -1([a,b]),h = O[0,a],a,b],h0[0,a1,[2,61,h t O[0,a1,[2,61,h9[0, ], [a,b]

A+B , AB=BA=0

N 1 1 .
Flo,a],a,61,n = Ran 6p,q],[a,6],h D ker(Ao,a],[a,5],n) ® Ran g o1 15 4.4

ker 80, o], [a, b,k
Consequences:

(p) _ 5P -1
a) ker(Afpffl([aAb] h)) = ker(d [é)”] [a:b]‘h)/Rdll ()[0 ol [l
(P) (p) b fa.
ker(dy? 1 (5 py.p)/RED A7y )y ™ HP)(£b F2, R)
b) Eigenvalues of AH 1([a,5]),h 'Ying in |0, a] are the square of

singular values of )9, o] [a,4],s (counted twice).

D(dy t—1([a,p)),n) C D(dg r~1([ar ]),n) for any Lipschitz g and 2" < a.



Main result

Persistence

i
5’?‘(:;1% {c1,...,en }Na, bl = {&,..., &} . 0 < 61,02 < min C"_lcﬁ”_l .
HI);_ F[(O‘jZS(l)],[a,b],h = Ran 1[07e,%](A5,‘73, (o, b]),h) (Ze > 0 indep. of h).
w»uj}r‘i The singular values of d¢ —1(, p)) h}F[(é)_)a(l)]_[a,b].h . are (II'J('D):h)jgj(m(a_b) '
hl
=

lim —hlog pPP = b0 Q) if j = (o, af)) € XP)(a, b),

pPh =0 ifj € YP)(a,b) L 2P)(a, b).

There exists a of quasimodes (’Pjh)jej(a,b) which is
-orthonormal and such that V(P):h = Ve(:t(\pj}-’,j € JP)(a, b)) satisfies

7y (P):h. () £(p) IO WAy
d® +Flo s(1)),[a61,0) T d(F, 0,5(1)], [a‘b},hvv(p)' )=0(e” 7).
4P .
f,f a,b]),h
V(p)h (o8 L2(F~1([a, B]))
i d(ﬁ) = ch HCh\:O(e ho).
F[((Jp.)ﬁ(l)],[‘xb].h £ 1(a bl %2

p)
[0,8(1)],[a,b],h
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f:’m'lh(e;;ﬁ {c1,...,en }Na, bl = {&,..., &} . 0 < 41,02 < min 2= .

1), (p) — (p) ;
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Global construction.

The truncation operator Ts, truncates just before the upper end € Y(P+1) of the bar



Happy birthday Bernard!



