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Three fundamental symmetries

Assume f € L1(R) N L>°(R). Take 1 < p < oo and fix
x, X0, &, A € R. We define the following classes of symmetries
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Assume f € L1(R) N L>°(R). Take 1 < p < oo and fix
x, X0, &, A € R. We define the following classes of symmetries

o T, f(x) :=f(x — xo) - spatial translation (with xo)
o M, f(x) := e2™(x%)f(x) - frequency modulation (with &)
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Three fundamental symmetries

Assume f € L1(R) N L>°(R). Take 1 < p < oo and fix
x, X0, &, A € R. We define the following classes of symmetries

o T, f(x) :=f(x — xo) - spatial translation (with xo)
o M, f(x) := e2™(x%)f(x) - frequency modulation (with &)

o DYf(x) := )%% f(%X) - LP normalized dilation.
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Fourier transform - key properties

e For f € S(R) we define the Fourier transform of f as

FO© = F6) = [ Flx) e
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e For f € S(R) we define the Fourier transform of f as

FO© = F6) = [ Flx) e

o FT,=M_F,
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Fourier transform - key properties

e For f € S(R) we define the Fourier transform of f as

FO© = F6) = [ Flx) e

o FTy=M_F;

L ’FMio = T&) .F;

o FD{ = Df/_l F, where here p, p’ are Holder conjugates, i.e.
1,1 _
p + P 1.
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Fourier transform - key properties

e For f € S(R) we define the Fourier transform of f as

FO© = F6) = [ Flx) e

o FT,=M_F,

© F Mgy = Te F;

o FD{ = Df/_l F, where here p, p’ are Holder conjugates, i.e.
1,19
p P ’

@ Another two fundamental relations obeyed by the Fourier
transform:

- F(LR)(E) = 2mi e F(F)(©);
- F@mixf(x))(€) = — 5 F(F)(E).-
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Fourier transform - properties

o Define the adjoint of F by (here g € L)
()= k= [ sl de
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Fourier transform - properties

o Define the adjoint of F by (here g € L)
()= k= [ sl de

@ Ex.1: Check that both F and F* map the Schwartz class into
the Schwartz class.
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Fourier transform - properties

o Define the adjoint of F by (here g € L)
()= k= [ sl de

@ Ex.1: Check that both F and F* map the Schwartz class into

the Schwartz class.
@ Since F and F* leave unaffected the Gaussian function
e~ IxI?
- same happens for any linear combination of Gaussians
- but linear combinations of Gaussian are dense in the
Schwartz class
- hence we obtain the inversion formula:

F*Ff=f and FF'g=g,
for any f,g € S(R) .
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Fourier transform - properties

@ As a corollary we get the Parseval formula:

<f,g >=< F*"Ff,g >=<Ff,Fg> .
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Fourier transform - properties

@ As a corollary we get the Parseval formula:
<f,g >=< F*"Ff,g >=<Ff,Fg> .
@ Hence we deduce Plancherel:

IFF 2@ = 1fllze -
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Fourier transform - properties

@ As a corollary we get the Parseval formula:
<f,g >=< F*"Ff,g >=<Ff,Fg> .
@ Hence we deduce Plancherel:
IFF 2@ = 1fllze -
@ Now it is trivial to check that

1FF gy < IIFlleaqry -
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Fourier transform - properties

@ As a corollary we get the Parseval formula:
<f,g >=< F*"Ff,g >=<Ff,Fg> .
@ Hence we deduce Plancherel:
IFF 2@ = 1fllze -
@ Now it is trivial to check that
1FF gy < IIFlleaqry -
@ Apply complex-interpolation to deduce the Hausdorff-Young

ineq
H‘FfHLS'(R) < Hf”Lﬁ(R) for 1<p<2.
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Fourier transform - properties

@ As a corollary we get the Parseval formula:
<f,g >=< F*"Ff,g >=<Ff,Fg> .
@ Hence we deduce Plancherel:
IFF 2@ = 1fllze -
@ Now it is trivial to check that
1FF gy < IIFlleaqry -

@ Apply complex-interpolation to deduce the Hausdorff-Young

ineq
H‘FfHLS'(R) < Hf”Lﬁ(R) for 1<p<2.

@ Ex. 2 Prove that Hausdorff-Young is sharp in the sense that
it can not be extended in the range 2 < p < 0.
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What is time-frequency?
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What is time-frequency?

@ The field of mathematics which, in order to establish
qualitative and quantitative information about different
categories of objects (functions, operators etc), analyzes both
space and Fourier transform properties of the corresponding
objects; [space/Fourier transform MATH - time/frequency
PHS]
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What is time-frequency?

@ The field of mathematics which, in order to establish
qualitative and quantitative information about different
categories of objects (functions, operators etc), analyzes both
space and Fourier transform properties of the corresponding
objects; [space/Fourier transform MATH - time/frequency
PHS]

@ Thus, this field is intimately connected to Fourier analysis and
can be regarded as a development of the theory of
trigonometric series initiated in the 19t cent. by Fourier.
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What is time-frequency?

@ The field of mathematics which, in order to establish
qualitative and quantitative information about different
categories of objects (functions, operators etc), analyzes both
space and Fourier transform properties of the corresponding
objects; [space/Fourier transform MATH - time/frequency
PHS]

@ Thus, this field is intimately connected to Fourier analysis and
can be regarded as a development of the theory of
trigonometric series initiated in the 19t cent. by Fourier.

@ Initial theme of research: understand the relation between

f(x) € L}(R) and f(¢) = /R f(x)e 2 *Edx, ¢ € R (cont)

f(x) € LY(T) and f(n) = / f(x) e 2™ *"dx | n € Z (discrete)
T
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@ Leitmotif:

decomposition £ reconstruction Fa 2winx
f(x) = {f(n)}n = > f(n)e .
n
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@ Leitmotif:

decomposition £ reconstruction Fa 2winx
f(x) = {f(n)}n = > f(n)e .
n

e Two fundamental facts (for “suitable objects”):
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@ Leitmotif:

decomposition £ reconstruction Fa 2winx
f(x) = {f(n)}n = > f(n)e .
n

e Two fundamental facts (for “suitable objects”):
o Inversion formula: f(x) = [, f(£) e ¥¢ d¢;
e smoothness (decay) f < decay (smoothness) f

@ modulation in space f < translation in frequency f
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@ Leitmotif:

decomposition £ reconstruction Fa 2winx
f(x) = {f(n)}n = > f(n)e .
n

e Two fundamental facts (for “suitable objects”):
o Inversion formula: f(x) = [, f(£) e ¥¢ d¢;
e smoothness (decay) f < decay (smoothness) f

@ modulation in space f < translation in frequency f
o Parseval identity: [ f(x)g(x) dx = [ £(€) &(€) d¢;
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@ Leitmotif:

decomposition £ reconstruction Fa 2winx
f(x) = {f(n)}n = > f(n)e .
n

Two fundamental facts (for “suitable objects”):
Inversion formula: f(x) = [, f(&) ¥ *¢ d¢ ;

smoothness (decay) f < decay (smoothness) f

modulation in space f < translation in frequency f

Parseval identity: [ f(x)g(x)dx = [ (&) &(€) d¢;
In order to gain intuition about the main steps that one needs

to follow for analyzing more complicated objects we would like
to say a story in pictures...
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Parseval's story: space/Fourier analysis
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Formulation of the problem

A fundamental dichoto curvature versus modulation invariance
Histo ackground and motivation; interrelations

The Hilbert transform and maximal ope ariable curves

Parseval’s story: time-frequency localization
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Parseval's story: space/frequency cancelation
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Parseval’'s story: summary
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Fundamental philosophy: Understand f < information about
localization & oscillation of f < localization of f, localization of f
<> localization of the pair (f,f)
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The Hilbert transform

@ We start our journey with the simplest fundamental object:
the Hilbert transform

H: S(R) — S'(R) HF(x) = p.v. /R Flx — t)%
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@ We start our journey with the simplest fundamental object:
the Hilbert transform
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The Hilbert transform

@ We start our journey with the simplest fundamental object:
the Hilbert transform

H: S(R) — S'(R) HF(x) = p.v. /R Flx — t)%

@ A celebrated result of M. Riesz (1928) states that H is a
bounded operator from LP(R) to LP(R) for any 1 < p < oc.

@ Relevance:
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The Hilbert transform

@ We start our journey with the simplest fundamental object:
the Hilbert transform

H: S(R) — S'(R) HF(x) = p.v. /R Flx — t)%

@ A celebrated result of M. Riesz (1928) states that H is a
bounded operator from LP(R) to LP(R) for any 1 < p < oc.

@ Relevance:

@ H connects the real and imaginary parts of functions on R
which are boundary restrictions of suitable holomorphic
functions in the upper-half plane; this is realized via
Cauchy-Riemann system and (conjugate) Poisson kernel.
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The Hilbert transform

e H is characterized (up to a constant multiple), by the
following symmetry behavior:

e H commutes with translations and dilations;
e H anticommutes with reflections f(x) — f(—x);

These facts are direct consequences of the homogeneity of the
kernel % or, equivalently, of the multiplier 7 isgn &.
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The Hilbert transform

e H is characterized (up to a constant multiple), by the
following symmetry behavior:

e H commutes with translations and dilations;
e H anticommutes with reflections f(x) — f(—x);
These facts are direct consequences of the homogeneity of the
1 . . . .
kernel £ or, equivalently, of the multiplier 7 isgn €.
@ Ex.3 Prove that the Hilbert transform in the unique
L?(R) — L2(R) linear bounded operator up to the identity
operator that commutes with both translations and dilations.
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The Hilbert transform

e H is characterized (up to a constant multiple), by the
following symmetry behavior:

e H commutes with translations and dilations;
e H anticommutes with reflections f(x) — f(—x);

These facts are direct consequences of the homogeneity of the
kernel % or, equivalently, of the multiplier 7 isgn &.

@ Ex.3 Prove that the Hilbert transform in the unique
L?(R) — L2(R) linear bounded operator up to the identity
operator that commutes with both translations and dilations.

@ Serves as the main prototype for the theory of
Calderon-Zygmund operators.
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Time-frequency decomposition Hilbert transform

e We split the kernel (Ex. 4)

where 1) € (5° is an odd function supported away from the
origin and ¢ (y) = 2K (2ky), k € N.
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Time-frequency decomposition Hilbert transform

e We split the kernel (Ex. 4)

)

Y keN

where 1) € (5° is an odd function supported away from the
origin and ¢ (y) = 2K (2ky), k € N.

@ Next, for each scale k we take the collection {/y ;}; of all
dyadic intervals in [0, 1] of length 2% and write

HE(x) = > Hiif(x) = D> ($r* ) ()xu, (%) -
k.j

ki
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Time-frequency decomposition Hilbert transform

e We split the kernel (Ex. 4)

)

Y keN
where 1) € (5° is an odd function supported away from the
origin and ¢ (y) = 2K (2ky), k € N.
@ Next, for each scale k we take the collection {/y ;}; of all
dyadic intervals in [0, 1] of length 2% and write

HE(x) = > Hiif(x) = D> ($r* ) ()xu, (%) -
k.j

ki

@ Observe that each Hy ;f has time support included in /y ;
while on the frequency side it is “morally” supported near the
origin, in an interval of length |/ |~
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The time-frequency portrait Hilbert transform

y
The action of the

H symmetries:

ol 0 O L O O k (dilation)
1 RN ;‘ 0 ‘ i

Ty 1l ! j (translation)
: the k™ level
o —— ‘ — -
L Kk,

Observe that the origin plays here a special role: each rectangle
has its basis on the real axis.
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The Hardy-Littlewood maximal function.

@ Define the Hardy-Littlewood maximal function (operator)
as

Mf(x) := sup L

_ f(y)dy.
r>0 ’B(er)‘ B(X,r)‘ ( )|
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The Hardy-Littlewood maximal function.

@ Define the Hardy-Littlewood maximal function (operator)
as

Mf(x) := sup L

_— f(y)dy.
r>0 ’B(er)‘ B(X,r)‘ ( )|

@ M is a sublinear operator.
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The Hardy-Littlewood maximal function.

@ Define the Hardy-Littlewood maximal function (operator)
as

Mf(x) := sup L

_— f(y)dy.
r>0 ’B(er)‘ B(X,r)‘ ( )|

@ M is a sublinear operator.
e M is trivially of strong type (o0, c0).
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The Hardy-Littlewood maximal function.

@ Define the Hardy-Littlewood maximal function (operator)
as

Mf(x) := sup L

_— f(y)dy.
r>0 ’B(er)‘ B(X,r)‘ ( )|

@ M is a sublinear operator.

e M is trivially of strong type (o0, c0).

@ M is NOT of strong type (1,1) as one can show that
(Exercise)

1

3 f e lY(R) |MFf(x)| > )
(R) | (X)\NfH‘X,
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The Hardy-Littlewood maximal function.

@ Define the Hardy-Littlewood maximal function (operator)
as

Mf(x) := sup L

_ f(y)dy.
r>0 ’B(er)‘ B(X,r)‘ ( )|

@ M is a sublinear operator.

e M is trivially of strong type (o0, c0).

@ M is NOT of strong type (1,1) as one can show that
(Exercise)

1

3 f e lY(R) |MFf(x)| > )
(R) | (X)\NfH‘X,

@ Dimensional analysis - dilation symmetry imposes that no
weak or strong type (p, q) estimates are available off the
diagonal case p # q . (Ex.5)
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The Hardy-Littlewood maximal function.

e Theorem (Hardy-Littlewood) The operator M is of strong
type (p,p) for L <p<oo.
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The Hardy-Littlewood maximal function.

e Theorem (Hardy-Littlewood) The operator M is of strong
type (p,p) for L <p<oo.

@ We would like to apply real interpolation...but we need one
more end point...(1,1).
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The Hardy-Littlewood maximal function.

e Theorem (Hardy-Littlewood) The operator M is of strong
type (p,p) for 1 < p < 0.

@ We would like to apply real interpolation...but we need one
more end point...(1,1).

e Proposition. M is of weak type (1,1), thus

L

3C > 05 [{x| MF(x) > A} < 1
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The Hardy-Littlewood maximal function.

e Theorem (Hardy-Littlewood) The operator M is of strong
type (p,p) for 1 < p < 0.

@ We would like to apply real interpolation...but we need one
more end point...(1,1).

e Proposition. M is of weak type (1,1), thus

L

3C > 05 [{x| MF(x) > A} < 1

e Hint: Vitali covering lemma
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The Hardy-Littlewood maximal function.

@ Thus by real interpolation we conclude that M is of strong
type (p, p) as long as 1 < p < 0.
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The Hardy-Littlewood maximal function.

@ Thus by real interpolation we conclude that M is of strong
type (p, p) as long as 1 < p < 0.

@ A more direct (original) way of proving is:
set fi(x) := f(x) if |f(x)| > % and 0 otherwise.
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The Hardy-Littlewood maximal function.

@ Thus by real interpolation we conclude that M is of strong
type (p, p) as long as 1 < p < 0.

@ A more direct (original) way of proving is:
set fi(x) := f(x) if |f(x)| > % and 0 otherwise.

e Notice that Mf < M(f)) +% and hence

{Mf > A} Cc {M(f,) > g} and thus

1
RSV ANGE

f/\>5
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The Hardy-Littlewood maximal function.

@ Thus by real interpolation we conclude that M is of strong
type (p, p) as long as 1 < p < 0.

@ A more direct (original) way of proving is:
set fi(x) := f(x) if |f(x)| > % and 0 otherwise.

e Notice that Mf < M(f)) +% and hence

{Mf > A} Cc {M(f,) > g} and thus

1
RSV ANGE

f/\>5
@ Then -
/pr =p / H{MF > A} AP~LdA
0

2|f| op
Sp /(] AdNfldc= T
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Lebesgue's differentiation theorem.

o Theorem. If f € L}(R) then

1
3 lim = f(y)dy = f(x aexeR.
r%0|B(X, r)| B(x,r) ( ) ( )
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Lebesgue's differentiation theorem.

o Theorem. If f € L}(R) then

3 f(y)dy =f(x) aexeR.

m ———
r%0|B(X,r)| B(x,r)

e Proof. Define T,f(x) := m fB(XJ) |f(y) — f(x)|dy, and
set Tf(x) = limsup,_o T,f(x) .
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Lebesgue's differentiation theorem.

o Theorem. If f € L}(R) then

3 lim = f(y)dy = f(x aexeR.
r—0 |B(X7 r)| B(x,r) ( ) ( )
e Proof. Define T,f(x) := m fB(XJ) |f(y) — f(x)|dy, and

set Tf(x) = limsup,_o T,f(x) .
e Take h=1f — g with g € C(R) then

Tf(x) < Th(x) + Tg(x) < Mh(x) + |h(x)]| .
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Lebesgue's differentiation theorem.

o Theorem. If f € L}(R) then

3 f(y)dy =f(x) aexeR.

im——

r—0 |B(X7 r)| B(x,r)

e Proof. Define T,f(x) := m fB(X n f(y) = f(x)| dy , and
set Tf(x) = limsup,_o T,f(x) .

o Take h=f — g with g € C.(R) then

Tf(x) < Th(x) + Tg(x) < Mh(x) + |h(x)| .
@ Then since {Tf > 2A} C {Mh > A} U {|h| > A} from the
weak (1,1) bounds on M and Chebyshev we have

h
(7 > A} 5g 100

. . . A/
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The Carleson operator

o Let S; for j € N be the partial Fourier sum of order j attached
to a function f € L2(1), hence
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The Carleson operator

o Let S; for j € N be the partial Fourier sum of order j attached
to a function f € L2(1), hence

Jj
— Z ’?(k) e.27ril<x )

o We define the Carleson operator by (Ex.6)

CF(x) = sup |5 (x)| ~ sup / L mii ) £y dy
TX =Y

JEN
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The Carleson operator

o Let S; for j € N be the partial Fourier sum of order j attached
to a function f € L2(1), hence
J

— Z ’?(k) e.27ril<x )

o We define the Carleson operator by (Ex.6)

[ et ing
TX =Y

@ On top of the previous symmetries for the Hilbert transform -
dilations and translations - we are now dealing with an
operator that has an extra modulation symmetry.

@ Thus

Cf(x) —sup|5 f(x)| = sup
JEN

CT,=T,C, CDy=D\C, CM. = C.



The Carleson operator

o Let S; for j € N be the partial Fourier sum of order j attached
to a function f € L2(1), hence
J

— Z ’?(k) e.27ril<x )

o We define the Carleson operator by (Ex.6)

[ et ing
TX =Y

@ On top of the previous symmetries for the Hilbert transform -
dilations and translations - we are now dealing with an
operator that has an extra modulation symmetry.

@ Thus

Cf(x) —sup|5 f(x)| = sup
JEN

CT,=T,C, CDy=D\C, CM. = C.



The Carleson operator

@ In this case we have to deal with one more symmetry given by
the modulation invariance property.

First task: understand the time-frequency behavior of M.
y

y=c localizationof M

locdizationof ¢

N X

Victor Lie A unified approach to three themes in harmonic analysis



The Carleson operator

@ In this case we have to deal with one more symmetry given by
the modulation invariance property.
First task: understand the time-frequency behavior of M.

Yy

y=c

supp ¢

X

localizationof M

locdizationof ¢

@ As a consequence, the time-frequency picture of McHM is
then given by a frequency-translation with ¢ units of the

corresponding portrait of H.
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e Since Cf(x) = sup.cr |Mc H M}f(x)|, we conclude that the
time-frequency localization of C is given by:

y
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e Since Cf(x) = sup.cr |Mc H M}f(x)|, we conclude that the

time-frequency localization of C is given by:
y

(e] ‘ =1 X
@ This suggests that C may be written (after a linearization

procedure) as Cf = ), Cpf with each Cp a linear operator
localized in a certain (Heisenberg) rectangle P.
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Historical context

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.
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Historical context

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.

@ (1922) Kolmogorov constructs an example of an L! function
whose Fourier series diverges a.e. suggesting that Luzin's
conjecture may be false.
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Historical context

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.

@ (1922) Kolmogorov constructs an example of an L! function
whose Fourier series diverges a.e. suggesting that Luzin's
conjecture may be false.

@ (1966) L. Carleson provides the positive answer to this
conjecture, setting the foundation of time-frequency analysis.
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Historical context

Theorem (Carleson, 1966)

The Carleson operator obeys the bound

ICF [ 2(m) < const [|f] 2ty ,

where here const is a positive absolute constant.
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Carleson’s theorem - story

Discretization of the Carleson operator - an overview

Victor Lie A unified approach to three themes in harmonic analysis



Carleson’s theorem - story

Discretization of the Carleson operator - an overview
@ Let C be the Carleson operator

Cf(x) —sup|5 f(x)| = sup
JEZL

/lezﬂijy f(x—y)dy
TY
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Carleson’s theorem - story

Discretization of the Carleson operator - an overview
@ Let C be the Carleson operator

Cf(x) —sup|5 f(x)| = sup /lezﬂijyf(x—y)dy
jez |Jt Y

° erte = ken Vk(y) for ly| < 1 where ¢ (y) = 2k w(2k y)
and ¢ € C5°(R) odd.
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Carleson’s theorem - story

Discretization of the Carleson operator - an overview
@ Let C be the Carleson operator

Cf(x) —sup|5 f(x)| = sup /lezﬂijyf(x—y)dy
jez |Jt Y

° erte = ken Vk(y) for ly| < 1 where ¢ (y) = 2k w(2k y)
and ¢ € C5°(R) odd.

Z/ 27 INCIY y (y) Flx — y) dy |

k>0

where N : T — Z is a measurable function (Ex.6).
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Carleson’s theorem - story

Discretization of the Carleson operator - an overview
@ Let C be the Carleson operator

Cf(x) —sup|5 f(x)| = sup /lezﬂijyf(x—y)dy
jez |Jt Y

° erte = ken Vk(y) for ly| < 1 where ¢ (y) = 2k w(2k y)
and ¢ € C5°(R) odd.

Z/ 27 INCIY y (y) Flx — y) dy |

k>0

where N : T — Z is a measurable function (Ex.6).

@ Choose the canonical dyadic grids on T x R and partition the
time-frequency plane in tiles of the form P = [w, /] with
w C R, I C T dyadic intervals such that |w| = |/|7?
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Carleson’s theorem - story
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Carleson’s theorem - story
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Carleson’s theorem - story

o Next, for P = [w, I] € P with |/| =27k (k € N) we set

Crf(x) = ( /1r TN 4y (v) F(x — y) dy) Xeqe)(x) -
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Carleson’s theorem - story

o Next, for P = [w, I] € P with |/| =27k (k € N) we set
Cof(x) = (| 2700 uly) Flx — y) ) xepy(4)
@ With this, conclude that

Cf(x) = Cpf(x).

PcP
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Carleson’s theorem - story
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Carleson’s theorem - story: tree

Definition

A collection of tiles P C P is called a tree with top Py iff
)VPeP = P<P,.

2) if P1, P, € P and P < P < P, then P € P.

=>4
e ™ S

? o wilk ’IEF T8 s

\ 4y
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Carleson’s theorem - story: tree

For P family of tiles set C* := > pcp Cp . Using now the second
criteria - the mass/weight of a tile - A(P), we have
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Carleson’s theorem - story: tree

For P family of tiles set C* := > pcp Cp . Using now the second
criteria - the mass/weight of a tile - A(P), we have

Proposition

Fix n € N. Let P C P be a tree such that
AP)=2" V PeP.

Then

€7l 5 2772
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Carleson's story: The counting function of order n

@ Break P into | J;—, P where

P,={PeP|2 "t <AP)<27"}.
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Carleson's story: The counting function of order n

@ Break P into | J;—, P where

P,={PeP|2 "t <AP)<27"}.

e Fix n € N. We say that P € P]#* iff P is maximal relative to
“<"and PeP,.
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Carleson's story: The counting function of order n

@ Break P into | J;—, P where

P,={PeP|2 "t <AP)<27"}.

e Fix n € N. We say that P € P]#* iff P is maximal relative to
“<"and PeP,.

@ Define the counting function of order n as

Na(x) ::2—1,7 Z X1p(X) -

PePpax
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Carleson's story: The counting function of order n

=1
W) ”?%%:“?‘Cx"&)
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Carleson's theorem - story: Forest

Proposition
Let P be a forest of generation n as above.
Then

ITPf]l, S 272 |Ifll -
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Carleson's theorem - story: Forest

Proposition
Let P be a forest of generation n as above.
Then

ITPf]l, S 272 |Ifll -

Key: Almost orthogonality of the trees inside P.
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Proof of the “pointwise convergence”

o Recall P= 2y Pr={PeP|27" L <AP)<27"} .
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Proof of the “pointwise convergence”

@ Now roughly
P, =Pk
k

and applying again a Cotlar-Stein argument
(almost-orthogonality)

H CPr

k
,SsupHCP"
2 k

< 9—n/2
2 ~Y
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Proof of the “pointwise convergence”

@ Now roughly
P, =Pk
k

and applying again a Cotlar-Stein argument
(almost-orthogonality)

H CPr

k
,SsupHCP"
2 k

< 9—n/2
2 ~Y

@ From this we conclude

ICl, < |c*
n=0

o0
<> g
2
n=0
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Formulation of the problem

@ For each point x € R we associate a curve [, = (t, —7x(t))
in the plane, where here t € R and

Yx() =y(x,:): R —» R,

is a real function obeying some “suitable” smoothness and
non-zero curvature conditions in the t-parameter.
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Formulation of the problem

@ For each point x € R we associate a curve [, = (t, —7x(t))
in the plane, where here t € R and

Yx() =y(x,:): R —» R,

is a real function obeying some “suitable” smoothness and
non-zero curvature conditions in the t-parameter.

@ Define now the variable family of curves in the plane
M= {rX}{XER}-
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Formulation of the problem

@ For each point x € R we associate a curve [, = (t, —7x(t))
in the plane, where here t € R and

Yx() =y(x,:): R —» R,

is a real function obeying some “suitable” smoothness and
non-zero curvature conditions in the t-parameter.

@ Define now the variable family of curves in the plane
M= {rX}{XER}-

e Task: Under minimal regularity (in x) conditions on the curve
family I, study the LP-boundedness, 1 < p < oo, of the
following operators:
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Formulation of the problem

|. Singular and maximal (sub)linear operators in 2 D

o the linear Hilbert transform along I

Hr @ S(R?) — L®(R?),

Hr(f)(x,y) :==p.v. /R fix—t, y+y(x,1t)) % :
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Formulation of the problem

|. Singular and maximal (sub)linear operators in 2 D

o the linear Hilbert transform along I

Hr @ S(R?) — L®(R?),

Hr(f)(x,y) :==p.v. /R fix—t, y+y(x,1t)) % :

e the (sub)linear maximal operator along I

Mr : S(R?) — [®(R?),
h

1
Mr(f)(xd/) .= sup ’f(X_ t7 y+7(X7 t))‘dt
h>0 2h J_p
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Formulation of the problem

[I. Carleson type operators

e the ~ - Carleson operator

C, : S(R) — L=(R),

C,f(x) = p.v. / f(x —t)el 100t ?
R
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Formulation of the problem

[I. Carleson type operators

e the ~ - Carleson operator

C, : S(R) — L=(R),

G f(x) == p.v. / f(x — t) el 7(x:t) dt
R t

e the v - maximal operator

0 S(R) — L™(R),
1/ f(x —t) e 78 gt ;
a

Victor Lie A unified approach to three themes in harmonic analysis
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Formulation of the problem

IIl. Singular and maximal (sub)bilinear operators in 1D

e the bilinear Hilbert transform along I

HE . S(R) x S(R) — L>®(R),

HF(f,g)(x) = p.v./Rf(X ) g(x +(x, 1) # ;
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Formulation of the problem

IIl. Singular and maximal (sub)bilinear operators in 1D

e the bilinear Hilbert transform along I

HE . S(R) x S(R) — L>®(R),

HF(f,g)(x) = p.v./Rf(X ) g(x +(x, 1) % ;

e the (sub)bilinear maximal operator along '
ME : S(R) x S(R) — L°(R),

1 h
ME(F.8)(x) = sup o [ [F(x— 1) g+ 1(x, 1) de.
h>0 —h
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A fundamental dichotomy: curvature versus modulation invariance

|. Hilbert transform along curves

@ We consider in the previous definitions a generic class of
curves with y(x, t) = > 7_; a;(x) #/ and {a;(-)}; arbitrary real
measurable functions. Then, one has
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A fundamental dichotomy: curvature versus modulation invariance

|. Hilbert transform along curves

@ We consider in the previous definitions a generic class of
curves with y(x, t) = > 7_; a;(x) #/ and {a;(-)}; arbitrary real
measurable functions. Then, one has

@ the zero-curvature case; prototype: n =1, with
Y(x: t) = ar(x)t.
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A fundamental dichotomy: curvature versus modulation invariance

|. Hilbert transform along curves

@ We consider in the previous definitions a generic class of
curves with y(x, t) = > 7_; a;(x) #/ and {a;(-)}; arbitrary real
measurable functions. Then, one has

@ the zero-curvature case; prototype: n =1, with
A%, £) = a1 (2t

o In this situation, letting My of(x,y) := e f(x,y), one has
that

[Hr My afll 22y = [[Hr ]l 2(r2) -
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A fundamental dichotomy: curvature versus modulation invariance

|. Hilbert transform along curves

@ We consider in the previous definitions a generic class of
curves with y(x, t) = > 7_; a;(x) #/ and {a;(-)}; arbitrary real
measurable functions. Then, one has

@ the zero-curvature case; prototype: n =1, with
A%, £) = a1 (2t

o In this situation, letting My of(x,y) := e f(x,y), one has
that

[Hr My afll 22y = [[Hr ]l 2(r2) -

@ the nonzero-curvature case ; prototype: n > 1, with
Y(x,t) = 3215 &(x) ¥/ - no linear term allowed.
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A fundamental dichotomy: curvature versus modulation invariance

|. Hilbert transform along curves

@ We consider in the previous definitions a generic class of
curves with y(x, t) = > 7_; a;(x) #/ and {a;(-)}; arbitrary real
measurable functions. Then, one has

@ the zero-curvature case; prototype: n =1, with
A%, £) = a1 (2t

o In this situation, letting My of(x,y) := e f(x,y), one has
that

[Hr My afll 22y = [[Hr ]l 2(r2) -

@ the nonzero-curvature case ; prototype: n > 1, with
Y(x,t) = 3215 &(x) ¥/ - no linear term allowed.

@ In this situation Hr has no modulation invariance symmetry.
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A fundamental dichotomy: curvature versus modulation invariance

[I. Carleson-type operators

@ We consider here Polynomial Carleson-type operators, which -
following Kolmogorov's linearization - can be written in the

form J
C f(x) = / 050 £(x — 1) &L
R t

with n € N, y(x, t) 1= 377, aj(x) t/ and {a;(+)}; arbitrary

real measurable functions.

)
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A fundamental dichotomy: curvature versus modulation invariance

[I. Carleson-type operators

@ We consider here Polynomial Carleson-type operators, which -
following Kolmogorov's linearization - can be written in the

form J
; t
G f(x) = / e/ (1) f(x—t) 5
R
with n € N, y(x, t) 1= 377, aj(x) t/ and {a;(+)}; arbitrary
real measurable functions.
@ the zero-curvature case; prototype: n = 1, with

v(x, t) = a1(x)t.

)
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A fundamental dichotomy: curvature versus modulation invariance

[I. Carleson-type operators

@ We consider here Polynomial Carleson-type operators, which -

following Kolmogorov's linearization - can be written in the
form

C,f(x) = /R el 100t) (5 — t)%
with n € N, y(x, t) 1= 377, aj(x) t/ and {a;(+)}; arbitrary
real measurable functions.

@ the zero-curvature case; prototype: n = 1, with
v(x, t) = a1(x)t.

@ In this situation, in addition to the standard commutation
relations with translation and dilation symmetries the operator
C, is invariant under the modulation symmetry :

C,M,f = C,f .

)
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A fundamental dichotomy: curvature versus modulation invariance

[I. Carleson-type operators

@ the nonzero-curvature case ; prototype: n > 1, with
Y(x, t) = 375 dj(x) ¥ - no linear term allowed.
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A fundamental dichotomy: curvature versus modulation invariance

[I. Carleson-type operators

@ the nonzero-curvature case ; prototype: n > 1, with
Y(x, t) = 375 dj(x) ¥ - no linear term allowed.

@ In this situation C, has no modulation invariance symmetry.
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A fundamental dichotomy: curvature versus modulation invariance

[Il. Bilinear Hilbert transform along curves

o Taking the generic case y(x, t) = y(t) = >_/_; a; t/ with
{aj}j real and I = (t, —(t)), we define

dt

HE(f.£)0x) = [ Flx— ) glx+2(0) T -

R t
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A fundamental dichotomy: curvature versus modulation invariance

[Il. Bilinear Hilbert transform along curves

o Taking the generic case y(x, t) = y(t) = >_/_; a; t/ with
{aj}j real and I = (t, —(t)), we define

dt

HE(f.£)0x) = [ Flx— ) glx+2(0) T -

R t

@ the zero-curvature case; prototype: n =1, v(t) = ajt with
a; € R\ {0, 1}.
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A fundamental dichotomy: curvature versus modulation invariance

[Il. Bilinear Hilbert transform along curves

o Taking the generic case y(x, t) = y(t) = >_/_; a; t/ with
{aj}j real and I = (t, —(t)), we define

dt

HE(f.£)0x) = [ Flx— ) glx+2(0) T -

R t

@ the zero-curvature case; prototype: n =1, v(t) = ajt with
a; € R\ {0, 1}.
@ In this situation, we have

HF(Mal fa Mlg) = M1+al HF(fag) .
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A fundamental dichotomy: curvature versus modulation invariance

[Il. Bilinear Hilbert transform along curves

o Taking the generic case y(x, t) = y(t) = >_/_; a; t/ with
{aj}j real and I = (t, —(t)), we define

HB(F,g)(x) := / Flx— 1) g + (1) 2L

R t

@ the zero-curvature case; prototype: n =1, v(t) = ajt with
a; € R\ {0, 1}.
@ In this situation, we have

HF(Mal fa Mlg) = M1+al HF(fag) .

@ the nonzero-curvature case ; prototype: n > 1, with
Y(t) =375 a;t/ - no linear term allowed.
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A fundamental dichotomy: curvature versus modulation invariance

[Il. Bilinear Hilbert transform along curves

o Taking the generic case y(x, t) = y(t) = >_/_; a; t/ with
{aj}j real and I = (t, —(t)), we define

dt

HE(f.£)0x) = [ Flx— ) glx+2(0) T -

R t

@ the zero-curvature case; prototype: n =1, v(t) = ajt with
a; € R\ {0, 1}.
@ In this situation, we have

HF(Mal fa Mlg) = M1+al HF(fag) .

@ the nonzero-curvature case ; prototype: n > 1, with
Y(t) =703 t/ - no linear term allowed.
@ In this situation H? has no modulation invariance symmetry.




A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the zero-curvature (flat) case all the above operators obey
suitable invariance under modulation symmetry.

Victor Lie A unified approach to three themes in harmonic analysis



A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the zero-curvature (flat) case all the above operators obey
suitable invariance under modulation symmetry.

o Consequence: any method of proof requires an approach
based on wave-packet analysis and thus in particular a
time-frequency discretization of the corresponding operator.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the zero-curvature (flat) case all the above operators obey
suitable invariance under modulation symmetry.

e Consequence: any method of proof requires an approach
based on wave-packet analysis and thus in particular a
time-frequency discretization of the corresponding operator.

@ The proof should involve concepts like mass and/or energy of
wave-packets in the spirit of the known proofs of Carleson'’s
Theorem.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the nonzero-curvature (non-flat) case there is no
modulation-invariance symmetry.

Victor Lie A unified approach to three themes in harmonic analysis



A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the nonzero-curvature (non-flat) case there is no
modulation-invariance symmetry.

@ More standard analysis can be performed on the object under
study: TT* (orthogonality methods), (non)stationary phase
principle, Van der Corput estimates, Littlewood-Paley
techniques, square-function arguments, etc.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the nonzero-curvature (non-flat) case there is no
modulation-invariance symmetry.

@ More standard analysis can be performed on the object under
study: TT* (orthogonality methods), (non)stationary phase
principle, Van der Corput estimates, Littlewood-Paley
techniques, square-function arguments, etc.

@ While discretization techniques in physical and frequency
space are still relevant, the zero frequency plays a favorite role
in this discretization
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ In the nonzero-curvature (non-flat) case there is no
modulation-invariance symmetry.

@ More standard analysis can be performed on the object under
study: TT* (orthogonality methods), (non)stationary phase
principle, Van der Corput estimates, Littlewood-Paley
techniques, square-function arguments, etc.

@ While discretization techniques in physical and frequency
space are still relevant, the zero frequency plays a favorite role
in this discretization

@ Usually, one is able to obtain a suitable scale type decay
where here the concept of “scale” should be properly adapted
to the context.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ While both situations are interesting and historically
motivated, generically speaking the zero-curvature situation
tends to be more difficult and accordingly most of the
celebrated problems in this area - some of which remain open

- regard precisely this case.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

@ While both situations are interesting and historically
motivated, generically speaking the zero-curvature situation
tends to be more difficult and accordingly most of the
celebrated problems in this area - some of which remain open
- regard precisely this case.

@ The situation of nonzero curvature can also prove challenging,
but to a lesser extent. In this context, while often regarded as
model problems for the flat case, the corresponding non-flat
case problems usually can only provide limited intuition, since,
they require yet distinct methods of proof.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

o Natural Goal: unify the two approaches corresponding to the
zero/non-zero curvature cases, and thus to provide a method
of proof for the situation in which ~ is given by a polynomial
in t with the linear term included.
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A fundamental dichotomy: curvature versus modulation invariance

Important things to learn - philosophy

o Natural Goal: unify the two approaches corresponding to the
zero/non-zero curvature cases, and thus to provide a method
of proof for the situation in which ~ is given by a polynomial
in t with the linear term included.

@ With the notable exception of the Polynomial Carleson
operator, no unified treatment is known for the other two
fundamental objects: the Hilbert and bilinear Hilbert
transform - and their maximal analogues - along curves
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o A. Constant coefficient elliptic differential operators
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o A. Constant coefficient elliptic differential operators
@ Model: Laplace/Poisson equation in RY, d > 2:

Au=f.
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o A. Constant coefficient elliptic differential operators
@ Model: Laplace/Poisson equation in RY, d > 2:

Au=f.
@ The fundamental solution U%(x) is given by

Uo(x) == —i Iog— ifd=2,

1 ]

Uo(x) = @0 |X|2 Y if d>2, (wg = Area(59)).
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o A. Constant coefficient elliptic differential operators
@ Model: Laplace/Poisson equation in RY, d > 2:

Au=Tf.
@ The fundamental solution U%(x) is given by
Uo(x) == —i Iogﬂ if d=2,
1
m |X|2 d if d > 2, (Wd = Al’ea(sd)) .
e Taking f € LP(RY), 1 < p < co and letting

o) i= [ V=) ) dy.

Au=f.

UO(X) =

one has
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o Indeed, for kjj := U)%XJ,, we have that a.e.

00+ [ hylx =) F) .

Ux;x; (x) =
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o Indeed, for kjj := U)%XJ,, we have that a.e.

() = 35700+ [ hix =) Fly) .

@ The kernel K := kj; has the following properties
e K is homogeneous of degree —d, i.e. if
Su(x) = (axi, ..., axg) then K(do(x)) =a 9 K(x), a>0.
o K is C* away from the origin;
K(x)do(x) = 0.

¢ Jix=1
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o Indeed, for kjj := U)%XJ,, we have that a.e.

() = 35700+ [ hix =) Fly) .

@ The kernel K := kj; has the following properties

e K is homogeneous of degree —d, i.e. if

Su(x) = (axi, ..., axg) then K(do(x)) =a 9 K(x), a>0.
o K is C* away from the origin;
° Jixj=1 K(x)do(x) = 0.

@ Now the map Tf := K * f represents a Calderon-Zygmund
operator and hence

[txixgll o(rey Sp [Ifllpray, 1< p<oo.
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o B. Constant coefficient parabolic differential operators
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o B. Constant coefficient parabolic differential operators
@ Model: The heat equation in Riﬂ =R x Ry, d>2

oty — Au=f.
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o B. Constant coefficient parabolic differential operators
@ Model: The heat equation in Riﬂ =R x Ry, d>2

oty — Au=f.

o For t >0 and x € RY the fundamental solution U°(x, t) is

[x|?

1
Uo(x, t) == o It 5 et .
U
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

o B. Constant coefficient parabolic differential operators
@ Model: The heat equation in Riﬂ =R x Ry, d>2
oty — Au=f.
o For t >0 and x € RY the fundamental solution U°(x, t) is
V(1) = |t %
T An
e Taking f € LP(RiH), 1 < p < oo and letting

t
u(x, t) ::/0 o Uo(x —y, t —s)f(y,s)dyds,

one has
oty — Au=f.
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

@ Indeed, one can check this since for k;; = U)?,-)g and k' = U?
UX:XJXt fOfRd U —y,t—S)f(y,S)dde7

ur(x, t) = f(x,t)—i—/ot/Rd K'(x—y, t—s)f(y,s)dyds.
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Historical background and motivation; interrelations

Historical background and motivation (1): 1.1. PDE

@ Indeed, one can check this since for k;; = U)?,-)g and k' = U?
UX:XJXt fOfRd U —y,t—S)f(y,S)dde7

ur(x, t) = f(x,t)—i—/ot/Rd K'(x—y, t—s)f(y,s)dyds.

@ The kernels K := kjj or K = k" have the following properties
o K obeys an un-isotropic dilation sym, i.e. if & > 0, d4(x,t) =
(ax,. .., axg,a?t) = K(0u(x,t)) = a 92 K(x,t);
o K(x,t) =0 fort <0;
e K is C*° away from the origin;
o [po K(x,1)dx =0;
o Jpo(1+[x])|K(x,1)]d x < oo.
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@ Indeed, one can check this since for k;; = U)?,-)g and k' = U?
UX:XJXt fOfRd U —y,t—S)f(y,S)dde7

ur(x, t) = f(x,t)—i—/ot/Rd K'(x—y, t—s)f(y,s)dyds.

@ The kernels K := kjj or K = k" have the following properties
o K obeys an un-isotropic dilation sym, i.e. if & > 0, d4(x,t) =
(ax,. .., axg,a?t) = K(0u(x,t)) = a 92 K(x,t);
o K(x,t) =0 fort <0;
e K is C*° away from the origin;
o [po K(x,1)dx =0;
o Jpo(1+[x])|K(x,1)]d x < oo.
o If Tf(x,t):= Kx*f(x,t) we have | T||,—p < oo and hence

HUtHLp(Riﬂ) + HUX;XJHLP(RiH) Sp ||f||Lp(]Rd++1)> I<p<oo.
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Historical background and motivation (1): 1.1. PDE

e C. Connections between the theme of constant
coefficient parabolic differential operators and that of
the Hilbert transform along curves.
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Historical background and motivation (1): 1.1. PDE

e C. Connections between the theme of constant
coefficient parabolic differential operators and that of
the Hilbert transform along curves.

o By Plancherel the L?-boundedness of Tf(x,t) := K * f(x, t)
follows from the L°° uniform boundedness in 0 < € < R of

1
. Es lxns?
K€7R(§,77)—/ (x 1)/ —— dsdx.
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Historical background and motivation (1): 1.1. PDE

e C. Connections between the theme of constant
coefficient parabolic differential operators and that of
the Hilbert transform along curves.

o By Plancherel the L?-boundedness of Tf(x,t) := K * f(x, t)
follows from the L*° uniform boundedness in 0 < ¢ < R of

R Es IX7752
K€7R(§,77)—/ (x 1)/ —— dsdx.

@ Based on our hypothesis on K the uniform boundedness of
Ke.r(&,m) is essentially equivalent with the L?-bdd of Hr
along a parabola (y(x, y, t) = t?) since the corresponding

multiplier for Hr is given by my (&,n) = [; & ’gtt et
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Historical background and motivation (1): 1.1. PDE

@ The systematic study of the constant coefficient parabolic
differential operators was initiated by
o F. Jones (1963); E. Fabes (1966);
o E. Fabes and M. Riviere (1966).
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Historical background and motivation (1): 1.1. PDE

@ The systematic study of the constant coefficient parabolic
differential operators was initiated by

o F. Jones (1963); E. Fabes (1966);
o E. Fabes and M. Riviere (1966).
o The L?(R?)-boundedness of the Hilbert transform along
= (t,t%) with a > 0and a # 1 (v(x,y,t) = t%) was
proved by Fabes (1966) via complex integration methods.
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Historical background and motivation (I):
[.2. Singular oscillatory integral operators

@ Departing from the uniform estimates for the parabola case,
E. Stein and S. Wainger initiated a systematic study of the
singular oscillatory integral expressions/operators.
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Historical background and motivation (I):
[.2. Singular oscillatory integral operators

@ Departing from the uniform estimates for the parabola case,
E. Stein and S. Wainger initiated a systematic study of the
singular oscillatory integral expressions/operators.

o One of their first results (1970): If {a;}7_; C Ry and
{bj}7_; CR, n € N one has

s dt
j= b ‘<K(al,...,an),

with K independent of {b;}7_;. This result is based on Van
der Corput estimates.
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Historical background and motivation (I):
[.2. Singular oscillatory integral operators

@ Departing from the uniform estimates for the parabola case,
E. Stein and S. Wainger initiated a systematic study of the
singular oscillatory integral expressions/operators.

o One of their first results (1970): If {a;}7_; C Ry and
{bj}7_; CR, n € N one has

j= b ‘<K(al,...,an),

with K independent of {b;}7_;. This result is based on Van
der Corput estimates.

e Thus, they obtained the L2(R?)—boundedness of Hr for
M= (t,7(t)) with y(t) = >7_; b t¥.



Historical background and motivation; interrelations

Historical background and motivation (I):
[.2. Singular oscillatory integral operators

@ This result was extended along the '70 decade in several
stages to more general functions 7(t) obeying suitable
smoothness and non-vanishing curvature conditions (Stein,
Wainger, Nagel, Riviere).
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Historical background and motivation (I):
[.2. Singular oscillatory integral operators

@ This result was extended along the '70 decade in several
stages to more general functions 7(t) obeying suitable
smoothness and non-vanishing curvature conditions (Stein,
Wainger, Nagel, Riviere).

@ A main breakthrough was the proof of the LP(RY) inequalities
(1 < p# 2 < o) for Hr and later for the associated maximal
operator Mr.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ The zero curvature case.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ The zero curvature case.

@ This topic originates in Lebesgue’s theory of integration;
Lebesgue showed that for any (locally) integrable function
over the real line and for almost every point, the value of the
integrable function is the limit of infinitesimal averages taken
about the point.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ The zero curvature case.

@ This topic originates in Lebesgue’s theory of integration;
Lebesgue showed that for any (locally) integrable function
over the real line and for almost every point, the value of the
integrable function is the limit of infinitesimal averages taken
about the point.

@ Natural question: what about similar differentiability results in
higher dimensions, say for functions on R??

Victor Lie A unified approach to three themes in harmonic analysis



Historical background and motivation; interrelations
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@ The zero curvature case.

@ This topic originates in Lebesgue’s theory of integration;
Lebesgue showed that for any (locally) integrable function
over the real line and for almost every point, the value of the
integrable function is the limit of infinitesimal averages taken
about the point.

@ Natural question: what about similar differentiability results in
higher dimensions, say for functions on R??

@ This problem is much more subtle: reason - the existence of
“pathological” objects such as Besicovitch sets.
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Historical background and motivation (I):
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@ The zero curvature case.

@ This topic originates in Lebesgue’s theory of integration;
Lebesgue showed that for any (locally) integrable function
over the real line and for almost every point, the value of the
integrable function is the limit of infinitesimal averages taken
about the point.

@ Natural question: what about similar differentiability results in
higher dimensions, say for functions on R??

@ This problem is much more subtle: reason - the existence of
“pathological” objects such as Besicovitch sets.

@ Indeed, the geometry of the sets over which we take the
averages is critical for the well-posedness of this problem.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ In light of these challenging aspects of higher-dimensional
differentiation problem, an alternative line of inquiry is offered
by studying the problem of differentiation for averages along
(variable) one-dimensional sets (curves) in R2.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ In light of these challenging aspects of higher-dimensional
differentiation problem, an alternative line of inquiry is offered
by studying the problem of differentiation for averages along
(variable) one-dimensional sets (curves) in R2.

@ The most representative example in this context is given by
Zygmund's conjecture, which, informally, asks about
differentiability of averages along families of lines whose
directions are described by a Lipschitz vector field.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

(Zygmund) Ifu: R? — R is a Lipschitz vector field then the
maximal operator

1 €
Mu760f(xay) ‘= sup ? ‘f(X—t,y—U(X,y)t)’dt,
O0<e<eg ¢€ J—¢
is bounded on LP(R?) for any 1 < p < oo provided € is small
enough depending on ||ul|jp.

Victor Lie A unified approach to three themes in harmonic analysis



Historical background and motivation; interrelations

Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

(Stein) /fu: R? — R is a Lipschitz vector field the Hilbert
transform

o dt
Hueof(x,y) = p.v. f(x—ty— u(x,y)t)T,

—€0

is bounded on LP(R?) for any 1 < p < oo provided €y is small
enough depending on ||ul|jp.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

(Stein) /fu: R? — R is a Lipschitz vector field the Hilbert
transform

€0 dt
Hueof(x,y) = p.v. / f(x—t,y—u(x,y)t) i
e
is bounded on LP(R?) for any 1 < p < oo provided €y is small
enough depending on ||ul|jp.

A counterexample based on a construction of the
Besicovitch-Kakeya set shows that one cannot expect any LP
bounds if u is only assumed to be Holder continuous with some
exponent < 1.
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

e Bourgain (1989) proved that for every real analytic function u
there exists ¢o > 0 such that M, , is bounded on L2 (LP).

Victor Lie A unified approach to three themes in harmonic analysis



Historical background and motivation; interrelations

Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

e Bourgain (1989) proved that for every real analytic function u
there exists ¢o > 0 such that M, , is bounded on L2 (LP).
@ The analogue for H, ¢, was proved by Stein and Street (2012).
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e Bourgain (1989) proved that for every real analytic function u
there exists ¢o > 0 such that M, , is bounded on L2 (LP).

@ The analogue for H, ¢, was proved by Stein and Street (2012).

@ In between, LP bounds were shown for both M, ., and H, ¢,
under the assumption of extra-curvature/smoothness (Christ,
Nagel, Stein and Wainger)
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

e Bourgain (1989) proved that for every real analytic function u
there exists ¢o > 0 such that M, , is bounded on L2 (LP).

@ The analogue for H, ¢, was proved by Stein and Street (2012).

@ In between, LP bounds were shown for both M, ., and H, ¢,
under the assumption of extra-curvature/smoothness (Christ,
Nagel, Stein and Wainger)

@ A breakthrough in terms of the methods/regularity
assumptions is due to Lacey and Li (2006). They showed - up
to a conditional bound on a Kakeya type maximal operator -
that if uis C1*€ then H, is bounded on L2.
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e Bourgain (1989) proved that for every real analytic function u
there exists ¢o > 0 such that M, , is bounded on L2 (LP).

@ The analogue for H, ¢, was proved by Stein and Street (2012).

@ In between, LP bounds were shown for both M, ., and H, ¢,
under the assumption of extra-curvature/smoothness (Christ,
Nagel, Stein and Wainger)

@ A breakthrough in terms of the methods/regularity
assumptions is due to Lacey and Li (2006). They showed - up
to a conditional bound on a Kakeya type maximal operator -
that if uis C1*€ then H, is bounded on L2.

o If u= u(x) (single variable) and measurable then H,, is LP
bounded for p > % (Bateman and Thiele 2013); a similar
result if u is constant along a Lispchitz curve was proved by
Guo (2017).
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Historical background and motivation (I):

|.3. Zygmund's diff. conj.; other curved models
@ The non-zero curvature case:
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Historical background and motivation (I):

|.3. Zygmund's diff. conj.; other curved models
@ The non-zero curvature case:

o If v(x,y,t) = x7(t) with 4 suitable smooth & convex then
Hr is LP(R?)-bdd. for p > 1 (Carbery, Wainger, Wright 1995);
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Historical background and motivation (I):

|.3. Zygmund's diff. conj.; other curved models
@ The non-zero curvature case:

o If v(x,y,t) = x7(t) with 4 suitable smooth & convex then
Hr is LP(R?)-bdd. for p > 1 (Carbery, Wainger, Wright 1995);

o If v(x,y,t) = P(x)#(t) with P polynomial and 4 smooth and
obeying various non-vanishing curv. cond. then Hr is L?(IR?)
bdd. (Bennett, 2002; Chen and Zhu, 2012; Li and Yu, 2018);
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Historical background and motivation (I):

|.3. Zygmund's diff. conj.; other curved models
@ The non-zero curvature case:

o If v(x,y,t) = x7(t) with 4 suitable smooth & convex then
Hr is LP(R?)-bdd. for p > 1 (Carbery, Wainger, Wright 1995);
o If v(x,y,t) = P(x)#(t) with P polynomial and 4 smooth and
obeying various non-vanishing curv. cond. then Hr is L?(IR?)
bdd. (Bennett, 2002; Chen and Zhu, 2012; Li and Yu, 2018);
o If v(x,y,t) = u(x) t* with u(x) only measurable and
1# a >0, Hr and Mr are LP(R?)-bdd. for p > 1 (Guo,
Hickman, L. and Roos, 2016);
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Historical background and motivation (I):

|.3. Zygmund's diff. conj.; other curved models
@ The non-zero curvature case:

o If v(x,y,t) = x7(t) with 4 suitable smooth & convex then
Hr is LP(R?)-bdd. for p > 1 (Carbery, Wainger, Wright 1995);

o If v(x,y,t) = P(x)#(t) with P polynomial and 4 smooth and
obeying various non-vanishing curv. cond. then Hr is L?(IR?)
bdd. (Bennett, 2002; Chen and Zhu, 2012; Li and Yu, 2018);

o If v(x,y,t) = u(x) t* with u(x) only measurable and
1# a >0, Hr and Mr are LP(R?)-bdd. for p > 1 (Guo,
Hickman, L. and Roos, 2016);

o If v(x,y,t) = u(x)7(t) with u(x) measurable and 5(t)
smooth obeying stringent non-vanishing curvature conditions
then Hr is LP(R?)-bdd. for p > 1 (Yu and Li, 2018)
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Historical background and motivation (I):

|.3. Zygmund's diff. conj.; other curved models
@ The non-zero curvature case:

o If v(x,y,t) = x7(t) with 4 suitable smooth & convex then
Hr is LP(R?)-bdd. for p > 1 (Carbery, Wainger, Wright 1995);

o If v(x,y,t) = P(x)#(t) with P polynomial and 4 smooth and
obeying various non-vanishing curv. cond. then Hr is L?(IR?)
bdd. (Bennett, 2002; Chen and Zhu, 2012; Li and Yu, 2018);

o If v(x,y,t) = u(x) t* with u(x) only measurable and
1# a >0, Hr and Mr are LP(R?)-bdd. for p > 1 (Guo,
Hickman, L. and Roos, 2016);

o If v(x,y,t) = u(x)7(t) with u(x) measurable and 5(t)
smooth obeying stringent non-vanishing curvature conditions
then Hr is LP(R?)-bdd. for p > 1 (Yu and Li, 2018)

@ The same type result for more general curves 5(t) (L., 2016,
unpublished note)
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ The non-zero curvature case:
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Historical background and motivation (I):
|.3. Zygmund's diff. conj.; other curved models

@ The non-zero curvature case:
o If v(x,y,t) = u(x,y) t* with « > 0, @ # 1 one has
o If one assumes supplementary regularity in x, y (convexity and
doubling hypothesis uniformly in (x,y)) then Mr, Hr are
LP(R?)-bounded for p > 1 (Seeger and Wainger, 2003).
o If u measurable then Mr is LP(R?)—bounded for p > 2
(Marletta and Ricci, 1998);
o If uis Lipschitz then the above holds for 1 < p < 2 (Guo,
Hickman, L. and Roos, 2016);
e Same paper, u is Lipschitz then Hr o Pf is bounded on LP;
e Using the annulus estimate above and a square function
argument, Di Plinio, Guo, Thiele and Zorin-Kranich, (2017)
completed the global result for Hr.
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Historical background and motivation (II):
[1.1. Maximal singular oscillatory integral operators

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.
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Historical background and motivation (II):
[1.1. Maximal singular oscillatory integral operators

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.

@ (1922) Kolmogorov constructs an example of an L! function
whose Fourier series diverges a.e. suggesting that Luzin's
conjecture may be false.
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Historical background and motivation (II):
[1.1. Maximal singular oscillatory integral operators

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.

@ (1922) Kolmogorov constructs an example of an L! function
whose Fourier series diverges a.e. suggesting that Luzin's
conjecture may be false.

@ (1966) L. Carleson provides the positive answer to this
conjecture, setting the foundation of time-frequency analysis.
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Historical background and motivation (II):
[1.1. Maximal singular oscillatory integral operators

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.

@ (1922) Kolmogorov constructs an example of an L! function
whose Fourier series diverges a.e. suggesting that Luzin's
conjecture may be false.

@ (1966) L. Carleson provides the positive answer to this
conjecture, setting the foundation of time-frequency analysis.

e Carleson’s proof relied on/equivalent with the L? boundedness
of the Carleson operator.
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Historical background and motivation (II):
[1.1. Maximal singular oscillatory integral operators

@ (1913) Luzin conjectures that if f is square integrable then its
Fourier series converges to f almost everywhere.

@ (1922) Kolmogorov constructs an example of an L! function
whose Fourier series diverges a.e. suggesting that Luzin's
conjecture may be false.

@ (1966) L. Carleson provides the positive answer to this
conjecture, setting the foundation of time-frequency analysis.

e Carleson’s proof relied on/equivalent with the L? boundedness
of the Carleson operator.

e R. Hunt (1969) further proved that C : LP(R) — LP(R) for
1 < p < oo while Sjélin (1971) extend this result to higher
dimensions.
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators

Motivated by the study of singular integral on the Heisenberg
group as well as on the previously discussed work with Wainger on
the Hilbert transform along curves, E. Stein proposed the following
generalization of Carleson’s result:
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators
Motivated by the study of singular integral on the Heisenberg
group as well as on the previously discussed work with Wainger on
the Hilbert transform along curves, E. Stein proposed the following
generalization of Carleson’s result:

Conjecture

(Stein, 1995) Let % 34, be the class of all real-coefficient
polynomials in d variables with no constant term and of degree less
than or equal to n, and let K be a suitable CZ kernel on RY. Then
the Polynomial Carleson operator defined as
Canf(x) = sup ‘ / e’ QK (y) f(x —y) dy
Q&3 , | /R

obeys, for any 1 < p < oo, the bound

|Cdnf | P(Rd f [LP(Rd
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators
@ In 2001, relying on Van der Corput estimates and TT*
method, Stein and Wainger verified the above conjecture for
the case when the supremum in the above expression ranges
only through polynomials having no linear term. Notice thus
that this result does not extend Carleson’s Theorem.
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators
@ In 2001, relying on Van der Corput estimates and TT*
method, Stein and Wainger verified the above conjecture for
the case when the supremum in the above expression ranges
only through polynomials having no linear term. Notice thus
that this result does not extend Carleson’s Theorem.

@ In 2009 (L., PhD thesis) we solved this conjecture in the case
d=1,n=2 p=2.
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators
@ In 2001, relying on Van der Corput estimates and TT*
method, Stein and Wainger verified the above conjecture for
the case when the supremum in the above expression ranges
only through polynomials having no linear term. Notice thus
that this result does not extend Carleson’s Theorem.

@ In 2009 (L., PhD thesis) we solved this conjecture in the case
d=1,n=2 p=2.
@ In 2011 we completely solved the one dimensional case.
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators

@ In 2001, relying on Van der Corput estimates and TT*
method, Stein and Wainger verified the above conjecture for
the case when the supremum in the above expression ranges
only through polynomials having no linear term. Notice thus
that this result does not extend Carleson’s Theorem.

@ In 2009 (L., PhD thesis) we solved this conjecture in the case
d=1,n=2 p=2.

@ In 2011 we completely solved the one dimensional case.

@ In November 2017, based on our methods, Zorin-Kranich
proved the higher dimensional case for p > 2 and more
general CZ kernels (not necessarily translation invariant).
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Historical background and motivation (II):

[1.1. Maximal singular oscillatory integral operators

@ In 2001, relying on Van der Corput estimates and TT*
method, Stein and Wainger verified the above conjecture for
the case when the supremum in the above expression ranges
only through polynomials having no linear term. Notice thus
that this result does not extend Carleson’s Theorem.

@ In 2009 (L., PhD thesis) we solved this conjecture in the case
d=1,n=2 p=2.

@ In 2011 we completely solved the one dimensional case.

@ In November 2017, based on our methods, Zorin-Kranich
proved the higher dimensional case for p > 2 and more
general CZ kernels (not necessarily translation invariant).

@ In December 2017 we provided the full range of p for the
original class (tran. inv.) of CZ kernels and one month later
Zorin-Kranich completed his argument for 1 < p < 2.
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Historical background and motivation (II):
[1.2. Connection with the Hilbert transform along curves

o Take y(x,t) == > aj(x) t/ with a;(-) being measurable

functions. Take as usual ', = (t, —y(x, t)) on R? and

dt
Hrf(x,y) = po. [ Flx= oy a(x )
R
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Historical background and motivation (II):
[1.2. Connection with the Hilbert transform along curves

o Take y(x,t) := Y7, aj(x) t/ with a;(-) being measurable
functions. Take as usual ', = (t, —y(x, t)) on R? and

dt
Hrf(x,y) = po. [ Flx= oy a(x )
R

@ Now the L?—boundedness of Hr is equivalent via Parseval

ei"]’Y(th) 2
/ /f(x—t,n)dt
R2 [JR t

dx dn S ()12 g2y -
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Historical background and motivation; interrelations

Historical background and motivation (II):
[1.2. Connection with the Hilbert transform along curves

o Take y(x,t) == > aj(x) t/ with a;(-) being measurable

functions. Take as usual ', = (t, —y(x, t)) on R? and

dt
Hrf(x,y) = po. [ Flx= oy a(x )
R

@ Now the L?—boundedness of Hr is equivalent via Parseval

ei"]’Y(th) 2
/ /f(x—t,n)dt
R2 [JR t

o Conclude that the L2—boundedness of Hr implies (and is in
fact equivalent) with the L? boundedness of the (Polynomial)
Carleson operator in 1 D.

dx dn S ()12 g2y -
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Historical background and motivation; interrelations

Historical background and motivation: Ill.1. Bilinear

Hilbert transform and maximal operators along curves
@ The original formulation of this third theme, as with those of
the previous two, was cast in terms of a single variable
dependence, i.e. for curves y(x, t) = y(t).
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Historical background and motivation; interrelations

Historical background and motivation: Ill.1. Bilinear

Hilbert transform and maximal operators along curves

@ The original formulation of this third theme, as with those of
the previous two, was cast in terms of a single variable

dependence, i.e. for curves y(x, t) = y(t).
@ General Problem Let I' := (t, —y(t)) be a plane curve with ~

a suitable (piecewise) smooth real function. Goal: Understand
the conditions on the curve [ under which one has that
o the bilinear Hilbert transform along the curve I'

HE(f.£)(x) = p.v. / Fx — £) g(x + (1))

o the (sub)bilinear maximal operator along the curve I

dt
t )

€

ME(F.)()i=sup 5 [ 1FGx— 1) g+ 2 (2)) e

each map LP(R) x L9(R) — LP(R) boundedly for some
p,q, r>1witht41=1
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Historical background and motivation: Ill.1. Bilinear
Hilbert transform and maximal operators along curves

@ The original formulation of this third theme, as with those of
the previous two, was cast in terms of a single variable
dependence, i.e. for curves y(x, t) = y(t).
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Historical background and motivation: Ill.1. Bilinear
Hilbert transform and maximal operators along curves

@ The original formulation of this third theme, as with those of
the previous two, was cast in terms of a single variable
dependence, i.e. for curves y(x, t) = y(t).

@ The zero-curvature/flat case: y(t) = at with a € R\ {-1,0}.
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Historical background and motivation; interrelations

Historical background and motivation: Ill.1. Bilinear
Hilbert transform and maximal operators along curves

@ The original formulation of this third theme, as with those of
the previous two, was cast in terms of a single variable
dependence, i.e. for curves y(x, t) = y(t).

@ The zero-curvature/flat case: y(t) = at with a € R\ {-1,0}.

@ This theme arose in the study of the Cauchy transform along
Lipschitz curves. Indeed, this study led Calderdn to conjecture
the LP x L9 — L" boundedness of the Bilinear Hilbert
transform (BHT) Hé with y(t) = at and a € R\ {—1,0} for

Holder exponents % + % = % with p, g, r > 1.
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Definition. For « € R and f,g € S(R) set the BHT
dt
Ha(fag)(X) = pV/ f(X — t) g(X — « t) -

R t
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Definition. For « € R and f, g € S(R) set the BHT
dt
H.(f,g)(x) := p.v. /R f(x—t)g(x—at) -
@ Origin. The BHT arose from the study of the Cauchy integral
(Hilbert transform) on Lipschitz curves - research initiated by
A. Calderon.
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Definition. For « € R and f,g € S(R) set the BHT

H.(f,g)(x) := p.v. /R fix—t)g(x—a t)% .

@ Origin. The BHT arose from the study of the Cauchy integral
(Hilbert transform) on Lipschitz curves - research initiated by
A. Calderon.

o Let y(x) = x + i A(x) curve in C with A’ = a € L°(R). The
Hilbert transform on + is given by

o f(y)(1+ia(y))
H,f(x) == p. ~/Rx_y+i(A(X)—A(Y))

dy.
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Definition. For « € R and f,g € S(R) set the BHT

Hu(f,g)(x) = p.v./Rf(x— t)g(x — at)ﬂ

-

@ Origin. The BHT arose from the study of the Cauchy integral
(Hilbert transform) on Lipschitz curves - research initiated by
A. Calderon.

o Let y(x) = x + i A(x) curve in C with A’ = a € L°(R). The
Hilbert transform on + is given by

oy fly) (1 +ia(y))
i) = [T R

Theorem. (Calderon (1977)/ Coifman, Mclntosh, Meyer (1982))
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Use Taylor series

L _ LSk (AR - AN
X—y+i(A(X)—A(y))_X—ykZ( )< x—y >

=0
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Use Taylor series

L _ 1 e (A AW
X—y+i(A(X)—A(y))_X—ykZ( )< x—y >

=0

o Naturally led to the study

) — K
Ckf(x):p.v./R(A}(X)_y/)i(_{l))f(y)dy7 keN
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

o Use Taylor series

L _ 1 e (A AW
X—y+i(A(X)—A(y))_X—ykZ( )< x—y >

=0

o Naturally led to the study

) — K
Ckf(x):p.v./R(A}(X)_y/)i(_{l))f(y)dy7 keN

@ (y Hilbert transform; C; - Calderon’s first commutator:

art= [ [ Vot aly %)

f(y) dady

X=Yy
1 1 1

:// a(x—ay)f(x—y)dady:/ H.(f,a)(x) da .
0 y 0



Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

@ Thoerem (Lacey-Thiele (1997,1999)). For a ¢ {0,1} the

BHT obeys
IHa(f,8)llr < ClIfllp llgllq
With%z%#—%,%<r<ooand1<p,q§oo.
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Bilinear Hilbert transform - flat case

@ Thoerem (Lacey-Thiele (1997,1999)). For a ¢ {0,1} the
BHT obeys

IHa(f, &)l < Clifllpligllq
With%z%#—%,%<r<ooand1<p,q§oo.
@ Facts. The BHT has the following symmetries

Ho(Tyf, Tyg) = TyHa(f, 8), Ha(Daf, Drg) = DrHa(f, 8)
Ha(Maafa M—ag) = M(afl)aHa(fag)
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Historical background and motivation; interrelations

Bilinear Hilbert transform - flat case

@ Thoerem (Lacey-Thiele (1997,1999)). For a ¢ {0,1} the
BHT obeys

IHa(f, &)l < Clifllpligllq
With%z%#—%,%<r<ooand1<p,q§oo.
@ Facts. The BHT has the following symmetries

Ho(Tyf, Tyg) = TyHa(f, 8), Ha(Daf, Drg) = DrHa(f, 8)
Ha(Maafa M—ag) = M(afl)aHa(fag)

o Consequences. The extra modulation symmetry suggests the
use of the wave-packet theory.

- / / sgn(& + am) F(€) &(n) € T de dy
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Historical background and motivation; interrelations

Bilinear Hilbert transform - nonflat case

@ By analogy with the study of the boundedness properties of
the Hilbert transform along curves (initiated by Jones/Fabes
and Riviere) one can ask the following

e Problem. For what class of curves I' = (t,v(t)) € R? can
one provide bounds for the BHT along I defined by

He(f,£)(x) == pv. [ Flx— Dglx (1) 7

R t
o Theorem (X. Li, 2008). If I = (¢, t?) with d € N, d > 2 then

Hr : [?(R) x [*(R) — LY(R),.

@ His proof uses a “half” discretization of the symbol of H and
further relies essentially on the o—uniformity concept inspired
by the work of Gowers.
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Historical background and motivation; interrelations

Bilinear Hilbert transform - nonflat case

@ Theorem (L.,2011,2015). If v is a smooth “non-flat” curve

near zero and infinity then Hr : LP(R) x L9(R) — L(/R).
with 2 + ¢ = 7.

@ Observation. The class of curves contains

@ the real polynomial with no constant and no linear term;

@ the class of real analytic function near 0 (and o) such that
7(0) =+(0) = 0 (v(o0) = 7'(00) = 0);

o finite lin. combin. of |t|* (log [t|)? with a, B € R, a ¢ {0, 1};
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Historical background and motivation; interrelations

Bilinear Hilbert transform - nonflat case

@ About the proof.

@ Does not involve the notion of o—uniformity used by Li in the
monomial case;

@ This discretization realizes the fragile equilibrium between the
two possible extremes:

@ cut too rough the multiplier = can not take advantage of the
cancelation offered by the phase

@ cut too fine = delicate number theoretical problems involving
Van der Corput lemma and Weyl type sums
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The Hilbert transform and maximal operator along variable curves

Recall our goal

Main Problem

(General Formulation) Let T'(, ,y = (t, y(x,y,t)) be a variable
curve in the plane, where here t € R and (x,y) € R? while

V(X,y)(') = V(vav') R =R

is a “suitable” real function.
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The Hilbert transform and maximal operator along variable curves

Recall our goal

Main Problem

(General Formulation) Let T'(, ,y = (t, y(x,y,t)) be a variable
curve in the plane, where here t € R and (x,y) € R? while

V(X,y)(') = V(vav') R =R

is a “suitable” real function. Under what conditions on the curve
[(x,y) - [main target: minimal regularity in x and y| - do we have
that the three groups of operators satisfy the natural boundedness
range?

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

@ In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with
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The Hilbert transform and maximal operator along variable curves

@ In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with

@ minimal regularity in the variable x: for every t € R the
function (-, t) is only measurable;

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

@ In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with

@ minimal regularity in the variable x: for every t € R the
function (-, t) is only measurable;

o ‘“non-flatness” and low degree smoothness (minimal - C2
(piecewise)) in the variable t for a.e. x € R.
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@ In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with

@ minimal regularity in the variable x: for every t € R the
function (-, t) is only measurable;

o ‘“non-flatness” and low degree smoothness (minimal - C2
(piecewise)) in the variable t for a.e. x € R.

e Motivation/interest

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

@ In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with

@ minimal regularity in the variable x: for every t € R the
function (-, t) is only measurable;

o ‘“non-flatness” and low degree smoothness (minimal - C2
(piecewise)) in the variable t for a.e. x € R.

e Motivation/interest

@ develop an extensive study that provides a unitary and sharp
method of treating simultaneously both the Hilbert transform
and the maximal operator along curves - as opposed to the
disparate previous ad-hoc techniques
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The Hilbert transform and maximal operator along variable curves

In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with

minimal regularity in the variable x: for every t € R the
function (-, t) is only measurable;

“non-flatness” and low degree smoothness (minimal - C?
(piecewise)) in the variable t for a.e. x € R.
Motivation/interest

develop an extensive study that provides a unitary and sharp
method of treating simultaneously both the Hilbert transform
and the maximal operator along curves - as opposed to the
disparate previous ad-hoc techniques

implement an approach that introduces time-frequency
analysis/wave-packet analysis
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The Hilbert transform and maximal operator along variable curves

In our present study we will focus on the twisted
mutivariable-case ~(x, y, t) = v(x, t) with

minimal regularity in the variable x: for every t € R the
function (-, t) is only measurable;

“non-flatness” and low degree smoothness (minimal - C?
(piecewise)) in the variable t for a.e. x € R.
Motivation/interest

develop an extensive study that provides a unitary and sharp
method of treating simultaneously both the Hilbert transform
and the maximal operator along curves - as opposed to the
disparate previous ad-hoc techniques

implement an approach that introduces time-frequency
analysis/wave-packet analysis

gather under the same umbrella several themes in harmonic
analysis: maximal singular integral operators in the spirit of
Stein-Wainger, Carleson type-operators, Hilbert

ansiorm/maximal aonerato alonge
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The Hilbert transform and maximal operator along variable curves

Theorem (L.,2019)

(
Let ’y(x t): R?2 — R be such
(1)

° fy(x, -) is “non-flat” in the variable t for a.e. x € R and
piecewise C2-smooth;

is measurable for every t € R;

@ -y satisfy suitable nondegeneracy condition.

Then, for any 1 < p < oo, one has

||Hrf||pv ||Mrf||p7 ||C'yf”p Sp ||f||p'
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The Hilbert transform and maximal operator along variable curves

Examples of v(x, t) for which our results hold:
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The Hilbert transform and maximal operator along variable curves

Examples of v(x, t) for which our results hold:

o (x,t) = a(x)~(t) with a(-) real measurable and
7(:) € C?(R\ {0}) "non-doubling and uniformly locally
convex away from the origin”;
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The Hilbert transform and maximal operator along variable curves

Examples of v(x, t) for which our results hold:

o (x,t) = a(x)~(t) with a(-) real measurable and
7(:) € C?(R\ {0}) "non-doubling and uniformly locally
convex away from the origin”;
(e.g. ~(t) = Zle ¢t withd €N, ¢; € R and
aj € R\ {—1, 1} and even linear combinations of terms of the
form |t|*|log|t||? with o, B € R and o ¢ {~1,0,1}).
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The Hilbert transform and maximal operator along variable curves

Examples of v(x, t) for which our results hold:

o (x,t) = a(x)~(t) with a(-) real measurable and
7(:) € C?(R\ {0}) "non-doubling and uniformly locally
convex away from the origin”;
(e.g. ~(t) = Zle ¢t withd €N, ¢; € R and
aj € R\ {—1, 1} and even linear combinations of terms of the
form |t|*|log|t||? with o, B € R and o ¢ {~1,0,1}).

° y(x,t) = 27:2 aj(x) t/ where here d € N with d > 2 and
{aj}; real measurable functions.
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The Hilbert transform and maximal operator along variable curves

Examples of v(x, t) for which our results hold:

o (x,t) = a(x)~(t) with a(-) real measurable and
7(:) € C?(R\ {0}) "non-doubling and uniformly locally
convex away from the origin”;
(e.g. ~(t) = Zle ¢t withd €N, ¢; € R and
aj € R\ {—1, 1} and even linear combinations of terms of the
form |t|*|log|t||? with o, B € R and o ¢ {~1,0,1}).

° y(x,t) = 27:2 aj(x) t/ where here d € N with d > 2 and
{aj}; real measurable functions.

e More generally, v(x,t) = 27:1 aj(x) t% with

aj € R\ {—1,1} and {a;}; as before.
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The Hilbert transform and maximal operator along variable curves

Examples of v(x, t) for which our results hold:

o (x,t) = a(x)~(t) with a(-) real measurable and
7(:) € C?(R\ {0}) "non-doubling and uniformly locally
convex away from the origin”;
(e.g. ~(t) = Zle ¢t withd €N, ¢; € R and
aj € R\ {—1, 1} and even linear combinations of terms of the
form |t|*|log|t||? with o, B € R and o ¢ {~1,0,1}).

° y(x,t) = 27:2 aj(x) t/ where here d € N with d > 2 and

{aj}; real measurable functions.

e More generally, v(x,t) = 27:1 aj(x) t% with

aj € R\ {—1,1} and {a;}; as before.

@ Even large classes of rational functions with measurable
coefficients.
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The Hilbert transform and maximal operator along variable curves

Corollary (L.,2019)

Let a := (aj)]_; with {a;}7_; C R\ {-1,1} (distinct) and set

1

e {Z bj y* [{bj}j_1 CR}.

=

Then the Generalized Polynomial type Carleson operator defined as
Caf(x) := sup

/ e f(x—y) Y|
Qe%& R y

obeys for 1 < p < oo the bound

| Cafllrm) Sa,p I llLo() -
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The Hilbert transform and maximal operator along variable curves

Corollary (L.,2019)

Let a := (aj)]_; with {a;}7_; C R\ {-1,1} (distinct) and set

1

e {Z bj y* [{bj}j_1 CR}.

=

Then the Generalized Polynomial type Carleson operator defined as
Caf(x) := sup

/ e f(x—y) Y|
Qe%& R y

obeys for 1 < p < oo the bound

| Cafllrm) Sa,p I llLo() -

In particular, this extends Stein-Wainger result on the Polynomial
Carleson-type operator with the supremum ranging only through
polynomials of degree < n and having no constant and linear term.
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

o If regarded from the Fourier side, Hi takes the form

Hef(xoy) = [ R nms,n, x)d(e.n),

where the multiplier is given by

m(x,g,n):p,v_/ e—i€triny(t) 9t
R

t
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

o If regarded from the Fourier side, Hi takes the form

Hef(xoy) = [ R nms,n, x)d(e.n),

where the multiplier is given by

dt
— —igttiny(t) 22
m(x,&,m) = p.v. / h

@ If p smooth, compactly supported function, we decompose

% = 2p(2t).

JEZ
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

o If regarded from the Fourier side, Hi takes the form

Hef(xoy) = [ R nms,n, x)d(e.n),

where the multiplier is given by

eetinmn(o) At
m(X7§77’]):p_v_/e’§t+’n7x(t)t'

o If p smooth, compactly supported function, we decompose

- _ZQJ QJt

@ We end the first stage decomp05|t|on of m, by writing
m= Z M)

) _ —ie2 Jt+iny (27t
mix&n) = [ e M2 (1)t
R



The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ Since we are dealing with a highly oscillatory integrand, it is
natural to expect an analysis of the phase according to the
principle of non/ stationary phase (PDE - “resonance
method"”).

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ Since we are dealing with a highly oscillatory integrand, it is
natural to expect an analysis of the phase according to the

principle of non/ stationary phase (PDE - “resonance
method"”).

@ If we set the phase function

£ t
Prxen(t) = =t nx(55)
d ¢ i
— —_ 2 —J
dt 90%&5,77(1:) T 2_/ + 772 fyX(2J) °
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ Since we are dealing with a highly oscillatory integrand, it is
natural to expect an analysis of the phase according to the

principle of non/ stationary phase (PDE - “resonance
method"”).

@ If we set the phase function

£ t
Prxen(t) = =t nx(55)
d ¢ i
— —_ 2 —J
dt 90%&5,77(1:) T 2_/ + 772 fyX(2J)

@ At the heuristic level, based on the properties of v

d P
Sz Prxen(t) m =€270 + 27 7 (27).
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ It becomes natural to apply a further decomposition relative
to the size of the terms involved in the phase derivative:

1= Y o222

m,n€Z

with ¢ € Cg°(R), supp {5 < [¢] < 2} and 3,7 6(£/2F) = 1.
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ It becomes natural to apply a further decomposition relative
to the size of the terms involved in the phase derivative:

21 2*1"2*1'

m,n€Z

with ¢ € C5°(R), supp {3 < [¢] <2} and Y0 6(€/2%) =
@ With these done, we write

g2 2l (27)
=) o

mj.nm(x, €, ) 1= mj(x,€,m) 6(= )
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ It becomes natural to apply a further decomposition relative
to the size of the terms involved in the phase derivative:

2 J n2=~ (27
m,n€Z

with ¢ € C5°(R), supp {3 < [¢] <2} and Y0 6(€/2%) =
@ With these done, we write

g2/

n27J 72(2‘1))

im0, €.1) 1= i, € m) S5 ) 6L

)

@ Deduce

mi(,&n) == > Mimn(x,&n).

m,n€Z
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ We split our multiplier's analysis in three regions:
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ We split our multiplier's analysis in three regions:
o (I) the low frequency case - no oscillation present:

L __ . .
mj - E mj mn,

(m,n)€(Z_)?
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ We split our multiplier's analysis in three regions:
o (I) the low frequency case - no oscillation present:

L_ .
m; = E M m,n;

(m,n)€(Z_)?

o () the high frequency far from diagonal case - no stationary
points present:

HFA .
m; = § Mj m,n;

(m,m)eZ?\((Z-)?UA)
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The Hilbert transform and maximal operator along variable curves

Multiplier analysis

@ We split our multiplier's analysis in three regions:
o (I) the low frequency case - no oscillation present:

L_ .
m; = E M m,n;

(m,n)€(Z_)?

o () the high frequency far from diagonal case - no stationary
points present:

HFA .
m; = § Mj m,n;

(m,m)eZ?\((Z-)?UA)

o (1) the high frequency diagonal case - stationary points

present:
mit = > M,
(m,n)eA
where here A = {(n,m) € Z? : n,m >0, |n—m| < C(y)},
C(~) > 1 a large constant depending only on
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ (1) The low frequency case can be treated globally in the j
parameter. Is the only case in which one sees the distinction
between the maximal operator and the Hilbert transform.
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ (1) The low frequency case can be treated globally in the j
parameter. Is the only case in which one sees the distinction
between the maximal operator and the Hilbert transform.

o One gets |ML(f)| <y MiMaf and respectively
. 1
IHE(O] Sy (Zkez | Ml 5y 0)1%)7.
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ (1) The low frequency case can be treated globally in the j
parameter. Is the only case in which one sees the distinction
between the maximal operator and the Hilbert transform.

o One gets |ML(f)| <y MiMaf and respectively

1
IHEO] Sy (Zkez | Ml %y d)%) 2.

@ (1) The high frequency far from diagonal case appeals to the
fact we have no stationary points at the phase of the
corresponding multiplier and hence one can first integrate by
parts and then apply a square function argument combined
with vector-valued Calderon-Zygmund theory.
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ (1) The low frequency case can be treated globally in the j
parameter. Is the only case in which one sees the distinction
between the maximal operator and the Hilbert transform.

o One gets |ML(f)| <y MiMaf and respectively

1
IHEO] Sy (Zkez | Ml %y d)%) 2.

@ (1) The high frequency far from diagonal case appeals to the
fact we have no stationary points at the phase of the
corresponding multiplier and hence one can first integrate by
parts and then apply a square function argument combined
with vector-valued Calderon-Zygmund theory.

e (1) The high frequency diagonal case is of course the main
term and its treatment the most difficult part of our proof.
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ Set now

Him(f)(x,y) == /]R2 F(E,m) Mjmm(x, €, 1) € ™ dédn .
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ Set now
Him(f)(x,y) == /]R2 F(&,m) Mjmm(x, &, 1) e e dedn .

@ Then, the main terms for our operators are in this instance

H™Mf =" " Hjmf

JEZ meN

MM f = sup | Y " Hjmf| < Y sup |Hj mf].
JEZ N meNJE€Z
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a sketch

@ Set now
Him(f)(x,y) == /]R2 F(&,m) Mjmm(x, &, 1) e e dedn .

@ Then, the main terms for our operators are in this instance

H™Mf =" " Hjmf

JEZ meN

MM f = sup | Y " Hjmf| < Y sup |Hj mf].
JEZ  en meNJ€Z
@ An important observation is the following

main main 1
[H™ |, [IMT o Sp > IO Hym(F)P) 2l -

meN  jeZ
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a model

The main [?—estimate

With the above notations, 3 ¢, > 0 such that:

1 —m
(O IHim()) S0 27 [1Fll o) -
iex L2(®2)

This decay result is sharp.
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a model

The main [?—estimate

Theorem
With the above notations, 3 ¢, > 0 such that:

1 —m
(O IHim()) S0 27 [1Fll o) -
iex L2(®2)

This decay result is sharp.

The proof of this result is based on time-frequency analysis and
involves among others Gabor frame decompositions, TT* method,
(non-)stationary phase principle.
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a model

The LP—estimate

For any 1 < p < oo the following holds:

N[

(Z |Hfum(f)|2) Svp m*° ||f||LP(JR2) :
s )
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The Hilbert transform and maximal operator along variable curves

Proof's philosophy - a model

The LP—estimate

For any 1 < p < oo the following holds:

N[

(Z |Hfum(f)|2) Svp m*° ||f||LP(JR2) :
s )

The proof of this result is based on shifted maximal
operators/square function techniques.
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The Hilbert transform and maximal operator along variable curves

Open problems

@ Is there any interesting interpretation that one can provide for
our results in terms of parabolic differential
operators...variable coefficients?
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The Hilbert transform and maximal operator along variable curves

Open problems

@ Is there any interesting interpretation that one can provide for
our results in terms of parabolic differential
operators...variable coefficients?

@ Extend these results such that the curvature in t is not
required; this will treat in a unitary fashion both Stein-Wainger
type results and Polynomial Carleson operators in the L2-case.

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

Open problems

@ Is there any interesting interpretation that one can provide for
our results in terms of parabolic differential
operators...variable coefficients?

@ Extend these results such that the curvature in t is not
required; this will treat in a unitary fashion both Stein-Wainger
type results and Polynomial Carleson operators in the L2-case.

@ What about the more general case of curves of the form
~v(x, y, t) assuming no more than Lipschitz regularity in (x, y)?
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The Hilbert transform and maximal operator along variable curves

THANK YOU!
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

o Let us give a direct proof of the L2 bounds

[MFl| 2(rey S 1]l 2(ma) -
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

o Let us give a direct proof of the L2 bounds

[MFl| 2(rey S 1]l 2(ma) -

@ By restricting f to positive step functions we have that

1 .
r — M f(x)= |B(X7r)|/B(X,r) f  continuous.
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

o Let us give a direct proof of the L2 bounds

[MFl| 2(rey S 1]l 2(ma) -

@ By restricting f to positive step functions we have that

1 .
r — M f(x)= |B(X7r)|/B(X,r) f  continuous.

@ Notice that by continuity Mf = sup,.o M, f; enough to
restrict the sup to a finite collection R of r’s and prove that
our strong L2 bounds are independent of R and f.
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

o Let us give a direct proof of the L2 bounds

[MFl| 2(rey S 1]l 2(ma) -

@ By restricting f to positive step functions we have that

1 .
r — M f(x)= |B(X7r)|/B(X,r) f  continuous.

@ Notice that by continuity Mf = sup,.o M, f; enough to
restrict the sup to a finite collection R of r’s and prove that
our strong L2 bounds are independent of R and f.

e Let D denote the best constant (we know is finite) of

| sup M fl| 2 S D|f]|g2 -
reR
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ Linearize our operator so that
Mf(x) = M, f(x) = M,()f(x) with r(-) measurable,

and hence

D= sup ||MrHL2(Rd)—>L2(]Rd) .
rer

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ Linearize our operator so that
Mf(x) = M, f(x) = M,()f(x) with r(-) measurable,

and hence

D= sup ||MrHL2(Rd)—>L2(]Rd) .
rer

e Proposition(Exercise) If T : H — X continuous from a
Hilbert space to a normed vector space and T* : X* — H* its
adjoint then

1
ITHa—x = 0T Ixesr = I T T3 x -
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ Linearize our operator so that
Mf(x) = M, f(x) = M,()f(x) with r(-) measurable,

and hence

D= sup ||MrHL2(Rd)—>L2(]Rd) .
rer

e Proposition(Exercise) If T : H — X continuous from a
Hilbert space to a normed vector space and T* : X* — H* its
adjoint then

1
ITHa—x = 0T Ixesr = I T T3 x -

e Thus D? = sup, ||[M, M¥||2_, 2.



The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ We now have

1
M, f(x) = /Rd B r(0)]| X|x—y|<r(x)(¥) f(y) dy,

* o 1 x
Mr f(X) T /]Rd ’B(y, r()/)’) X|x—y|§r(y)( ) f(y) dy¢ .
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ We now have

1
M, f(x) = /Rd B r(0)]| X|x—y|<r(x)(¥) f(y) dy,

1
M f(x ::/ —————— Xix—vl<r()(X) f(y) dy, .
)= Joa T8O Vo) )
@ Thus, applying T T* we have
M, M;f(x) =

1 , ,
/Rded [B0x, 1Bl ri)] Y 1= I Xeizro ) )
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ We now have

1
M, f(x) = /Rd B r(0)]| X|x—y|<r(x)(¥) f(y) dy,

1
M f(x ::/ —————— Xix—vl<r()(X) f(y) dy, .
)= Joa T8O Vo) )
@ Thus, applying T T* we have
M, M;f(x) =

1 , ,
/Rded [B0x, 1Bl ri)] Y 1= I Xeizro ) )

@ Now the key observation: Fubini - the integral in y’ is easy!
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ Thus we reduce our problem to

. 1
M, M} f(x) Sa /Rd X|x—y|<r(x)+r(y) (V)

max{r ()7, ()7}

(v)dy
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ Thus we reduce our problem to

. 1
M, M} f(x) Sa /Rd X|x—y|<r(x)+r(y) (V)

max{r ()7, ()7}

(v)dy

@ Further, splitting our integral we deduce

M, M: f(X) Sd / X|x=y|<2r(x) "7 Nd
Rd r

+ /Rd X|x—y|<2 r(y)wf()’) dy
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The Hilbert transform and maximal operator along variable curves

The H-L maximal function and TT*—method.

@ Thus we reduce our problem to

. 1
M, M} f(x) Sa /Rd X|x—y|<r(x)+r(y) (V)

max{r ()7, ()7}

(v)dy

@ Further, splitting our integral we deduce

1
* < Lt
M, Mr f(X) ~d /Rd X|x—y|<2r(x) r(x)d f(y) dy

1
f
+ /Rd X|x—y|<2r(y) r(y)d (v) dy
@ Deduce that
M, M f(x) Sg Mo f(x) + M3, f(x)

2 < <
hence D Sg D = D Sq1.
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The Hilbert transform and maximal operator along variable curves

The main problem

A fundamental and difficult question in the theory of trigonometric
series is what happens between the two extreme situations:

e p =1 divergence of the Fourier series for functions in L!
(Kolmogorov);
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The Hilbert transform and maximal operator along variable curves

The main problem

A fundamental and difficult question in the theory of trigonometric
series is what happens between the two extreme situations:

e p =1 divergence of the Fourier series for functions in L!
(Kolmogorov);

@ p > 1 convergence of the Fourier series for functions in LP
(Carleson-Hunt).
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The Hilbert transform and maximal operator along variable curves

Main question

Question (A-Qualitative)

What is the largest rearrangement invariant Banach space of
functions Y C LY(T) for which the partial Fourier sums

Sn(F)(x) :=7__ f(k) e k> converge to f(x) almost everywhere
x €T forany f € Y?
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The Hilbert transform and maximal operator along variable curves

Main question

Question (A-Qualitative)

What is the largest rearrangement invariant Banach space of
functions Y C LY(T) for which the partial Fourier sums

Sn(F)(x) :=7__ f(k) e k> converge to f(x) almost everywhere
x €T forany f € Y?

Definition
We say that a r.i. (quasi-) Banach space Y is aC — space iff
d Gy = Go(Y) > 0 such that ||Cf|l100 < Go||flly YV feEY.

Victor Lie A unified approach to three themes in harmonic analysis



The Hilbert transform and maximal operator along variable curves

Main question

Question (A-Qualitative)

What is the largest rearrangement invariant Banach space of
functions Y C LY(T) for which the partial Fourier sums

Sn(F)(x) :=7__ f(k) e k> converge to f(x) almost everywhere
x €T forany f € Y?

Definition
We say that a r.i. (quasi-) Banach space Y is aC — space iff
d Gy = Go(Y) > 0 such that ||Cf|l100 < Go||flly YV feEY.

Question (A-Quantitative)
Give a satisfactory description of the Lorentz spaces or (r.i.
(quasi-)Banach spaces Y (Y C LY(T)) that are also C—spaces.
If it exists, describe the maximal Lorentz C—space Yj.
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The Hilbert transform and maximal operator along variable curves

Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions ¢, ¢(L) is a Lorentz C—space:
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Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .
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Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:
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e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .
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Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .
e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .
e (Antonov, 1996) ¢(x) = x log(10 + x) log log log(10 + x) .
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The Hilbert transform and maximal operator along variable curves

Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .

e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .

@ (Antonov, 1996) ¢(x) = x log(10 + x) log log log(10 + x) .
Also in terms of r.i. quasi-Banach C—spaces:
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Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .

e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .

@ (Antonov, 1996) ¢(x) = x log(10 + x) log log log(10 + x) .
Also in terms of r.i. quasi-Banach C—spaces:

o (F. Soria, 1985,1989) || Cf|l1.00 S |IfllB -
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Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .

e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .

@ (Antonov, 1996) ¢(x) = x log(10 + x) log log log(10 + x) .
Also in terms of r.i. quasi-Banach C—spaces:

o (F. Soria, 1985,1989) || Cf|l1.00 S |IfllB -

o (Arias de Reyna, 2002) ||Cfl1,00 S |Ifllqa -
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Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .

e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .

@ (Antonov, 1996) ¢(x) = x log(10 + x) log log log(10 + x) .
Also in terms of r.i. quasi-Banach C—spaces:

o (F. Soria, 1985,1989) || Cf|l1.00 S |IfllB -

o (Arias de Reyna, 2002) ||Cfl1,00 S |Ifllqa -
L(logL)? C Llog Lloglog L C B, Llog Llogloglog L
CQRAC LloglL.
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The Hilbert transform and maximal operator along variable curves

Positive results

Let ¢ : Ry — R, be a non decreasing convex function with

¢»(0) =0 and ¢(o0) = oc.
Denote with ¢(L) := {f € L(T)| 3 &( )dx < oo} .
For the following functions gZ) o(L) is a Lorentz C—space:

o (Sjdlin, 1969) ¢(x) = x log?(10 + x) .

e (Sjodlin, 1969) ¢(x) = x log(10 + x) loglog(10 + x) .

@ (Antonov, 1996) ¢(x) = x log(10 + x) log log log(10 + x) .
Also in terms of r.i. quasi-Banach C—spaces:

o (F. Soria, 1985,1989) || Cf|l1.00 S |IfllB -

o (Arias de Reyna, 2002) ||Cfl1,00 S |Ifllqa -
L(logL)? C Llog Lloglog L C B, Llog Llogloglog L
CQRAC LloglL.

All results are based on extrapolation theory.
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The Hilbert transform and maximal operator along variable curves

Negative results

If ¢ as below, then ¢(L) is not a Lorentz C—space:
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Negative results

If ¢ as below, then ¢(L) is not a Lorentz C—space:
e (Kolomogorov, 1922) ¢(u) = u.
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Negative results

If ¢ as below, then ¢(L) is not a Lorentz C—space:
e (Kolomogorov, 1922) ¢(u) = u.
o (Korner, 1981) ¢(u) = o(u loglog u) as u +— oo.
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The Hilbert transform and maximal operator along variable curves

Negative results

If ¢ as below, then ¢(L) is not a Lorentz C—space:
e (Kolomogorov, 1922) ¢(u) = u.
o (Korner, 1981) ¢(u) = o(u loglog u) as u +— oo.

e (Konyagin, 2000) ¢(u) = o(u |Og’ﬁ)gu) as U — 00.
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