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The domain

Ω ⊂ ℝ2 with (piecewise) smooth boundary. Corners allowed, but no cusps.

𝐁 = (0, 0, 𝛽(𝑥1, 𝑥2)) Ω
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Magnetic field and magnetic vector potential

Magnetic field:

𝐁 = (0, 0, 𝛽(𝑥1, 𝑥2))

Magnetic vector potential:

𝐀 = (𝐴1, 𝐴2),
∂𝐴2

∂𝑥1
− ∂𝐴1

∂𝑥2
= 𝛽(𝑥1, 𝑥2)

Let us start by assuming that 𝛽(𝑥1, 𝑥2) > 0 and that 𝛽 is smooth.
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The Neumann magnetic Schrödinger operator

Let 𝐵 > 0 be a parameter. We let

ℋ𝑁
Ω (𝐵) = (𝑖∇+ 𝐵𝐀)2

be the self-adjoint realization in 𝐿2(Ω) corresponding to Neumann boundary
conditions (𝜈 is an outward unit normal to ∂Ω)

𝜈 ⋅ (𝑖∇+ 𝐵𝐀)𝜓 = 0 (∀𝜓)

Usually defined via the Friedrichs extension of the quadratic form

𝜓 ↦ ∫
Ω
|(𝑖∇+ 𝐵𝐀)𝜓|2 𝑑𝑥,

first defined on 𝐶+∞(Ω).
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The bottom of the spectrum

We denote the bottom of the spectrum of ℋ𝑁
Ω (𝐵) by

𝜆𝑁
Ω,1(𝐵)

If Ω is bounded this is an eigenvalue.

Question Will 𝜆𝑁
Ω,1(𝐵) be strictly increasing if 𝐵 is large?
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Main motivation to study this question

Theorem If 𝜆𝑁
Ω,1(𝐵) is strictly increasing for large 𝐵, then the so-called third

critical field 𝐻𝐶3 in the Ginzburg–Landau theory of superconductivity is well-
defined. Moreover, the main term in the asymptotic expansion of 𝐻𝐶3 is
expressed in terms of the main term in the asymptotic expansion of 𝜆𝑁

Ω,1(𝐵).

𝐻 < 𝐻𝐶1 𝐻𝐶1 < 𝐻 < 𝐻𝐶2 𝐻𝐶2 < 𝐻 < 𝐻𝐶3 𝐻 > 𝐻𝐶3
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Large magnetic fields vs. Semi-classical analysis

Let ℎ = 1/𝐵. Then

1
𝐵 (𝑖∇+ 𝐵𝐀)2 = 1

ℎ (𝑖ℎ∇+𝐀)2 .

This enables the machinery from semi-classical analysis, starting with

– (Helffer & Sjöstrand, 1984)

– (Simon, 1983)

In particular it enables localization and reduction to effective operators.
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Nonnegative and smooth
magnetic fields
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Localization
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Localization

Ω

Ω𝛼

ℝ2
+

ℝ2
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The operator in ℝ2 (Fock, 1928; Landau, 1930)

Assume 𝛽 ≡ 1. Spectrum consists of so-called Landau levels,

Λ𝑘 = 𝐵(2𝑘+ 1) (𝑘 ∈ ℤ, 𝑘 ≥ 0)

Perhaps most easily proved using annihilation and creation operators

𝒬 = −2𝑖𝑒−Ψ ∂ 𝑒Ψ and 𝒬∗ = −2𝑖𝑒Ψ∂𝑒−Ψ.

Here Ψ(𝑧) = 1
4𝐵 |𝑧|2 satisfied ΔΨ = 𝐵.

ℋℝ2 = 𝒬∗𝒬+𝐵 = 𝒬𝒬∗ −𝐵.

Lowest eigenspace

ℒ0 = {𝑢 ∈ 𝐿2(ℝ2)  :  𝑒Ψ𝑢 entire} .

Higher eigenspaces

ℒ𝑘 = (𝒬∗)𝑘ℒ0.
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The operator in ℝ2
+

With 𝛽 ≡ 1 and 𝐀 = (−𝑥2, 0), one is lead to

ℋ𝑁
ℝ2

+
(𝐵) = (𝑖∂𝑥1 −𝐵𝑥2)2 − ∂2𝑥2.

After a partial Fourier transform (in 𝑥1) and a dilation one meets the family

𝒽𝑁(𝜉) = − 𝑑2

𝑑𝑡2 + (𝑡 − 𝜉)2 in 𝐿2(ℝ+).

In particular, with 𝜇(𝜉) the bottom of spectrum of 𝒽𝑁(𝜉),

𝜆𝑁
ℝ2

+,1
(𝐵) = 𝐵 inf

𝜉∈ℝ
𝜇(𝜉).
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The de Gennes operator (Fournais & Helffer, 2010)

If 𝑢𝜉 denotes the normalized groundstate of 𝒽𝑁(𝜉), then one has

– Feynman–Hellmann formula:

𝑑
𝑑𝜉𝜇

𝑁(𝜉) = −2∫
+∞

0
(𝑡 − 𝜉)𝑢2

𝜉 𝑑𝑡

– Bolley–Dauge–Helffer formula:

𝑑
𝑑𝜉𝜇

𝑁(𝜉) = 𝑢𝜉(0)2(𝜉2 −𝜇𝑁(𝜉)).

𝜉 ↦ 𝜇𝑁(𝜉) has a unique minimum at 𝜉0 > 0,

Θ0 = min
𝜉∈ℝ

𝜇(𝜉) = 𝜇(𝜉0) = 𝜉2
0 .

The constant 𝒞1 = 1
3𝑢𝜉0(0)2 reappears later.
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The de Gennes operator (cont.)
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The number Θ0

Θ0 = 𝜉2
0 , where 𝜉0 is the smallest positive solution of (here 𝐷𝜈 denotes a

certain Parabolic cylinderfunction, satisfying 𝑦″+ (𝜈+ 1
2 − 1

4𝑡2)𝑦 = 0)

−𝜉𝐷(𝜉2−1)/2(−√2𝜉) −√2𝐷(𝜉2+1)/2(−√2𝜉) = 0

In a fraction of a second we can get over 200 decimals:

Θ0 = 0.5901061249502341287281571662840866
7517599171369379179285488214041020
3424473490342684681480687556382784
0857317052746350739404143427118168
5974696014562392166285969130593335
1325747581080499166872646911024446…

The red figures are correct according to (Bonnaillie-Noël, 2012), where upper
and lower bounds are given.
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Infinite sectors Ω𝛼

Ω𝛼 = {(𝑥1, 𝑥2) ∈ ℝ2  − 𝛼/2 < arg(𝑥1 + 𝑖𝑥2) < 𝛼/2} .

Ω𝛼

𝑥1

𝑥2

Theorem ((Bonnaillie, 2005)) Assume 𝛼 ∈ (0, 2𝜋) and that 𝛽(𝑥1, 𝑥2) = 1.
Then the bottom of the essential spectrum of ℋ𝑁

Ω𝛼(𝐵) is given by Θ0𝐵.

Question Does there exist eigenvalues below Θ0𝐵?
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The eigenvalue problem for infinite sectors

A

C

𝛼

Θ0

𝜋0.5𝜋

0.511𝜋

0.595𝜋

B

D
not known

A. (Jadallah, 2001)
B. (Bonnaillie, 2005)
C. (Bonnaillie, 2003)
D. (Exner, Lotoreichik, & Pérez-Obiol, 2018)

Asymptotic results in (Bonnaillie, 2005; Bonnaillie-Noël & Dauge, 2006).
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Trial state (Exner, Lotoreichik, & Pérez-Obiol, 2018)

They used trial states in the form

𝑢(𝑟,𝜃) = 𝑒−𝑐𝑟2/2 exp(𝑖
𝑁

∑
𝑘=1

𝑟𝑘𝑔𝑘(𝜃)) .

Optimal choice of 𝑔𝑘 is given by some complicated linear system:

𝖪(𝑐)𝐠″ = 𝖫(𝑐)𝐠,

where 𝐠 = (𝑔1, 𝑔2,…,𝑔𝑁) and 𝖪(𝑐) and 𝖫(𝑐) are 𝑁×𝑁 matrices.
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Conclusion, large field asymptotics

Theorem ((Helffer & Morame, 2001), (Bonnaillie, 2005)) Assume that Ω
is bounded and smooth except for a corner at 𝑠 ∈ ∂Ω with opening angle 𝛼.
Also, assume that the magnetic field 𝛽 is positive, and that

𝑏 = min
𝑥∈Ω

𝛽(𝑥), and 𝑏′ = min
𝑥∈∂Ω

𝛽(𝑥).

Also, let Λ = min(𝜆𝑁
Ω𝛼,1(1)𝛽(𝑠), 𝑏,Θ0𝑏′). Then, as 𝐵 → +∞,

𝜆𝑁
1 (𝐵) = Λ𝐵+𝒪(𝐵3/4).

Theorem ((del Pino, Felmer & Sternberg), (Lu & Pan), (Helffer & Morame))
If 𝛽 ≡ 1, there are no corners of Ω, and 𝑘0 is the maximum of the curvature
of the boundary,

𝜆𝑁
1 (𝐵) = Θ0𝐵−𝒞1𝑘0𝐵1/2 +𝒪(𝐵1/3) (𝐵 → +∞),
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Monotonicity for large 𝐵

Theorem Assume that 𝛽 ≡ 1. Then there exists 𝐵0 such that

𝐵 ↦ 𝜆𝑁
Ω,1(𝐵)

is strictly increasing for 𝐵 > 𝐵0.

The proof is different in the cases that

– Ω is generic (Fournais & Helffer, 2006),

– Ω is a disk (Fournais & Helffer, 2007; 2010),

– Ω has corners (Bonnaillie-Noël & Fournais, 2007).
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Where does superconductivity survive longest?
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The operator(s) in the unit disk

Assume that 𝛽 ≡ 1. After a separation of variables, one is lead to the study
of the family of operators

ℋ𝑚 = − 𝑑2

𝑑𝑟2 − 1
𝑟

𝑑
𝑑𝑟 + (𝑚

𝑟 − 𝐵𝑟
2 )

2
(𝑚 ∈ ℤ)

in 𝐿2((0, 1), 𝑟𝑑𝑟).
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The unit disk (Neumann) (Saint-James, 1965)
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The unit disk (Neumann)
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The unit disk (Neumann)

Theorem ((Fournais & Helffer, 2010)) Assume that 𝛽 ≡ 1. Then

𝜆𝑁
𝐷(0,1),1(𝐵) = Θ0𝐵−𝒞1√𝐵+𝒪(1) (𝐵 → +∞)

A more careful study of the bounded term implies that

Theorem ((Fournais & Helffer, 2007; 2010)) There exists 𝐵0 such that

𝐵 ↦ 𝜆𝑁
𝐷(0,1),1(𝐵) (𝐵 > 𝐵0)

is strictly increasing.
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The unit disk (Dirichlet)
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The unit disk (Dirichlet)

Theorem ((Erdős, 1996; Helffer & Morame, 2001))

𝜆𝐷
𝐷(0,1),1(𝐵) − 𝐵 ∼

√
8𝐵3

𝜋 exp(−𝐵/2) (𝐵 → +∞)

This in fact an estimate of the lowest eigenvalue of the Pauli operator. Other
recent works on the lowest eigenvalue of the Pauli operator are

– (Ekholm, Kovařík, & Portmann, 2016),

– (Helffer & S, 2017a), (Helffer & S, 2017b), (Helffer, Kovařík, & S, 2019)

In (Barbaroux, Treust, Raymond, & Stockmeyer, 2018) estimates for higher
eigenvalues {𝜆𝐷

𝐷(0,1),𝑘(𝐵)}𝑘≥2 were given.
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The complement of the unit disk (Dirichlet)
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The complement of the unit disk (Dirichlet)

Assume 𝛽 ≡ 1. Enumerate the eigenvalues of ℋ𝐷
𝐷(0,1)(𝐵) in the gap between

the Landau levels Λ0 = 𝐵 and Λ1 = 3𝐵 as

𝜆1 ≥ 𝜆2 ≥ …

Theorem ((Pushnitski & Rozenblum, 2007)) Assume that 𝛽 ≡ 1 and that
𝐵 > 0 is fixed. Then

lim
𝑘→+∞

[𝑘! (𝜆𝑘 −Λ0)]1/𝑘 = 𝐵
2.

Similar statements hold for eigenvalues between higher Landau levels.

One should mention in this context works by Filonov & Pushnitski, Raikov
and Bruneau.
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The complement of the unit disk (Neumann)
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The complement of the unit disk (Neumann)

Theorem ((Fournais & Helffer, 2010)) Assume that 𝛽 ≡ 1. Then

𝜆1(𝐵) = Θ0𝐵+𝒞1√𝐵+𝒪(1) (𝐵 → +∞)

Assume that 𝛽 ≡ 1, and enumerate the eigenvalues ofℋ(𝐵) below the Landau
level Λ0 = 𝐵 as

𝜆1 ≤ 𝜆2 ≤ …

Theorem ((Goffeng, Kachmar, & S, 2016))
Assume that 𝛽 ≡ 1 and that 𝐵 > 0 is fixed. Then

lim
𝑘→+∞

[𝑘! (Λ1 −𝜆𝑘)]1/𝑘 = 𝐵
2.

Similar statements hold for eigenvalues between higher Landau levels.
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Magnetic fields vanishing along a curve

Operator introduced in (Montgomery, 1995), with the amusing title Hearing
the zero locus of a magnetic field. Let

ℋ̃(𝐵) = − ∂2
∂𝑡2 +(𝑖 ∂

∂𝑠 − 𝐵𝑡2/2)
2
.

Theorem ((Pan & Kwek, 2002), (Helffer, 2010)) The lowest eigenvalue of
the operator

− 𝑑2

𝑑𝑡2 +(𝑡2
2 −𝛼)

2

in 𝐿2(ℝ) admits a unique, non-degenerate minimum Λ as 𝛼 varies in ℝ.
In this case,

�̃�1(𝐵) = Λ𝐵2/3
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Magnetic fields vanishing along a curve (𝑘 = 1)

0.57

0.35

Numerics done with a method proposed in (Korsch & Glück, 2002).
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Magnetic fields vanishing along a curve (𝑘 = 1)

𝜆1 ≈ 0.57

𝜆2 ≈ 1.98

𝜆3 ≈ 4.10

𝜆4 ≈ 6.57

𝜆5 ≈ 9.32



Nantes, April 2019 Mikael P. Sundqvist

Magnetic fields vanishing along a curve

Theorem ((Helffer & S, 2010), (Fournais & S, 2015))
Let 𝑘 ∈ ℕ, 𝑘 ≥ 2. The lowest eigenvalue of the operator

− 𝑑2

𝑑𝑡2 +( 𝑡𝑘+1

𝑘+ 1 −𝛼)
2

in 𝐿2(ℝ) admits a unique, non-degenerate minimum as 𝛼 varies in ℝ.



Nantes, April 2019 Mikael P. Sundqvist

A non-continuous
(and sign changing)

magnetic field
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A piecewise constant magnetic field

Ω1

Ω2

𝛽(𝑥1, 𝑥2) = {1, (𝑥1, 𝑥2) ∈ Ω1
𝑎, (𝑥2, 𝑥2) ∈ Ω2

By scaling, we can assume that 𝑎 ∈ [−1, 1].
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Localization

ℝ2

ℝ2
+

ℝ2

ℝ2
+
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The step model in the plane

ℝ2

𝛽 = 𝑎 𝛽 = 1

𝑥1

𝑥2

𝛽(𝑥1, 𝑥2) = {1, 𝑥1 > 0
𝑎, 𝑥1 < 0 (−1 < 𝑎 < 1)
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The step model in the plane

(Iwatsuka, 1985), (Hislop & Soccorsi, 2015), (Hislop, Popoff, Raymond, & S,
2016), (Assaad, Kachmar, & S, 2019)

𝑎− 1 1

𝜆 1
=
|𝑎
|Θ

0 |𝑎| ≤ 𝜆
1 ≤ |𝑎|
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The step model in the half plane

𝛼

ℝ2
+

𝛽 = 𝑎 𝛽 = 1

𝑥1

𝑥2

𝛽(𝑥1, 𝑥2) = {1, 0 < arg(𝑥1 + 𝑖𝑥2) < 𝛼
𝑎, 𝛼 < arg(𝑥1 + 𝑖𝑥2) < 𝜋
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The step model in the half plane

Theorem ((Assaad, 2019)) The bottom of the essential spectrum is Θ0 |𝑎|.

The proof is as usual based on (Persson, 1960).

Question Does there exist eigenvalues below Θ0 |𝑎|?
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Trial state (Assaad, 2019)

Essentially: Glue two trial-states from (Exner, Lotoreichik, & Pérez-Obiol, 2018),
continuously over the barrier,

𝑢(𝑟,𝜃) = 𝑒−𝑐𝑟2/2 exp (𝑖𝑟𝑔(𝜃)) ,

with

𝑔(𝜃) = {𝑐1𝑒𝜃 + 𝑐2𝑒−𝜃 0 < 𝜃 < 𝛼
𝑐3𝑒𝜃 + 𝑐4𝑒−𝜃 𝛼 < 𝜃 < 𝜋
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Eigenvalue below |𝑎|Θ0, (Assaad, 2019)

0.5𝜋 𝜋

−1

1

𝛼

𝑎
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Eigenvalue below |𝑎|Θ0, (Assaad, 2019)

0.44𝜋 0.55𝜋

(0.49𝜋,−0.9884)
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Continuity, (Assaad, 2019)

Let 𝜇(𝛼,𝑎) denote the ground state energy of the magnetic step operator in
the half plane.
The regularity of (𝛼,𝑎) ↦ 𝜇(𝛼,𝑎) is not easy to prove.

Theorem Fix 𝛼 ∈ (0,𝜋). Then the mapping

𝑎 ↦ 𝜇(𝛼,𝑎)

is continuous for 𝑎 ∈ [−1, 1], 𝑎 ≠ 0.
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Consequences for superconductivity, (Assaad, 2019)

Theorem Assume that Λ = min𝑗∈{1,…,𝑛} 𝜇(𝛼𝑗, 𝑎). Assume that Λ < Θ0 |𝑎|.
There exists 𝜅0 such that for 𝜅 ≥ 𝜅0 the equation

𝜆Ω,1(𝜅𝐻) = 𝜅2

admits a unique solution 𝐻 = 𝐻𝐶3 , with the estimate

𝐻𝐶3(𝜅) =
𝜅
Λ +𝒪(𝜅1/2) (𝜅 → +∞).
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Last surviving superconductivity
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Happy birthday,
Bernard!
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