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More on pseudodifferential calculus norms

Parts of the talk.

m Norms of pseudodiff. operators.
m Formulas for the Weyl and anti-Wick symbols.

m Examples in Physics.
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Sect. 1. Weyl quantization.

m For each operator A from S(IR") to S'(IR") , the Weyl
symbol 0"¢(A) is the element of S’(IR?") related to the
distribution kernel K4 by:

ei(x—y)fo_weyl(A) <X + y7£) d§

Ka(xy) = 20)" [ ;

n

T (Y€)= [ e KA+ (£/2)x  (¢/2)de
m Given F in S’(IR?"), let Op“®/(F) the operator from S(IR")
to S’(IR") whose Weyl symbol is F.
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Sect. 1. Class S™(H?, Q) of pseudodiff. symbols.

m Let H be a Hilbert space.

m Let Q be a positive quadratic form on H2.
Let S™(H?, Q) (m € NJoo) the space of F € C™(H?) s.t,
for some Cp,(f) > 0:

I(d*F)(X)(Us, ..., U)| < C(F)QUL)2. .. Q(UK)Y?

for all k < m, for X, Uy, ...Uy in H.
The best Cpy(f) is denoted by ||F||m.q or ||Fl/c,q-

m It is well known (Calderén Vaillancourt) that, if F is in
S41(IR?", @), then Op“®/(F) is bounded in L2(IR").



More on pseudodifferential calculus norms

Sect. 1. Notations for the norm estimate.

The quadratic form Q defining the class is:

R(X) = Qa(X) =< AX,X > X ecR*»”

m Set F(x,&) = (=&, x).
m The product FA is called " fundamental matrix”.
m Let |FA|a the absolute value of FA (for the scalar product of
Q).
m (FA)* adjoint of FA for the scalar product of Q. We have

(FA*=—-FA
m |FA|a is the positive self-adjoint operator (for the scalar
product of Q), whose square is (FA)*FA.
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Sect. 1. Our norm estimate.

Theorem

If F € S*(IR?", Q), one has:

Oop»eY! < / K|FA 12
10p" (F)|I < ||Fllan,q, |det(/+ 817 K|FA|a

where
K = max(1, | FAllq.)

and || FAl g, is the norm of FA for the norm Q}}\/z.
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Sect. 1. The usual hypothesis of L. Hormander.

m The dual form of Q4 w.r.t. the symplectic form o is:

lo(X, Y)]?
Qa(Y)

m The usual hypothesis Qa < QJ reads as || FA|q, < 1.

m With this hypothesis, we have K = max(1, || FA|q,) = 1.

QA(X) = sup = (ATTFX) - (FX),

[§] L. Hérmander, The analysis of linear partial differential
operators, Volume Ill, Springer, 1985.
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Sect. 1. Toward infinite dimension (1).

We are given a Hilbert space H and:
m A function F € C®(H?).

m A positive quadratic form Q on H?.

m For each finite dim. subspace E C H, let Fg be the restriction
of F to E2.

m We define an op. Op"®/(Fg), bounded in L?(E).

Question When is the norm of Op*®’(Fg) bounded independently
of E?
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Sect. 1. Toward infinite dimension(2)

It suffices that:

m We have F € S®(H?, Q). Hence F is analytic.
m We have Q(X) =< AX, X >, with A trace class. Because:

det(/ n 817rKh\}‘A]A) < BLTKHTH(FALL) < GBLrKNTI(A)
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Sect. 1. Base of the proof: result with L. Jager.

Let H=TR". Let (x,&) the variable of H2.

Theorem

Let F: H®> - C s. t.

o a;+0;
020, F(x, &) < M7
Jj>1
for each (o, 3) s.t. 0 < oy <2 and 0 < 3; <2 forall j.
Then:

[op™(F)|| < M]](1+ 817Se?)
21

where S = sup;max(1, 7).
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Sect. 1. Proof of the result with L. Jager.

Let F as above. For each subset /| C {1, ..., n}, set:

F’:H< — e )He4Ak

jel kel
By results in dimension 1, we have:
weyl!
10py'(F)Il < M][(817S<?)

Jjel

>, F

1c{1,...n}

We have:

The result follows.
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Sect. 1. Main Proof (1).

There exist a symplectic linear map x such that:

d
(Qaox)(x.€) =D N0F +€)

j=1

where the ); are the eigenvalues of the operator |FA|a.
There is a metaplectic unitary transform U, satisfying:

U Op*'(F)Uy = Op™'(F o x).
For any F € S4,(H?, Qa), one has:
10p™ ' (F)|| = [|U;0p™ (F)Uy|| = [|0p™(F o ).

The symbol F o x belongs to Ss,(H?, Qa0 X).
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Section 1. Main Proof (2).

Therefore we have, if |o + (| < 4d:

a 1/2)(aj+B;
0202 (F 0 )%, €)| < [IFllang, J[AMP),
J

In particular true if a; <2 and §; < 2 for all j.
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Sect. 1. Main Proof (3).

By the thm with L. Jager, with £; = /);, one has

10p" (F o X)II < [|Fllanqa [ [(1 +817SN),

j=1

with

S =supmax(l, \j) = max(1, [ FA[ 2 q,) = K
J

Therefore:

d
10p" (F)|| < [|Fllan,qq [ [(1 +817SA)).
j=1

= [T +817Sx;) = det(l + 8LaK |FA[2)"2
j=1
(each );) is double).
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Sect. 2. References for Section 2.

8 [4] L. Amour, J. Nourrigat, Integral formulas for the Weyl and
anti-Wick symbols, To be published in: Journal de Math.
pures et Appl.
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Sect. 2. Weyl symbol and coherent states.

Coherent states.

Vye(u) = /4 slu=xPivé—5x

Main property. For f in S(R"):
f:(27r)_”/ < f,¥Ux > WVxdX

R2n

We want a formula for the Weyl symbol of A using the
< AVUx, Wy > (see Unterberger characterization).

& A. Unterberger, Les opérateurs métadifférentiels, in Lecture
Notes in Physics 126 (1980) 205-241.
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Sect. 2. Formula for the Weyl symbol.

Let A be a bounded operator in L?(IR"). Assume that:

<AVx, 7, Vx_7>|e12Pdz
<Vxiz,WUx_z> "

< 00

sup /
XeR2n JIR?"

Then the Weyl symbol F of A is continuous and:

F(X —/ < AWy, 7, Wx 7 >e12Pdz
N Rr2n < WXJrz,\UX,Z > mh

Sjostrand Wiener.
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Sect. 2. Weyl symbol formula: proof (1).

(Berezin, Folland) For each operator A bounded in L2(IR"), there
exists a function ® holomorphic in C?" s.t, for each
X=(x8=x+iland Y =(y,n)=y+in:

< AVUx,Vy > . .
SAYXGTIY 2 g _
< Uy, Uy > (x 418,y = in)

The above hypothesis reads:

sup 77_”/ ‘¢(X+Z,7—7)’e_|z|2d2<oo
XcIR2n R2n

The Weyl symbol F must satisfy:

etAF(x, &) = O(x + i€, x — i€)
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Sect. 2. Weyl symbol formula: proof (2).

Let &, holomorphic in C?7, satisfying the above condition.

For A > 0, set
oz
Fr(X) = /IRM O(X + z,ﬁ)e(%iw
Then:

e22F(x,€) = ®(x + i€, x — i€)
Thus, Fy/; is the Weyl symbol.
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Sect. 2. Weyl-Campbell-Hausdorff formula.

The Weyl symbol satisfies:

F(X) :71'_"/ <e‘¢5(Z)Ae¢5(Z)\IJX,\le>e_|z|2dZ
R2n

‘ 10
ds(2) = <ZjUj+CjI.8uj>

j=t
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Sect. 2. Weyl-Campbell-Hausdorff. Proof.

First, we prove that:

1 2 i
e¢5(Z)‘U — e§|Z\ +Z-X750'(Z,X)WX+Z

Hence:

<AVx 7z, Vx_z > —95(2) po®s(2)
— Ae®s vy v
<Vxiz,Vx-z> <e ) X7 X>

The theorem follows.
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Sect. 2. Wick and anti-Wick symbols.

m Wick symbol of an operator A.
o WiEk(A)(X) =< AUx, Wy > X = (x,£)

m Anti-Wick operator OpAW (F) associated with F.

< Op"™W(F)f, g >= (2n)™" F(Z) < f, V7 >< Wz g>dZ
IR2n
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Sect. 2. The anti-Wick symbol always makes sense.

Without any hypothesis, the Weyl symbol of A: S(IR") — S’(IR")
is well-defined as a distribution.

The anti-Wick symbol exists, no more as a distribution, but as a
"generalized function” of Gelfand Shilov.

Discussions with L. Amour and N. Lerner.

More precisely, if A > 0 and 0 < u < 1/2, the AW symbol is a
continuous linear form on the space:

S(A, ) = {@ € C(R2), 3A>0, [x°0%p(x)| <

. < A|a‘+|5|(a!)’\(ﬁ!)“}
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Sect. 2. Formula for the anti-Wick symbol.

Let A be a bounded operator in L?(IR") s.t.

2
< AWy 7, Ux_7>|e 2 dzZ

<
<Vxyz,VUx_z>| (2m)" >

sup
XE]R2” R2n

Then, there exists a continuous bounded function G in IR?", s.t.
A = 0p™W(G) and:

< AUy, 7, Vx_ 7> e 2l2Pqz
G(X) =
Ry < VUxiz,Vx_z> (271')"
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Sect. 3. Modelization of Nuclear Magnetic Resonance.

m Classical model: Spin S(t) = vector in IR3 satisfying

S'(t) = BAS(t)

@ F. Bloch, Nuclear Induction, Physical Review 70 460-473,
(1946).
Almog, Grebenkov, Helffer: fluid with density of spin.
m QED model: Spin S(t) = 3 operators in a Hilbert space H.
Evolution given by a Hamiltonian H(h) in H.

[d F. A. Reuse, Electrodynamique et Optique Quantiques,
Presses Polytechniques et Universitaires Romandes,
Lausanne, 2007.
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References for Section 3.
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Sect. 3. The symbol class S*(H? Q) and NMR.

The Reuse Hamiltonian H(h) satisfies:
e M) = Uy (1) 0py" (Fv))

where

m Up(t) is a metaplectic (or Bogoliubov) operator.
m F; is a fonction in S*®°(H?, Q;) , where H? is the phase space.

m The quadratic form Q; has the following form:

m t
Qu(X) = Z/ < Bi(s),X >% ds
j=1"9
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Sect. 3. The symbol class S*(H? Q) and NMR.

Pauli matrices:

(01 (0 =i (1 0
1=\1 0/ 27\ o) 7 \o -1/

m The evolving components of the spin operator
Sj(t) — eitH(h)(I ® O_j)e—itH(h)
can be written
Si(t) = Opp" (Fi(t))
where Fi(t) € S®(H?, Q).

m The Wick symbol has an asyptotic expansion when h — 0.
The first term follows Bloch Equations.

m We have also an asympt. exp. for the number of photons
emitted at time t.
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Sect. 3. Open problems: Large time behaviour (here
ibuprophen).
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Sect. 3. Spin relaxation: references.
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approaches. Rev. Math. Phys. 7 (1995), no. 3, 363-387.

[§ [7] W. De Roeck, A. Kupiainen, Approach to ground state and
time-independent photon bound for massless spin-boson
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